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POSITIVE SOLUTIONS FOR SYSTEMS OF COMPETITIVE
FRACTIONAL DIFFERENTIAL EQUATIONS

MAJDA CHAIEB, ABDELWAHEB DHIFLI, MALEK ZRIBI

ABSTRACT. Using potential theory arguments, we study the existence and
boundary behavior of positive solutions in the space of weighted continuous
functions, for the fractional differential system

D%u(z) + p(z)u® (z)v¥ (z) =0 in (0,1), lim+ 217 %(z) = X > 0,

xz—0

DPy(z) + q(z)v*? (z)ub2(z) =0 in (0,1), lim z' Pu(z) =p >0,

z—0
where a, 8 € (0,1), a; > 1, b; > 0 for ¢ € {1,2} and p, g are positive continuous
functions on (0, 1) satisfying a suitable condition relying on fractional potential
properties.

1. INTRODUCTION

Fractional differential equations involving Riemann-Liouville differential oper-
ators, D% of fractional order 0 < a < 1, are gaining much importance and are
emerging as an interesting field of research. In fact, fractional calculus has numerous
applications in various disciplines of mathematical modeling of physical, biological
phenomena and engineering such as control of dynamical systems, porous media,
electrochemistry, viscoelasticity, electromagnetic, etc. Also it provides an excellent
tool to describe the hereditary properties of various materials and processes. Con-
cerning the development of theory methods and applications of fractional calculus,
we refer to [8, [0, [T, 13 (14} (16, 21}, 22] 23, 25, 26].

Therefore, this theory has been developed very quickly and the interest in the
existence of solutions of fractional differential equations has recently attracted a
considerable attention of researchers (see for instance [4}, [7], 13 15} 22} 27 301 BT, 32]
and the references therein).

The study of coupled systems with fractional differential equations is also im-
portant as such systems occur in various problems of applied nature (see [1L [6] [9]
12], 18], 28], 29] and references therein).

For a measurable function v, the Riemann-Liouville fractional integral I*v and
derivative D%v of order o > 0 are respectively defined by

Po(z) = %a) /Oz(x e Ly()dt
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and
Daq)(x) = ﬁ(%)"/o (q; — t)n_a_lv(t)dt

_ (%)”Inf%(x),

provided that the integrals exist. Here [o] means the integer part of the number «,
and I' is the Euler Gamma function.
Moreover if v is an integrable function in (0, 1), we have

I°TPy(x) = 1°MPy(z) for z € (0,1], a+ B > 1; (1.1)
D1*v(x) = v(x), forae. z€(0,1), a>0. (1.2)

See [I3] 22] for more information on fractional derivatives and integrals.

The solvability of nonlinear fractional differential equation of order 0 < o < 1 of

the form

D% = (-, u), (1.3)
in (0, 00) or in an interval (0, ) with A > 0 and ¢ is a real function, has attracted
many researchers. Several existence and nonexistence results have appeared [7, [17]
30, 31, 32].

When ¢ is a nonnegative continuous function, many authors proved existence and
uniqueness results for with suitable initial value condition lim, o+ 2!~ %u(z) =
A, A € R, (see for example [7, 20, BTl B2]). In [20], the authors considered
in (0,1), with the nonlinearity ¢(z,u) = p(x)u’ where p is a positive measurable
function on (0,1) and o < 1. More precisely, they studied the initial-value problem

D% = p(x)u’, in (0,1), o<1

lim 2'~%u(x) = 0.

z—0

(1.4)

Without the continuity condition on ¢ imposed in [7, BIl, 32], the authors in [20]
proved the existence and uniqueness, and properties of the boundary behaviour of
a positive solution for problem in the weighted space of continuous functions
Cl—a([()? 1])

In this article, we use the following notation: For r > 0, we use C,([0,1]) to
denote the set of functions f such that ¢ — ¢ f(¢) is continuous in [0, 1]. We endow
the set C-([0,1]) with the norm [ ||, = sup,¢jo 1 t"|f(¢)|. We denote by Co((0,1])
the class of all continuous functions in (0, 1] vanishing continuously at 0.

