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MULTIPLE SOLUTIONS FOR BREZIS-NIRENBERG PROBLEMS
WITH FRACTIONAL LAPLACIAN

HUI GUO

ABSTRACT. In this article, we prove the multiplicity of nontrivial solutions to
the critical problem with fractional Laplacian
(=A)/ 2y = \u|2272u + Ay in Q,
u=0 on 99,
where 0 < @ < 2, N > (1 +v2)a, Q C RV is a smooth bounded domain.

More precisely, for any XA > 0, this problem has at least [(INV + 1)/2] pairs of
nontrivial weak solutions.

1. INTRODUCTION

In recent decades, the study of nonlocal diffusion problems has attracted much
attention from mathematicians, in particular, of equations involving fractional
Laplace operator. As is known to us, the fractional Laplace operator appears in
anomalous diffusion phenomena in several fields such as physics, biology and prob-
ability. Moreover, it can be viewed as the infinitesimal generator of a stable Lévy
process. For more details and applications, one can see [I] and references therein.

In this article, we focus on the multiplicity of nontrivial solutions to the Brezis-
Nirenberg problem involving fractional Laplacian

(=A) %y = [u?a"2u4+ Au in Q,

1.1
u=0 on 0f. (1.1)

where a € (0,2), N > (1++v/2)a, Q is a bounded domain in RV, (—A)*/2 stands for
the fractional Laplacian operator, and 2}, = J\?J_Va is the critical Sobolev exponent.

It is well known that has been widely studied when o = 2. In a pioneering
work [4], Brezis and Nirenberg proved that possesses a positive solution for A €
(0, A1), where A1 denotes the eigenvalue of —A in € with zero Dirichlet boundary
data. Devillanova and Solimini [TT] proved that there exist infinitely many solutions
of equation when N > 7and A > 0. For N > 4 and A > 0, Clapp and Weth [10]

showed that (|1.1) possesses finitely many solutions with energy less than %S N/2,
N +1}
2

Later, based on these results, the authors in [9] showed that there are at least |
pairs of nontrivial solutions for N > 5 and A > Aj.Here [a] is the least integer n
such that n > a.
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When o € (0,2), the operator (—A)®/? defined in a bounded domain  has
several definitions, and these definitions are not necessarily equivalent to each other.
In this article, we consider the fractional Laplace operator defined as in [3, [5] by
the spectral decomposition of the Laplacian,

A) 2y = Z )\Q/Qajej, for u = Za]ej with Z a2)\a/2 (1.2)

Here ()j,¢€;) denote the eigenvalues and elgenfunctlons of —A in Q with zero Dirich-
let boundary data, and then ()\?/ 2, e;j) are the eigenvalues and eigenfunctions of
(—=A)*/? in Q with zero Dirichlet boundary data. With this definition, many re-
sults on the existence and nonexistence of nontrivial solutions of the fractional
Brezis-Nirenberg problem has been obtained by using the formulation of the
fractional Laplacian through Dirichlet-Neumann maps introduced in [6]. When
a =1, Cabre and Tan [5] proved that there is no solution when A = 0 and 2 star-
shaped domain. Later, Tan [I5] obtained a positive solution if A € (O,A}/z).For
general a € (0,2), the authors [2] showed that problem has no positive solu-
tion for A > A%/2, and has at least a positive solution for each A € (0,A}’?). By
using the general Nehari manifold method, Hua and Yu [I2] obtained a nontrivial
ground state solution for any A > 0, provided N > (14 v/2)a. For more related re-
sults, one may see [3, [12] and references therein. But to the best of our knowledge,
there exist few results on the multiplicity of solutions for with critical case.

Motivated by this, in this paper, we are devoted to the multiplicity of nontrivial
solutions of with any a € (0,2), N > (1 ++v/2)a and A > 0.The first difficulty
lies in that the fractional Laplacian operator (—A)?® is nonlocal. This nonlocal prop-
erty makes some calculations difficult. To overcome this difficulty, we transform the
nonlocal problem into a local problem by using the extension technique introduced
by Caffarelli and Silvestre in [6]. More precisely, for any bounded domain €, define
cylinder Cq := Q x (0,00) C ]Rf“. If we denote the points in Cq by (z,t), then
for any u € H, o/ %(Q), the a-harmornic extension U = E, (u) can be defined as the
solution of

div(t'=*VU) =0 in Cq,
U=0 on 8LCQ, (1.3)
U(z,0) =u(x) on Qx {t=0},

where 91,Cq := 9 x[0,4+00). The relevance between U and the fractional Laplacian
of the original functions u is through the formula

ou 1
N 1-a¥Y - ( a/2
tlir&t 9y (z,t) = k?a( A)* =u(x), (1.4)
where k, is a normalization constant and only depends on N and «. Therefore,

after this extension, problem (|1.1)) can be transformed into an equivalent form
L,U=0 in Co,

U=0 on 8LCQ (1.5)
gTUa = [u[?*"2u+ M, in Qx {t =0}
Here oU oU
LoU := —div(t'=*VU), —— = —k, lim t*—.

ove t—o0+ Ot
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The second difficulty lies in that is a critical problem. Hence, the corre-
sponding energy functional does not satisfy the (P.S) condition. To overcome this
difficulty, one has to use (PS). condition instead of (PS) condition. This idea has
been widely used in the past decades, see [4]. For our paper, we shall use the global
compactness results in fractional Sobolev space, see [16, Proposition 2.1].

