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SOLVABILITY OF A CLOSE TO SYMMETRIC SYSTEM OF
DIFFERENCE EQUATIONS

STEVO STEVIC, BRATISLAV IRICANIN, ZDENEK SMARDA

ABSTRACT. The problem of solvability of a close to symmetric product-type
system of difference equations of second order is investigated. Some recent
results in the literature are extended.

1. INTRODUCTION

Various types of nonlinear difference equations and systems have been consider-
ably studied recently (see, e.g., [1]-[], [6} [, @, 10], [12]-[31]). Among other topics,
there has been some renewed interest in the equations and systems which can be
solved (see, e.g., [1]-[4], [16] 21, [23]-[29], [31]). Many of these papers essentially
used a transformation method by Stevié¢ (see, e.g., [1l 2l 16} 211 23, 24 25| B1]
where can be also found original sources and many other references). Some known
classes of difference equations and systems, including solvable ones, can be found,
for example, in [5, ], [IT) [I§]. After the publication of some papers on concrete sys-
tems of difference equations by Papaschinopoulos and Schinas almost two decades
ago (see, e.g., [12, M3, [I4]), some interest in the area has also started (see, e.g.,
[4, 15 07, 19, 20, 24, 25, 26l 27] 28], 291 B0} B1]).

An investigation of the long-term behavior of solutions to some classes of dif-
ference equations which are modifications/perturbations of product-type ones has
been also started by Stevié (see, e.g., [22] and the references therein). The corre-
sponding investigation of related systems of difference equations has been started
somewhat later. For example, in [30] the boundedness character of positive solu-
tions of the following system

Zn41 = MMax {fa wg/zngl}v Wp+1 = Max {fa Zﬁ/wgfl}a n e NO’ (11)

with positive parameters f,p and ¢, was investigated. There are also some solvable
max-type systems of difference equations [24]. The corresponding product-type
system to (system below with & = ¢ = p and b = d = ¢) with positive
initial values is solvable. However, the case of complex initial values seems has
not been studied in detail. These observations motivated us to study product-type
systems with such initial values. One of the first papers on the problem is [29],
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where we have studied the product-type system

a (&

2z
Zpngl = ——, Wpt1 = Tn, n € Ny, (1.2)

b
Zn—1 Wy 1

where a, l;, ¢, d are integers (the condition is posed to avoid multi-valued sequences).
Motivated by the close to symmetric systems in [30] and [31], in [26] S. Stevié has
noticed that some complex parameters/coefficients can be included into a product-
type system of difference equations so that the solvability of such obtained system
is preserved. For some other results in the topic, see also [2§].
Our aim is to investigate the solvability of the following close to symmetric
system of difference equations

b d
Zp4l = QWnzp_1, Wnpt1 = PBzowy_1, N € N, (1.3)

where a,b,c,d € Z, a,8 € C and z_1, 29, w_1,wy € C. Actually, since the cases
a =0 and § = 0 are simple, we will study only the case when o, 3 € C\ {0} in
detail.

We want to point out that system is not only an interesting and important
extension of system , but also our approach in the paper will be different from
the one in [29], but in the spirit of [26].

Note that the domain of undefinable solutions ([25]) to system is a subset
of

U=1{(2_1,20,w_1,wp) €EC*: 21 =00r 20 =0o0r w_, =0 or wy = 0}.

This domain is equal to U if min{a, b, c,d} < 0, but it can be also an empty set if
min{a, b, ¢,d} > 0. To avoid some quite simple and not so interesting discussions
we will also assume that all the initial values belong to C\ {0}. Throughout the
paper we will frequently use the convention Z;n:l a; =0, for m <.

2. MAIN RESULTS

The problem of solvability of system (1.3]) will be treated in this section. Three
cases will be separately studied, namely, a = 0, ¢ = 0 and ac # 0.

Theorem 2.1. Assume that b,e,d € Z, a = 0, a, 8 € C\ {0} and initial values
z_1,20,w_1,wy € C\ {0}. Then system (1.3)) is solvable in closed form.

