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PULLBACK ATTRACTORS FOR NONCLASSICAL DIFFUSION
DELAY EQUATIONS ON UNBOUNDED DOMAINS WITH

NON-AUTONOMOUS DETERMINISTIC AND STOCHASTIC
FORCING TERMS

FANG-HONG ZHANG, WEI HAN

Abstract. In this article, we prove the existence of pullback attractor in

C([−h, 0]; H1(RN )) for a stochastic nonclassical diffusion equations on un-
bounded domains with non-autonomous deterministic and stochastic forcing

terms, and the pullback asymptotic compactness of the random dynamical

system is established by a tail-estimates method.

1. Introduction

The study of pullback attractor for infinite dimensional dynamical systems has
attracted much attention and has made a lot of progress in recent decades; see, for
instance,[4, 6, 7, 11, 12, 13, 14, 16, 17, 20, 21, 22, 26, 27] and the references therein.

In this article, we focus on the asymptotic behavior of solutions to the stochastic
nonclassical diffusion equation with delays

du− d(∆u)−∆udt+ λudt = f(x, u(x, t− ρ(t)))dt+ g(t, x)dt+
m∑
j=1

hjdwj , (1.1)

for x ∈ RN and t > τ ; with the initial condition

u(x, t+ τ) = uτ (x), t ∈ [−h, 0], x ∈ RN , (1.2)

where g ∈ L2
Loc(R, L2(RN )), hj(j = 1, . . . ,m) are given functions, and {wj}mj=1 are

independent two-sided real-valued Wiener processes on a probability space which
will be specified in Section 2, and f is a nonlinear function containing some memory
effects during a fixed interval of time of length h > 0, ρ being an adequate given
delay function.

Nonclassical diffusion equations arise as models to describe physical phenomena
such as non-Newtonian flow, soil mechanics, heat conduction, etc. (see Aifantis
[1, 2], Kuttler and Aifantis [18, 19] and references therein). Aifantis et al [1, 2]
pointed out that the classical reaction-diffusion equation

ut −∆u = g(u),
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does not contain each aspect of the reaction-diffusion problem, and it neglects
viscidity, elasticity, and pressure of medium in the process of solid diffusion. The
authors obtained a diffusion theory similar to Fick’s classical model for solute in
an undisturbed solid matrix, obtaining a hyperbolic equation

ut +D1utt = D2∆u,

where D1 and D2 are positive constants. Assigning viscosity to the diffusing sub-
stance, they arrived at the following equation

ut +D1utt = D2∆u+D3∆ut.

and neglecting the inertia term, finally obtained the nonclassical parabolic equation

ut = D2∆u+D3∆ut.

where D3 is also a positive constant.
For the nonclassical diffusion equations without delay

ut −∆ut −∆u = f(u) + g,

the long-time behavior, especially the uniform attractor and pullback attractor have
been extensively studied by several authors, see for example [3, 23, 29, 30, 31].

For the case with the variable delay term

ut −∆ut −∆u = f(x, u(x, t− ρ(t))) + g(t),

Hu and Wang [15] proved the existence of pullback attractors in bounded domain
Ω ⊂ RN . To our best knowledge, the dynamics for stochastic nonclassical diffusion
equations with non-autonomous deterministic and stochastic forcing terms has not
been considered by any predecessors, even for the bounded case.

In this article, we focus on the existence of pullback attractor for (1.1) in un-
bounded domain. There are some barriers encountered. On the one hand, (1.1)
contains the term −∆ut, it is different from the usual reaction-diffusion equation
in [27, 28]. For example, the reaction diffusion equation has some smoothing effect,
e.g., although the initial data only belongs to a weaker topology space, the solution
will belong to a stronger topology space with higher regularity. However, for (1.1),
if the initial data uτ belongs to C([−h, 0];H1(RN )), then the solution u(t, x) is
always in C([−h, 0];H1(RN )) and has no higher regularity because of −∆ut, it will
cause some difficulties. On the other hand, the unbounded domain also brings some
difficulties since the embeddings are no longer compact, so the asymptotic compact-
ness of solutions can not be obtained by the standard method. Thirdly, note that
(1.1) is a nonclassical diffusion equations with variable delay and stochastic forcing
terms, hence this problem is not only stochastic but also non-autonomous, and this
cause an additional difficulty, because one has to take into consideration not only
the random parameter but also the time shift when defining the non-autonomous
non-compact dynamical system.

This article is organized as follows: In Section 1, we have expounded on re-
search progress as regards our research problem, and given some assumptions. In
Section 2, we introduce some notations and functions spaces, and we recall some
useful results on pullback attractors and non-autonomous non-compact dynamical
systems. In Section 3, we prove the existence of pullback attractor for (1.1) in
C([−h, 0];H1(RN )).
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2. Preliminaries

In this section, we introduce some notation and functions spaces, and we re-
call some useful results on pullback attractors and non-autonomous non-compact
dynamical systems in [26]. The attractors theory for random systems with only
stochastic terms can be found in [4, 6, 7, 12, 13, 14] and the references therein.

Let Q be a nonempty set, (Ω,F , P ) be a probability space, and (X, d) be a
Polish space with Borel σ-algebra B(X). The Hausdorff semi-distance between two
nonempty subsets A and B of X is defined by

d(A,B) = sup{d(a,B) : a ∈ A},
where d(a,B) = inf{d(a, b) : b ∈ B}. Denote by Nr(A) the open r-neighborhood
{y ∈ X : d(y,A) < r} of radius r > 0 of a subset A of X.

Let 2X be the collection of all subsets of X. Assume that there are two groups
{σt}t∈R and {θt}t∈R acting on Q and Ω, respectively. In the sequel, we will call
both (Q, {θt}t∈R) and (Ω,F , P, {θt}t∈R) parametric dynamical systems.

Definition 2.1. Let (Q, {σt}t∈R) and (Ω,F , P, {θt}t∈R) be parametric dynamical
systems. A mapping Φ : R+ ×Q× Ω ×X → X, is called a continuous cocycle on
X over (Q, {σt}t∈R) and (Ω,F , P, {θt}t∈R) if for all q ∈ Q, ω ∈ Ω and t, τ ∈ R+,
the following conditions are satisfied:

(i) Φ(·, q, ·, ·) : R+ × Ω×X → X is (B(R+)×F × B(X),B(X))-measurable;
(ii) Φ(0, q, ·, ·) is the identity on X;

(iii) Φ(t+ τ, q, ω, ·) = Φ(t, στq, θτω, ·) ◦ Φ(τ, q, ω, ·);
(iv) Φ(t, q, ω, ·) : X → X is continuous.

Let D be a family of some subsets of X which is parameterized by

(q, ω) ∈ Q× Ω : D = {D(q, ω) ⊆ X : q ∈ Q, ω ∈ Ω}.
Then we can associated with D a set-valued map fD : Q× Ω→ 2X such that

fD(q, ω) = D(q, ω), for all q ∈ Q and ω ∈ Ω.

Clearly, D = fD(Q × Ω). In the sequel, we use D to denote a collection of some
families of nonempty subsets of X:

D = {D = {∅ 6= D(q, ω) ⊆ X : q ∈ Q, ω ∈ Ω} : fD satisfies some conditions}.
Note that a family D belongs to D if and only if the corresponding map fD satisfies
certain conditions rather than the image fD(Q× Ω) of fD.

Definition 2.2. A collection D of some families of nonempty subsets of X is said
to be neighborhood closed if for each

D = {D(q, ω) : q ∈ Q, ω ∈ Ω} ∈ D,
there exists a positive number ε depending on D such that the family

{B(q, ω) : B(q, ω) is a nonempty subsets of Nε(D(q, ω)) for all q ∈ Q, ω ∈ Ω} ∈ D.

Definition 2.3. (i) A set-valued mapping K : Q × Ω → 2X is called measurable
with respect to F in Ω if the value K(q, ω) is a closed nonempty subsets of X for
all q ∈ Q, ω ∈ Ω, and the mapping ω ∈ Ω→ d(x,K(q, ω)) is (F ,B(R))-measurable
for every fixed x ∈ X and q ∈ Q.

(ii) Let D be a collection of some families of nonempty subsets of X and K =
{K(q, ω) : q ∈ Q, ω ∈ Ω} ∈ D. Then K is called D-pullback absorbing set for Φ if
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for all q ∈ Q, ω ∈ Ω and for every B = {B(q, ω) : q ∈ Q, ω ∈ Ω} ∈ D, there exists
T = T (B, q, ω) > 0 such that

Φ(t, σ−tq, θ−tω,B(σ−tq, θ−tω)) ⊆ K(q, ω), ∀t ≥ T.

(iii) Let D be a collection of some families of nonempty subsets of X. Then Φ is
said to be D-pullback asymptotically compact in X if for for all q ∈ Q, ω ∈ Ω, the
sequence

{Φ(tn, σ−tnq, θ−tnω, xn)}∞n=1 has a convergent subsequence in X

whenever tn → ∞(n → ∞), and xn ∈ B(σ−tnq, θ−tnω) with {B(q, ω) : q ∈ Q, ω ∈
Ω} ∈ D.

Definition 2.4. Let D be a collection of families of nonempty subsets of X and
A = {A(q, ω) : q ∈ Q, ω ∈ Ω} ∈ D. Then A is said to be a D-pullback attractor for
Φ if

(i) A is measurable with respect to the P-completion of F in Ω, and A(q, ω) is
compact for all q ∈ Q, ω ∈ Ω.

(ii) A is invariant, that is, for every q ∈ Q, ω ∈ Ω,

Φ(t, q, ω,A(q, ω)) = A(σtq, θtω) ∀t ≥ 0.