Also, we refer to B*((0, 1)) the collection of all nonnegative measurable functions
in (0,1) and L'((0,1)) the collection of all integrable functions in (0, 1).

For a € (0,1), we put w, the function defined in (0,1] by ws(z) = 2%~ and we
enter the functional class

Ho={f € B((0,1) : & — &' ~*(I*f)(x) € Co((0,1])}.
As typical example of functions in ‘H,, we have

Example 1.1. Let A < 1 and f be an integrable function in (0,1) such that
0< f<ct ™, c>0then f € H,, for each a € (0,1).

Remark 1.2. By [7], we remark that for o € (0,1), the function w, is the unique
solution in C1_4([0,1]) of the Dirichlet fractional problem

D% =0, in (0,1),
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lim 2!~ %u(x) = 1.
z—07t
In this article, we analyze (1.3)), when ¢ is a nonpositive measurable function, of
the form p(x,u) = —p(z)u®, where o > 1 and p satisfies the assumption:
(H1) p is a nonnegative measurable function in (0, 1) such that pw? € H,, o €
(0,1).
More precisely, we study the semilinear problem
D%+ p(x)u® =0, in (0,1)

lim 2" “u(z) = A
Jim 27 %u(z) = A,

(1.5)

where A > 0, 0 > 1 and p satisfies (H1). Our first goal is to prove the following
result.

Theorem 1.3. Under assumption (H1), problem (1.5)) has a unique solution u in
C1-4([0,1]). Moreover, for each z € (0,1], we have

oMo () < u(z) < Awq (),
where ¢y = exp(—o A7 || 1% (pw3)||1-a)-

Motivated by recent works dealing with coupled systems with fractional differ-
ential equations, our second goal is to study, the semilinear fractional system

D%y + p(x)u®v® =0, in (0,1)
DAy + q(z)v*2u’ =0, in (0,1)

lim 2'"%u(x) = A > 0, (1.6)
z—0t

i 1-8 —
Q}E& x Pu(r) =p>0,

where a, 8 € (0,1), a; > 1, b; > 0 for i € {1,2} and p, g satisfy the assumption
(H2) p,q € C((0,1]) such that pwglwgl € Ho and qui?wi® € Hp.
An iterative argument combined with Theorem [I.3]yields to the second main result.

Theorem 1.4. Under assumption (H2), system (1.6) has a positive continuous
solution (u,v) in C1_4([0,1]) x C1_5([0,1]). Moreover, there exist c1,co € (0,1)
such that for each x € (0,1], we have

1 dwe (z) < ulx) < dws (),
copwp(x) < w(x) < puwp ().

The outline of this article is as follows. In section 2, we give some preliminary
results related to potential theory associated with D*. In section 3, we prove
Theorem [1.3| by converting problem into a suitable integral equation and then
using potential theory tools. In the last section, inspired by techniques used in [2]
and using Theorem we prove Theorem

Throughout this paper, the letter ¢ is a generic positive constant which may vary
from line to line.

2. POTENTIAL THEORY ASSOCIATED WITH D%

In this section We present some well known properties, pertaining with potential
theory associated with D®. For more details see [3] [7, 20} 24].
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2.1. The semi-group (P?)i>o. Let (Pi)t>o be the semi group of translation to
the left, defined on BT ((0,1)) by

Ptf(x) = 1[0,3c)(t)f(x - t)a T € (07 1)
d

The infinitesimal generator of (P;)¢¢ is the derivative operator .
Let (ng)t>0 be the convolution semi group of probability measures defined on
(0, 00) and satisfying for every ¢,s > 0,
o0 a o0 1
ne(u)e *“du = e " and / n(t)ds = ——t* 1
/0 ! o I'(a)

Subordinating (P;)¢~o by means of (n¥)¢~0, we obtain the semi group (Pf)i>o
defined on BT ((0,1)) by

PP f(a) = / T P @ (s)ds, e (0,1),

The infinitesimal generator associated with the semi group (P®):~¢ is the fractional

power ;
(7;) =D
Indeed, it is known from [24] that for every function ¢ of class C*° with compact
support in (0,1).
d .\« e * al1