The third difficulty lies in that the o — harmornic extension function has no
explicit expression. In order to find a critical value in some interval where the
(PS). condition holds, the usual way is to estimate some test functions. But for
our problem, different from classical Laplace operator, our eigenfunctions in Cq, and
test functions can not be written explicitly. To overcome this difficulty, we use the
Poisson kernel, trace inequality and some asymptotic behavior of Bessel functions.

The fourth difficulty lies in how to find multiple solutions of problem .
Following the ideas in [9], we can obtain the multiplicity of nontrivial solutions of
by using the Krasnoselskii genus. This article extends the multiplicity results
in [9] from classical Laplace operator to the fractional case. Now we are ready to
state our main result.

Theorem 1.1. Let a € (0,2),N > (14 v2)a and Q@ C RN be a smooth bounded
domain. Then, for any X > 0, the problem (L.1) admits at least [(N + 1)/2] pairs
of nontrivial solutions.

This article is organized as follows. In section 2, we introduce a variational
setting for problem (L.1)), and present some preliminary results. In section 3, some
useful estimates are obtained. In section 4, we are devoted to the proof of Theorem

in!

2. PRELIMINARIES

According to the definition of (T.2)), the operator (—A)®/? is well defined on the
space

a/2 a2
HO/ Q) ={u= Zajej € L*(Q): ||UHH5‘/2(Q) = (Z a?)\j/ )12 < +00}.
=1 =1
For each u € Hg/Q(Q), the corresponding extension function U := E,(u) as a

solution to (|1.3]), belongs to the space

X (Ca) = {U € L2(Co) : U = 0 on 8;.Co,

11—« 2 1/2
IIUIIngQ):(ka/ VU] dxdt) <oo}

Ca
with inner product
(U,V)xg(ca) = ka/ tH=OVU - VV dx dt.
Ca
Clearly, we have

a/2
| Ba(@ixgca) = lull yoreqy: ¥ u € Hy'*(9). (2.1)

Note that (1.5) is equivalent to (L.1)) by extension technique (see [6]). Thus in
this paper, we shall focus our attention on looking for weak solutions of (1.5 in
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X§(Cq). First, consider the energy functional associated to (L.5))
ko A 1 «
I(U) = 7/ VU (2, t)? dz dt — 7/ |U(z,0)|*dx — 7/ |U (2, 0)|?~da.
2 Jeg 2 Ja 2 Ja
It is well known that for any critical point U of I in X§(Cq), the function v := U(-,0)

defined in the sense of traces, belongs to H,, o/2 (©) and thus is a solution to problem
(1.1). The inverse is also true.
Next, to use Krasnoselskii genus, we consider a new functional as in [9],

ko fo, t' VU (2, 1) de dt — X [, [u*dz
B 2/2%
(Joy e der) (2.2)
:ka/ tl’“|VU(x,t)|2dxdtf)\/ lu|?dx
Ca Q

JU) =

defined on

M i= {U € X§(Ca) : U(2,0) 25 0y = 1}
It is easy to check J € CI(M R), and U € M is a critical point of J with J(U) =
6> 0, if and only if U = %2 = U is a critical point of I with I(U) = %BN/Q > 0.
Similarly, (Un) is a (PS)s sequence for J if and only if the sequence (U,) is a (PS) 5

- ~ 1
sequence for I with 3 = ﬁﬁ%, where U, := 82:-2U,. Here we say a sequence
(U,) in M is a (PS)g sequence for J if

JWU,) — B and ||J(U,)]| — 0, asm — .

Let
€

we(w) = (m

be the extremal function of Sobolev trace inequality

/ tl_o‘|VU(3:,t)|2dxdtzSa,N(/ U (z,0)
R$+1 RN

)N;m7 Ve >0, z € RY, (2.3)

2/2%,

% dm)

According to [§] and [14], after a translation, w, is the unique positive solution of
(—A)*?u = [u|* 2y in HY2(RY), (2.4)
and hence

F”WeHi(g(RfH ”we” = (kaSa, N)N/a (2.5)

L2& (RN)

It is well known that when Q = RY, the a-harmonic extension has an explicit
expression in term of the Poisson kernel (see [6])

Uz, t) = PY xu(z) = CN,ata/ u(y) iz dy, Yu € Hg‘/z(]RN). (2.6)
RN (| —y|? +1t2)72

where Cy o is a constant. So the a-harmonic extension of w, can be written as

Wo(,t) = P % we(z) = Oy ot® / we(y) ——dy. (2.7)
(o — yf2 +2)

One can see [2] Remark 2.2] and references therein for more details. Let
M = {We(- — (y,0)) : e > 0,y € RN},

Then, we have the following compactness lemma.
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Lemma 2.1. Let (U,) be a (PS)g, sequence for functional J.Up to a subsequence,
the following conclusions hold.
(a) If B; € (0,kaSa,n), then (Uy) converges in M and B; is a critical value of J.
(b) If B; € (kaSa,n, 2O‘/NkaSa,N), then one of the following cases follows:

(b.1) (Un) converges in M and f3; is a critical value of J;

(b.2) There exists a critical point w € M of J with

o o a/N
JO) = (8" = (RaSa)™*) " € (0. kaSa,).
(c) If Bj = kaSa,n, then one of the following cases holds:
(c.1) (Uy) converges in M and f; is a critical value of J;
(c.2) dist(8;" " Up, M) — 0 or dist(3;* " Uy, —9M) — 0.

