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MULTIPLE SIGN-CHANGING SOLUTIONS FOR KIRCHHOFF
TYPE PROBLEMS

CYRIL JOEL BATKAM

ABSTRACT. This article concerns the existence of sign-changing solutions to
nonlocal Kirchhoff type problems of the form

—(a+b/ |Vu|2dx)Au = f(z,u) in Q, wu=0o0ndN,
Q

where Q is a bounded domain in RN (N = 1,2,3) with smooth boundary,
a>0,b>0,and f:Q xR — R is a continuous function. We first establish a
new sign-changing version of the symmetric mountain pass theorem and then
apply it to prove the existence of a sequence of sign-changing solutions with
higher and higher energy.

1. INTRODUCTION

In this article, we study the multiplicity of sign-changing solutions to nonlocal
Kirchhoff type problems of the form

—<a+b/ Vuldr) Au= f(r.u) i
Q
u=0 on 01,

(1.1)

where € is a bounded domain in RV (N = 1,2,3) with smooth boundary, a > 0,
b>0,and f: QxR — R is a nonlinear function. We restrict N < 3 because f(z,u)
will behave as |ulP with 4 < p < 2*, where 2* = 2N/(N — 2) is the critical Sobolev
exponent. This will allow us to attack the problem using variational methods.
Problem is related to the stationary analogue of the hyperbolic equation

Uge — (a—l—b/ |Vu|2dx)Au = f(z,u),
Q

which is a general version of the equation

2
0*u (po |8uz —0 (1.2)

Pai ~ ) Ox?

proposed by Kirchhoff [12] as an extension of the classical D’Alembert’s wave equa-
tion for free vibrations of elastic strings. This model takes into account the changing
in length of the string produced by transverse vibrations. In (1.2), L is the length
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of the string, h is the area of the cross-section, F is the Young’s modulus of the
material, p is the mass density, and pg is the initial tension.

When b > 0, problem is said to be nonlocal. In that case, the first equation
in is no longer a pointwise equality. This causes some mathematical difficulties
which make the study of such problems particularly interesting. Some early classical
studies of Kirchhoff type problems can be found in [7, 24]. However, problem
received much attention only after the paper of Lions [I3], where an abstract
framework to attack it was introduced. Some existence and multiplicity results can
be found in [6l 10, 14) 22] without any information on the sign of the solutions.
Recently, Alves et al [I], Ma and Rivera [I§], and Cheng and Wu [§] obtained one
positive solution. In [9], He and Zou obtained infinitely many positive solutions.
The existence of sign-changing solutions to was considered by Figuereido and
Nascimento [I1], Perera and Zhang [23], Mao and Zhang [20], and Mao and Luan
[19]. But only one sign-changing solution was found in these papers. In case f is
a pure power type nonlinearity, Alves et al [I] related the number of solutions of
to that of a local problem by using a scaling argument. As a consequence,
one can obtain in that particular case infinitely many sign-changing solutions (see
[27]). However, the scaling approach does not provide high energy solutions even
in the simple case of power type nonlinearity.

In this article, we develop a variational approach to study high-energy sign-
changing solutions to some classes of nonlocal problems.

Our result on relies on the following standard conditions on the nonlinear
term f:

(H1) f:Q xR — R is continuous and there exists a constant ¢ > 0 such that
[f ()] < e(1+[ulP™h),

where p >4 for N =1,2 and 4 < p < 6 for N = 3.
(H2) f(z,u) = o(Ju|), uniformly in = € Q, as u — 0.
(H3) there exists > 4 such that 0 < uF(z,u) < uf(z,u) for all u # 0 and for
a.e x € Q, where F(z,u) = [ f(z,s)ds.
(H4) f(z,—u) = —f(z,u) for all (z,u) € A x R.
One can verify easily that the function f(x,u) = |ulP, with p as in condition (H1),
satisfies the above conditions.
Our result reads as follows:

Theorem 1.1. Let a > 0 and b > 0. Assume that [ satisfies the conditions (H1)—
(H4). Then (1.1) possesses a sequence (uy) of sign-changing solutions such that

b 2
g/ |Vuk\2dx+f</ |Vuk|2dx) —/ F(z,ur)dx — 400, ask — oo.
2 Ja 4\ Ja Q

If b = 0, we obtain the following consequence of the above result.