(35)"00) = ey || £ 0le) = Potai
which means that

d \a —a * L a/[td

()" o() = m/o ; (/0 L P.()ds )t

Then by Fubini’s theorem, we deduce that

d \« - e d
(@) o(x) = 11(17_10[)/0 S_O‘%P@(x)ds

-1 v, d

“Ti-a /0 s Eqb(x —s)ds

_ 1 ’ —a )/
1 T

= — )7 (t)dt

et CETRO
=I'7¢ (x).
On the other hand, we know that D%¢(x) = I'=%¢’(x). Hence we obtain that
d

() 6(2) = D6(a)

In what follows, we recall the definition of excessive functions with respect to
(Pf)>0-

Definition 2.1. A function v in B*((0,1)) is said to be excessive with respect to
(Pf)e>o if v satisfies

PPo(z) <wv(z), t>0, z¢€(0,1)

and limy o PPo(z) = v(z).
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We use S to denote the cone of all excessive functions with respect to (P£)¢>o.

Example 2.2. The function w, is excessive with respect to (P?)¢~o. Indeed, for
x € (0,1) we have

L po __ wa ()N (s)ds
S Prwe@) = gy || Paval@nt ()

ng (z)ds.

Then it follows that PPwa(z) < T(a) [;° 15 (x)ds = wa(x) and lim_o Pfwe(z) =
we ().

2.2. The potential kernel 1. Let f € BT((0,1)). The potential of f associated
with (P®)¢~0 is given by

oo 1
/ PP f(a)dt = / G () (9)dy,
0 0

where G, (z,y) is the Green function associated with (P#)¢s¢ given on (0,1) x (0,1)
by .

Ga(z,y) = ml(o,z)(y)(ﬁ —y)*
So we deduce that the potential kernel associated with (Pf);~¢ is none other the
operator 1% on BT((0,1)).

It is clear that the Green function G, is lower semi-continuous on (0,1) x (0, 1),
which implies that for f € B*((0,1)), I*f is also lower semi-continuous on (0, 1].
Moreover, since for y € (0, 1), the function z — Gy (z,y) is in S* (see [3]), it is the
same for I*f, for f € B*((0,1)).

Proposition 2.3 ([7]). Let f be a function in C((0,1]) N L1((0,1)) such that D*f
belongs to C((0,1])NLY((0,1)). Then there exists a unique constant ¢ such that for
z € (0,1]

I°Def(z) = f(z) + cwa ().
Proposition 2.4. If f and g are in BT((0,1)) such that g < f and I*f € C((0,1]),
then I%g is also in C((0,1]).

Proof. Let § € B*((0,1)) such that f = g+ 0. So, we have I*f = [%g + [%0.
Now since I*¢ and I%*g are lower semi-continuous in (0, 1], we deduce that I%g €

C((0,1)). O
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The potential kernel 1 satisfies the complete maximum principle. That is, for
each function f € BT((0,1)) and v € §* such that I*f < v in {f > 0}, we have
I*f < v in (0,1); see [3| chap.2, proposition 7.1]. Consequently, we deduce the
following result.

Proposition 2.5. Let h € B((0,1)) and v € 8*. Let w be a Borel measurable
function in (0,1) such that I®(hlw]) < 0o and v =w + I*(hw). Then w satisfies

0<w<.
Proof. Put wt = sup(w,0) and w™ = sup(—w,0). Since I*(h|w|) < oo, we have
I(hw™) <o+ I%hw™) in{w >0} = {w’ >0}

Then we deduce by the complete maximum principle that

I*(hw™) <v+I*(hw™) in (0,1).
That is,

I“(hw) < v =w+ I*(hw).

