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PERTURBATION OF THE FREE BOUNDARY IN ELLIPTIC
PROBLEM WITH DISCONTINUITIES

SABRI BENSID

ABSTRACT. We study the discontinuous elliptic problem
—Au=AH(u—p) inQQ,
u=nh on 99,

where 2 is a regular bounded domain of R™, H is the Heaviside function, A, u
are a positive real parameters and h is a given function. We prove the existence
of solutions, and characterize the free boundaries {x € Q : u(z) = pu} using the
perturbation of the boundary condition and smooth boundary of the domain.

1. INTRODUCTION

Partial differential equations with discontinuous nonlinearities arise in models
from many concrete problems in mathematical physics like those of combustion
theory, porous media, plasma physics. In this article, we study the existence of
solutions for the problem

—Au=AH(u— in Q
(u—p) ; 1)
u=~h on 09,
where () is a smooth bounded domain of R™, H is the Heaviside function
1 ift>0
Hity={ .~
0 ift<0,

h is a given function, and A, p are a positive real parameters.
This problem can be reformulated as an equivalent free boundary problem: Find
u € C?(Q\ ow) N CHQ) such that

—Au=X\ inw,
—Au=0 in Q\w, (1.2)
u=~h on 09,

where w = {z € Q : u(z) > p} and Jw is the free boundary to be determined. The
set {z € Q: u(x) = p}, dividing the domain Q into two (or more) regions where
—Au = X or Au = 0 is satisfied in the classical sense.
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To the best of our knowledge, no investigation has been devoted to establishing
the existence of solutions to such problem when 2 is a general domain using per-
turbation methods. Here, we give a positive answer to this study. The problem
was investigated in the variational context when h = 0 by Ambrosetti and
Badial [3] and the extension to the results for p-Laplacian operator (p > 1) has
been studied by Arcoya and Calahorrano in [5]. Further works with the Neumann
boundary conditions can be found in [IT], [14].

When h does not vanish identically, and the domain €2 is the unit ball of R™, the
existence of positive solutions and the behavior of the corresponding free boundaries
with respect to h has been discussed by Alexander in [I]. In the case n = 2,
Alexander and Fleishman [2] studied the problem when () is the unit square.
Recently, the authors in [6] and [7] studied the more general following problem
when € is the unit ball of R™,

—Au= f(u)H(u—p) in€Q,
u=~h on 0f,

where f is a given function.

The methods used hinge on the parametrization of the free boundary which is
the unknown of our problem. This technique reduces the study to solve a nonlinear
integral equation and allows us to obtain positive result regarding the solvability
of the equation of the free boundary under perturbation of the boundary without
the additional requirement of the regularity of the boundary of the initial domain.
This will be the approach of this paper.

In general, the natural way to deal with the discontinuous elliptic problems
are the variational methods, see for instance [9, [I0]. But one soon realizes that
the study entails serious difficulties mainly to characterize the variation of the
free boundary . Our goal is different, having a solution of the given problem, we
study the effect on the solutions under perturbations of the boundary conditions
and a smooth boundary of the domain 2. We point out also that in this work,
we can not use the symmetry of solutions as in [T} [6l [7]. Hence, we have uses the
perturbation techniques to overcome the encountered difficulties. For more works on
the discontinuous elliptic problems, we invite the reader to consult [T, Bl [l 6} [7, 15]
and the references given here.

Because the nonlinearity has a discontinuity at u = u, so, a suitable concept of
solution is needed. We say that a function u € W2P(Q),(p > 1) is a solution of
problem if —Au=AH(u—p) a.ein Q and the trace of v on 02 is equal to h.

We need the following assumptions in this work.

(H1) Assuming that the boundary 9 of the domain € can be parameterized as
R+ (0) where 8 € C?(S),0 € S and R > 0 where S is the unit sphere.
(H2) For n =2,

A e
po R
and for n > 3,
A 1 n(n —2)
— > M,(R) = —
T EEE =

(H3) The function h is small enough with 0 < ||kl < p where ||hllw =
max,ecaq |h(z)].
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This article is organized as follows: Section 2 collects some known results for the
problem in a ball giving only slight information on the different methods of proof.
Section 3 contains the statement of the essential result. Section 4 provides an
approach for studying the problem . In Section 5, we treat the regularity of
free boundary and finally, we give an appendix which contains some useful results.