Proof. By using the standard argument, this lemma follows directly from the global

compactness result in fractional Sobolev space [16, Theorem 1.3]. ([
In the following, we write A\g = 0 for k£ = 0. It is easy to see that for each A > 0,
there exists k > 0 such that )\g/z <A< )\Z‘ﬁ Then, define

H™ :=spanfey,...,er}, HT :=span{ey,...,er}t.

Clearly, H- =0 for 0 < A < /\?/2. Let £ :={A C M : A is closed and symmetric}.

For any integer j > k+1, we define £; = {A € £ : v(A) > j}, where y denotes the
usual Krasnoselskii genus, and consider
i:= inf sup J(U).
& Aex; Ueg ©)
Note that for each A € ¥, v(4) > kand AN{U € H" : IUC 0l 25 ) = 1} #
(. Thus
B; >0 for any integer j > k + 1. (2.8)
By using similar argument as in [J, Lemma 2.2], we can find a (PS)s, sequence
(U,) for J. Moreover, we have the following lemma. Set K” := {U € M : J'(U) =
0 and J(U) = g}.

Lemma 2.2. If0< 3; = Bj41 < 2“/NkaSa’N, then KB is infinite.

Proof. By using standard arguments as in the proof of [0 Lemma 2.4], we can
obtain the result. So we omit the proof. (]

3. SOME ESTIMATES

In this section, we set B} (20) := {z € RY "' : [z — 29| < 7} and B, (v0) := {z €
RN : |z — xo| < 7}, and denote 744 := |(z,t)| = (|z|> + [t|?)}/2.For simplicity, we
shall write B;" and B, instead of B, (0) and B,.(0), respectively.

Recall that ()\Z-a/ Q,ei) are the eigenvalues and eigenfunctions of (—A)®/2? with
zero Dirichlet boundary data. Let E; denote the a-harmonic extension of e;, i.e.,
FE; is the solution of

—div(t'™“FE;) =0 in Cq,

Ei(z,t)=0 on 9.Cq, (3.1)
OFE;
. . l—a i _hya/2 )
ko t1_1>%1+t Y (z,t) = X;""ei(x) on Q x {0}.
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Then, we have the following Lemma.
Lemma 3.1. There exists C > 0 such that

sup Ei(xz,t) <C foralli=1,... k.
(z,t)ECq

Proof. For each i =1,...,k, it follows from [3, Lemma 3.3] that

Ei = Ea(ei) = el(x)w(Al/Qt)v

K]
where 1 is continuous and satisfies the following asymptotic behavior
P(s) ~1—c18* ass—0,
P(s) ~ 25" T €7 as s — o0,
—a l-—a
where ¢, = - alf((;/?)‘/z),@ = 213(&721)/2, (see[3] and [13] for more details). Clearly,
1 is bounded. Since e; € C*°(2), we conclude that there exists C' > 0 such that

sup ei(x)z/}()\gﬂt) < C uniformly fori=1,... k.

Ca
We completed the proof. O

Without loss of generality, we assume 0 € 2. Then, we have B;/m C Cq for m
large enough. Let

where (,(z,t) := Z(%) for any n > 0, and ( is defined by

0 if s €[0,3),
((s)=1¢2s—1 ifse[i,1), (3.3)
1 if s € [1,400)

Clearly,
Voym(a,t)| <m, EM™z,0) = Coym(@,0)e;, supp B C Co\BY . (3.4)

In the following, we denote {y = 1 for n = 0 and A,, := {(2,t) € Cq : rax € (£, 2)}.

m’m
Lemma 3.2. [|[E]" — Ej||xgcq) — 0 as m — +o0.

Proof. Note that
/ e?dz =1 and / 10\ VE;|? do dt = A2 (3.5)
Q Ca
This, combined with Lemma and (3.4, implies that

/t1*a|vg2/m|2|Ei|2dxdt:/ Ve || Bi|? da dt

Co Am

< C’m2/ ti= > dx dt (3.6)
A

m

< COm*N = 0asm— oo,
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and

| tlia(@/m —1)EiV(/m, - VE; dx dt|
Ca

< /A 17 (Cay — DIVESV Gy - VE;| e di

< Cm/ 1|V Ey| da dt (3.7)
Am

1/2
gcm(/ tl’o‘dxdt)l/z(/ t1*a|VEi|2) da dt
A

m m

a—N
<(Cm =z —0asm— oo.

In addition, according to the absolutely continuity of the integral, we obtain

Ca

[ G = VAVEP dvdt = [ 607Gy~ DAVE do

2/m

§/ |\ VE|?dzdt — 0 as m — oo.
]E+

2/m

Therefore, from (3.6)), (3.7) and (3.8) it follows that
||Efn*Ei||§<g(cQ)

(3.8)

Z/ |V (CoymEi — Ey)|? da dt
Ca

= / |V Gy P B 4 2(Coym — 1) EiVCoym - VE; + (Coym — 1)?|VE;|?] da dt
Ca

— 0 asm — oo.

The proof is complete. O

Define
H,, :=span{El",...,E’} fork>1.

Lemma 3.3. Let k > 1. Then there exists mg > 1 such that for any m > mg, it
holds

2 a/2 a—N
{UEHfrﬁAa\dlxz(m—l} ”UHXS(CQ) SArGm ’ (8:9)
mollull 2 0=

where Cy is a positive constant independent of m.