Hence, we obtain 0 < w < w + I*(hw) = v. O
2.3. The resolvent (V,%),. Let (X7, t > 0) be the Markov process associated

with the semigroup (Pf):>o and E7 is the expectation with respect to (X2, ¢ > 0)
starting from x. For h € B*((0,1)) , we define the potential kernel V> by

Vitf@) = [ B Bt e (0,1) (2.1)
0
We note that for h = 0, we find again the potential kernel 7. In the remaining of
the paper, we use the notation
Ve =Vy =1

If h € BT((0,1)) satisfies V*h < 0o, we have the following resolvent equation (see
(54 19])

V=V + VAV =V + VE(RVY). (2.2)
In particular, for each function u in BT ((0,1)) such that V*(hu) < oo, we have
(I —=VXh)I+Vh))u= T+ Vh))I—V¥h.))u=u. (2.3)

Lemma 2.6. Let h € BT((0,1)) such that V®h < oo and v € S*. Then for each
x € (0,1) such that 0 < v(z) < oo, we have

Va h“ )v — Ve (ho) (@) < v(z).

exp (

In particular, if sup,e g 1) (Vu(h”))(x) < 0o, then
mu(z) <o(x) = Vy' (ho)(z) < v(z),

where m = exp ( — SUP,e (o, 1)(V(y( ))(x))

Proof. Let v be a function in S, then by [3], there exists a sequence of functions
v, in BT((0,1)) such that v = sup,, V*v,. Let z € (0, 1) satisfying 0 < v(z) < oo,
then there exists ng € N such that 0 < V%v,(z) < oo, for each n > ng. Now fix
n > ng and consider the function 6 defined on [0, 00) by 6(t) = V$v,(x). Then by
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(2.1), the function 8 is completely monotone on [0,00) and so log6 is convex on
[0,00). Therefore,

0(0) < 0(1) exp (—

Which implies
Ve(hV®u,)(x) )

Ve, (x) < Vi, (z) exp ( Voun(z)

Hence by (2.2])) we obtain

ex (— W)V“vn@) < Vi, (z)
= V%%, (x) — Vi (AV%,)(x) < V%, (2).

The result holds by letting n — oc. ([l

3. PROOF OF THEOREM [L.3]

Let p be a function satisfying (H1). We divide the proof into three steps.

3.1. Converting to integral equation. We shall convert problem (1.5) into a
suitable integral equation. This follows by the following Lemma.

Lemma 3.1. Suppose that p satisfies (H1) and let u be a positive function in
C1-4([0,1]). Then u is a solution of problem (1.5) if and only if u satisfies the

integral equation
u(z) + VYpu?)(z) = dwa(z), x € (0,1]. (3.1)

Proof. Suppose that u satisfies (3.1)). Then u < Aw, and so V*(pu?) < A7V *(pw?).
Using (H1), this implies that lim,_, g+ Y2pu?)@) — () and

wa (T)

/ (pu?)(t)dt < / (1 — ) (pu”)(t)dt < oco.
0 0

Returning to (3.1), we deduce that lim, o+ 2 “u(z) = A. On the other hand
applying D® on both sides of (3.1]), we conclude by (1.2]) and Remark that the
function u satisfies the fractional equation D%u + pu® = 0. Hence u is a positive

solution of problem (1.5
Conversely, suppose that u is a positive solution of problem (1.5) in Cy_,/([0, 1]).
Then there exists a positive constant ¢ such that v < cw, on [0,1]. Using (H1),

we obtain that pu® € L'((0,1)) and lim, g+ %&g(z) = 0. So the function
u—+ V*(pu”) satisfies

D*(u+V*(pu”)) =0, in (0,1),
11:& ' (w4 Vi (pu?)) (z) = .

x

Using again Remark we deduce that u satisfies (3.1). This completes the
proof. O
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3.2. Existence result. We aim to show an existence result for the integral equa-
tion (3.1). We define the function 6 by 6(x) := oA? " Ip(z)w?~(x), for x € (0,1).
Using (H1), we deduce that %;w“) is a positive function in Cy((0, 1]). This implies
in particular that
VO (z) < 2V (Bw,) () < 0o

Consider the closed convex set

I={ueB"((0,1): codwa <u < Awa},
where ¢q is the constant given in Theorem Let T be the operator defined on I
by

Tu = Mwa — Vg (0ws)) + V5¥ (0u — pu?).
We claim that I" is invariant under the operator 7. Indeed, for u € I';, we have
u < Awq and consequently Tu < Awg — Vi¥(pu”) < Awo. Now since for each
x € (0,1], the function ¢ — 6(z)t — p(x)t” is nondecreasing on [0, Awy ()], we
deduce that u — pu® > 0. This implies that Tu > Awy — VQO‘()\Hwa). Now, since
Wo € 8 we obtain by Lemma [2.6] that

cowa () < wa(z) = Vi (0wa) (2) < we(z), =€ (0,1].