Corollary 1.2. Under assumptions (H1)—(H4), the semilinear problem
—Au = f(z,u n Q,
F ) .
u=0 on 09,

possesses a sequence (ug) of sign-changing solutions such that

/ |V |>da —/ F(z,u)dxr — 400, ask — oo.
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Note that Corollary [1.2] was obtained by Qian and Li [25] by means of the method
of invariant sets of descending flow. Earlier proofs were also given in [3] [I6] under
the stronger assumption that f is smooth. The arguments of [25], B [16] rely on
sign-changing critical point theorems built only for functionals of the form

1
we H(®) = 2l - ¥(u),

where ¥’ is completely continuous, and cannot then be applied to when b > 0.
Hence our result in Theorem can be regarded as an extension of the classical
result for the semilinear problem to the case of the nonlinear Kirchhoff type
problem . We also mention here that the result of Theorem was more or
less expected. However, it seems that this paper is the first to provide a formal
proof. Moreover, we believe that the critical point theorem we will establish in the
next section is of independant interest and can be applied to many other nonlocal
problems (indeed, some applications by the author and collaborators will appear in
other journals).

The study of sign-changing solutions is related to several long-standing ques-
tions concerning the multiplicity of solutions for elliptic boundary value problems.
Compared with positive and negative solutions, sign-changing solutions have more
complicated qualitative properties and are more difficult to find. During the last
thirty years, several sophisticated techniques in calculus of variations and in critical
point theory were developed to study the multiplicity of sign-changing solutions to
nonlinear elliptic partial differential equations. In [3] and [I6], the authors estab-
lished some multiplicity sign-changing critical point theorems in partially ordered
Hilbert spaces by using Morse theory and the method of invariant sets of descending
flow respectively. In [28], a parameter-depending sign-changing fountain theorem
was established without any Palais-Smale type assumption. More recently, a sym-
metric mountain pass theorem in the presence of invariant sets of the gradient flows
was introduced in [I5]. However, it seems that all these powerful approaches are
not directly applicable to find multiple sign-changing solutions to .

Our approach in proving Theorem [T.1]relies on a new sign-changing critical point
theorem, also established in this paper, which is modelled on the fountain theorem
of Bartsch (see [26] Theorem 3.6]). An essential tool in the proof of this theorem
is a deformation lemma, which allows to lower sub-level sets of a functional, away
from its critical set. The main ingredient in the proof of the deformation lemma is
a suitable negative pseudo-gradient flow, a notion introduced by Palais [2I]. Since
we are interesting in sign-changing critical points, the pseudo-gradient flow must be
constructed in such the way that it keeps the positive and negative cones invariant.
This invariance property makes the construction of the flow very complicated when
the problem contains nonlocal terms. In this paper, we borrow some ideas from
recent work by Liu, Liu and Wang [I5] on the nonlinear Schédinger systems and by
Liu, Wang and Zhang [I7] on the nonlinear Schédinger-Poisson system, where the
pseudo-gradient flows were constructed by using an auxiliary operator. However,
the critical point theorem used in [15] [I7] cannot be applied to prove Theorem
because the corresponding auxiliary operator in the case of is not compact.

The rest of this article is organized as follows. In Section [2] we state and prove
the new sign-changing critical point theorem. In Section [3] we provide the proof of
Theorem [L11
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Throughout this article, we denote by “—” the strong converge and by “—” the
weak convergence.

2. AN ABSTRACT SIGN-CHANGING CRITICAL POINT THEOREM FOR EVEN
FUNCTIONALS

In this section, we present a variant of the symmetric mountain pass type theorem
which produces a sequence of sign-changing critical points with arbitrary large
energy.

Let ® be a C'-functional defined on a Hilbert space X of the form

X =@ P, X;, with dimX; < oc. (2.1)
We introduce for k > 2 and m > k + 2 the following notation:

Vi i= @i X, Zr=03,X;, Z{' =X, Bpi={ucYy:|u|<p},
Ny :={u€Zy:|ul| = m} Nt ={ue Z: ||ul| = rk} where 0 < 7y, < pg,
®,, = Dly,,, ={ueYy,:®,(u) =0}, En:=Y,\Kn.

Let P, be a closed convex cone of Y,,. For u,, > 0 we set
£DY = {u €Y, :dist (w,£Py) < fim}, Dy =D U(=D2), Sp:=Y,\Dn
We will also denote the a-neighborhood of S C Y,,, by

Va(S) := {u € Yy, |dist(u, S) < a}, Va>0.

Let us now state our critical point theorem. It is a version of the symmetric
mountain pass theorem of Ambrosetti and Rabinowitz [2], and we model it on the
fountain theorem of Bartsch [4].