2. EXISTENCE RESULTS IN A BALL

In this section, we consider the problem
—Au=AH(u—pu) in B(0,R),
u=ho on dB(0,R),
We assume that the function hg satisfies (H3).

(2.1)

Theorem 2.1 ([7]). Suppose that there exists p > 0 such that
A4
; > R—Z, forn =2,

A
; > M, (R), forn>3,

then the problem (2.1)) has at least two positive solutions and the free boundaries
are analytic hypersurfaces.

Remark 2.2. In [7], we have treat the case n > 3 and the more general problem
—Au= f(u)H(u—p) in B(0,1),
u="hy on dB(0,1),
There the assumptions are
(H4) The function f is k-Lipstchitzian, non-decreasing, positive and there exist
two strictly positive constants k,3 > 0 such that f(s) < ks + § with
k < min{\;, 1}, where A; is the first eigenvalue of —A under homogeneous
Dirichlet boundary conditions.
(H5) The function f is differentiable and constant on the interval of the form
[0, c] where ¢ > 2n67k and the function hg is small enough, ||h||c < p where
[hlloc = max,eop(o,1) [h(z)].
(H6) There exists p > 0 such that

K |y~ nn=)
m (2)% —(2)

n n

, for n>3.

In this paper, we put f(u) = A to clarify the obtained the results. For n = 2, the
treatment is similar with the adequate modification. For the convenience of the
reader, we give some calculus related to the case 2 = B(0, R) in the appendix.

The proof of Theorem is based on the transformation of our problem into an
equivalent nonlinear integral equation which is solved with respect to the unknown
free boundary {x € Q : u(z) = p} by the application of the implicit function
theorem. We can find the complete proof in [7]. Here, we give some ideas of
demonstration that will be used throughout this paper. We will denoted the solution
of by ug and we consider the problem called the reduced problem

—Aug = AH(up — p) in B(0, R),

2.2
up =0 on dB(0,R), (22)
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We remark that since the Heaviside step function is monotone and not decreasing,
the result of Gidas, Ni and Nirenberg [12] shows that all positive solutions of
are radial. Hence, we look for the free boundary in the form {(r¢,0),0 € S} for
some ro € (0, R) and obtain all radial solutions of by finding ug, A and 7o so
that the differential equation

1*”%@”*1%) =X 0<r<nrg
1*”%(70”*1%) =0 79 <r<R, (2.3)
ug(R) =0, %(0) =0
is satisfied with the following transmission conditions on the free boundary
uo(ro) = p  and %(ro -0) = %(ro +0),

where %(ro —0) denotes the left derivative of u and %(ro +0) denotes the right
derivative at the value r = rg.

Using assumption (H2), the resolution of with the previous conditions gives
two ro € (0, R) says r1,72. Hence, a simple calculus shows that the free boundaries

are spheres with radii 71,79 € (0, R).

Remark 2.3. Let rg denote one of the values 1 or ry. Using hypothesis (H2),
ro # Re~'/? for n =2 and

2 n—
ro # (FRQ—”) * fornm > 3.

See the Appendix.

Now, to study the problem
—Aug = AH(ug —p) in B(0, R),
uo =ho on dB(0,R),
we use the effect of perturbation on the solution in the boundary values. More
precisely, when hg # 0, we look for the free boundary in the form rq + b(9),0 € S,
where b(0) is the perturbation caused by hg. Let
w={(r,0) € (0,R) x S,0<r <ryg+b(9),0 €S}

Now, we denote by x,, the characteristic function of w. In the following result, we
formulate a nonlinear equation for the unknown function b and we prove that by
solving it, we can solve the problem ([2.4)).

(2.4)

Proposition 2.4 ([7]). Under assumption (H2), the problem
—Au = Axy(r,0) in B(0,R),

u=hy ondB(0,R) (25)

has a unique solution ug € C**(Q,R) with a = 1—2. Moreover if ug(ro+b(f),6) =
p with 0 < [|h]|s < f1, then ug is a solution of (2.4).

