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PERIODIC SOLUTIONS FOR NONLINEAR DIRAC EQUATION
WITH SUPERQUADRATIC NONLINEARITY

JIAN ZHANG, QIMING ZHANG, XIANHUA TANG, WEN ZHANG

ABSTRACT. This article concerns the periodic solutions for a nonlinear Dirac
equation. Under suitable assumptions on the nonlinearity, we show the exis-
tence of nontrivial and ground state solutions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article we sutdy the existence of periodic states to the stationary Dirac

equation
3

—iZakBku+aﬁu+V(x)u:Fu(x,u) (1.1)
k=1
for x = (21,22, 23) € R3, where 0), = %&, a > 0 is a constant, aq, s, ag and 3 are
the 4 x 4 Pauli-Dirac matrices:

o I 0 o 0 Ok -
6<O _I>7 ak(ak 0>7 k*172333
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Such problem arises in the study of standing wave solutions to the nonlinear Dirac
equation which describes the self-interaction in quantum electrodynamics and has
been used as effective theories in atomic, nuclear and gravitational physics (see
[19]). Tts most general form is
3
— ihOp) = ich Y apOpty — mc®Bip — M(x)Y + Ry (x,1)). (1.2)
k=1
where v represents the wave function of the state of an electron, ¢ denotes the speed
of light, m > 0, the mass of the electron, A is Planck’s constant. Assuming that
R(x,e)) = R(x,) for all § € [0,27], a standing wave solutions of is a solution
of form (t,x) = e'" u(x). It is clear that ¥(t,z) solves if and only if u(x)
solves with a = me/h, V(z) = M(x)/ch+ 014/h and F(x,u) = R(z,u)/ch.
There are many papers focused on the existence of standing wave solutions of
Dirac equation under various hypotheses on the external field and nonlinearity, see
[T, 2, 13, @, [, (10}, [T, (12, (13, [14], (15, (17, 2T, 22, 23, 24, 25, 26, 27, 28, 29] and their
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references. It is worth pointing out that in these papers the solutions u are in
L?(R3,C*). However, to the best of our knowledge, there is only a little works
concerning on periodic solutions to the nonlinear Dirac equation. Here we say
that a solution u of problem is called periodic if u(z + k) = u(z) for any
k € Z3. Recently, Ding and Liu [7, [§] first studied the subject for superquadratic,
subquadratic and concave-convex nonlinearities case, respectively. The authors
obtained the existence of the sequence of periodic solutions with large and small
energy by using variational method.

Motivated by the above papers, in the present paper we will continue to consider
the existence of periodic solutions of problem under conditions different from
those previously assumed in [7, [§], and we use a general superquadratic condition
instead of the Ambrosetti-Rabinowitz condition. Moreover, the existence of ground
state solution is also explored. Before going further, for notation convenience, we
denote = [0, 1] x [0,1] x [0,1], if u is a solution of problem (I.I]), its energy will
be denoted by

1 3
O(u) = /Q (5(—2 Z oOpu + afu+ V(z)u) - u — F(z, u))al:z:7
k=1

where (and in the following) by u - v we denote the scalar product in C* of u and
v. To state our results, we need the following assumptions:
(A1) V € C(R3,[0,00)), and V(z) is 1-periodic in z;, i = 1,2, 3;
(A2) F € CHR? x C4,[0,00)) is 1-periodic in z;, i = 1,2,3, and |F,(z,u)| <
c(1 + |u[P~1) for some ¢ > 0, 2 < p < 3;
(A3) |F(z,u)| < 3nlul? if Ju] < & for some 0 < < p1, where § > 0 and pq will
be defined later in ;

(A4) Ffj’z") — 00 as |u| — oo uniformly in z;

(A5) F(z,u+z)—F(z,u)—rF,(x,u) z+ %Fu(:&u) cu > —Wi(x), r €[0,1],
W(z) € LY(Q).
On the existence of nontrivial periodic solutions we have the following result.

Theorem 1.1. Let (A1)—(A5) be satisfied. Then (1.1)) has at least one nontrivial
periodic solution.

Let
K:={ueE:®(u)=0,u+#0}
be the critical points set of ® and let
m = inf{®(u),u € K\ {0}},

where FE is a set to be defined later. On the existence of ground state solutions we
have the following result.