Theorem 2.1 (Sign-changing fountain theorem). Let ® € C'(X,R) be an even
functional which maps bounded sets to bounded sets. If, for k > 2 and m > k + 2,
there exist 0 < rp < pi and py, > 0 such that
(H5) ay, := max,eop, P(u) <0 and by, := infyen, P(u) — +00, as k — oo.
(H6) N C Sy,
(H7) There exists an odd locally Lipschitz continuous vector field B : E,, — Yy,
such that:
(i) B((+D%,)NEy,) C DY ;
(i) there exists a constant oy > 0 such that (P (u),u — B(u)) > aq|lu —
B(u)||?, for any u € E,,;
(iii) for a < b and o > 0, there exists § > 0 such that ||u — B(u)|| > 0 if
u €Yy, is such that O, (u) € [a,b] and ||D],(uw)]] > a.
(H8) @ satisfies the (PS)},, condition, that is:
(i) any Palais-Smale sequence of ®,, is bounded;
(ii) any sequence (u,,,;) C X such that m; — 00, Up, € Vumj(Smj),
sup ®(um;) < oo, and @7, (um;) =0, has a subsequence converging to
a sign-changing critical pomt of ®.

Then ® has a sequence (ug)y of sign-changing critical points in X such that ®(uy) —
0, as k — 0.

Condition (H8) is a version of the usual compactness condition in critical point
theory, namely the Palais-Smale condition. We recall that a sequence (u,) C E
is a Palais-Smale sequence of a smooth functional J defined on a Banach space
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E if the sequence (J(uy)) is bounded and J'(u,) — 0, as n — oco. If every such
sequence possesses a convergent subsequence, then J is said to satisfy the Palais-
Smale condition.

We need a special deformation lemma to prove the above result. We first recall
the following helpful lemma.

Lemma 2.2 (|28, Lemma 2.2]). Let M be a closed convex subset of a Banach space
E. If H: M — FE is a locally Lipschitz continuous map such that

dist (u + BH (u), M)

lim =0, YueM,
p—0F B
then for any uy € M, there exists § > 0 such that the initial value problem
do(t
"(T’t“O) = H(o(t,up)), o(0,u) = uo,

has a unique solution defined on [0,8). Moreover, o(t,uy) € M for all t € [0,4).
Now we state a quantitative deformation lemma.

Lemma 2.3 (Deformation lemma). Let ® € C'(X,R) be an even functional which
maps bounded sets to bounded sets. Fiz m sufficiently large and assume that the
condition (H7) holds. Let ¢ € R and €9 > 0 such that

Vu € @, ([c — 220, ¢+ 2e0]) N Viga (S) = ||, (u)]| > eo. (2.2)

Then for some € €]0,¢e0[ there exists n € C([0,1] X Yy, Yy,) such that
(1) n(t, u) =u fort=0 oru¢ ®.'([c—2¢,c+2¢]);

(i) n(1, @, (] —o0,c+€]) N Sp) C (] — 00,c—¢);
(iii) @,y ( . )) is not increasing, for any u;

(iv) n([0,1] X D) C D

(v) n(t,-) is odd, for any t € [0, 1].

Proof. Define V : E,,, — Y, by V(u) = u — B(u), where B is given by (H7). Then
there is § > 0 such that V(u) > § for any u € @' ([c — 2c0, ¢ + 2¢]) N Vg (Sm)
(in view (H7)-(iii)). We take ¢ €]0, min(eo, So1tm ) and we define

8
Ay =0, (e —2e,c428]) N Vi (Sn), Az =0, (c—e,c+e]) N Vim
x(u) =

dist(u, Y\ A1)
dist(u, Y\ A1) + dist(u, Az)’
so that x =0 on Y;;\A1, x =1 on Ay, and 0 < x < 1.
We consider the vector field

Wwy:{XWHVWWQVWLimueAl
. 0, for u € Y,,,\4;.

(Sm)a

u €Yy,

Clearly W is odd and locally Lipschitz continuous. Moreover, by our choice of €

above we have

1 orpm
W) < 5 < = Vue Y. (2.3)

It follows that the Cauchy problem

d
Zoltu) = —W(o(tw), o(0,u)=ue Y,
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has a unique solution o(+,u) defined on R,. Moreover, ¢ is continuous on Ry x Y,,
and the map o(¢,-) : Y, — Y,, is a homeomorphism for each ¢ > 0 (see, for instance
[26]). In view of (2.3, we have

lo(t,u) —ul < / IW (s, ) lds < S, (2.4)

and by (HT)-(ii)

%fbmw(tu» = —(@7, (o (t, u), x(o(t, w) |V (o (t,u) |V (o (t, u)))