Asin [7], we conclude with problem by showing the existence of the function
b via the implicit function theorem. We can represent the solution of in integral
form, and we check the hypothesis of previous theorem. For more details, we refer
the reader to [7]. In this article, we denote 1o + b(6) := by (), 0 € S.
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3. PERTURBATION OF THE FREE BOUNDARY

In this section, we are concerned with problem . We introduce some sets
necessary for the study using the perturbation of boundary. We assume that € is
diffeomorphic to a ball. Then, we can construct a curvilinear parametrisation (r, )
in a neighborhood of any set in Q, r € (0, R] and 6 € S.

Let Q3 be a perturbation of B(0, R) in the sense that the boundary 9Qg of
every smooth open set {3 close to the ball B(0, R) can be described by R+ 5(6),
6 € S and B € C?(9). Hence, from now, Q = Qg, and Qp = B(0, R). We denote
also by Qg the admissible perturbation of the ball B(0, R) and we define the set of
admissible surfaces in Q3 by

Sg={feC(S):(f(0),0) € Qs for 6 € S}.
Now, for a function ¢ € Sg, we define the set
Qo ={(r,0) € Qp, 7 <9P(0)}.

We seek a solution in W2P(Qg),p > 1, then the boundary value function h which
is a trace of W2P(Q3) function will be taken in the set

H={heW?> P05 R),p > n}.

We denote by xq, , the characteristic function of Qg 4, then, we have the following
result.

Proposition 3.1. Assume (H1), (H2) and that

4
%>R—e2 forn =2,
A
i > M,(R), forn >3.

Then the problem
—Au = Axq,, nQg,

u=nh on 0Qg
has a unique solution u € C1*(Qg,R) with o =1 — 2. Moreover, if u(4(0),0) = p
with 0 < [|h||cc < p then u is a solution of (L.1)).

(3.1)

Proof. First, we see that Axa, , € LP(2g), p > 1. From [13] Theorem 9.15], there
exists a unique solution of (3.1)) in W2?(Qg). For p > n, W2?(Q5) C C1*(Qs,R)
with o =1 — %. Now, we remark that u satisfies
—Au=X in Qgﬂﬁ,
—Au=0 1in Qﬁ \ Qﬁﬂl}’
u=~h on dQg.

If we prove the existence of a function ¢ such that u(¢(6),0) = u, then u will be a
solution of

—Au =X in Qgy,
u=p ondfgy
—Au=0 1inQz\ Qgy,
u=~h on Jfg.
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In Qg4, the function u satisfies
—Au =X in Qgy,
u=p on gy
The maximum principle implies

minu = min u = p.
Qs 9,y

Hence, u > g in Q4. In Q5 \ Qg, we have
—Au=0 in Qs \ sy,
u=yp on 08gy,
u=~h on Jg.

As 0 < ||A][oc < p, then

max %= max u =y
25\Q8,4 93,4

and consequently, u < p in Qg \ Qg . Therefore, the function u satisfies
—Au= A H(u—p) inQg,
u=~h on Jfg.

To conclude with the existence of solutions of problem (1.1]), we need only to show
the existence of the function 1 satisfying the equation

u(y(0),0) = p.

Now, since the solution u depend on the domain g, then we can not use the lo-
cal methods directly to prove the existence of 1. The variation of the domain Qg
suggests to use an adequate transformation which maps the changing domain into
a fixed domain and solves the governing equations in the mapped domain. To ex-
clude this difficulties, we proceed as the following. To each admissible perturbation
(Q0,€3) of the domain q correspond a transformation T3 of the domain {23 onto
the initial domain Qq. T : Qg — Q,

(r,0) — (.6) = (r + 72.0)
where (r,0) is the coordinates in 3 and (7, 0) the coordinates in €. For a small
3, the transformation T} is a diffeomorphism of class C? of the domain Qg into €.

The mapping T3 maps the class of admissible surfaces Sz into Sy. Hence,
T(0,4(0)) = (6, f(#)) where [f(6) € So.