(iii) A attracts every set in D, that is, for every B = {B(q, ω) : q ∈ Q, ω ∈ Ω} ∈
D, for every q ∈ Q, ω ∈ Ω,

lim
t→∞

d(Φ(t, σ−tq, θ−tω,B(σ−tq, θ−tω)),A(q, ω)) = 0. (2.1)

Definition 2.5. Let D be a collection of families of nonempty subsets of X. A
mapping φ : R × Q × Ω → X is called a complete orbit of Φ if for every τ ∈ R,
t ≥ 0, q ∈ Q and ω ∈ Ω, the following holds:

Φ(t, στq, θτω, φ(τ, q, ω) = φ(t+ τ, q, ω). (2.2)

If, in addition, there exists D = {D(q, ω) : q ∈ Q, ω ∈ Ω} ∈ D, such that φ(t, q, ω)
belongs to D(σtq, θtω) for every t ∈ R, q ∈ Q and ω ∈ Ω, then φ is called a
D-complete orbit of Φ.

Definition 2.6. Let B = {B(q, ω) : q ∈ Q, ω ∈ Ω} ∈ D be a family of nonempty
subsets of X. For every q ∈ Q and ω ∈ Ω, let

Θ(B, q, ω) = ∩τ≥0∪t≥τΦ(t, σ−tq, θ−tω,B(σ−tq, θ−tω)).

Then the family {Θ(B, q, ω) : q ∈ Q, ω ∈ Ω} is called the Θ-limit set of B and is
denoted by Θ(B).

Theorem 2.7. Let D be a neighborhood closed collection of some families of non-
empty subsets of X and Φ be a continuous cocycle on X over (Q, {σt}t∈R) and
(Ω,F , P, {θt}t∈R). Then Φ has a D-pullback attractor A in D if and only if Φ is D-
pullback asymptotically compact in X and Φ has a closed measurable (with respect to
the P-completion of F) D-pullback absorbing set K in D. The D-pullback attractor
A is unique and is given by, for each q ∈ Q and ω ∈ Ω,

A(q, ω) = Θ(K, q, ω) = ∪B∈DΘ(B, q, ω)

= {φ(0, q, ω) : φ is a D-complete orbit of Φ}.



EJDE-2016/139 PULLBACK ATTRACTORS 5

Let X be a Banach space with norm ‖·‖X . Let h > 0 be a given positive number,
which will denote the delay time, and let CX denote the Banach space with the
norm

‖ψ‖CX := sup
s∈[−h,0]

‖ψ(s)‖X .

Given τ ∈ R, T > τ and u : [τ − h, T ) → X, for each t ∈ [τ, T ) we denote by
ut : [−h, 0]→ X denote the function defined on by ut(s) = u(t+ s), s ∈ [−h, 0].

The following theorem (see [27, 28]) will be used to verify the pullback asymp-
totically compactness of the cocycle Φ on X.

Theorem 2.8. Let D be a collection of families of nonempty subsets of X and Φ be
a continuous cocycle on X over (Q, {σt}t∈R) and (Ω,F , P, {θt}t∈R). Suppose that
for any fixed q ∈ Q, ω ∈ Ω and for every B = {B(q, ω) : q ∈ Q, ω ∈ Ω} ∈ D and
any ε > 0, there exists τ0 = τ0(B, q, ω, ε) > 0, a finite-dimensional subspace Xε of
X and a δ > 0 such that

(1) for each fixed s ∈ [−h, 0],

‖ ∪s≥τ0 ∪ut(·)∈Φ(t,σ−tq,θ−tω,B(σ−tq,θ−tω))Pu(t+ s)‖X is bounded;

(3) for all t ≥ τ0, ut(·) ∈ Φ(t, σ−tq, θ−tω,B(σ−tq, θ−tω)), s1, s2 ∈ [−h, 0] with
|s2 − s1| < δ,

‖P (u(t+ s1)− u(t+ s2))‖X < ε;

(4) for all s ≥ τ0, ut(·) ∈ Φ(t, σ−tq, θ−tω,B(σ−tq, θ−tω)),

sup
s∈[−h,0]

‖(I − P )u(t+ s)‖X < ε,

where P : X → Xε is the canonical projector. Then Φ is D-pullback ω-limit compact
in CX .

With the usual notation, hereafter let |u| be the modular (or absolute value) of
u, | · | be the norm of L2(RN ) = H, ‖ · ‖ be the norm of H1(RN ) = V . Let C the
arbitrary positive constant, which may be different from line to line and even in
the same line.

3. Existence of the pullback attractors

In this section, we prove the existence of the pullback attractors for the non-
classical diffusion equation with both non-autonomous deterministic and stochastic
forcing terms:

du− d(∆u)−∆udt+ λudt = f(x, u(x, t− ρ(t)))dt+ g(x, t)dt+
m∑
j=1

hj
dwj
dt

, (3.1)

for x ∈ RN and t > 0, with the initial condition

u(x, t+ τ) = uτ (x, t), t ∈ [−h, 0], x ∈ RN , (3.2)

where g ∈ L2
Loc(R, L2(RN )) ∩ C(R, L2(RN ), hj(j = 1, . . . ,m) are given functions,

and {wj}mj=1 are independent two-sided real-valued Wiener processes on a proba-
bility space which will be specified below, and f is a nonlinear function satisfy the
following conditions:
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(H1) there exist a positive constant α2, a positive scalar function α1 ∈ L2(RN )
such that the functions f ∈ C(RN × R; R), ρ ∈ C(R; [0, h]) satisfy

|f(x, v)|2 ≤ |α1(x)|2 + α2
2|v|2, ∀x ∈ RN , v ∈ R; (3.3)

|ρ′(t)| ≤ ρ∗ < 1, ∀t ∈ R; (3.4)

(H2) there exists a L > 0 such that

|f(x, u)− f(x, v)| ≤ L|u− v|, ∀x ∈ RN , u, v ∈ R; (3.5)

(H3) the external force g(x, t) belongs to L2
loc(R, L2(RN )) ∩ C(R, L2(RN )) such

that ∫ τ

−∞
eλr|g(r, ·)|2L2(RN )dr <∞, ∀τ ∈ R, (3.6)

which implies

lim
k→∞

∫ τ

−∞

∫
|x|≥k

eλr|g(r, ·)|2drdx = 0, ∀τ ∈ R. (3.7)

Next, we consider the probability space (Ω,F , P ) where

Ω = {ω = (ω1, ω2, . . . , ωm) ∈ C(R,Rm) : ω(0) = 0},

F is the Borel σ -algebra induced by the compact-open topology of Ω, and P the
corresponding Wiener measure on (Ω,F). Then we will identify ω with

W (t) ≡ (w1(t), w2(t), . . . , wm(t)) = ω(t) for t ∈ R.

Define the time shift by

θtω(·) = ω(·+ t)− ω(t), ω ∈ Ω, t ∈ R.

Then (Ω,F , P, (θt)t ∈ R) is a metric dynamical system.
Given j = 1, . . . ,m, considering the Ornstein-Uhlenbeck equation

dzj + zjdt = dwj(t). (3.8)

One may easily check that a solution to (3.8) is given by

zj(t) = zj(θtωj) ≡ −
∫ 0

−∞
eτ (θtωj)(τ)dτ, t ∈ R.

Note that the random variable |zj(ωj)| is tempered and zj(θtωj) is P −a.e. contin-
uous. Therefore, it follows from [4, Proposition 4.3.3] that there exists a tempered
function r(ω) > 0 such that

m∑
j=1

(|zj(ωj)|2 + |zj(ωj)|p) ≤ r(ω), (3.9)

where r(ω) satisfies, for P -a.e. ω ∈ Ω,

r(θtω) ≤ e 1
2 |t|r(ω), t ∈ R, (3.10)

Then it follows from (3.9)–(3.10) that, for P -a.e. ω ∈ Ω,
m∑
j=1

(|zj(θtωj)|2 + |zj(θtωj)|p) ≤ e
1
2 |t|r(ω), t ∈ R. (3.11)
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Putting z(θtω) =
∑m
j=1 hjzj(θtωj), we have

dz + zdt =
m∑
j=1

hjdωj . (3.12)

3.1. Well-posedness. Put zj(θt) = (I − ∆)−1hjyj(θtω)(j = 1, . . . ,m), where ∆
is the Laplacian. By (3.12) we find that

dz − d(∆z) + (z −∆z)dt =
m∑
j=1

hjzj(θtωj).

Let v(t, ω) = u(t, ω)−z(θtω) where u(t, ω) is a solution of (3.1)–(3.2). Then v(t, ω)
satisfies

vt−∆vt−∆v+λv = f(x, v(t−ρ(t))+z(θt−ρ(t)ω))+g(x, t)+(1−λ)∆z(θtω). (3.13)

with the initial value condition

v(x, t+ τ) = vτ (x, t) = uτ (x, t)− z(θt+τω), t ∈ [−h, 0], x ∈ RN . (3.14)

Using the standard Galerkin approximation method, we can obtain the following
result concerning the existence of solutions, see e.g. [23, 24, 29, 31].

Theorem 3.1. Under assumptions (H1)–(H3), for P -a.e. ω ∈ Ω and any v0 ∈ CV ,
there is a solution v(·, τ, ω, vτ ) of satisfying

v(·, τ, ω, vτ ) ∈ C([τ − h, τ + T ];V ) ∩ L2(τ, τ + T ;V ).

Theorem 3.2. Under assumptions (H1)–(H3), then the solutions of (3.13)–(3.14)
are unique, and the solutions depend continuously on the initial data in CV for any
t ≥ τ and P -a.e. ω ∈ Ω.