Theorem 1.2. Let (A1)-(A5) be satisfied, and |Fy(x,u)| = o(Ju|) as |u| — 0
uniformly in . Then (L.1)) has one ground state solution u such that ®(u) = m.

For the nonlinearity F'(x,u), it is not difficult to find that there exist some func-
tions satisfying conditions (A2)—(A5) if we take 0 < W(z) € L*(Q), for example:

(1) Let F(x,u) = q(x)|u|P, where p € (2,3), q(z) > 0 is 1-periodic with respect
tox;, 1 =1,2,3.
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(2) Let F(z,u) = q(z)(Jul” + (p — 2)[u[P~¢ sin (‘"| )), where 0 < & < p — 2,
€ (2,3), g(x) > 0 is 1-periodic with respect to z;, i = 1,2, 3.

Here we only check the (1) satisfies condition (A5). Indeed, a straightforward
computation deduces that F(x,u) = g(z)|ulP satisfies the following relation (it
have already been proved in [24])

F(z, (s + 1)u+v) — F(z,u) — Fy(x, )(s(§+1)u+<s+1)v)zo, s> 1.
(

If we take r = s+ 1 and v = (1 — r)u + z, then
(r—1)?
F(as,u+z)fF(x,u)fTFu(z,u)~z+TFu(x,u)'uz(), r >0,

which implies (A5) holds if we take W (z) = 0 and r € [0, 1]. For the Ex2, the proof
is similar. Additionally, the Ex2 does not satisfy the Ambrosetti-Rabinowitz type
superquadratic condition.

The rest of this article is organized as follows. In Section 2, we establish the
variational framework associated with problem 7 and we also give some pre-
liminary lemmas, which are useful in the proofs of our main results. In Section 3,
we give the detailed proofs of our main results.

2. VARIATIONAL SETTING AND PRELIMINARY RESULTS
We first introduce a variational structure for problem ((1.1)). Let
LP(Q) :={u € L (R* C*): u(z + &) = u(z) ae., i = 1,2,3},

where é; = (1,0,0), é; = (0,1,0), és = (0,0, 1). In what follows by || - ||, we denote
the usual L%-norm for ¢ € [1,00], and (-, )2 denote the usual L? inner product, c,
C; stand for different positive constants. For convenience, let Dirac operator

3
Ay = —iZa;ﬁk—Faﬂ and Ay =Ag+ V.
k=1

Clearly, Ag and Ay are selfadjoint operator on L?()) with domain
D(Ay) = D(Ao) = H'(Q)
= {u e HL.(R* CY) : u(x +¢;) = u(x) ae., i=1,2,3}
It is clear that A2 has only eigenvalues of finite multiplicity arranged by
a2<u1<u2§u3§~--—>oo.

By the spectral theory of self adjoint operators, Ap has only eigenvalues +¢; =
+/vj, 7 € N. Moreover, since H'(Q) embeds compactly in L? := L?(Q), and
the multiplication operator V is bounded in L?, hence compact relative to Ay, the
spectrum of the self-adjoint operator Ay consists of eigenvalues of finite multiplicity.
We arrange the eigenvalues as

g S S <po=0<pp <<y (2.1)

with p14; — +00 as j — oo, and corresponding eigenfunctions {e;};en form an
orthogonal basis in L?. Observe that we have an orthogonal decomposition

=L aLl’»Lt and w=u +u’+u",
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such that Ay is negative definite on L~ and positive definite on Lt and L° =
ker(Ay). Set E := D(|Ay|'/?) be the domain of the selfadjoint operator |Ay |/
which is a Hilbert space equipped with the inner product

(u,v) = (JAv |V ?u, |Av|Y?0)s + (10, 0%)2, Yu,v € E
and norm u|| = (u,u)/2. Let B* := span{ess}yons, E° = ker(Ay). Then
E~,E° and E* are orthogonal with respect to the products (-, )2 and (-, ). Hence
E=E @E°oE"
is an orthogonal decomposition of E. Note that if 0 ¢ o(Ay ) then E° = {0}, where

o(Ay) denote the spectrum of Ay .
To prove our main results, we need the following embedding theorem (see [5]).

Lemma 2.1. F = Hl/Q(Q) with equivalent norms, hence E embeds compactly into
LP(Q) for all p € [1,3) and continuously into LP(QY) for all p € [1,3]. In particular
there is a ¢, > 0 such that ||ull, < ¢cp|lul| for u € E.