Hence Tu > cgAw,. This shows that TT C I'.

Next, we prove that the operator T has a fixed point in I'. Let u and v be
functions in I" such that © > v. Then we have V*(0u—pu?) > Vg*(6v — pv?), which
implies that Tw > Tw. Thus T is nondecreasing on I'.

Now, consider the sequence (u,,) defined by

Uy = coAwg  and  Up41 = Tu, for ,neN.
Then, using that I is invariant under 7" and the monotonicity of T', we deduce that
oM < ug <up <o <y < Awg.
Hence the sequence (u,) converges to a measurable function « in I'. By the mono-
tone convergence theorem, we deduce that u satisfies the equation
U= Awg — Vg'(Mwy) + V¥ (0u — pu?);

that is,

(I = V5" (0.)u+ Vg (pu?) = (I = V5*(0.)) (Awa). (3.2)
Applying the operator (I + V*(6.)) on both sides of (3.2]), we deduce by (2.2]) and

(2.3) that u satisfies ((3.1)).
Since v < Aw,, we deduce by (H1) and Proposition that V*(pu?) €

C1-4([0,1]). Hence according to (3.1)), the function u € C1_4([0,1]). Finally,
by Lemma we conclude that u is a positive continuous solution of (|1.5)).

3.3. Uniqueness result. Let u,v € C;_,([0, 1]) be two positive solutions of ([1.5)).

Put . .

flz) = p(z) uug;:Z(%) if u(z) # v(z)

0 if u(x) = v(x).
It is clear that f € BT((0,1)). Using Lemma we have that u,v < Aw, and the
function h = u — v satisfies
h+V*(fh)=0.

Since V(f|h]) < 2X7V*(pw?) < oo, it follows by Proposition 2.5 that u = v. This
completes the proof.
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4. PROOF OF THEOREM [I.4]

Suppose that the functions p and ¢ satisfy (H2). We put

a11b1

ﬁ = al)\mflﬂbl wﬂ , q — GQMazilAlwqwgzwgz_l,

Using hypothesis (H2), the functions V(pw,) and V7 (Gwgs) are in C1_,([0, 1]) and
C1-5([0,1]), respectively. Then the constants

c1 = exp(— |V (Bwa)lli-a) and ez = exp(=||V*(Gws)ll1-5)
are positive. We consider the closed convex set A defined by
A= {(u,v) e (C(]o, 1]))2 o A<u< A cou<v<py,
lim u(x) = A, ﬂclijgl+ v(z) = p},

z—0t
endowed with the norm ||(u, v)|| = ||u]lco + ||V]|oo-
Let (u,v) € A, then the functions pwglvbl € H, and qwl2ub? € Hp. So by
Theorem the following two problems
D% + (pwjv™)(x)y™ =0, in (0,1)

lim 2'~%y(z) = X

r—0Tt

and
DPz + (qwb2ub?)(x)2* =0, in (0,1)
lim 2'7%2(z) = p.

z—0t
have respectively a unique positive solution y € Ci_4([0,1]) and z € C1_([0,1])
satisfying for x € (0, 1] the following inequalities
1 we () < y(x) < dwe(z) and copws(z) < z(x) < pwg(z).
Let T be the operator defined on A by
y oz
T =(—,—).
()= (2. 5)
Then T is well defined and obviously TA C A.