Proof. Assume that v1
τ , v

2
τ ∈ CV , we consider the solutions v1(·), v2(·) for (3.13)–

(3.14) corresponding to the initial data v1
τ , v2

τ .
Let w = v1 − v2, we infer that
wt −∆wt −∆w + λw

= f(x, v1(t− ρ(t)) + z(θt−ρ(t)ω))− f(x, v2(t− ρ(t)) + z(θt−ρ(t)ω)).
(3.15)

Multiplying (3.15) by w, and using (H2), we obtain
1
2

d
dt

(|w|2 + |∇w|2) + |∇w|2 + λ|w|2 ≤ L|w|2. (3.16)

In particular, we have
d
dt

(|w|2 + |∇w|2) ≤ 2L(|w|2 + |∇w|2) ≤ C‖wt‖2CV . (3.17)

Integrating (3.17) from τ to t, we infer

|w(t)|2 + |∇w(t)|2 ≤ C‖v1
τ − v2

τ‖2CV + C

∫ t

τ

‖wt‖2CV . (3.18)

Hence

sup
s∈[−h,0]

(|w(t)|2 + |∇w(t)|2) = ‖wt‖2CV ≤ C‖v
1
τ − v2

τ‖CV + C

∫ t

τ

‖wt‖2CV . (3.19)

The Gronwall lemma implies that for any t ≥ τ ,

‖v1
t − v2

t ‖2CV ≤ C‖v
1
τ − v2

τ‖2CV e
C(t−τ), (3.20)
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and thus the conclusion follows immediately. �

For t ≥ τ , v(·, τ, ω, vτ ) is (F ,B(CV ))-measurable in ω ∈ Ω and continuous in vτ
with respect to the norm of CV . Let

ut(·, τ, ω, vτ ) = vt(·, τ, ω, vτ ) + z(θt+·ω)

with uτ (·) = vτ (·) + z(θt+·ω). Furthermore, we find that u is continuous in both
t ≥ τ and uτ ∈ CV and is (F ,B(CV ))-measurable in ω ∈ Ω. It follows from (3.13)
that u is a solution of (3.1)-(3.2).

Now, we define a mapping Φ : R+ × R× Ω× CV → CV by

Φ(t, τ, ω, uτ ) = ut+τ (·, τ, θ−τω, uτ ) = vt+τ (·, τ, θ−τω, vτ ) + z(θt+·ω), (3.21)

for all (t, τ, ω, ψ) ∈ R+ × R× Ω× CV , where vτ (·) = uτ (·)− z(θτ , ω).
Then Φ satisfies conditions (i)–(iv) in Definition 2.1. Therefore, Φ is a continuous

cocycle on CV over over (R, {σt}t∈R) and (Ω,F , P, {θt}t∈R).

3.2. Pullback absorbing sets. In this subsection, we prove the existence of pull-
back absorbing set in CV of the cocycle Φ associated with (3.1)–(3.2).

Assume that D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} is a family of bounded nonempty
subsets of CV satisfying, for every τ ∈ R and ω ∈ Ω,

lim
s→−∞

eαs‖D(τ + s, θsω)‖2CV = 0, (3.22)

where 0 < α < 1. Denote by Dα the collection of all families of bounded nonempty
subsets of CV which fulfill conditions (3.22), i.e.,

Dα = {D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} : D satisfies (3.22)}.
Obviously Dα is neighborhood closed.

Lemma 3.3. Assume that (H1)–(H3) hold and

λ >
2 + α

2− α
+

8α2
2e
αh

(2− α)(1− ρ∗)
,

where λ is a large positive constant, and 0 < α < 1. Then there exists a closed
measurable set K = {K(τ, ω) : τ ∈ R, ω ∈ Ω} in Dα for the cocycle Φ associated
with (3.1)–(3.2).

Proof. Multiplying (3.1) by v + vt, we obtain

1
2

d
dt

((1 + λ)|v|2 + 2|∇v|2) + |∇v|2 + λ|v|2 + |vt|2 + |∇vt|2

≤ (f(x, v(t− ρ(t)) + z(θt−ρ(t)ω)), v + vt) + (g(x, t), v + vt)

+ ((1− λ)∆z(θtω), v + vt).

(3.23)

Using (1.2) and Young’s inequality, for ε1, ε2, ε3 > 0, we infer that

(f(x, v(t− ρ(t)) + z(θt−ρ(t)ω)), v + vt)

≤ 2ε1|v|2 + 2ε1|vt|2 +
α2

2

4ε1
|v(t− ρ(t) + z(θt−ρ(t)ω)|2 +

1
4ε1
|α1|2

≤ 2ε1|v|2 + 2ε1|vt|2 +
α2

2

2ε1
|v(t− ρ(t)|2 +

α2
2

2ε1
|z(θt−ρ(t)ω)|2 +

1
4ε1
|α1|2,

(3.24)

(g(x, t), v + vt) ≤ 2ε2|v|2 + 2ε2|vt|2 +
1

4ε2
|g(x, t)|2. (3.25)
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((1− λ)∆z(θtω), v + vt) ≤ 2ε3|v|2 + 2ε3|vt|2 +
Cλ
ε3
|∆z(θtω)|2. (3.26)

It follows from (3.23)–(3.26) that

1
2
d

dt
((1 + λ)|v|2 + 2|∇v|2) + |∇v|2 + (1− 2ε1 − 2ε2 − 2ε3)|vt|2

+ (λ− 2ε1 − 2ε2 − 2ε3)|v|2 + |∇vt|2

≤ α2
2

2ε1
|v(t− ρ(t))|2 +

1
4ε2
|g(x, t)|2 +

1
4ε1
|α1|2 +

α2
2

2ε1
|z(θt−ρ(t)ω)|2

+
Cλ
ε3
|∆z(θtω)|2.

(3.27)

Multiplying (3.27) by eαt(0 < α < 1), we infer that

d

dt
(eαt((1 + λ)|v|2 + 2|∇v|2))

= αeαt((1 + λ)|v|2 + 2|∇v|2) + eαt
d

dt
((1 + λ)|v|2 + 2|∇v|2)

≤ eαt(α(1 + λ) + 4ε1 + 4ε2 + 4ε3 − 2λ)|v|2 + eαt(2α− 2)|∇v|2

+ (4ε1 + 4ε2 + 4ε3 − 2)eαt|vt|2 − 2eαt|∇vt|2 +
α2

2e
αt

ε1
|v(t− ρ(t))|2

+
eαt

2ε2
|g(x, t)|2 +

eαt

2ε1
|α1|2 +

α2
2

ε1
eαt|z(θt−ρ(t)ω)|2 +

Cλ
ε3
eαt|∆z(θtω)|2.

(3.28)

Now integrating (3.28) from τ − t to τ + s, where s ∈ [−h, 0], we obtain

eα(τ+s)((1 + λ)|v(τ + s, τ − t, ω, vτ−t)|2 + 2|∇v(τ + s, τ − t, ω, vτ−t)|2))

+
∫ τ+s

τ−t
eαr|∇vr(r, τ − t, ω, vτ−t)|2dr

≤ eα(τ−t)((1 + λ)|v(τ − t, τ − t, ω, vτ−t)|2 + 2|∇v(τ − t, τ − t, ω, vτ−t)|2))

+ (α(1 + λ) + 4ε1 + 4ε2 + 4ε3 − 2λ)
∫ τ+s

τ−t
eαr|v(r, τ − t, ω, vτ−t)|2dr

+ (4ε1 + 4ε2 + 4ε3 − 2)
∫ τ+s

τ−t
eαr|vr(r, τ − t, ω, vτ−t)|2dr

+ (2α− 2)
∫ τ+s

τ−t
eαr|∇v(r, τ − t, ω, vτ−t)|2dr

+
α2

2

ε1

∫ τ+s

τ−t
eαr|v(r − ρ(r), τ − t, ω, vτ−t)|2dr +

|α1|2

ε1
eα(τ+s)

+
α2

2

ε1

∫ τ+s

τ−t
eαr|z(θr−ρ(r)ω)|2dr +

1
ε2

∫ τ+s

τ−t
eαr|g(x, r)|2dr

+
Cλ
ε3

∫ τ+s

τ−t
eαr|∆z(θrω)|2dr.

(3.29)
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Noting that ρ(s) ∈ [0, h] and the fact 1
1−ρ′(s) ≤

1
1−ρ∗ for all s ∈ R. Setting

r′ = r − ρ(r), we arrive at

α2
2

ε1

∫ τ+s

τ−t
eαr|v(r − ρ(r), τ − t, ω, vτ−t)|2dr

≤ α2
2

ε1

∫ τ+s

τ−t−h

eαheαr
′

1− ρ∗
|v(r′, τ − t, ω, vτ−t)|2dr′

=
α2

2e
αh

ε1(1− ρ∗)

(∫ τ−t

τ−t−h
eαr

′
|u(r′, τ − t, ω, uτ−t)− z(θr′ω)|2dr′

+
∫ τ+s

τ−t
eαr

′
|v(r′, τ − t, ω, vτ−t)|2dr′

)
≤

2α2
2e
αh+ατ‖uτ−t‖2CV
ε1(1− ρ∗)

e−αt +
2α2

2e
αh

ε1(1− ρ∗)

∫ τ−t

τ−t−h
eαr

′
|z(θr′ω)|2dr′

+
α2

2e
αh

ε1(1− ρ∗)

∫ τ+s

τ−t
eαr

′
|v(r′, τ − t, ω, vτ−t)|2dr′,

(3.30)

and similarly,

α2
2

ε1

∫ τ+s

τ−t
eαr|z(θr−ρ(r)ω)|2dr

≤ α2
2e
αh

ε1(1− ρ∗)

∫ τ−t

τ−t−h
eαr

′
|z(θr′ω|2dr′ +

α2
2e
αh

ε1(1− ρ∗)

∫ τ+s

τ−t
eαr

′
|z(θr′ω|2dr′.