Next, on E we define the functional

1
S 2
where U(u) = [, F(x,u)dz. Clearly, ® is strongly indefinite, and our hypotheses
imply that ® € C1(E,R), and a standard argument shows that critical points of ®
are solutions of problem (see [B 200)).

To find critical points of ®, we shall use the following abstract theorem. Let
E be a Hilbert space with norm || - || and have an orthogonal decomposition F =
N @ N+,N C E being a closed and separable subspace. There exists a norm
[v|lo < ||v|| for all v € N and induces a topology equivalent to the weak topology of
N on a bounded subset of N. Foru =v+w € E=N® N+ withv e N, w e N*,
we define |u|? = |v|2 + ||w||?. Particularly, if u,, = v, + w,, is | - |,-bounded and

|'|w

Up, —= u, then v, — v weakly in N, w, — w strongly in N*, u,, — v+ w weakly
in E [18].

Let E=E- @ E'® E", e € ET with |le| = 1. Let N := E~ @ E° ® Re and
Ef =Nt =(E- @ E°@Re)t. For R >0, let

Q={u=u +u'+se:scRT,u” +u’ € E- @ E° |ul| < R}.
For 0 < sy < R, we define
D:={u:=se+w’:s>0,w" € E,|se+w’| =s0}.
For ® € C'(E,R), define
I:={h:h:[0,1] xQ — Eis |- |, continuous, h(0,u) = u and ®(h(s,u)) < ®(u),
for all u € Q, for any (s, ug) € [0,1] x Q there is a | - |,, neighborhood
U(s0,uo) such that {u — h(z,u) : (z,u) € U(so,uo) N ([0,1] x @)} C Efn }

where g, denotes various finite-dimensional subspaces of E; I # 0 since id € T.
Now we state a critical point theorem which will be used later (see [18]).

Theorem 2.2. The family of C'-functionals ® have the form
Dy (u) := AK(u) — J(u), VAE€EIL A,
where A\g > 1. Assume that

D(u) (lut)? = llu=||?) = ¥(u), foru=u" +u’4u" (2.2)
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(a) K(u) >0 forallue E, &, = P;
(b) J(w)] + K (u) — 00 as Jul] — o0;
(c) ®x is |- |w-upper semicontinuous, ®\ is weakly sequentially continuous on
E, &) maps bounded sets to bounded sets;
(d) supgg @ <infp @y for all X € [1, Aq].
Then for all X € [1, Ao], there exists a sequence {uy,} such that

sup [Jun|| < 00,  ®)\(un) =0, Px(un) — ca,
n

where
.= inf sup @y (h(1,u)) € [inf By, sup .
¢ = fof sup A(h(L,u)) € [inf @y Sup Al
To apply Theorem we shall prove a few lemmas. We select Ay such that
1 < Ao < min[2, “7—;] For 1 < A < \g, we consider

By (1) = %||u+|\2 _ (%HU_HQ + /Q Pla,u)de) == AK(w) ~ Jw).  (23)

It is easy to see that ®, satisfies condition (a) in Theorem To see (c), if

|'|w

Uy —— u, and Dy (u,) > ¢, then uf — u™ and u;, — u™ in E, u,(z) — u(z)
a.e. on (), going to a subsequence if necessary. Using Fatou’s lemma, we know
@) (u) > ¢, which means that @, is |- |,-upper semicontinuous. By Lemma and
(A2), @ is weakly sequentially continuous on E, and ®, maps bounded sets to
bounded sets.

Lemma 2.3. Assume that (A1)—(A5) are satisfied, then

J(u)+ K(u) — o0 as ||ul] — oo.
Proof. Suppose to the contrary that there exists {u,} with ||u,| — oo such that
J(upn) + K(up) < C for some C > 0. Let w, = T = Wa + wd + w;t, then
[lw,|| =1 and

C K(up) + J(uy)

Fual? = ]2
1 _ F(z,u,)
= —(w}? 2 —— - 2.4
s+ o)+ [ Selae (2.4
1 2 02 / F(z, up)
= —(lwn|l* = lw,ll*) + | ——5=d=.
5 lunl? — )+ [ S