Using the relation
w(T(r,0)) = u(r,0),
problem with u(t(0),6) = p is equivalent to the problem
—Lgu = )\XQﬁYf in Qg, (3 2)
u=h on 0 '

with the equation

u(f(9),0) = p,
where Lg is a linear operator with continuous coefficients depending on 3. The
following lemma gives the exact expression of Lg. d
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Lemma 3.2. The linear operator Lg is given by Lg = A + dg where ég has the
form

_ By, B (n-1BO
%=k ReE T T F Ror
1 rag, o 1 930 rop o
e “”(6)[}286 <8r(‘39 R +g)69»8r+R89i%2)
r @8 8 rop o r s o
'Wme§+Ewﬁwﬂ (m%maj
and 92 ( ) o
n—1 1
A=grt ot

when Ay is the Beltrami-Laplace operator.

Remark 3.3. This formulas are obtained from the Laplacian in polar coordiantes.
More precisely, from

2 (n-1)9 1
or? r or + ﬁAg (3.3)

where Ag = aij(e)#gej + bi(e)a%i'

Proof of Lemma . First, we have
u(7,0) = u(r,0) where 7 =1+ T% ,
ou Oudr oudd Ou Oup

or —oror " oBor or TorR @
Pu_oQor, 0Qo
or  OF Or 8037‘
_9%u B u f B
= oo (14 )+a R(1+R)
%u B 3. 0%u
872_‘_ (2 R)
8u_@8r+8u80_r8 8u+ﬂ__Z

Ou  0Z 9Z or aZ 00;
00,;00; 89 T or 89 + %0, 00, 00,
:£%7< r853u>+82
RO0; 0r\00; R0, OF 00;

r 08 1 oBou r 0B 0*u
= 77( — + =t *7?2)
R90; \0700;  R(1+ %) 09, OFr = R 09, OF
L O v 8 ou o9 o
891'89]' R 693897 or R 00, 893'6?.
If we replace the previous terms in the expression (3.3)), we find the formulas of
Lg. |

Thus, to solve problem (|1.1)), it is sufficient to prove the existence of function f
such that
a(f(9),0) = p.
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In fact, using the implicit function theorem, we prove that the equation

is uniquely solvable in a given small neighborhood. This is the subject of the
following section. (See Theorem below).

4. SOLVABILITY IN THE NEIGHBORHOOD OF SMOOTH FREE BOUNDARY

To each function f € Sy, we associate the solution @ of problem (3.2]). We have
—Au — 55@ = )\XQBJ in Qq,

T=h ond (4.1)

The solution @ corresponding to (4.1) has an integral representation which is well
defined [6, Theorem 4.1], given by

/Pmy y)dS — A G(z,y)X, dy — /Gmyé,g )(y)dy.
Qo
Now, we consider polar coordinates and we define the operator J : H X Sy x D —
C(S,R) by
where D is the neighborhood of zero in C(S); i.e
J(h, f,5)(0) = / P(£(0),0,0"h(0")d0" — X G(f(0),0,7",0")xq, ,(r',0")dr'do’
29

Qo

— [ ds(@) (', 0)G(f(0),0,r,0)dr'dd’ — p.
Qo

Then we have the following result.

Lemma 4.1. The operator J is continuously differentiable with respect to the sec-
ond variable.

Proof. Let D;J denote the Frechet derivative of J, with respect to the variable of
order j (j =1,2,3). Let ¢(0) be a small perturbation of f(6), then

- /a PU0)+ £(0).0.0)A(0)d0

- )\ G(f(e) + @(9)’ 97 rlv 9/)Xﬂf+¢ (Tv el)drldal

Qo

—/Q lg(@)(r',0")G(f(0) + ©(0),0,r",0")dr' d§’ — P(f(0),0,0 )h(0")do’

Q0

+ A G(f(@),0,1"/,9/)xng(r/,9/)dr’d0’+/ lg(@)(r',0"G(f(0),0,r",0")dr' do’
Qo QO

Y / GUF(0) + 0(8), 0,16 xe, dr' O’
Qo

A [ GUO) + 0(6). 0,7, 8 "
Qo

[ B e).0.0)m0)06)d

9 3r
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f
+/\/Sfnfl(e)G(f(a),g’f(ef)’g,)(p(e,)del

G
+ lﬁ(ﬂ)(r’,9’)57(0‘9),9,r’ﬂ’)w(@)d@’
Qo r

Hence,

where

11:/ P(f(é))+¢(0),079’)h(0’)d0’—/ P(£(6),0,0)h(0')d¢’
Qo

5J91)
oP
Qo 87’

(f(6),0,0")1(0")p(0)de"