(3.31)

Note that s ∈ [−h, 0], it follows from (3.29)–(3.31) that

eα(τ+s)((1 + λ)|v(τ + s, τ − t, ω, vτ−t)|2 + 2|∇v(τ + s, τ − t, ω, vτ−t)|2)

+
∫ τ+s

τ−t
eαr|∇vr(r, τ − t, ω, vτ−t)|2dr

≤ eα(τ−t)((1 + λ)|v(τ − t, τ − t, ω, vτ−t)|2 + 2|∇v(τ − t, τ − t, ω, vτ−t)|2)

+ (α(1 + λ) + 4ε1 + 4ε2 + 4ε3 − 2λ

+
α2

2e
αh

ε1(1− ρ∗)
)
∫ τ+s

τ−t
eαr|v(r, τ − t, ω, vτ−t)|2dr

+ (4ε1 + 4ε2 + 4ε3 − 2)
∫ τ+s

τ−t
eαr|vr(r, τ − t, ω, vτ−t)|2dr

+ (2α− 2)
∫ τ+s

τ−t
eαr|∇v(r, τ − t, ω, vτ−t)|2dr

+
|α1|2

ε1
eα(τ+s) +

1
ε2

∫ τ

τ−t
eαr|g(x, r)|2dr +

Cλ
ε3

∫ τ

τ−t
eαr|∆z(θrω)|2dr

+
2α2

2e
αh+ατ‖uτ−t‖2CV
ε1(1− ρ∗)

e−αt +
4α2

2e
αh

ε1(1− ρ∗)

∫ τ−t

τ−t−h
eαr

′
|z(θr′ω)|2dr′.

(3.32)

Choosing ε1 = 1
8 , 0 < ε2 <

1
8 , 0 < ε3 <

1
8 , and noting that

λ >
2 + α

2− α
+

8α2
2e
αh

(2− α)(1− ρ∗)
,
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then

α(1 + λ) + 4ε1 + 4ε2 + 4ε3 +
α2

2e
αh

ε1(1− ρ∗)
− 2λ < 0,

4ε1 + 4ε2 + 4ε3 − 2 < 0.

Replacing ω with θ−τω, we arrive at

(1 + λ)|v(τ + s, τ − t, θ−τω, vτ−t)|2 + 2|∇v(τ + s, τ − t, θ−τω, vτ−t)|2

≤ eαhe−αt((1 + λ)|v(τ − t, τ − t, θ−τω, vτ−t)|2 + 2|∇v(τ − t, τ − t, θ−τω, vτ−t)|2)

+ C + Ce−ατ
∫ τ

−∞
eαr|g(x, r)|2dr + C

∫ τ

τ−t
eα(r−τ)|∆z(θr−τω)|2dr

+ C‖uτ−t‖2CV e
−αt + C

∫ τ−t

τ−t−h
eα(r−τ)|z(θr−τω)|2dr.

(3.33)
Note that z(θtω) =

∑m
j=1 hjzj(θtωj) and hj ∈ H2(RN ), we infer that∫ τ−t

τ−t−h
eα(r−τ)|z(θr−τω)|2dr =

∫ −t
−t−h

eαs|z(θsω)|2ds

≤
∫ −t
−t−h

eαs
m∑
j=1

|hjzj(θsωj)|2ds

≤ C
∫ 0

−∞
eαr

m∑
j=1

|zj(θrωj)|2dr,

(3.34)

and ∫ τ

τ−t
eα(r−τ)|∆z(θr−τω)|2dr ≤

∫ 0

−t
eαs

m∑
j=1

|∆hjzj(θsωj)|2ds

≤ C
∫ 0

−∞
eαr

m∑
j=1

|zj(θrωj)|2dr.

(3.35)

Then, it follows from (3.33)–(3.35) that

(1 + λ)|v(τ + s, τ − t, θ−τω, vτ−t)|2 + 2|∇v(τ + s, τ − t, θ−τω, vτ−t)|2

≤ eαhe−αt((1 + λ)|v(τ − t, τ − t, θ−τω, vτ−t)|2

+ 2|∇v(τ − t, τ − t, θ−τω, vτ−t)|2) + C + Ce−ατ
∫ τ

−∞
eαr|g(x, r)|2dr

+ C‖uτ−t‖2CV e
−αt + C

∫ 0

−∞
eαr

m∑
j=1

|zj(θrωj)|2dr.

(3.36)

Note that for each τ ∈ R, t ≥ 0, s ∈ [−h, 0] and ω ∈ Ω,

u(τ + s, τ − t, θ−τω, uτ−t) = v(τ + s, τ − t, θ−τω, vτ−t) + z(θsω),

where

u(τ − t, τ − t, θ−τω, uτ−t) = v(τ − t, τ − t, θ−τω, vτ−t) + z(θ−tω).
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Then

|u(τ + s, τ − t, θ−τω, uτ−t)|2 + |∇u(τ + s, τ − t, θ−τω, uτ−t)|2

≤ 2|v(τ + s, τ − t, θ−τω, vτ−t)|2 + 2|∇v(τ + s, τ − t, θ−τω, uτ−t)|2

+ 2|z(θsω)|2 + 2|∇z(θsω)|2

≤ Ce−αt(|v(τ − t, τ − t, θ−τω, vτ−t)|2 + |∇v(τ − t, τ − t, θ−τω, vτ−t)|2)

+ C + Ce−ατ
∫ τ

−∞
eαr|g(x, r)|2dr + C‖uτ−t‖2CV e

−αt

+ C

∫ 0

−∞
eαr

m∑
j=1

|zj(θrωj)|2dr + 2|z(θsω)|2 + 2|∇z(θsω)|2

≤ Ce−αt(|u(τ − t, τ − t, θ−τω, uτ−t)− z(θ−tω)|2

+ |∇u(τ − t, τ − t, θ−τω, uτ−t)−∇z(θ−tω)|2) + C

+ Ce−ατ
∫ τ

−∞
eαr|g(x, r)|2dr + C‖uτ−t‖2CV e

−αt

+ C

∫ 0

−∞
eαr

m∑
j=1

|zj(θrωj)|2dr + 2|z(θsω)|2 + 2|∇z(θsω)|2

≤ C‖uτ−t‖2CV e
−αt + C + Ce−ατ

∫ τ

−∞
eαr|g(x, r)|2dr

+ C

∫ 0

−∞
eαr

m∑
j=1

|zj(θrωj)|2dr + 2|z(θsω)|2 + 2|∇z(θsω)|2

+ Ce−αt|z(θ−tω)|2 + Ce−αt|∇z(θ−tω)|2.

(3.37)

Note that z(θtω) =
∑m
j=1 hjzj(θtωj) and hj ∈ H2(RN ), we infer that

Ce−αt|z(θ−tω)|2 + Ce−αt|∇z(θ−tω)|2

≤ Ce−αt
m∑
j=1

|hj |2|zj(θ−tωj)|2 + Ce−αt
m∑
j=1

|∇hj |2|zj(θ−tωj)|2

≤ Ce−αt
m∑
j=1

|zj(θ−tωj)|2,

(3.38)

and

sup
s∈[−h,0]

|z(θsω)|2 + sup
s∈[−h,0]

|∇z(θsω)|2

≤ sup
s∈[−h,0]

m∑
j=1

|hj |2|zj(θsωj)|2 + sup
s∈[−h,0]

m∑
j=1

|∇hj |2|zj(θsωj)|2

≤ sup
s∈[−h,0]

C

m∑
j=1

|zj(θsωj)|2.

(3.39)
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It follows from (3.37)-(3.39) that

|u(τ + s, τ − t, θ−τω, uτ−t)|2 + |∇u(τ + s, τ − t, θ−τω, uτ−t)|2

≤ Ce−αt‖uτ−t‖2CV + C + Ce−ατ
∫ τ

−∞
eαr|g(x, r)|2dr

+ C

∫ 0

−∞
eαr

m∑
j=1

|zj(θrωj)|2dr + Ce−αt
m∑
j=1

|zj(θ−tωj)|2

+ sup
s∈[−h,0]

C

m∑
j=1

|zj(θsωj)|2.

(3.40)

Note that uτ−t ∈ D(τ − t, θ−tω) and r(ω) is tempered. Then

lim sup
t→∞

e−αt‖uτ−t‖2CV ≤ lim sup
t→∞

e−αt‖D(τ − t, θ−tω)‖2CV = 0. (3.41)

Therefore, there exists T = T (τ, ω,D) > 0, such that for all t ≥ T , we have

Ce−αt‖uτ−t‖2CV + Ce−αt
m∑
j=1

|zj(θ−tωj)|2 ≤ C. (3.42)

Hence, for all t ≥ T , we infer that

‖u(τ, τ − t, θ−τω, uτ−t)‖2CV

≤ Ce−ατ
∫ τ

−∞
eαr|g(x, r)|2dr + C

∫ 0

−∞
eαr

m∑
j=1

|zj(θrωj)|2dr

+ sup
s∈[−h,0]

C

m∑
j=1

|zj(θsωj)|2 + C,

(3.43)

where uτ−t ∈ D(τ − t, θ−tω).
Given τ ∈ R and ω ∈ Ω, let

K(τ, ω) = {u ∈ CV : ‖u‖2CV ≤ R(τ, ω)},

where R(τ, ω) is the constant given by the right-side of (3.43). Clearly, for each
τ ∈ R, R(τ, ·) : Ω→ R is (F ,B(R))-measurable, and satisfies

lim
r→−∞

eαr‖K(τ + r, θrω)‖2CV ≤ lim
r→−∞

eαrR(τ + r, θrω) = 0. (3.44)

In other words, K = {K(τ, ω) : τ ∈ R, ω ∈ Ω} belongs to Dα. For each τ ∈ R,
ω ∈ Ω and D ∈ Dα, according to (3.43), there exists T = T (τ, ω,D) > 0, such that
for all t ≥ T , we arrive at

Φ(t, τ − t, θ−τω,D(τ − t, θ−τω)) ⊆ K(τ, ω),

that is, K is a closed measurable Dα-pullback absorbing set in Dα for Φ. This
completes the proof. �
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Corollary 3.4. The proof of Lemma 3.3 implies that∫ τ

τ−t
eαr|v(r, τ − t, θ−τω, vτ−t)|2dr +

∫ τ

τ−t
eαr|vr(r, τ − t, θ−τω, vτ−t)|2dr

+
∫ τ

τ−t
eαr|∇vr(r, τ − t, θ−τω, vτ−t)|2dr

+
∫ τ

τ−t
eαr|∇v(r, τ − t, θ−τω, vτ−t)|2dr

≤ Ce−ατ
∫ τ

−∞
eαr|g(x, r)|2dr + C

∫ 0

−∞
eαr

m∑
j=1

|zj(θrωj)|2dr

+ sup
s∈[−h,0]

C

m∑
j=1

|zj(θsωj)|2 + C,

(3.45)

for all t ≥ T .