Going to a subsequence if necessary, we may assume w,, — w, w,, — w™, w;” = wt,
wd — w’ and w, (z) — w(z) a.e. on Q. If w® =0, by (A2) and (2.4) we have

n

1 2 F(z, up) Lo o2 c

Swn|?+ [ = de < S lwdf? + :

2l J Tl = 21 2
which implies ||w,| — 0, this contradicts with ||w,| = 1. If w® # 0, then w # 0.
Therefore, |u,| = |wy|||un] — co. By (A2), (A4) and Fatou’s lemma we have

F n
/ Lz)|wn|dw — 00.
o |un

Hence by (2.4) again, we obtain 0 > 400, a contradiction. The proof is complete.
O
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Note that Lemma [2.3] implies condition (b). To continue the discussion, we still
need to verify condition (d).

Lemma 2.4. Assume that (A1)-(A5) are satisfied. Then there are two positive
constants Kk, p > 0 such that

Oy(u) >k, weET, |ull=p Xe[l, ]
Proof. By (2.1) and the definition of E*, it is easy to see that

lull® = (Au, w)2 > palull3, Vue ET, (2.5)
For any u € E™, by (A2), (A3), (2.5) and Lemma [2.3] we have

Dy(u) = gHuH2 — /QF(x,u)dx

1
—lull® - F(z,u)dx — F(z,u)dx
2

{lul<é} {lul=6}

1 1
gl =50 [ juPde-c [ s
{lul<d} {lu|>6}

1 n 1
> 2 = 2 Cl p
> Sl = 2L Ll -

Y

Y

1
= Sl (1= = =2 ul’2), 0 <y <p.
2 H1
The conclusion follows if we take ||u| sufficiently small. O

Lemma 2.5. Assume that (A1)-(Ab) are satisfied. Then there exists a constant
R > 0 such that
CI))\(’U,) SO, ue@QR, A€ [1,)\0],
where
Qr:={u=v+se:s>0,0€ E-®E’ ec ET with|le| =1, ||u|| < R}.

Proof. By contradiction, we suppose that there exist R, — oo, A, € [1,Ao] and
Up = VUp + Spe = v, + 02 + spe € OQg, such that @y (u,) > 0. If s, = 0, by (A2),
we obtain

1 1
B, (1) = =507 = | Flacun)do < =5 oz <0,

Therefore,
su 0 and Jun|? = oa]? + 52

Let

~ Unp ~ -

Uy = = Spe+ Uy .

[l

Then

@l = |5 + 3, = 1.

Thus, passing to a subsequence, we may assume that

§n_)§7 A’ﬂ_)>\7
= 2 —Getb, —~a inkE,
[[wnl

Up(z) — a(z) a.e. on .
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It follows from @), (u,) > 0 that

& (u) 1. . F(z,u)
0 < rultn) _ S (A — ||1)n\|2)—/ F@,un) )|un|2dx
Q

[unl> 2 |un |?
Flo,u (2.6)
= —[(A\ + 1) ) i |*dz.
S0+ e i o
From (A2) and (2.6)), we know that (A +1)5% —1 > O7 that is
2> > 1
T1+N T 14+ X
Thus @ # 0. It follows from (A4) and Fatou’s lemma that
F(z,up
/ Lu2>|ﬁn|2dx — 00 asn — oo,
which contradicts to (2.6)). The proof is complete. O

Hence, Lemmas and imply condition (d) of Theorem Applying
Theorem we obtain the following result.

Lemma 2.6. Assume that (A1)—(A5) are satisfied. then for each X € [1, Ao], there
exists a sequence {un} such that

sup [|un|| <00,  ®)\(un) =0, Px(un) — ca,
n

Lemma 2.7. Assume that (A1)—(A5) are satisfied. then for each X € [1, Ao], there
exists a uy € E such that

(I’//\(U)\) = 07 (I))\(U)\) = C)\-

Proof. Let {u,} be the sequence obtained in Lemma Since {u,} is bounded,
we can assume u, — uy in E and u,(r) — uy(z) a.e. on Q. By Lemma [2.6] and
the fact @, is weakly sequentially continuous, we have

(PN (ur), ) = lim (@) (un), ) =0, Vo€ E.
That is @) (ux) = 0. By Lemma [2.6{ again, we have
1 1
Dy (uy) — §<®Q(un)7un> = / (§(Fu(x,un),un) - F(;v,un)>dx — Cx.
Q
On the other hand, by Lemma it is easy to prove that