Define
n:[0,1] x Y, = Yo, n(t,u) = a(z—it,u).
Conclusion (i) of the lemma is clearly satisfied and by above (iii) is also
satisfied. Since W is odd, (v) is a consequence of the uniqueness of the solution to
the above Cauchy problem.
We now verify (ii). Let v € n(1,®,.}(] — co,c +¢€]) N Sy). Then v = n(1,u) =
o(2,u), where u € @1 (] — 00, ¢+ €]) N Sy,
If there exists ¢ € [0, i—‘i] such that ®@,,(0(t,u)) < ¢ — ¢, then by (iii) we have
D, (v) <c—e.
Assume now that o(t,u) € ®, ([c—¢,c+e]) for all t € [0, i—f] By we have
|o(t,u) — ul| < %, which means, since u € Sy,, that o(t,u) € Vi (Sp,). Hence
o(t,u) € Ay and since x = 1 on As, we deduce from that

2e

7’u)) <P, (u) — /Oul x(o(t,u))dt = Dy, (u) — 2e.

D, (U(al

Since ®,,(u) < ¢+ ¢, this implies ®,,,(v) = Py (0(2= =,u)) < ¢—e. Hence (i) is
satisfied.
It remains to verify (iv). Since o is odd in u, it suffices to show that

([0, +00) x DY) C Dy,. (2.6)
We follow [28].
Claim: We have
o([0,+00) x DO) c DO . (2.7)
Assume by contradiction that (2.6) does not hold. Then there exist ug € DY, and
to > 0 such that o(tg,up) ¢ DY,. Choose a neighborhood N,, of ug such that
N, C DY,. Then there is a neighborhood Ny of o (to, ug) such that o(tg,-) : Ny, —
Ny is a homeomorphism (because o (to, ) : Y, — Yy, is a homeomorphism). Since
a(to,up) ¢ DY, the set No\D9, is not empty. Hence there is w € N, such that
o(to, w) € No\D?,, contradicting (2
We now termmate by giving the proof of our above claim. By (H7)-(i) we have
B(DY, N E,,) C DY, which implies that B(D9, N E,,) ¢ DY,. Since K,, N A; = 0,
we have o(t,u) = u foriall t €[0,1] and v € D9, N K,y,.
Assume that u € D), N E,,. If there is ¢; € (0,1] such that o(t1,u) ¢ DY,
then there would be s; € [0,¢;) such that o(sy,u) € D9, and o(t,u) ¢ DY, for all

m
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t € (s1,t1]. The Cauchy problem

%u(t,a(sl,u)) = —W(u(t,o(s1,u)), w0,0(s1,u)) =o(s1,u) € Yy,

has o(t,0(s1,u)) as unique solution. Recalling that W = 0 on Y;;,\ Ay, we have
v—W(v) € Dj, N (Y \A1) for any v € D, N (Y, \A1).
Assume that v € A;NDY,. Since ||V (u)|| > J, we deduce that 1-Bx()[|[V(v)]|72 >

0 for all 3 such that 0 < 3 < §%. Recalling that v € D9, implies dist(v, Py,) < fiom,
that V(v) = v — B(v), and that aP,, 4+ bP,, C Py, for all a,b > 0 (because P, is a
cone), we obtain for any 3 €0, 6]

dist (v — BW (v), Py,)

— dist (v — Bx (@) [V ()| 2V (0 )

= dist (v — Bx[|V (v)[| (v — )s Pm)

— dist (1 BV~ 2>v " ﬁx(v)llV(v)ll’2B(v), P)

< dist (1= Bx@)[[V @)~ + Bx(@)|V ()| 2B(),

BX @)V (@) 2Pr + (1= Ax(@) [V ()| 2) P
< (1 =A@V ()] 72) dist(v, P) + Bx(0) [V (0)]| 2 dist(B(v), P)
< (1= AX@IV @)t + BX @) [V @)t = pim:
It follows that v — SW (v) € DY, for 0 < 8 < §%. This implies that

dist (v + ﬂ(—W(v)),Digl)
B—0+ B

=0, YueDY.

By Lemma there exists dy > 0 such that o (t,o(s1,u)) € DY, for all t € [0,dp).
This implies that o(¢,0(s1,u)) = o(t + s;,u) € DY, for all ¢ € [0,8), which
contradicts the definition of s;. This last contradiction assures that o ([0, +00) x
D) € DY, O

Proof of Theorem[2.1. (H5) and (H6) imply that aj < by < inf,enm ®pp(u), for k
big enough. Let

Iy = {v € C(By,Yn) : v is 0dd, y|op, = id and gamma(D,,) C Dy, }.