Proof. First, we denote ef*(x) := EI"(z,0), then according to (3.2), eI"(z) =
Co/m(,0)e;(x). In what follows, we shall prove the following estimates:

m a/2 a— .
| £ ||§(g(c9) < /\i/ +COm*N, i=1,2,..., (
(B Ef) xgcoy| S Cm*™N, i, j=1,2,... i # ], (
[(e]" e 2| < Cm™N, i,j=1,2,...,i# ] (3.12
(

||€§”||2L2(g) >1-C0m™, i=1,2,....
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Indeed, by (3.2), we have
1B e o) — 1Bl )

:/ = (|VE™? — |VE;|?) dx dt
Ca

:/ (S — VIVEP 4 2C)mEiVioym - VEi + | Eil*|V Coyml?] dz dt.
Ca

(3.14)
On the other hand, multiplying (3.1)) by (¢2 I~ 1)E; and integrating by parts over
Cq, we obtain

/ (G = DIVE]? +2Co/m BiVa/m - VE] dmdt:,\/(gg/m(x,())—nefdx.
Co Q

(3.15)
Inserting (3.15)) into (3.14]), we conclude from ({3.5) and Lemma that

1B %o ey S 1 Billxocoy + [ B IVGyml* dedt + X [ (G5),,(,0) = 1)eida
0 0 Ca Q

< Mg o + /C 10 B2V Coyl? der
<

2

<A? gy Cm2/ 17 da dt
Am
< /\f‘/2 +CmeN,
Hence (3.10) holds.
Observe that from (3.1)),
/ t'mOVE; - VEjdzdt =0, i j.
Ca

Then we have

(B E) xe(cq) :/C t'"OVE™ - VE" d dt

o
= /C t' ¢V Ei - VE; + CymE;VE; - Viam
b Copm B oy - VE; 4+ By Va7 da (8.16)
:/c (¢G5 — VVE: - VE; + Com E;jVCoym - VE;
+ EZ/mEiVCQ/m VEj + |Vom|*E;E;] dx dt.
Multiplying both sides of by (sz/m —1)E; and integrating by parts, we obtain
/C (3 ) =DV E: VE42C0m BV (o -V By da dit = AN/ /Q(gg/m(x, 0)—1)e;e;dz.
a

Similarly, we obtain

/ 17y~ V)V E:V Ej+2Con BiV Co o V dmdt:)\JD-‘/Q/(Cg/m(:mO)—l)eiejda:.
Ca Q
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This, combined with (3.16)), implies
(B Ef") xg (ca)

1 2 ?/2 +)‘?/2 2 (3.17)
:/c t ¥V B Ej da dy + f/ﬂ(g/m(mﬂ) — 1)e;e; dx.
Q
By (3.17) and Lemma we have
|(E:n7E;n)Xg‘(CQ)|
a/2 4 a2

< Cm? 7| B, E;| dx dt + #/ |(C22/m(a:,0) —1)||ese;|dx

B} 2 B

2/m 2/m

< Cm? ' drdt + C dx

B3/, Baym
< Cm*m N2 om™N
< Cma—N

which yields (3.11)).
Note that fQ ejejdr = 0 when 7 # 7, then from Lemma it follows that

ue?zewaz@n|::|]£<ﬁxx,owaejdw\
ﬂ/@mm—mﬁw
Q

<| eie;dz| < cm™N.
B2/m

So (3.12)) holds.
In view of (3.5)) and Lemma we obtain

wm;@=éﬁm—éu—@axm&m

>1 —/ eZdx
Ba/m

Zl—Cm_N,

which implies (3.13)).
Now, by using the above estimates (3.10)—(3.13]), we are ready to prove (3.9).

Let Uy, € H,, with the trace |t |2y = 1 such that

max Ul ainy = UnllZarm . 3.18
{UeH;,||uuL2(m:1}” X (ca) = 1UmllXg (cq) (3.18)

Then, there exist numbers af*, ..., a}’ such that U, = Zle a;* . Thus, we have
k
||Um||§(g(cg) = Z(GT)QHE?H%(g(cQ) +2 Z a;na;n(EZnaE;n)Xg(Csi)7
i=1 1<i<j<k
k

1= l[umllFe) = D @) lef 2 +2 Y. alal (el e]) 2o
i=1 1<i<j<k
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According to (3.12) and (3.13)), there exists mgy > 1 such that for m > my,

m m - . m 3
|(e] , €5 )LQ(Q)\ < 1 when i # 7, and |e] ||2L2(Q) > 1
Then, it holds
k
L= (@)l e +2 Y. alal (e, el 2@
i=1 1<i<j<k
k
> (@ lef i —2 D, lalllalle ef) o)
i=1 1<i<j<k
3w 1
27 > (a)? - 1 > (af P +laP)
i=1 1<i<j<k
1 k
m\2
2 i;(az ) )
which implies
|a]*| are uniformly bounded for m > my. (3.19)

By (3.12)), (3.13) and (3.19)), we conclude

k
1> Z(a?)QllelﬁH%z(Q) -2 Z |ai"[|a}"[|(ef"; €] ) L2 (o)
=1 1<i<j<k
k
> Z(GT)QH‘ZZRHQL?(Q) -C Z I(ei", €l ) L2 ()l

i=1 1<i<j<k

IV
ES

(@i")?(lef 172 — Cm~ "N

k
> (@) =C) (a")*m™ N = OmTN

This, combined with (3.10)),(3.11)) and (3.19)), implies that
k

HUmH%(g(cQ) = Z(a?V”Eang(g(cQ) +2 Z a?@}”(E?,EF)xg(cn>
i=1 1<i<j<k
k
< )\(,:/2 2:(@”)2 +COm* N CcmoN (3.20)
i=1

<A p ome N 4 omeN
<\ oyme N
for some C7 > 0. Therefore, and yield the proof. O
Based on the estimate in Lemma we have the following lemma.
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Lemma 3.4. Suppose k> 1 and A\ > /\OC/Q. Then for any m > mg, it holds
sup I(U) < C’gmN(af;N),

UeH,,

where Cy is a positive number independent of m.