/ —Fu.(z,uy,) - unda:—>/ —Fu(z,uy) - urdz, (2.7)

/qundxH/qu,\ (2.8)
Therefore, by (2.7), (2.8) and the fact ®)(us) = 0, we obtain

Oy (ur) = Pa(ur) — %(q’&(ux),uﬁ

1
= / <§(Fu(m,u)\) Suy — F(x,ux))dx =cCy.
Q
The proof is complete. O

Applying Lemma we obtain the following result.
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Lemma 2.8. Assume that (A1)—(Ab) are satisfied. Then for each A € [1, Ao], there
exists sequences u, € E and A, € [1, \g] with \,, — X\ such that

(I)/)\n (Un) = 07 (I))\n (un) =Cx, -
Lemma 2.9. Suppose (A5) holds. Then
/ (F(x,u) — F(x,rw) + 12 Fy(z,u) - w —
Q

where u € E,w € ET,0 <r <1 and the constant C does not depend on u,w,r.

1 2
iFu(x, u) ~u)dz <C,

Proof. The inequality follows from (A5) if we take v = u and z = rw — u, and
C = [,|W(x)|de. O

Lemma 2.10. Assume that (A1)—(Ab5) are satisfied. Then the sequences {uy}
given in Lemma[2.8 are bounded.

Proof. Suppose to the contrary that {u, } is unbounded. Without loss of generality,
we can assume that ||u,| — oo as n — oco. Let v, = HZ—ZH = v + 0% + v, , then
lvn]] = 1. Going to a subsequence if necessary, we can assume that v, — v in E,
v, — v in LP for p € [1,3), vy(z) — v(x) a.e. on Q. For v, we have only the
following two cases: v # 0 and v = 0.

First, we consider v # 0. It follows from (A4) and Fatou’s Lemma that

F(z,up) F (z, un
— o — 2w, |2dr — 0o as n — oo,
o lunl
which, together with Lemmas @ and @ imply
0 2y = Dl Do Zporye - [ L)
T unl® fuall? 27" [[un 2

as n — oco. Which is a contradiction.
Next we assume that v = 0. We claim that there exist a constant ¢ independent
of u,, and A, such that

Oy, (ruf) — @y, (uy) <ec, Vrelo1]. (2.9)

dr — —o0

Since
1 / 1 + Lt Lo - 1
7<(I))\ (Un),<,0> = 7>‘n(unﬂ90 ) - 7(unv(p ) -5 Fu(x7un) ~pdr =0, Vp€E,
2\ An 2 2 2 Jo
it follows from the definition of ®, that
Py, ( ut) — @, (un)

= Sl = Dl I 4 P + /Q[F@’W—F@’mm o (2.10)

1 1 1
+,)\n(uj”¢+),,(u:“¢*), o Fu(:c,un)cpdz
2 2 2 Jq
Taking
o= (" + Duy = (= Dugy + (r* + Dy = (7 + D — 2%,

with Lemma and (2.10) implies

1
B, () = @, () = —3 o [P+ [ (Plaovun) = Faura)
Q
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1 2
+ 72 Fy (2, uy) - ul — —;r Fu(z,up) - un>dx <C.
Hence, (2.9) holds. Let 6 be a constant and take
0
= —— —0 asn— oco.
[[un]|

Therefore, (2.9) implies
Oy (rout) — @y, (u,) <C

for all sufficiently large n. From v} = y and Lemma that

= Tuall
@, (Ov) <’ (2.11)

for all sufficiently large n. Note that Lemrna Lemma and (A2) imply

0< S _ Br,(un)
= Tunl? ™ Tl
A 1, _ F(x,up)
=2 - = 2_ | )y
ot P = gl P~ [ Sl

Ao 1, _
e L

thus, Moo | > v
and therefore

|- If v — 0, then from the above inequality, we have v,, — 0,

lonll® =1 = llv |I* = [log I — 1.