We aim to show that 7" has a fixed point in A. Let us prove that T'A is relatively
compact in ((C([0,1]))?, ||-||). First, we show that T'A is equicontinuous on [0, 1]. Let
(u,v) € A and let (y,2) € C1—a([0,1]) x C1_5([0, 1]) such that T'(u,v) = (L, wi[,)
Using Lemma we have

y = Awa =V (pug o™ y™),
2 = pws — VP (qulzub2292).
Let m > 0 and x1,x2 € (0,1] be such that m < x; < x2 < 1. Then

|1~ y(@1) — 23~ "y ()]

= [}~V (o oy ) (1) —ay V(w0 Y™ ) (o)

‘ubl/\al 1
< / 230 (g — 1)1 — 2 (@ — 1) () (£)

T2
+ :Céfa/ (2 — t)a_l(pwglwgl)(t)dt
x
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b1 \a Ty
P t a1 t a1 b1 a
< 1—— —(1—— Lot (t)dt
= F(Oé) (A |( 1‘1) ( $2) |(pwﬁwa )()

+

/ - D e ).

Using the fact that for ¢ > 0, the function z — (1 — %)0‘*1 is non-increasing in
(t,00), we obtain

|17y (1) — 23~ y(2)]

by yai 1
I [ D s D e

-/ P e b 1)

T2

= A (Y () () — OV () (2)

2ubr N (T2 t
+ S [ D e 0
x

I(«) ) To
< PN (2 VO (pi i) (1) — 2y VO (pullwit) (22))
201 A% 1 b
zo(1l — —)¢ sup (pwiwll).
oT(a) 2( x2) [m}l)](p 5wa')

Now by (H2), we deduce that |21 *y(z;) — x5 “y(x2)] — 0 as |z — x| — 0,
uniformly in (u,v) € A. Similarly we prove that |z1 7 z(z1) — 23 " 2(22)] — 0 as
|z1 — 22| — 0 uniformly in (u,v) € A.

On the other hand, for z € (0, 1], we have

_ —a b
let =y (x) — A| < pbramg! aV“(pwglwﬁl)(x),
|zt =P 2(z) — p| < A”w“wl‘ﬁ‘/ﬁ(qw?wg?)($)~

Then using again (H2), we deduce that |z'=%y(x) — A — 0 and |z!~P2(z) —pu| — 0
as ¥ — 07 uniformly in (u,v) € A. Hence, we conclude that the family TA is
equicontinuous in [0, 1].

Since T'A is uniformly bounded, we deduce by Ascoli’s theorem that T'A is rela-
tively compact in ((C([0,1])),] - |-

Next, we prove the continuity of 7" in A. Let (uy,vx) be a sequence in A that

converges to (u,v) € A with respect to || -||. Let (yx, zx) and (y, z) in C1_4([0, 1]) x
C1-5([0,1]) such that T'(ug, v) = (2, j—’;) and T'(u,v) = (£, ﬁ) Then

gk =y = Vo (pog o y™) = Ve (p(wi o yit)
= V(o™ (y™ — yit)) + VO (pwypt (0" = vh).
Now using that
£ — v =1 (§—v) /1(t§ + (1 =tyw)@=Yat, for v,€ >0,
we deduce that i
(I + V(o) (ys — y) = V(pofyet (0" = o)), (4.1)

where pk(x) = alp(x)wgl (x)vbl (l‘) fol (ty(a:) + (1 _ t)yk(ﬁ))(al_l)dt.
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Since p satisfies (H2) and the functions 2=, &, v are in A, it follows that

V(pr(yr —y)) < oo. So by applying (I -V (pak)) on both sides of equation (4.1)),
we obtain from equations (2.3)) and (2.2)) that

(e%

yk —y = V& (pwitypt (0" = opt)).
On the other hand, for z € (0, 1], we have
Vi (pwg y o = o) (@) <V (pwjt it [0 — o) ()
< b X O T o — ooV () (@)
Hence, by using (H2), we deduce that there exists ¢ > 0 such that

Yk Yy
== = oo < cllv — vill oo
Wa Wa

This implies || 2 — 2| — 0 as k — oo. Similarly we prove that Hz—’; - ﬁ”oo -0
as k — 0o. So, we obtain

1T (ug,vg) — T(u,v)|| = 0 ask — oo.

Finally, the Schauder fixed point theorem implies the existence of (u,v) € A such
that T'(u,v) = (u,v). It follows that (y,z) = (wau,wsv) is a positive solution in
C1-4([0,1]) x C1-5([0,1]) of system (1.6). This completes the proof.
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