Proof. In view of Lemmas [3.2] - and [3.3] there exists some constant Cy > 0 such that
for any m > mg and U € H,

a/2

me— N
1) < A /|u\ do + S /|u| dm——/ 2 dr
1 m N
Sf‘/\u|2dm—7/|u2

< Cm® N ul72

*
o dx

IIUH

&(Q) L35 (Q)

1 o
< max(Cm* Nt? — —tQa)

t>0 2%

N(a—N)

S sz a

Thus the proof is complete. ([l

In what follows, we shall introduce a lemma that describes the property of Wy
defined in (2.7)). This lemma plays a key role in our estimates in this section. Here,

we write Wl(a) instead of W; to emphasize the dependence on the parameter a.

Lemma 3.5 ([2, Lemma 3.7]). It holds
«@ C (0%
VW (x,1)] < Wi z,t), 0<a<2(z,t)eRYF (3.21)
VW (@, 6)] < W™ (@,1), 1<a<2,(zt)e RV (3.22)

Now, we define a cut-off function ¢(s) € C®°(R*) with 0 < ¢(s) < 1, which is
non-increasing and satisfies

5 1 if0<s<i,
0 ifs>1,

and |V¢| is bounded. For any r > 0, set

— r{L‘
Or(z,t) = 3(=)
then |V¢,| < C/r for some positive constant C' independent of r. Let 0 < e <r <
2 According to (2.3) and (2.7)), define
W(x,t) := ¢p(x,t)We(z,t) and wl(z):= W/ (z,0).
Obviously, W/ € X@(CQ) and wl(z) = ¢r(z,0)we(x). Recalling that (,(z,t) =
C(”‘) defined in and (o = 1 for n = 0, we have the following lemma.

Lemma 3.6. Let 0 < 2n < e <r and T € Q. Then the following estimates hold:
(a)
~ T2
16n (@ = Z, )W xa e
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(kOéSlLN)N/a + C(%)N—a + C(g)N_aa ZfOé € (Oa 1)7
< § (kaSa) ™/ + C(HVHlog £ + C(HN 0, ifa =1,
(kaSan )N+ C(N =2 4 O(1)N =, if a e (1,2).

(b)
/Q G — &, )l () d > (oS )N/ — C(S)N — O()N,

r €

Proof Let r < 1 and C, = {(x,t) € RYT :r/2 < |(x — &,t)| < r}. According to
23), (a)( ) < |z[*~N. Then by([2.7), for any (z,t) € C, /., we have

W= [ R [ ey

lyl>1

wi(y)
< oo / ey + C(9) / P (y)dy
wi<z (2P + [ — g2 "5 a

a w1(y) € Nfa/ .
=¢ / <z (&) 27(L)2)Nj°‘ y+C’(r) .  (y)dy

o [y o) / Py

<ie
€N+aa/

=C( =N 4 C( )N

<C(EN-

r

Moreover, by Lemma [3.5] and (3.23), we obtain

/ WOV da dt
Cr

|N ady—&-C( )

.
de

(3.23)

Q

)2N72af t~*dxdt < C(S)N-o1 if @ €(0,1), (3.24)
)2N =2 fCr/e t—l da:dtSC(r)N 2|log§|, if a =1,
Nt [ tTededt < O(E)NTOTY i€ (1,2).

IA
QQ
Sl S 3|

Note that W,(z,t) =" Wl(%, £). Then for the case 7 = 0, we have
/ =W, Vo, - VW, dx dt
Ca

gcﬂ/ W, ||VW,| da dt

r

:crfle/ Wy (2, ) |V W (, £)| dae di (3.25)
Cr/s

Q

i
Q

, if « € (0,1),
W log €, ifa=1,
if a € (1,2).

IA
29
Sl S|y 3|

i
Q
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N;” |x|a7N

Since 0 < we(z) < e and the a—extension of |z|*~V is r¢ " we con-
clude that We(z,t) < e 272N and

/tlia|WfV¢r|Qd$dt§CT’2/ |\ W |? da dt
Ca

r

/ tl—%iff‘*m dz dt
T C.,

6Nfoz
<C’7/ tim dx dt
C

— r2N+2—2a

€N—o¢

<C

(3.26)

N—«a
€
<C

— rN—a’

From ([3.25) and (3.26) it follows that
12
W xe o)

=k [ "o, VW | + WV, > + 2W 0,V ¢, - VWV, dz dt
Ca

< [Wellgysr + ka ) WV, * + 2ka ; t'OWeh, Vo, - VW, da dt (3.27)
Q Q

(kaSa,n)N/ 4+ C(£)N7, if a € (0,1),
< (kaSan)V+ C(EN L+ OV og €], ifa=1,
(kaSa,n)V/* + C(£)N 2, if a € (1,2).