3.3. Estimates on the exterior of a ball. We now establish the following skillfull
estimates, and these estimates are crucial for proving the pullback asymptotically
compact.

Lemma 3.5. Assume the hypotheses Lemma 3.3, and let τ ∈ R, ω ∈ Ω and D ∈
Dα. Then for every ε > 0, there exists T = T (τ, ω, ε,D) > 0 and R = R(τ, ω, ε) > 0
such that for all t ≥ T ,

sup
θ∈[−h,0]

∫
ΩCR

(|v(τ + s, τ − t, θ−τω, vτ−t)|2

+ |∇v(τ + s, τ − t, θ−τω, vτ−t)|2)dx ≤ Cε,
(3.46)

where ΩCR = {x ∈ RN ||x| ≥ R}, vτ−t(·, τ, θ−τω, vτ ) = uτ−t(·, τ, θ−τω, uτ )−z(θ−t+·ω)
and uτ−t ∈ D(τ − t, θ−tω).

Proof. Choose a smooth function ξ(·) with

ξ(s) =

{
0, 0 ≤ s ≤ 1,
1, s ≥ 2,

(3.47)

where 0 ≤ ξ(s) ≤ 1, s ∈ R+, and with a constant c such that |ξ′(s)| ≤ c for s ∈ R+.
Multiplying (3.1) by ξ2( |x|

2

K2 )v and integrating on RN , we obtain

1
2
d

dt

∫
RN

ξ2(
|x|2

K2
)(|∇v|2 + |v|2)−

∫
RN

ξ2(
|x|2

K2
)v∆v + λ

∫
RN

ξ2(
|x|2

K2
)|v|2

=
∫

RN
f(x, v(t− ρ(t)) + z(θt−ρ(t)ω)ξ2(

|x|2

K2
)v

+
∫

4x
K2

ξ(
|x|2

K2
)ξ′(
|x|2

K2
)v∇vt +

∫
RN

(g + (1− λ)∆z(θtω))ξ2(
|x|2

K2
)v .

(3.48)

Next, we bound each term in (3.48) one by one as follows∫
RN

ξ2(
|x|2

K2
)v∆v = −

∫
RN

ξ2(
|x|2

K2
)|∇v|2 −

∫
RN

4x
K2

ξ(
|x|2

K2
)ξ′(
|x|2

K2
)v∇v. (3.49)
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|
∫

RN

4x
K2

ξ(
|x|2

K2
)ξ′(
|x|2

K2
)v∇v| ≤ c

K

∫
K≤|x|≤

√
2K

|v||∇v|

≤ c

K

∫
RN
|v||∇v|

≤ c

K
|v||∇v|

≤ c

K
(|v|2 + |∇v|2),

(3.50)

and

|
∫

RN

4x
K2

ξ(
|x|2

K2
)ξ′(
|x|2

K2
)v∇vt| ≤

c

K

∫
K≤|x|≤

√
2K

|v||∇vt|

≤ c

K

∫
RN
|v||∇vt|

≤ c

K
|v||∇vt|

≤ c

K
(|v|2 + |∇vt|2).

(3.51)

From (1.2), using Young’s inequality, for ν, µ > 0, we have∣∣ ∫
RN

f(x, v(t− ρ(t)) + z(θt−ρ(t)ω)ξ2(
|x|2

K2
)v
∣∣

≤ ν

2

∫
RN

ξ2(
|x|2

K2
)|v|2 +

1
2ν

∫
RN
|f(x, v(t− ρ(t)) + z(θt−ρ(t)ω)ξ2(

|x|2

K2
)|

≤ ν

2

∫
RN

ξ2(
|x|2

K2
)|v|2 +

α2
2

ν

∫
RN

ξ2(
|x|2

K2
)|v(t− ρ(t))|2

+
α2

2

ν

∫
RN

ξ2(
|x|2

K2
)|z(θt−ρ(t)ω)|2 +

1
2ν

∫
RN

ξ2(
|x|2

K2
)|α1|2,

(3.52)

and ∣∣ ∫
RN

(g + (1− λ)∆z(θtω))ξ2(
|x|2

K2
)v
∣∣

≤ µ

2

∫
RN

ξ2(
|x|2

K2
)|v|2 +

1
µ

∫
RN

ξ2(
|x|2

K2
)|g(x, t)|2

+
Cλ
µ

∫
RN

ξ2(
|x|2

K2
)|∆z(θtω)|2.

(3.53)

It follows from (3.48)–(3.53) that

1
2
d

dt

∫
RN

ξ2(
|x|2

K2
)(|∇v|2 + |v|2) +

∫
RN

ξ2(
|x|2

K2
)|∇v|2

+ (λ− ν

2
− µ

2
)
∫

RN
ξ2(
|x|2

K2
)|v|2

≤ c

K
(|v|2 + |∇v|2 + |∇vt|2) +

α2
2

ν

∫
RN

ξ2(
|x|2

K2
)|v(t− ρ(t))|2

+
α2

2

ν

∫
RN

ξ2(
|x|2

K2
)|z(θt−ρ(t)ω)|2 +

1
2ν

∫
RN

ξ2(
|x|2

K2
)|α1|2

+
1
µ

∫
RN

ξ2(
|x|2

K2
)|g(x, t)|2 +

Cλ
µ

∫
RN

ξ2(
|x|2

K2
)|∆z(θtω)|2.

(3.54)
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Thus

d

dt
(eαt

∫
RN

ξ2(
|x|2

K2
)(|∇v|2 + |v|2))

= αeαt
∫

RN
ξ2(
|x|2

K2
)(|∇v|2 + |v|2) + eαt

d

dt

∫
RN

ξ2(
|x|2

K2
)(|∇v|2 + |v|2)

≤ (α− 2)eαt
∫

RN
ξ2(
|x|2

K2
)|∇v|2 + (µ+ ν + α− 2λ)eαt

∫
RN

ξ2(
|x|2

K2
)|v|2

+
2α2

2

ν
eαt
∫

RN
ξ2(
|x|2

K2
)|v(t− ρ(t))|2 +

2
µ
eαt
∫

RN
ξ2(
|x|2

K2
)|g(x, t)|2

+
Cλ
µ
eαt
∫

RN
ξ2(
|x|2

K2
)|∆z(θtω)|2 +

2
ν
eαt
∫

RN
ξ2(
|x|2

K2
)|α1|2

+
C

K
eαt(|v|2 + |∇v|2 + |∇vt|2) +

2α2
2

ν
eαt
∫

RN
ξ2(
|x|2

K2
)|z(θt−ρ(t)ω)|2.

(3.55)

Integrating (3.55) from τ − t to τ + s, where s ∈ [−h, 0], and note that α < 1, thus

eα(τ+s)

∫
RN

ξ2(
|x|2

K2
)(|v(τ + s, τ − t, ω, vτ−t)|2 + |∇v(τ + s, τ − t, ω, vτ−t)|2)

≤ eα(τ−t)
∫

RN
ξ2(
|x|2

K2
)(|v(τ − t, τ − t, ω, vτ−t)|2 + |∇v(τ − t, τ − t, ω, vτ−t)|2)

+ (µ+ ν + α− 2λ)
∫ τ+s

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|v(r, τ − t, ω, vτ−t)|2

+
2α2

2

ν

∫ τ+s

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|v(r − ρ(r), τ − t, ω, vτ−t))|2

+
2
µ

∫ τ+s

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|g(x, r)|2 +

Cλ
µ

∫ τ+s

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|∆z(θrω)|2

+
2
ν

∫ τ+s

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|α1|2 +

2α2
2

ν

∫ τ+s

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|z(θr−ρ(r)ω)|2

+
C

K

∫ τ+s

τ−t
eαr(|v(r, τ − t, ω, vτ−t)|2 + |∇v(r, τ − t, ω, vτ−t)|2

+ |∇vr(r, τ − t, ω, vτ−t)|2). (3.56)
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Noting that ρ(s) ∈ [0, h] and the fact 1
1−ρ′(s) ≤

1
1−ρ∗ for all s ∈ R. Setting

r′ = r − ρ(r), similar to (3.30)-(3.31), we arrive at

2α2
2

ν

∫ τ+s

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|v(r − ρ(r), τ − t, ω, vτ−t))|2

+
2α2

2

ν

∫ τ+s

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|z(θr−ρ(r)ω)|2

≤ C‖uτ−t‖2CV e
−α(t−τ) + C

∫ τ−t

τ−t−h
eαr

∫
RN

ξ2(
|x|2

K2
)|z(θrω)|2dr

+
2α2

2e
αh

ε1(1− ρ∗)

∫ τ+s

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|v(r, τ − t, ω, vτ−t)|2dr

+ C

∫ τ+s

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|z(θrω)|2dr.