The set I'} is clearly non empty and for any v € I'[" the set U := {u € By :
[v(w)]| < 7} is a bounded symmetric (i.e. —U = U) neighborhood of the origin
in Yj. Moreover, U is open. Indeed, U is an open subset of By (with respect to the
metric topology of By) and the conditions v|gp, = id and r; < pj imply that an
element of 0Bj, cannot belong to U. By the Borsuk-Ulam theorem the continuous
odd map Il oy : OU C Yy — Yi_1 has a zero ug, where Il : X — Yj_ is the
orthogonal projection. Hence y(ug) € y(Bg) NN} which implies that y(Bg) NN #
(. Since N C Sy, we deduce that vy(By) N Sy, # 0. This intersection property
implies that

Chom = inf max D (u) > inf D(u) > by.
YET uev(Br)NSm u€EN"
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Ck,m =0k

We would like to show that for any ¢ €]0, ="5—"=[, there exists u € @,’nl([ckm —
2€0, Cl,m + 2€0]) N Vi (Sm) such that [|®7,(u)|| < eo. Arguing by contradiction,

we assume that we can find g9 €]0, “—"%[ such that

||<I>;n(u)|| Z €0, Yu € (I);Il([ckﬂn — 250, Ck,m + 260]) N V#Tm (Sm)

We apply Lemma with ¢ = ¢, and define, using the deformation 1 obtained,
the map

6 : Bk: e YTI’H 9(“) = 77(1/}/(“))7
where v € I'" satisfies

max P, (u) < cpm + €, (2.8)
u€y(Bg)NSm
with € also given by Lemma [2.3]
Using the properties of 7 (see Lemma [2.3]), one can easily verify that 6 € T'}.
On the other hand, we have

n(1,7(Bx)) N Sm € n(1, @1 (] — 00, cm +€]) N ). (2.9)

In fact, if w € 7(1,7(Bx)) NS then u = n(1,7(v)) € Sy, for some v € Bi. Observe
that y(v) € Sp,. Indeed, if this is not true then y(v) € D,,, and by (iv) of Lemma
we obtain v = n(1,v(v)) € D,, which contradicts the fact that u € S,,. Now
(2.8) implies that vy(v) € ®,,}(] — 00, ckm +¢]). It then follows, using (ii) of Lemma
that v = n(1,7(v)) € n(1,] — 00, cxym + €] N Sp). Hence holds. Using
[2.9) and (ii) of Lemma[2.3] we obtain

max @, (u) = max Py, (u)
w€0(B)NSm uen (1y(Bi))NSom
< max @ (u)
uen (Lq);nl (]_Oovck,m"rs])n‘sm)

< Ckom — &,

contradicting the definition of cy, .

The above contradiction assures that for any g¢ €]0, 2"

2

[, there exists
u € @, ([ch,m — 220, Chym + 2€0]) N Vg (Sn)

such that ||®] (u)] < &o.
It follows that there is a sequence (uy ,,)n C Vim (Sp,) such that

@, (uf ) — 0 and @, (up ) = Chom, as 0 — 00

We deduce from (H8)-(i), using the fact Y}, is finite-dimensional, that there exists
Up,m € VuTm(Sm) such that

(I);n(uk,m) =0 and (I)m(uk,m) = Ck,m-

changing critical point wuy such that by < ®(ux) < maxyep, ®(u). Since b — oo,
as k — oo, the conclusion follows. (I

Noting that ¢k, < maxy,ep, ®(u), we deduce using (H8)-(ii) that ® has a sign-
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3. PROOF OF THE MAIN RESULT

Throughout this section, we assume that (H1)-(H4) are satisfied. We denote by
| - |4 the usual norm of the Lebesgue space L4(f2). Let X := H{(f2) be the usual
Sobolev space endowed with the inner product

(u,v) :/Vqudm
Q

and norm ||ul|? = (u,u), for u,v € HO(Q)
It is well known that solutions of (|I.1]) are critical points of the functional

D(u) = §Hu||2 |u||4 /F r,u)dr, w€ X :=Hj(Q). (3.1)
By a standard argument, one can easily verify that ® is of class C'! and

(@ (u),v) = (a+blul?) / VuVudx — / vf(z,u)dx (3.2)
Q Q
Let 0 < A1 < Ay < A3 < --- be the distinct eigenvalues of the problem
—Au=Auin Q, w =0 on JQ.