In addition, since

* o0 € _ o
/RN\B |W5(x)\2”da::C'/ (62+p2)NpN Ydp < CNr—N,

from (2.5) we conclude that

/\w:|2;dx2/ |we|?e dx
Q B(r/2)

= (ko So,n )N —/ lwe|?e da: (3.28)
RN\ B(r/2)

> (kaSan) N — C(E)N.

Now, we turn to the case 7 > 0. Since w, < Ce(*N)/2 and |V, | < Cel*=N-2)/2,

from (2.7)) we obtain

1
We(z,t) < Ce("_N)/Q/ e =
RN (|lz—s]24+12)2
1
_ Ce(“*N)/Q/ o ds (3.29)
e (sf? + 1) 2
< Cela=N)/2

and

VW.ant) = [PV = g)ldy
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< Oe(a7N72)/2 Pta(y)dy
RN
< Ce(a—N—2)/2.

Furthermore,
VW (z, )] < [WeV | + ¢r [ VIV
< Cr W, + VIV

< CpLele=N)/2 | (a=N)/2.-1 (3.30)

< Ce(a—N—2)/2.
Since WI < W, by (3.29)) and (3.30)), we have
/ W (2, )V (x — 7, 8) P dedt < cn*/ W2 dx dt
Ca

< 0177260471\[/ 1= da dt (3.31)
C"rl
N—«a
<c!

— €N—oz

and
/ 7,V (@ — &, t) - WINW! (2, t) do dt
Ca

gcn*/ W | | VW | d dt

Cn (3.32)
SCnileo‘fNA/ th= dx dt
Cy
S C(Q)N—a-‘rl.

€
From ([2.5)), (3.31)) and (3.32)) it follows that
Gl — & W2 @, Dl teny

o [ (G IWI P (WG 4 20V, - VWD) da di
Ca

SWE e + ko [ 87 WIVG + 2k | #7OWIG VG- YW dadt
CQ CQ
T 77 —Q
< W IRy + CCHN,
(3.33)

which, together with (3.27)), implies (a).
In addition, by (3.28)), we have

/ Gyl — 7, 0)u! P dar = / ! |2 d — / (1= 2% (. 0)) Jul % dr
Q Q Q

z/ |w:|2:dx—/ lwe|?e da
Q [(z—Z,t)|<n (3.34)

> (kaSan)N* —C(E)N - C e Ndz

r [(z—,t)|<n

> (haSo )/ = CC)N = (DY,
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and then (b) follows. The proof is complete. O
Note that N > (1+v/2)a, then XN=2=0® o o pix ¢ (o NV-2=a?)

then we can define ri := (%m and €, := r0+1. Set
W, (x,t) == ¢p(x, )W, (x,t) and  b,(z) = W,(x,0). (3.35)

Obviously, W, and &, are continuous with respect to r € (0,71] in X§(Cq). In
addition, for any 0 < r <7y and 7 € [0,7271], the following result holds.

Proposition 3.7. There exist C3 > 0 and my > mg such that for any m > my
and T € QQ,

. 5L (kaSa,n)Ne i 0,42
sup I(7¢, (z — Z, )Wy (z, 1)) z ;N( ) z.fr © (T; 2l
>0 S Om ifr e [?’T1]7
where
- . N/a _ —(0+1)a
Sm IN (kaSa,N) Cgm

and S,, + C'gmN(ac;M < ﬁ(kaS%N)N/o‘. Here mg and Cs are defined in Lemmas

and respectivelsy.
Proof. By Lemma and (3.35]), we have

HCn(x - i'vt)WT(xvt)Hg({f(CQ)
< (kaSa,n) /% + C(L)V 4 o( L)V

€r
= J(BaSan) + CriN=e) ifq e (0,1)U(1,2),
Tl ke Si )Y +Crf W logr|, ifa=1,

and

/Q G, 0)iy ()P > (kS )™/ — C()N — O(LL)N

T €r
> (kogsa,N)N/a - CT@N
Then for r € [+, 1], we have
HCn(I - jat)WT(x’t)H%(g(CQ)

_  (BaSa)N® + Cm=9(N=2)  ifa e (0,1)U(1,2), (3.36)
T (k1SN + Cm=*N-Dlogm ifa=1,
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N—«o

N—-—«a
Note that we, () = (W) z > (i) z

[la@Pde= [ oo
Q B.,.(0)

>C @ Ndx
#C o (335)

> Cey

= Cr(@+e (> Cm~ @D jf ¢ ¢ [%1,7“1]).

|z| < €. Then for n = 0, we
have

a—N -
In addition, since @, (z) < Ce, 2 , for any ¥ € Q and 0 < n < r?*1 we obtain

lo—2|<n (3.39)

Since 6 € (%5 N(N;(;)_az), we have é(N —a) > (6 +1)a > 0, and then there
exists rg > 0 such that for any 0 < r < r¢, it holds

pIN=0) o0+ 4pg ré(N_a)| logr| < r@+Da (3.40)
Thus for a € (0,1)U(1,2) and r € [r1/2,r1] with r; < ro, by (3.36])-(3.40), we have

I(7¢y(x — z, t)W,. (z,1))

72

= ?[ka/ ¢, (x—:%,t)Wr(f,t)Fdxdt

—A/\cn () Pda] —

< max 3((/C So n) N/ 4 O (N=e) _ Cr<9+1>a)
7_2; ) (3.41)
oo ((kaSa, NN — oty

a

[e3%

kiaSan) N/ — Cp@+Da ) Noa

FaSan) Ve — Cr@tDy (L _
S ((kaSa.n) 0 ( e — Gl

< —
- 2N
(k Sa N)N/a CT(§+1)Q

| /\

2N

_ 2N(k S, N)N/a Cm~ 9+1)a
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Similarly, for « = 1, by (3.36)—(3.40), we obtain