(3.57)

Choosing 0 < µ < 1/8, 0 < ν < 1/8, and noting that

λ >
2 + α

2− α
+

8α2
2e
αh

(2− α)(1− ρ∗)
,

we have

µ+ ν + α+
16α2

2e
αh

(1− ρ∗)
− 2λ < 0.

Thus,

eα(τ+s)

∫
RN

ξ2(
|x|2

K2
)(|v(τ + s, τ − t, ω, vτ−t)|2 + |∇v(τ + s, τ − t, ω, vτ−t)|2)

+ C

∫ τ+s

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|v(r, τ − t, ω, vτ−t)|2

≤ eα(τ−t)
∫

RN
ξ2(
|x|2

K2
)(|v(τ − t, τ − t, ω, vτ−t)|2 + |∇v(τ − t, τ − t, ω, vτ−t)|2)

+
2
µ

∫ τ

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|g(x, r)|2 +

Cλ
µ

∫ τ

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|∆z(θrω)|2

+
2
ν

∫ τ

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|α1|2

+
C

K

∫ τ

τ−t
eαr(|v(r, τ − t, ω, vτ−t)|2 + |∇v(r, τ − t, ω, vτ−t)|2

+ |∇vr(r, τ − t, ω, vτ−t)|2)

+ C‖uτ−t‖2CV e
−α(t−τ) + C

∫ τ−t

τ−t−h
eαr

∫
RN

ξ2(
|x|2

K2
)|z(θrω)|2

+ C

∫ τ

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|z(θrω)|2.

(3.58)
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Multiplying by e−α(τ+s), and replacing ω by θ−τω, note that s ∈ [−h, 0], we have∫
RN

ξ2(
|x|2

K2
)(|v(τ + s, τ − t, θ−τω, vτ−t)|2

+ |∇v(τ + s, τ − t, θ−τω, vτ−t)|2)

+ C

∫ τ+s

τ−t
eα(r−τ)

∫
RN

ξ2(
|x|2

K2
)|v(r, τ − t, θ−τω, vτ−t)|2

≤ Ce−αt
∫

RN
ξ2(
|x|2

K2
)(|v(τ − t, τ − t, θ−τω, vτ−t)|2

+ |∇v(τ − t, τ − t, θ−τω, vτ−t)|2)

+ Ce−ατ
∫ τ

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|g(x, r)|2

+ Ce−ατ
∫ τ

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)(|∆z(θr−τω)|2 + |z(θr−τω)|2)

+ Ce−ατ
∫ τ

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|α1|2 + C‖uτ−t‖2CV e

−αt

+
C

K
e−ατ

∫ τ

τ−t
eαr(|v(r, τ − t, θ−τω, vτ−t)|2

+ |∇v(r, τ − t, θ−τω, vτ−t)|2 + |∇vr(r, τ − t, θ−τω, vτ−t)|2)

+ C

∫ τ−t

τ−t−h
eαr

∫
RN

ξ2(
|x|2

K2
)|z(θr−τω)|2.

(3.59)

Note that z(θtω) =
∑m
j=1 hjzj(θtωj) and hj ∈ H2(RN ). Hence, given ε > 0, there

is K∗ = K∗(ε, ω) such that for all K ≥ K∗, we have∫
|x|≥K

(|hj(x)|2 + |∇hj(x)|2 + |∆hj(x)|2) ≤ ε

r(ω)
, j = 1, . . . ,m, (3.60)

where r(ω) is the tempered function in (3.9). Then

Ce−ατ
∫ τ

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)(|∆z(θr−τω)|2 + |z(θr−τω)|2)

≤ Ce−ατ
∫ τ

τ−t
eαr

m∑
j=1

∫
|x|≥K

(|hj(x)|2|zj(θr−τωj)|2

+ |∆hj(x)|2|zj(θr−τωj)|2)

≤ C
∫ 0

−∞
eαr

m∑
j=1

∫
|x|≥K

(|hj(x)|2|zj(θrωj)|2 + |∆hj(x)|2|zj(θrωj)|2)

≤ ε

r(ω)

∫ 0

−∞
eαr

m∑
j=1

|zj(θrωj)|2,

(3.61)

and

C

∫ τ−t

τ−t−h
eαr

∫
RN

ξ2(
|x|2

K2
)|z(θr−τω)|2 ≤ ε

r(ω)

∫ 0

−∞
eαr

m∑
j=1

|zj(θrωj)|2. (3.62)
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By (3.36), we arrive at

Ce−αt
∫

RN
ξ2(
|x|2

K2
)(|v(τ − t, τ − t, θ−τω, vτ−t)|2

+ |∇v(τ − t, τ − t, θ−τω, vτ−t)|2)

≤ Ce−αt‖uτ−t‖2CV + Ce−αt
∫

RN
ξ2(
|x|2

K2
)|z(θ−tω)|2 ≤ Cε.

(3.63)

By (H1) and (H3), we obtain

Ce−ατ
∫ τ

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|g(x, r)|2 ≤ Ce−ατ

∫ τ

−∞
eαr

∫
|x|≥K

|g(x, r)|2

≤ Cε,
(3.64)

and

Ce−ατ
∫ τ

τ−t
eαr

∫
RN

ξ2(
|x|2

K2
)|α1|2 ≤ Cε. (3.65)

By (3.45), when K and t are large enough, we infer

C

K
e−ατ

∫ τ

τ−t
eαr(|v(r, τ − t, θ−τω, vτ−t)|2 + |∇v(r, τ − t, θ−τω, vτ−t)|2

+ |∇vr(r, τ − t, θ−τω, vτ−t)|2)

≤ C

K
(
∫ τ

−∞
eαr|g(x, r)|2dr +

∫ 0

−∞
eαr

m∑
j=1

|zj(θrωj)|2dr

+ sup
s∈[−h,0]

m∑
j=1

|zj(θsωj)|2 + C) ≤ Cε.

(3.66)

Thanks to (3.59)–(3.66), when K and t are sufficiently large, we complete the
proof. �

Lemma 3.6. Under the assumptions of Lemma 3.3, let τ ∈ R, ω ∈ Ω and D ∈ Dα.
Then for every ε > 0, there exist T ∗ = T (τ, ω, ε,D) > 0 and R1 = R(τ, ω, ε) > 0
such that for all t ≥ T ∗, we have

sup
θ∈[−h,0]

∫
ΩCR1

(|u(τ + s, τ − t, θ−τω, uτ−t)|2

+ |∇u(τ + s, τ − t, θ−τω, uτ−t)|2)dx ≤ Cε,
(3.67)

where ΩCR1
= {x ∈ RN ||x| ≥ R} and uτ−t ∈ D(τ − t, θ−tω).

Proof. Noting that

v(τ + s, τ − t, θ−τω, uτ−t) = u(τ + s, τ − t, θ−τω, uτ−t)− z(θsω),
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by Lemma 3.5, we infer that

sup
θ∈[−h,0]

∫
RN

ξ2(
|x|2

K2
)(|u(τ + s, τ − t, θ−τω, uτ−t)|2

+ |∇u(τ + s, τ − t, θ−τω, uτ−t)|2)dx

≤ 2 sup
θ∈[−h,0]

∫
RN

ξ2(
|x|2

K2
)(|v(τ + s, τ − t, θ−τω, vτ−t)|2

+ |∇v(τ + s, τ − t, θ−τω, vτ−t)|2)dx

+ 2 sup
θ∈[−h,0]

∫
RN

ξ2(
|x|2

K2
)(|z(θsω)|2 + |∇z(θsω)|2)dx

≤ Cε.

(3.68)

This completes the proof. �

3.4. Pullback attractors. We denote ΩK = {x ∈ RN ||x| < K}, and let

χΩK =

{
1, x ∈ ΩK ,
0, x ∈ ΩCK ,

χCΩK =

{
1, x ∈ ΩCK ,
0, x ∈ ΩK .

We decompose (3.1) as follows:

u(x, t) = Y (x, t) +W (x, t),

where Y (x, t) = u(x, t)χΩK and W (x, t) = u(x, t)χCΩK satisfying the following equa-
tions, respectively:

dY

dt
−∆

dY

dt
−∆Y + λY

= f(x, Y (t− ρ(t)))χΩK + g(x, t)χΩK +
m∑
j=1

hjχΩK

dwj
dt

,

Y (t+ τ, x) = u(t+ τ, x)χΩK = uτ (t, x)χΩK = Yτ (t, x),

t ∈ [−h, 0], x ∈ RN ,

(3.69)

and
dW

dt
−∆

dW

dt
−∆w + λW

= f(x, u(t− ρ(t)))− f(x, Y (t− ρ(t)))χΩK + g(x, t)χCΩK

+
m∑
j=1

hjχΩCK

dwj
dt

,

W (t+ τ, x) = u(t+ τ, x)χΩCK
= uτ (t, x)χΩCK

= Wτ (t, x),

t ∈ [−h, 0], x ∈ RN .

(3.70)

By Theorem 3.1, there exists a solution Y (t) to (3.69), and (3.70) has a solution
W (t) := u(t) − Y (t). Similar to the proof of Lemma 3.5, we obtain the following
lemma.