Then each A; has finite multiplicity. It is well known that the principal eigenvalue A\;
is simple with a positive eigenfunction e;, and the eigenfunctions e; corresponding
to Aj (j > 2) are sign-changing. Let X; be the eigenspace associated to A\;. We set
for k> 2

V=0, X, and Z; = B2, X

Lemma 3.1.
(1) For any u € Yy, we have ®(u) — —o0, as |lul] — co.
(2) There exists 1, > 0 such that

in D(u) — o0, as k — oo.
u€Zp ||lul|=rk

Proof. (1) It is well known that integrating (H3) yields the existence of two con-
stants c1,co > 0 such that F(x,u) > c1|u|* — co. This together with the fact that
all norms are equivalent in the finite-dimensional subspace Yj imply that

a b
D(u) < 5l + Flull* = cslfull” + 1, Vu e Vi,

where c3,c4 are positive constant. Since p > 4, it follows that ®(u) — —oo, as
[[ul| — oo.
(2) Using (H1), we obtain

(u) > Zllul® — csluly — o, Vu € X,

where c5, cg are poisitive constant. Set

B = sup  |vlp.
vEZy, |v]|=1
Then we obtain 1
Cs 2
P > Z _ Y (Z2ppPY2p _
(U)fa(Q p)(apﬂk) Co

for every u € Zj, such that

1
lull =7 = (2p80) 7
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We know from [26, Lemma 3.8] that 8 — 0, as k — oco. This implies that r, — oo,
as k — oo. [l

Now we fix k large enough, and for m > k + 2, we set
D, :=Ply,, Kp:= {u €Yy P (u) = O}, E, =Y, \Kp,
Pp={ueYy,;ulx) >0}, ZP':=a . X;, N:={ueZ||ull =r}.
We remark that for all u € P,,\{0} we have [, ueidz > 0, while for all u € Zj,

fQ uerdx = 0, where e; is the principal eigenfunction of the Laplacian. This implies
that P,, N Z; = {0} It then follows, since NN;" is compact, that

bm = dist (N, =P, U Py,) > 0. (3.3)

For u € Y, fixed, we consider the functional
1
I,(v) = 5(a + b||ul?) / |Vo|2dx — / vf(z,u)de, veY,. (3.4)
Q Q

It is not difficult to see that I, is of class C!, coercive, bounded below, weakly
lower semicontinuous, and strictly convex. Therefore I,, admits a unique minimizer
v = Au € Y,,,, which is the unique solution to the problem

—(a+b|ul®)Av = f(z,u), vE Y.

Clearly, the set of fixed points of A coincide with K,,. Moreover, the operator
A :Y,, — Y., has the following important properties.

Lemma 3.2.

(1) A is continuous and maps bounded sets to bounded sets.
(2) For any u € Y,, we have

(@) (u),u — Au) > allu — Aul|?, (3.5)
122, (W)l < (a+0) (L + [[ull*) [lu — Aul. (3.6)

(3) There exists jiy, €]0,0m| such that A(£DP) C £D%  where §,, is defined
by (3.3).

Proof. (1) Let (uy) C Y, such that u, — u. We set v, = Au, and v = Au. By
the definition of A we have for any w € Y,,,

(a+b||un||2)/Qandex:/wa(m,un)dx (3.7

(a—l—bHu||2)/QVvadx:/wa(ac,u)dx. (3.8)

Taking w = v, — v in (3.7) and in (3.8), and using the Holder inequality and the
Sobolev embedding theorem, we obtain

(a+ Bllun]?) l1on — o]
= b((fun? — [Jul® /Q VoV (v, — v)de + /Q (0= 0a) (F(un) — F(u))da

< erllunl® = llul*[l[vllllve — vl + e2llvn = vll1f (un) = £ ()] 2,

p—1

where ¢1,c0 > 0 are constant. By (H1) and [26] Theorem A.2], we have f(u,) —
f(u) — 0in L71(2). Hence || Au, — Au| = ||v, —v|| — 0, that is, A is continuous.
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On the other hand, for any u € Y;,, we have, taking v = w = Au in (3.8)
(a+ bl|ull?)||Au|® = / Auf(z,u)dz.
Q

By using (H1), the Holder inequality, and the Sobolev embedding theorem, we
obtain
af| Aull < C(1+ |lulP7),
where C' > 0 a constant. This shows that Au is bounded whenever u is bounded.
(2) Taking w = u — Au in (3.8)), we obtain