I(1¢(x — 7, t)WT(x, t))

2
= Dl [ 16— 0 (o) dods
2 Co
721
A [ (Gt = 200 ) Pe] = T [ (@)
2

< max L (1 S1n)N + Cr?™ =D 1og r| — Cr@+De)

2 (3.42)

T T (kSN = CrfN)

1 (k151 N)N —C?"é-"_l N-1
< kS N —_Cr 6+1 ) _ o3
< o (k1S1N) ) (55 ) —o, v

1 -
S 2N(k151 N) — C’I“9+1
1
= QN(klsl N)N Cm 0+1)

Therefore, by (3.41)) and (3.42)), there exist C3 > 0 and m1 > mg such that for any
a € (0,2) and m 2 my,

sup I (t¢, (z — i‘,y)W (x,t)) < iN(kaS%N)N/O‘ Csm™ O+ _, S
>0

and Cym~+Do > Cym e due to 0 < 0+1)a < . The lemma follows
immediately. (]

N(N—-a)

4. PROOF OF THEOREM [L.1]

In this section, we have all the tools to prove our main result. Now, we fix

m > m,.Note that r, = % and €, = 0+ Let — 72041 and & € Q.Then for any
0 <r <ry, we have

W, (v + ,t) € X§ (B (—)), (4.1)

Con (@, O (@ + 3,1) € X5 (BF (—2)\BL, (0) ). (4.2)

We write B/ = {z € R7 : |z| < 1} and §7 = {z € RI*! : |z| = 1} for any integer
j > 1. Denote u® := max{+u,0}. We have the following lemma.

Lemma 4.1. For any integer k > 0, there exists an odd continuous map h
RFENT2 — X8(Cq) such that limy)— 1o I(h(x)) = —oc0 and Supyepmr+n+2y [(U) <

L (kaSa,n )N

Proof. The proof follows the same idea as in [9], so we only sketch the proof.
Step 1: First, we construct an odd continuous map h; : BY — X§& (Bﬁ(O)) such
that

supp hy(y) T Nsupp h1(y)~ = 0 and sup I(7h1(y)) < Sm .+ on (k: Sa.n)Ve, (4.3)

7>0
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for all y € BY. For any y € BV, set s = |y|,0 = i and define /oy : BN —
X§(B_L (0)) by

hi(y)(z,1)
W () — &nr, (, Wy, (z + 4sr10,t)
2
ifo0<s<i,
3 s(2r1 -y )—r1 e, (T = 2r1(280 — 0),1) = &, (2, YW, (x + 210, )
if 1 <s<1.

Clearly, (4.3) follows from (4.1]),(4.2]) and Proposition

Step 2: The map h; induces an odd continuous mapping hs : SV — X§ (B%(OD
by

h . if >0

h2($1,...,xN+1):{ 11, eN) LIN+1 2 Y,

—hl(—l‘h...,—x]\[) if TN+41 S 0.

Since h; is odd on SV, we have

supp h(0)t Nsupp he(0)™ = 0 and sup I(the(0)) < S, + %SN/O‘, Vo e SV,

7>0
(4.4)
Step 3: There exists an odd continuous map hg : R¥+2 — X&(B 1 (0)) such that
sup  I(U) < S + == (ko San )N/ (4.5)
Uchs(RN+2) 2N

Indeed, define a cylindric surface in RNV+2 by
Z = (SN x [-1,1)) U (BNt x {~1,1}) c RN *2,
and choose a positive function vy := §;, (, t)Wﬁ (x+yo,t) € X§ (IB%% (O\B . (0))
with yo € Q and |yo| = %. Then, it follows from Proposition that
sup I (tvg) < Sp,. (4.6)
>0

For 0 € SV, 51 € [0,1],52 € [-1,1], set

(1 — 52)h2(9)_ + (1 + 52)h2(9)+ if s1 =1,

hg(slﬁ, 82> = 251h2(9)+ + (1 — 81)1}0 if 85 =1,

281h2(9)7 + (1 — 81)’00 if 89 = —1.
It is easy to check that supp im(sl&, s2)* N supp 712(519, s2)” = (. Now, we extend
hy to a map hs : RVt2 — X¢ (B;(O)) by

hs(iz) := thy(z) forze€ Z, £>0.
Thus, (4.5)) follows from (4.1)), (4.2)), (4.6) and Propositionimmediately.
Step 4: For k > 1, define an odd continuous map h : RFN+2 . X¢(Cq) by
h(y,z) = ha(y) + hs(z) for all y € R*, 2z ¢ RN+2)

where hs : R¥ — X¢ (Q\B;(O)) is an odd map defined by hs(y1,...,ys) =

Zle yi B It is easy to see that lim|, .)|—4o0 [(R(y,2)) = —oo. Note that
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supp hs(y) Nsupp ha(z) = 0 for all y € R*, z € R¥+2 then by Lemma and
Proposition we have

sup  I(h(y,2)) < sup I(hs(y)) + sup I(ha(2))

(y,2) ERE+N+2 yERF 2ERN+2
N(a—N) «
<Com ™ = + S+ ﬁ(kaSQ,N)N/a

@]
< N(kasa,N)N/a.