Lemma 3.7. Under the assumptions of Lemma 3.3, for any fixed τ ∈ R, ω ∈ Ω,
D ∈ Dα, any ε > 0, when K and t large enough, the solution of (3.70) with ω
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replaced by θ−τω satisfies

sup
θ∈[−h,0]

∫
ΩCK

(|W (τ + s, τ − t, θ−τω,Wτ−t)|2

+ |∇W (τ + s, τ − t, θ−τω,Wτ−t)|2)dx ≤ ε.
(3.71)

Now, we decompose (3.13) as follows:

v(x, t) = y(x, t) + w(x, t),

where y(x, t) = v(x, t)χΩK and w(x, t) = v(x, t)χCΩK satisfying the following equa-
tions, respectively:

dy

dt
−∆

dy

dt
−∆y + λy = f(x, y(t− ρ(t)) + z(θt−ρ(t)ω)χΩK )χΩK + g(x, t)χΩK

+ (1− λ)∆z(θtω)χΩK ,

y(t+ τ, x) = v(t+ τ, x)χΩK = vτ (t, x)χΩK = yτ (t, x),

t ∈ [−h, 0], x ∈ RN ,
(3.72)

and

dw

dt
−∆

dw

dt
−∆w + λw

= f(x, v(t− ρ(t)) + z(θt−ρ(t)ω))− f(x, y(t− ρ(t))

+ z(θt−ρ(t)ω)χΩK )χΩK + g(x, t)χCΩK + (1− λ)∆z(θtω)χCΩK ,

w(t+ τ, x) = v(t+ τ, x)χΩCK
= vτ (t, x)χΩCK

= wτ (t, x),

t ∈ [−h, 0], x ∈ RN .

(3.73)

We consider the operator A = −∆ with Dirichlet boundary conditions. Since A is
self-adjoint, positive operator and has a compact inverse, there exists a complete set
of eigenvectors {ω′i}∞i=1 in L2(ΩK), the corresponding eigenvalues {λi}∞i=1 satisfy

Aω′i = λiω
′
i, 0 < λ1 ≤ λ2 ≤ · · · ≤ λi ≤ · · · → +∞, i→ +∞.

We set Vm = span{ω′1, ω′2, . . . , ω′m}, Pm is the orthogonal projection onto Vm.
Let Y = Y1 + Y2, where Y1 = PmY and Y2 = (I − Pm)Y , and let y = y1 + y2,

where y1 = Pmy and y2 = (I − Pm)y, we decompose (3.69) as follows:

dy1

dt
−∆

dy1

dt
−∆y1 + λy1 = Pmf(x, y1(t− ρ(t)) + z(θt−ρ(t)ω)χΩK )χΩK

+ Pmg(x, t)χΩK + (1− λ)Pm∆z(θtω)χΩK ,

y1(t+ τ, x) = Pmv(t+ τ, x)χΩK = Pmvτ (t, x)χΩK = y1
τ (t, x),

t ∈ [−h, 0], x ∈ RN ,

(3.74)
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and

dy2

dt
−∆

dy2

dt
−∆y2 + λy2

= f(x, y(t− ρ(t)) + z(θt−ρ(t)ω)χΩK )χΩK

− Pmf(x, y1(t− ρ(t)) + z(θt−ρ(t)ω)χΩK )χΩK

+ (I − Pm)g(x, t)χΩK + (1− λ)(I − Pm)∆z(θtω)χΩK ,

y2(t+ τ, x) = (I − Pm)v(t+ τ, x)χΩK = (I − Pm)vτ (t, x)χΩK = y2
τ (t, x),

t ∈ [−h, 0], x ∈ RN ,

(3.75)

Lemma 3.8. Under the assumptions of Lemma 3.3, for any fixed τ ∈ R, ω ∈
Ω, D ∈ Dα, any ε > 0, there exist T ∗ > 0 and a finite-dimensional subspace
P (H1

0 (ΩK)) of H1
0 (ΩK) and δ > 0 such that

(1) for all t ≥ T ∗, uτ (·, τ − t, θ−τω, uτ−t) ∈ Φ(t, τ − t, θ−tω,D(τ − t, θ−tω)),
s1, s2 ∈ [−h, 0] with |s2 − s1| < δ,

|P (Y (τ + s1)− Y (τ + s2))|H1
0 (ΩK) < ε;

(2) for all t ≥ T ∗, uτ (·, τ − t, θ−τω, uτ−t) ∈ Φ(t, τ − t, θ−tω,D(τ − t, θ−tω)),

sup
s∈[−h,0]

|(I − P )Y (τ + s)|H1
0 (ΩK) < ε,

where P : H1
0 (ΩK)→ P (H1

0 (ΩK)) is the canonical projector.

Proof. We divide the proof into two steps.

Step 1. We consider the functional differential system (3.75). Taking the product
of (3.75) with −∆y2, we have

1
2
d

dt
(|∆y2|2 + |∇y2|2) + |∆y2|2 + λ|∇y2|2

= (f(x, y(t− ρ(t)) + z(θt−ρ(t)ω)χΩK )χΩK ,−∆y2)

− (Pmf(x, y1(t− ρ(t)) + z(θt−ρ(t)ω)χΩK )χΩK ,−∆y2)

+ ((I − Pm)g(x, t)χΩK ,−∆y2)

+ (1− λ)((I − Pm)∆z(θtω)χΩK ,−∆y2),

(3.76)

By Young’s inequality and (H1), we have

|(f(x, y(t− ρ(t)) + z(θt−ρ(t)ω)χΩK )χΩK ,−∆y2)|
+ |(Pmf(x, y1(t− ρ(t)) + z(θt−ρ(t)ω)χΩK )χΩK ,−∆y2)|

≤ 1
4
|∆y2|2 + 4|α1|2 + 4α2

2|v(t− ρ(t)) + z(θt−ρ(t)ω)|2

≤ 1
4
|∆y2|2 + 4|α1|2 + 8α2

2‖vt‖2CV + 8α2
2|z(θt−ρ(t)ω)|2,

(3.77)

and

((I − Pm)g(x, t)χΩK ,−∆y2) + (1− λ)((I − Pm)∆z(θtω)χΩK ,−∆y2)

≤ 1
4
|∆y2|2 + 2|g(x, t)|2 + Cλ|∆z(θtω)|2.

(3.78)
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From (3.76)–(3.78) it follows that

1
2
d

dt
(|∆y2|2 + |∇y2|2) +

1
2
|∆y2|2 + λ|∇y2|2

≤ |α1|2 + 8α2
2‖vt‖2CV + 8α2

2|z(θt−ρ(t)ω)|2 + 2|g(x, t)|2 + Cλ|∆z(θtω)|2.
(3.79)

In particular,
d

dt
(|∆y2|2 + |∇y2|2) + |∆y2|2 + |∇y2|2

≤ 2|α1|2 + 16α2
2‖vt‖2CV + 16α2

2|z(θt−ρ(t)ω)|2 + 4|g(x, t)|2 + Cλ|∆z(θtω)|2.
(3.80)

Applying the Gronwall Lemma in the interval [τ − t, τ + s], and replacing ω by
θ−τω, we have

sup
s∈[−h,0]

(|∇y2(τ + s, τ − t, θ−τω, y2
τ−t)|2 + |∆y2(τ + s, τ − t, θ−τω, y2

τ−t)|2)

≤ e−(t−h)(|∇y2(τ − t, τ − t, θ−τω, y2
τ−t)|2 + |∆y2(τ − t, τ − t, θ−τω, y2

τ−t)|2)

+ C sup
s∈[−h,0]

∫ τ+s

τ−t
e−(τ+s−r)(|α1|2 + α2

2‖vr‖2CV + α2
2|z(θr−ρ(t)−τω)|2 (3.81)

+ |g(r)|2 + |∆z(θr−τω)|2)dr.

Note that ΩK is a bounded domain, using Poincaré inequality, then for any ε > 0,
we can choose t and m large enough such that

1
λm+1

sup
s∈[−h,0]

∫ τ+s

τ−t
e−(τ+s−r)|α1|2 ≤

C|α1|2

λm+1
≤ ε. (3.82)

Note that z(θtω) =
∑m
j=1 hjzj(θtωj) and hj ∈ H2(RN ). Then

α2
2

λm+1
sup

s∈[−h,0]

∫ τ+s

τ−t
e−(τ+s−r)|z(θr−ρ(t)−τω)|2dr

≤ α2
2

λm+1
sup

s∈[−h,0]

∫ τ+s

τ−t
e−(τ+s−r)e−

λ
2 (r−ρ(r)−τ)r(ω)dr

≤ Cr(ω)
λm+1

≤ ε,

(3.83)

and
1

λm+1
sup

s∈[−h,0]

∫ τ+s

τ−t
e−(τ+s−r)|∆z(θr−τω)|2dr

≤ 1
λm+1

sup
s∈[−h,0]

∫ s

−t
er
′−s

m∑
j=1

|∆hjzj(θr′ωj)|2dr′

≤ 1
λm+1

sup
s∈[−h,0]

∫ s

−t
er
′−se−

1
2λr
′
r(ω)dr′

≤ Cr(ω)
λm+1

≤ ε.

(3.84)

Note that g ∈ C(R, H). By (H3),

1
λm+1

sup
s∈[−h,0]

∫ τ+s

τ−t
e−(τ+s−r)|g(r)|2dr ≤ ε. (3.85)
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By (3.36), and similar to the argument in (3.82)–(3.84), when m and t large enough,
we obtain

1
λm+1

sup
s∈[−h,0]

∫ τ+s

τ−t
e−(τ+s−r)α2

2‖vr‖2CV dr ≤ ε, (3.86)

1
λm+1

e−(t−h)(|∇y2(τ − t, τ − t, θ−τω, y2
τ−t)|2

+ |∆y2(τ − t, τ − t, θ−τω, y2
τ−t)|2) ≤ ε.