(a+blull?) / V(Au)V(u — Au)dx = / (u— Au) f(z,u)dz,
Q Q
which implies
(@7, (u), u — Au) = (a +bllul®) v — Aul|* > allu — Aul|*.
On the other hand, using (3.8)), we obtain
(@, (u), w) = (a+b|ul?) / VuVwdx — / wf(z,u)dz
Q Q
= (a+ b|jul/?) / V(u— Au)Vwdz, Yw €Y,.
Q
This implies
@7, ()| < (a+ bllull*) u — Aull.
(3) It follows from (H1) and (H2) that for each € > 0 there exists ¢. > 0 such

that
|f(x, )] < elt| +c|t|P™, VteR. (3.9)

Let u € Yy, and let v = Au. As usual we denote w® = max{0, +w}, for any w € X.
Taking w = vT in (3.8)) and using the Hélder inequality, we obtain
(a+ bllull®) o™ = / v (@, u)de < elu 2oty + elu T[T o,
Q

which implies

1 _
ot 12 < = (et ol s + cclut 5y ). (3.10)

a
On the other hand it is not difficult to see that |u™|, < |u — w|, for all w € =P,
and 1 < ¢ < 2*. Hence there is a constant ¢; = ¢;(¢) > 0 such that |ut|, <
¢y dist(u, —Py,). It is obvious that dist(v, —P,,) < [|[v™]|. So we deduce from
and the Sobolev embedding theorem that

dist (v, —Ppn)[[v* ]| < [Jo™ 2
<c (5 dist(u, —Pp,) + ¢ dist(u, —Pm)p_l) loT ],
where ¢o > 0 is constant. This implies
dist(v, —Pp) < 2 (5 dist(u, —Pp) + c. dist(u, fpm)Pfl).
Similarly one can show that
dist(v, P,) < c3 (s dist(u, Py,) + ce dist(u, Pm)”_l)7

for some constant cz > 0.



12 C. J. BATKAM EJDE-2016/135

Choosing ¢ small enough, we can then find p,, €]0,d,,[ such that
dist(v, £ P,) < %dist(u,:l:Pm)
whenever dist(u, £Pp,) < .- O
Using the pu,, obtained above, we define
+Dy, = {u €Y, dist (u, £P) < ftm },
Dy, =D% U(=Dy), Sm = Yu\Dpn.
Remark 3.3. Note that p,, < d,, implies NJ* C Sp,.

The vector field A : Y,, — Y}, does not satisfy the assumption (H7) of Theorem
2.1| as it is not locally Liptschitz continuous. However, it will be used in the spirit
of [5] to construct a vector field which will satisfy the above mentioned condition.

Lemma 3.4. There exists an odd locally Lipschitz continuous operator B : E,, —
Y, such that
(1) (®'(u),u — B(u)) > %Hu — A()|?, for any u € E,,.
(2) 3llu— B < llu—A@)| < 2|lu = B)|, for any u € Ep,.
(3) B((+DS,)NE,,) C £DY,.
The proof of this lemma follows the lines of [5]. We provide a sketch of the proof
here for completeness.

Proof. We define A1,As : E,, — R as

T __ ¢ 2y-1)1y, _
Aq(u) = 2||u Aul| and Ag(u) = 2(a+b)(1 + flul|®) 7w — Aul|. (3.11)
For any u € F,, we choose vy(u) > 0 such that
IA(v) = A(w)[| < min {A;(v), Ay (w), Az(v), Aa(w)} (3.12)

holds for every v,w € N(u) :={z € Yy, ; ||z — u|| < y(u)}.
Let V be a locally finite open refinement of {N(u); u € E,, } and define
Vo= {VeVv:DlnV#0, -DS NV #£0, —DS NDY NV # 0},
u= U {viv U {(mon\=omk
Vev\v Vevs
By construction U is a locally finite open refinement of {N (u) :u € Em} and has
a property that any U € U is such that
UNDy, #0and UN(=DY,) #0 = UND)N(=Dy,)#0. (3.13)
Let {HU :Uel } be the partition of unity subordinated to U defined by
ay (u)
ZUGZA oy (U)
For any u € U choose ay such that if U N (£DY,) # 0 then ay € UN (£DY,) (such
an element exists in view of ) Define B : E,, — Y,, by

B(u) i= = (H(u) — H(~u)), where H(u) = > Tly(u) A(ar).

2
veu

We then conclude as in [5] by using Lemma [3.2}(3), (3.11)), (3.12), and (3.5). O

Iy (u) :== , where oy (u) = dist (u, En,,\U).



EJDE-2016/135 MULTIPLE SIGN-CHANGING SOLUTIONS 13

Remark 3.5. Lemmas [3.2] and [3.4] imply that
1
(@ () u = B(u)) = glu— B(u)|* and
197, (w)]| < 2(a+b)(1 + [[u]l*)[lu — B(u)ll,
for all u € E,,.