Step 5: For k = 0, we define h : RN*2 — X§(Cq) by h = hs. Clearly, it follows
from Proposition [3.7] that
sup I(h(z)) < g(l<:w9m]\/)N/°‘.
ZERN+2 N

Therefore, Step 4 and Step 5 yield our conclusion. ([l

Note that \g = 0 and )\2/2 <A< )‘Zﬁ for some k > 0. Then, we have the
following lemma.

Lemma 4.2. 0 < /Bk+1 < <Z /6k+N+2 < 2a/NkaSa’N.

Proof. According to the definition of §;, we obtain i1 < --- < Bryn42. More-
over, by , we have O1 > 0. So we only need to verify B ni2 < 2a/Nk;aSa,N.
By using the same idea as in [9], we conclude that v() > k + N + 2, where
A= {U € h(RFFNT2) ¢ ||u| ;21 (@) = 1} Then, it follows from Lemmatha‘u for

any function U € 2,

J(U)N/e,

2 2
(k S N)N/a > SupI(TU) o (”UIXS(CQ) - )\||u||L2(Q))N/a _ ﬂ

«
—_ >
N >0 - 2N ||U|| 2N

2
L% (Q)
This implies that supy ey J(U) < 2%/NkoSo n. Therefore, by the definition of
Br+ N2, we conclude that By nio < ZO‘/NkaSa’N. We completed the proof. [l

Proof of Theorem [I.1 There are two cases to complete our proof. If K? is infinite
for some 3 € (0,2°/Nky S, n), then by Lemma J has infinitely many critical
points and hence we complete our proof. If K is finite for all 8 € (0, 2O‘/Nk:aSa7N),
then according to Lemmasand we may assume 0 < Bgy1 < -+ < Brante <
ZO‘/Nk:aSa,N. Let jo > 1 be an integer such that Bi4;, > kaSa,n, Then Lemma
implies that J has at least max{jo — 1, N 4+ 2 — jo} > [2F] pairs of nontrivial
critical points, and so do I. The proof is complete. [

Acknowledgments. This research was supported by the National Natural Science
Foundation of China (Grant No.11371128 & No.11171098).

REFERENCES

[1] Applebaum, D.; Lévy processes-from probability to finance and quantum groups. Notices of
the American Mathematical Society, 2004, 51(11).

[2] Barrios, B; Colorado, E; De Pablo, A; et al; On some critical problems for the fractional
Laplacian operator. Journal of Differential Equations, 2012, 252(11): 6133-6162.

[3] Brandle, C; Colorado, E; De Pablo, A; et al; A concave-convez elliptic problem involving the
fractional Laplacian. Proceedings of the Royal Society of Edinburgh, 2013, 143(1):39-71.

[4] Brezis, H.; Nirenberg, L.; Positive solutions of nonlinear elliptic equations involving critical
sobolev exponents. Communications on Pure and Applied Mathematics, 1983, 36(4):437-477.



20

5
6

[7

8

[
10
[11
[12
[13
[14
[15

[16

H. GUO EJDE-2016/153

| Cabre, X.; Tan, J.; Positive solutions of nonlinear problems involving the square root of the

Laplacian. Advances in Mathematics, 2009, 42(1-2):2052-2093.

Caffarelli, L; Silvestre, L.; An Eztension Problem Related to the Fractional Laplacian. Com-

munications in Partial Differential Equations, 2006, 32(7-9):1245-1260.

] Chang, X.; Wang, Z. Q.; Ground state of scalar field equations involving a fractional Lapla-
cian with general nonlinearity. Nonlinearity, 2013, 26(2):479-494(16).

| Chen, W.; Li, C.; Ou, B.; Classification of solutions for an integral equation. Communications
on Pure and Applied Mathematics, 2006, 59(3): 330-343.

| Chen, Z.; Shioji, N.; Zou, W.; Ground state and multiple solutions for a critical exponent
problem. Nonlinear Differential Equations and Applications Nodea, 2012, 19(3):253-277.

| Clapp, M.; Weth, T.; Multiple solutions for the Brezis-Nirenberg problem. Advances in Dif-
ferential Equations, 2005, 10(10):463-480.

] Devillanova, G.; Solimini, S.; Concentration estimates and multiple solutions to elliptic prob-
lems at critical growth. Advances in Differential Equations, 7, 1257-1280 (2002)

] Hua, Y.; Yu, X.; On the ground state solution for a critical fractional Laplacian equation.
Nonlinear Analysis, 2013, 87(87):116-125.

| Lebedev, N. N.; Special functions and their applications. Selected Russian Publications in
the Mathematical Sciences, 1966, 20(93):70-72.

] Li, Y.; Remark on some conformally invariant integral equations: the method of moving
spheres. Journal of the European Mathematical Society, 2003, 2(2):153-180.

| Tan, J.; The Brezis-Nirenberg type problem involving the square root of the Laplacian. Cal-
culus of Variations and Partial Differential Equations, 2011, 42(1-2):21-41.

| Yan, S.;, Yang, J.; Yu, X.; Equations involving fractional Laplacian operator: Compactness
and application. Journal of Functional Analysis, 2007, 269(1):47-79.

Hur Guo

COLLEGE OF MATHEMATICS AND ECONOMETRICS, HUNAN UNIVERSITY, CHANGSHA 410082, CHINA

E-mail address: huiguo_math@163.com



	1. Introduction
	2. Preliminaries
	3. Some estimates
	4. Proof of Theorem ??
	Acknowledgments

	References