(3.87)

It follows from (3.81)–(3.87) that

sup
s∈[−h,0]

|y2(τ + s, τ − t, θ−τω, y2
τ−t)|2H1

0 (ΩK) ≤ ε. (3.88)

Since z(θtω) =
∑m
j=1 hjzj(θtωj) and hj ∈ H2(RN ), by (3.9)–(3.11), (3.88), we

obtain

sup
s∈[−h,0]

|Y2(τ + s, τ − t, θ−τω, y2
τ−t)|2H1

0 (ΩK)

≤ sup
s∈[−h,0]

|y2(τ + s, τ − t, θ−τω, y2
τ−t)|2H1

0 (ΩK)

+ sup
s∈[−h,0]

|(I − Pm)z(θsω)χΩK |2H1
0 (ΩK) ≤ ε.

(3.89)

Step 2. We consider the functional differential system (3.74). Noting that |∆y1|2 ≤
λm|∇y1|2 ≤ λ2

m|y1|2. Without loss of generality, we assume that s1, s2 ∈ [−h, 0]
with 0 < s1 − s2 < 1. Then

|y1(τ + s1, τ − t, θ−τω, y1
τ−t)− y1(τ + s2, τ − t, θ−τω, y1

τ−t)|H1
0 (Ω)

≤
√
λm|y1(τ + s1, τ − t, θ−τω, y1

τ−t)− y1(τ + s2, τ − t, θ−τω, y1
τ−t)|

≤
√
λm

∫ τ+s1

τ+s2

|
dy1(T, τ − t, θ−τω, y1

τ−t)
dT

|dT

≤
√
λm

∫ τ+s1

τ+s2

(|∆
dy1(T, τ − t, θ−τω, y1

τ−t)
dT

|+ |∆y1(T, τ − t, θ−τω, y1
τ−t)|

+ λ|y1(T, τ − t, θ−τω, y1
τ−t)|+

∣∣Pmf(x, y1(T − ρ(T ), τ − t, θ−τω, y1
τ−t)

+ z(θT−ρ(T )−τω)χΩK
)χΩK

∣∣
+ |Pmg(x, T )χΩK |+ Cλ|Pm∆z(θT−τω)χΩK |)dT
=: I1 + I2 + I3 + I4 + I5 + I6.

(3.90)

For I5, note that g ∈ C(R, H), and τ is fixed, we have

I5 =
√
λm

∫ τ+s1

τ+s2

|Pmg(x, T )|dT ≤ C(s1 − s2). (3.91)
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For I2 and I3, by (H3), (3.36) and (3.43), we have

I2 + I3 ≤
√
λm

∫ τ+s1

τ+s2

(|∆y1(T, τ − t, θ−τω, y1
τ−t)|

+ λ|y1(T, τ − t, θ−τω, y1
τ−t)|)dT

≤ Cλm,λ
∫ τ+s1

τ+s2

(|∇y1(T, τ − t, θ−τω, y1
τ−t)|

+ |y1(T, τ − t, θ−τω, y1
τ−t)|)dT

≤ Cλm,λ
∫ τ+s1

τ+s2

(|∇y1(T, τ − t, θ−τω, y1
τ−t)|2

+ |y1(T, τ − t, θ−τω, y1
τ−t)|2)dT + C(s1 − s2)

≤ C(e−αs1 − e−αs2) + C(s1 − s2).

(3.92)

Similar to (3.82)-(3.83), we have

I6 ≤ Cλm,λ
∫ τ+s1

τ+s2

|∆z(θT−τω)|dT

≤ Cλm,λ
∫ τ+s1

τ+s2

e−
1
2 (T−τ)r(ω)dT

≤ Cr(ω)(e−
1
2 s2 − e−s1/2,

(3.93)

and ∫ τ+s1

τ+s2

|∆z(θT−ρ(T )−τω)|dT ≤
∫ τ+s1

τ+s2

e−
1
2 (T−h−τ)r(ω)dT

≤ Cr(ω)(e−
1
2 s2 − e−s1/2.

(3.94)

For I4, by (H1) and (3.36), (3.42), (3.43) and (3.94), we have

I4 ≤
√
λm

∫ τ+s1

τ+s2

|Pmf(x, y1(T − ρ(T ), τ − t, θ−τω, y1
τ−t)

+ z(θT−ρ(T )−τω)χΩK
)|dT

≤
√
λm

∫ τ+s1

τ+s2

(|f(x, y1(T − ρ(T ), τ − t, θ−τω, y1
τ−t)

+ z(θT−ρ(T )−τω)χΩK
)|2 + C)dT

≤
√
λm

∫ τ+s1

τ+s2

(|α1|2 + 2α2
2‖vT ‖2CV + 2α2

2|z(θT−ρ(T )−τω)|2 + C)dT

≤ C(e−αs1 − e−αs2) + C(s1 − s2).

(3.95)

Now, it only remains to estimate the bound of

I1 =
√
λm

∫ τ+s1

τ+s2

|∆
dy1(T, τ − t, θ−τω, y1

τ−t)
dT

|.
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Taking the inner product of (3.74) with y1, −∆y1, y1
T and −∆y1

T , respectively, we
obtain

d

dT
(|y1|2 + |∇y1|2) + 2|∇y1|2 + 2λ|y1|2

= 2(Pmf(x, y1(T − ρ(T )) + z(θT−ρ(T )ω)χΩK )χΩK , y
1)

+ 2(Pmg(x, T )χΩK , y
1) + 2(1− λ)(Pm∆z(θTω)χΩK , y

1),

(3.96)

d

dT
(|∇y1|2 + |∆y1|2) + 2|∆y1|2 + 2λ|∇y1|2

= 2(Pmf(x, y1(T − ρ(T )) + z(θT−ρ(T )ω)χΩK )χΩK ,−∆y1)

+ 2(Pmg(x, T )χΩK ,−∆y1) + 2(1− λ)(Pm∆z(θTω)χΩK ,−∆y1),

(3.97)

d

dT
|∇y1|2 + λ

d

dT
|y1|2 + 2|∇y1

T |2 + 2|y1
T |2

= 2(Pmf(x, y1(T − ρ(T )) + z(θT−ρ(T )ω)χΩK )χΩK , y
1
T )

+ 2(Pmg(x, T )χΩK , y
1
T ) + 2(1− λ)(Pm∆z(θTω)χΩK , y

1
T ),

(3.98)

and
d

dT
|∆y1|2 + λ

d

dT
|∇y1|2 + 2|∆y1

T |2 + 2|∇y1
T |2

= 2(Pmf(x, y1(T − ρ(T )) + z(θT−ρ(T )ω)χΩK )χΩK ,−∆y1
T )

+ 2(Pmg(x, T )χΩK ,−∆y1
T ) + 2(1− λ)(Pm∆z(θTω)χΩK ,−∆y1

T ).

(3.99)

Now, computing (3.98) + (3.99)− (3.97)− λ(3.96), we obtain

|∆y1
T |2 + 2|∇y1

T |2 + |y1
T |2 − |∆y1| − 2λ|∇y1|2 − λ2|y1|2

= (Pmf(x, y1(T − ρ(T )) + z(θT−ρ(T )ω)χΩK )χΩK , y
1
T −∆y1

T

+ ∆y1 − λy1)

+ (Pmg(x, T )χΩK , y
1
T −∆y1

T + ∆y1 − λy1)

+ (1− λ)(Pm∆z(θTω)χΩK , y
1
T −∆y1

T + ∆y1 − λy1)

≤ 4|Pmf(x, y1(T − ρ(T )) + z(θT−ρ(T )ω)χΩK )χΩK |2

+ 4|Pmg(x, T )χΩK |2

+ Cλ|Pm∆z(θTω)χΩK |2 +
3
4

(|y1
T |2 + |∆y1

T |2 + |∆y1|2 + λ|y1|2).

(3.100)

By Young’s inequality, we have

|∆y1
T |2 ≤ 4|Pmf(x, y1(T − ρ(T )) + z(θT−ρ(T )ω)χΩK )χΩK |2

+ 4|Pmg(x, T )χΩK |2 + Cλ|Pm∆z(θTω)χΩK |2 + C|∆y1|2.
(3.101)

Then, by (3.101), (3.95), (3.91) and (3.93), using Poincaré inequality, we infer that

I1 =
√
λm

∫ τ+s1

τ+s2

|∆
dy1(T, τ − t, θ−τω, y1

τ−t)
dT

|

≤ C(e−αs1 − e−αs2) + C(s1 − s2) + Cr(ω)(e−
1
2 s2 − e− 1

2 s1).

(3.102)

From (3.90)–(3.93), (3.95) and (3.102), it follows that for all t ≥ h, uτ (·, τ −
t, θ−τω, uτ−t) ∈ Φ(t, τ − t, θ−tω,D(τ − t, θ−tω)), we have

|y1(τ + s1, τ − t, θ−τω, y1
τ−t)− y1(τ + s2, τ − t, θ−τω, y1

τ−t)|H1
0 (ΩK) → 0 (3.103)
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as s2 → s1.
Note that z(θtω) is continuous with respect t, we deduce that for all t ≥ h,

uτ (·, τ − t, θ−τω, uτ−t) ∈ Φ(t, τ − t, θ−tω,D(τ − t, θ−tω)),

|Y 1(τ + s1, τ − t, θ−τω, Y 1
τ−t)− Y 1(τ + s2, τ − t, θ−τω, Y 1

τ−t)|H1
0 (ΩK)

≤ |y1(τ + s1, τ − t, θ−τω, y1
τ−t)− y1(τ + s2, τ − t, θ−τω, y1

τ−t)|H1
0 (ΩK)

+ |Pm(z(θs1ω)χΩK
− z(θs2ω)χΩK

|H1
0 (ΩK) → 0 as s2 → s1.

(3.104)

This completes the proof. �

Now, we state our main result.

Theorem 3.9. Under the assumptions of Lemma 3.3, the cocycle Φ associated with
(1.1)–(1.2) has an unique Dα-pullback attractor A ∈ Dα in C([−h, 0];H1(RN )).
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