==X [ G(f(0)+¢0),0,r",0)xq,d'dd
Qo

+A [ G(f(0),0,0",0" )xa,(r',0")dr'do’

Qo
f "\n— aG / / ! /
Y ARG SO OT

I3=— lg(@)(r',0"G(f(0) + ¢(0),0,r,60")dr'db’
Qo

—l—/Q lg(m)(r',0")G(f(0),0,r",0")dr' do’
+ [ @G (0.0, 000008
=2 [ GUHO) + 0(0). 0.7, 8) e, ~ e Jdr'de
Qo
A [ PHOGU0).0.£0).0)0(0 )0

f+e
_ / 7"/ n—1 70/ / 70/
=3 [ [ [T a6+ e, 0.0
— [HO)G(F(0),0, £(60),6)0(0))]

Using Taylor’s theorem, we have Iy, 15, I3, Iy = o(]|¢|ls) wWhen ||@|lcc — +00.
Hence,
ou .

= S2(7(6),0)0(6) X /S FHEVGF0), 0, £(6), 000/
Now, to solve the equation J(h, f,3)(f) = 0, for § € S, in the neighborhood of
(ho,bo,0). we need to know the invertibility of J. We recall the reader that we
consider here a general domain and that causes some difficulties to build clear
conditions so that the operator Dy.J(hg, bg,0) either invertible of Sy into C'(S) or
not. We refer to [0] to see explicit conditions such that the proper operator is

Do J(h, f,B8)¢(0)
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invertible when the domain is a ball.
Let the operator

D21 b, 0)5(6) = 52 (ba(6).0)6(6) = A [ 15 (0/)G(bo(6).6,b0(6") ()"

First, note that u satisfies the equation

—Au=AH(u—p) in B(0,R),
u=ho on 0B(0,R).

Then, when hg is small, the solution u is close in C'* to the solution of

—Au=MH(u—p) in B(0,R),
u=0 ondB(0,R).

Since, 2% (rg,0) < 0 for rg € (0,R),0 € S, then 5%(by(0),0) < 0 for by caused by
the small perturbation h. For the other part, let

Ko(0) :)\/Sb(}*l(e’)G(bo(H),G,bo(e’),e’)<p(9’)d9’.

Let L7 (S) the space of functions belonging to the space L?(S) with the inner
product

<u,v>:/sb871u(0)v(9)d9. (4.2)

We remark that the operator K is negative definite in the space Lgo (S), (The Green
function G is negative). Since, the function by is bounded in S, the inner product
([4.2)) is equivalent to the standard product in the space L?(S).

In [6], we have proved that the operator D2J(0,79,0) is invertible (note that
bp = 1o when hg = 0 on 99). In this case, we use the explicit eigenvalue of the
operator K to conclude the nondegeneracy of the operator Dy J(0,7¢,0). For more
details, see [6].

Finally, using the fact that D,.J(0,70,0) is invertible in L2 (S), we can be sure
that DyJ(ho,bo,0) is invertible in L (S) with the previous inner product. The
preceding argument shows that Dy.J(hg, by, 0) is invertible in L?(S). Hence, using
the implicit function theorem, we have the following result. ([

Theorem 4.2. Under assumptions (H1)—-(H3), there exist a neighborhood V of
(ho,0) in H x C%(S) and a continuous mapping B : V — C(S) such that

(i) B(ho,0) = bo,
(ii) J(h,B(h,p),8) = 0.

We recall that hg is a given function satisfying (H3) and by () := 79+ b(6), where
ro € (0,1), b€ CH*(S),a=1— Zand 0 € S.

Proof of Theorem[[.3 Because the operator J is invertible in the neighborhood
of (ho,bo,0) and J(hg,bp,0)(#) = 0 for § € S, then the implicit function theorem
implies the existence of function B depending on h and 3 such that B(h, 3) satisfies
J(h,B(h,),8) = 0. O
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5. REGULARITY OF THE FREE BOUNDARY

Theorem 5.1. If ||h]|c and ||B||cc are small enough, then the free boundary {x €
Q/u(z) = p} is an analytic hypersurface.