Lemma 3.6. Let ¢ < d and o > 0. For all uw € Yy, such that ®,,(u) € [c,d] and
[|®),(w)|| > «, there exists B > 0 such that ||u — B(u)|| > 3.

Proof. By the definition of the operator A, we have for any u € Y,

(a+b||u||2)/QV(Au)Vudx:/Quf(m,u)da:.

It follows that

1
D, (u) — ;(a+b||u||2)/ VuV(u — Au)dz
Q

1 1, 0w 1 1. .. / 1
=a(= — =)||ul|*+b(= — =)]||ul*+ —uf(z,u) — F(x,u))dx

(= el 48 = DIl + [ (ufe,0) - Fle,w)

which implies, using (H3) and Lemma [3.4}(2), that
1 1 1
b(3 — ;)HUH4 < [P (u)| + ;(a + 0| ) [l [Ju — Au
(3.14)

2
< [P (u)] + ;(a +0flul*) ullllu — Bul.

Suppose that there exists a sequence (u,) C Y, such that: ®,,(u,) € [c,d],
[|1D!. (un)]| > « and |juy, — Buy|| — 0. By (3.14]) we see that (||lu,||) is bounded. Tt
follows from Remark |3.5| above that @/ (u,) — 0, which is a contradiction. O

Now we verify the compactness condition for ®.

Lemma 3.7. ® satisfies the (PS)},, condition, that is:

e any Palais-Smale sequence of ®,, is bounded,
o any sequence (Uy,,;) C X such that: mj — 00, Upm; € Vim; (Sim;),
2
sup ®(up,,) < oo, and <I>;nj (um;) = 0, has a subsequence converging to a

sign-changing critical point of .

Proof. For any u € Yy, we have, in view of (H3),

By (1) = (B} 1) )
= a( = Dl +5(G = Dl + [ Gusen) = Fa)de (3.9
> alg = )l +b(5 = )l

It then follows that any sequence (u,) C Y, such that sup, ®,,(u,) < oo and
@/ (u,) — 0 is bounded.
Now let (u,;) C X be such that

mj — 00, Upm, € Vim; (Sm,), sup ®(ty,,) < oo, <I>;nj (tm,) = 0.
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In view of the sequence (up,,) is bounded. Hence, up to a subsequence,
Um,; — win X and uy,; — uin LP(2). Observe that the condition @}, (um,) =0
is weaker than ®'(u,,,) = 0. Therefore, the fact that (u,,,) converges strongly, up
to a subsequence, to v in X does not follow from the usual standard argument.
Let us denote by II,,, : X — V), the orthogonal projection. Then it is clear

that Il,,,,u — v in X, as m; — oo. We have
<(I);nj (umj )7 Umy; — Hm]‘ 'LL>

(3.16)
= (a4 bl[tim, [|I*) (Wi, , o, — i u) — /Q (Um,; — M, ) f (2, s, )dz.
Since (up,) is bounded, we deduce from (H1) that (|f(z, um,)|p/p—1) is bounded.
We then obtain by using the Hélder inequality

’/Q(umj — Hmju)f(x,um].)dx| < g, — Hm].u|p|f(x7umj)\pi — 0.

—1

Recalling that @ (u,,) = 0, we deduce from (3.16) that

(um].,umj — 1L, u) = ||um]. ||2 — (umj,u> + (U, u — Iy, u) = o(1).

It then follows that ||u,, || — [lu|| which implies, since X is uniformly convex, that
Um,; — win X. It is readily seen that w is a critical point of ®.
To show that the limit w is sign-changing, we first observe that

(@ () 0E ) =0 & (0 bl |2, ||? = /Q uk £, )

my mj

= a||uflj I < / ul fle,ul )de.
Q
By using (3.9) and the Sobolev embedding theorem, we obtain

+ + + + +
alluz, |I* < /Qumjf(iv,umj)dw < c(ellum, I + cellum, I7)

+

where ¢ > 0 is a constant. Since u,,; is sign-changing, Uz, . are not equal to 0.

Choosing ¢ small enough (for instance ¢ < &), we see that (Hufw II) are bounded

below by strictly positive constants which do not depend on m;. This implies that
the limit u of the sequence (uy,,) is also sign-changing. O

We are now in a position for proving our main result.

Proof Theorem[I.1 By Lemmas [3.1] 4] [3:6] and [3.7] and Remarks [3.3] and [3.5]

conditions (H5), (H6), (H7) and (H8) of Theorem [2.1] are satisfied. It then suffices
to apply Theorem [2.1] to conclude. O
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