Hence, v — v° because of dim E° < co. Thus, v # 0, a contradiction. Therefore,

vf 0 and ||v;||? > « for all n and some a > 0. By (A2) and (A3), we have

1 1
/ F(z,0v )dr < 77792/ lof |2de + fc/ 07 vt [Pdx
9 20 Jyovti<sy 2 Jyeut |26}

1
—n6? / o) |dx + C / o [Pda.
2 {6vi | <8} {1007 26}

For all sufficiently large n, from (2.11)), (2.12) and the fact A, — A\, o7 — vt =0
in LP for p € [1,3) it follows that

(2.12)

IN

1
B, (601) = P 0l ~ [ Flabu})ds
Q
1 9 1 5 412 ’ +
> -\, 0%a— —nb |o|2dx — Cy |v.|Pda
2 27 Jqeoti<sy {l6v |6}
1

— 5)\0492, as n — oo.

This implies that @, (fv,}) — oo as § — oo, contrary to (2.11). Therefore, {u,,}
are bounded. The proof is complete. ([

3. PROOFS OF MAIN RESULTS

Proof of Theorem[I1]. From Lemma 2.8 there are sequences 1 < X, — 1 and
{u,} C E such that ®) (u,) =0 and @y, (un) = cy,. By Lemma [2.10, we know
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{uy} is bounded in E, thus we can assume u,, — u in E, u,, — w in LP for p € [1, 3),
up(z) — u(z) a.e. on Q. Therefore

<q)/)\n(un)a(p> = )\n(ur—ta@) - (U;,(p) - /QFu(xaun) : @dx = Oa v@ cL.

Hence, in the limit

<<I>’(u)7<p>=(u+,s0)—(u‘,w)—/QFu(x,un)-wdxzo, Vo € E.

Thus ®'(u) = 0. Note that

1 1
Dy, (un) — 5( N, (Un), un) = / <2Fu(aj,un) Uy — F(m,un)> dr =cy, > c1.
Q
(3.1)
Similar to (2.7) and (2.8)), we know that

1 1
/ <Fu(:c,un) Uy — F(x,un)> dx — / (Fu(:c,u) cu — F(x, u)> dz,
o \2 o \2
as n — oo. It follows from ®'(u) = 0, (3.1) and Lemma [2.4] that

B(u) = B(u) — 3 ('(u) )
= /Q (%Fu(x, u) - u— F(m,u))dm

1
= lim (5 (Fu(x, Up) - un) — F(x, un))dx
n—oo Q
>c>2k>0.
Therefore, u # 0. (]

Proof of Theorem[I.4 Theorem shows that K is not an empty set. Let m :=
infyex ®(u). Now suppose that

IFu(e,w)| = ofJul),  as |u] — 0.

It follows from (A2) that for any € > 0, there exists a constant C. > 0 such that

|Fy(z,u)| = elu| + CelulP™, (3.2)
Let {u,} be a sequence in K such that
®(u,) — m, (33)

by Lemma the sequence {u,} is bounded in E. Thus, u,, = u in E, u, — u
in L? for p € [1,3) and u,(z) — u(z) a.e. on §, after passing to a subsequence.
Note that

0= (@ (un) ) = Ju |2 — / Fo(un) - ut do, (3.4)
Q

this together with (3.2), Holder inequality and the Sobolev embedding theorem
imply
il = [ Fulon) - ufdo

Q
ga/ |un||umdx+c€/ Pt | da (3.5)
Q Q

< ellunll® + Celfun |-
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Similarly, we obtain

llum II? < ellunl + Cellunl - (3.6)
It follows from (3.5) and (3.6|) that ||u,| > ¢ for some ¢ > 0. A standard argument
shows that u, — u in E by Lemma [2.1] hence u # 0. Observe that

(@ (12).9) = (9) = 17.9) = [ Pulon) e =0, Vg € B
taking the limit
@ (). ) = (0 p) — () = [ Fuln) pds =0, Vg € B,
Thus, ®'(u) = 0 and u € K. Similar to and (2.8), we have

1, 1
(un) = 5 (@' (tn), un) = /Q (5Fu@ ) -t = Fla,un) ) do
1
— <7Fu(x,u) -u—F(:Lyu))dac as n — 00.
o \2
It follows from ®'(u) = 0 and (3.3)) that

B(u) = B(u) — 5 ('() )
/Q (%Fu(x, u) - u— F(x, u))dx

1
= lim <§Fu(x,un) “u, — F(z, un)>dm

= lim ®(u,) =m.

n—oo

This completes the proof. (I
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