Proof. First, let w be a solution of and let
L= {z € Qfalx) = )
={(r,0) € (0,R) x S,u(r,0) = pu}
={(f(0),0), for 6 € S}.

when (3 is sufficiently close to 0 in C2(S) and f is close to by in C(S), then the
solution % is close to u in C1(2),« € (0,1). Since

ou

5(50(9)79) # 0,

then
ou
ar
The implicit function theorem gives that f € C1(S). Hence, the free boundary
I" is an hypersurface of class C*®. Now, we conclude that the free boundary I is

analytic by the application of Hodograph transformation. This method was using
by the author in [7]. O

(f(6),0) £0 for 6eS.

Final remarks. (1) So far, the problem has been studied for a few class of
domain, in particular the ball for uses the notion of symmetry. Hence, the main
results of this paper remain true when 2 is a ring shaped domain.

(2) The advantage of the perturbation procedure described in this paper is the
the explicit formula of behavior of the free boundary with respect to h. For example,
in dimension 2, taking 2 := {(r,0)/r < 2 +sin(20),0 € S} and h(z) = cos(z), we
can give an explicit formulation of the solution of problem and the shape of
free boundary.

(3) When n = 1, the problem becomes the following second order differen-
tial equation. For example, we can see easily that under a suitable conditions, the
problem

—u" = AH(u—p) for |z <a,

5.1
u(xa) =0, (a€R™). (5:1)
admits multiple solutions. See [I5]. In the other part, the problem
—u”" =AH(p—u) for |z| <a,
(n—u) || (5.2)

u(+a) =0, (a€RT).

has a unique positive solution when the set {x € Q,u(z) = p} is a given segment
included in |z| < a. In fact, the form of the discontinuity in the second member
has a surprising effects on the set of solutions and their free boundaries. In higher
dimensions, the result stays true also,we can see [8] for more details.

(4) The regularity of the free boundary is preserved after perturbations. One of
the important questions is when will the free boundary develop singularities.

(5) It is also interesting to studied the bifurcation phenomenon. In the case when
Q is the unit ball, the study is in [7].
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6. APPENDIX

In this section, we give the proof that the condition in assumption (H6) in
Remark 2.2 becomes
4e
2 )
A 1 -2
A My (R) = 4 =D
1 R?(2)7%5 _ (275

n

n

>

for n=2,

= >
=y

, formn >3,

as in Theorem [2.1] when = B(0, R) and f(u) = X\. Now, define a function u that
satisfies
—Au=AH(u—py) in{,
u=0 on 0.

Since H(u — ) is monotone and not decreasing, the result of [I2] shows that all
positive solutions are radial. Hence, by the maximum principle, a positive radial
solution u take on the value p at only one value say ro. Then we obtain all radial
solutions of by finding A, u and ry so that the two problems

(6.1)

0 Ju
_plen 2 on—=17"y 2\ f
(- (r 87") or 0 <r <y, 6.2)
W(0)=0, ulr) =p
and 5 5
1—n n—10U
— — —)=0 f
(- (r 87") 0 forry<r<R, (6.3)
u(R) =0, wu(ro) =p
are satisfied. When n = 2 and from the problems ([6.2]), (6.3]), we have
() 308 =)+ 0<r <,
ulr) = n T
ullrl((g//ro)) ro <r < R.
Since u € C1*(Q), we have
ou, _ ou, |
5(7’0 )= E(To )-
We obtain
A M
2" ro(In(R/ro))
which implies
2
= = rgn(R/ro) := g(ro). (6.4)

Now, by considering the function g(p) in (0, R), we have that f has a maximum
value };—2 at p= Re™z. Hence, the equation (6.4) has two roots when % > %.
Similarly, we treat the case n > 3. The solution u is given by

A (02 2
) 5 (g —7°) + p 0<r<ro,
u\r) = 2—n 2—n
ur _ uR <
e g TOST <R.

The transmission conditions imply that

ou, .. Ou, _
a(ro)*a(ro)a
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SO
(2—n)ury™™ Ao
Tgin _ R2—n - n ’
Hence,
A n(n —2
- =3 ( ) = g(ro

wo rg—rgR*n

It follows that the function ¢ has a minimum value

M, (R) :;2(2)”2(2”__(22))”32 (6.5)

reached at the point (-3 )W%? which implies that the equation (6.5) has two

nR2—n

roots when % > M, (R).
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