Proof. Since a = 0 we have

Znpr =@zl |, wpyr = B25wd_, neNg. (2.1)

The first equation in (2.1)) easily yields
Zon = aXiso V’ 2", neN, (2.2)
Zon_1 = aXi=0 V" p e N. (2.3)

From (2.2) and (2.3) we have
1-b™ n

Zop =@ 170 z5 , mEN, (2.4)
Zop_1 = allib: zlinl, n €N, (2.5)
when b # 1, while

Zom =29, neN, (2.6)
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Zop_1=0a"z_1, meN, (2.7)

when b =1 (note that (2.2]) and (2.3]) obviously hold for n = 0, when b # 0).
By using ([2.2) in the second equation in (2.1)) with n — 2n, we obtain

s o b7 _bm d
z )°

Won41 = ﬂzgnwgn 1= B(a Wop—1 (2.8)
= ﬂo‘CZ] 0 ZO wgn—la
for n € N.
Suppose that for some k € N we have proved
k11 k11n11 kldlbn7k
Wap 41 = BEi=0 ¢ im0 ¢ 25= v CZ Wg(n k)41 (2.9)
for n > k. By using (2.8) with n — n — k into (2.9)) it follows that
Wang1 = Foim0 & o Xizo ' X757 Czk o d'o" !
lc 1 bJ n—k k
(6ac2 2z wQ(n k— 1)+1)d (2.10)
B L

forn >k + 1.

Formulas (2.8), (2.10) along with the induction shows that (2.9) holds for all
natural numbers k£ and n such that 1 < k <n. For k = n, (2.9) becomes

IBZH 1 i CZ” 1d1zn i=135 Czn dib"— 1’11)?” n € N. (211)

)

Woan+1 =
Using the relation w; = Bz§w?, into , we obtain

1 n—1 n—i—1 n— ldlb" i
S win L PN D L M i OB (Bzewd )4

Wan+1 =
" n n— 1d7, n—i—1 b] CZ dipn—t n41 (212)
— 521: Z 2230 29 =0 w‘il , n € Ng.
By using ([2.3) into the second equation in (2.1)) with n — 2n — 1, we obtain
d b bn d
Wap = B3, _1Wh_o = Ble D 1) W, o 91
B (2.13)
= fa 1 Wop—2,
for n € N.
Assume that for some k € N we have proved that
kldz k1dl nllbj E"ldlbnldk
= =0 ¥ g im0 4 i : Wk (2.14)
for n > k.
By using (2.13]) with n — n — k into (2.14]) we obtain
w ﬂzk 1d1 Ek 1d‘ nioz 1yi czk ldb"l
2n —
n— k 1 b‘/ pn— k d dk
x (Baf c2i- 22 w2(n7k71)) (2.15)
¢ i g n—1i— j k ipn—i
= gZLo d' e Sigd IS Y Zc_?l=0 a'b wggl A

forn>k+1.
From (2.13), (2.15) and the induction we have that (2.14]) holds for all natural
numbers k& and n such that 1 < k < n. For k = n, (2.14]) becomes

n—1 j5i n— i n—i—13j ¢ T}:l d’ibn—i n
Way = FEim0 & g Tise 4 i b e i wd”, (2.16)
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for n € N.
Case b # d. From (2.12) and (2.16)) we have that
s S i R St CW dn+1
Won41 = Bi=0? o Tz wy o, (2.17)
for n € Ny, and
T e S S e e
n — ¢ i= 71 0 > n E N (218)

Subcase b # 1 # d. From ([2.17) we have

dn+1 antl_pntl

_ n—i
Czn L gil=b et —=2— dn+l

Wopy1 =B 14 =t 2 w_y

—antl ¢ n_gny odntlopntl
:ﬁ%aﬁ(ll_d e )Zo a0 w(i";rl (2.19)

_antl c(b—ddntl_pntlygpntl _pgntly  dntlopndl g+l
=p[17 q T=0)(I—d)(b—d) ZO d—b w

for n € Ny. From (2.18) and by employing a formula used in getting (2.19)), we
have

" —b™

n—1 ;i 71 1l—b" i e n
ﬁz d cy s d =z a—b wg
. (2.20)
1_gn  c(b—d+d™ Tl _pntlpgpntl_pgntly bpdd—g an
= /6’71711 1% (I—b)(1—d)(b—d) 2 w
-1 0 >
for n € N.
Subcase b # 1 = d. From ([2.17)) we have
_ 1_bn+1
n+1 e 1 P =5
Wopy1 = =t 2 w-_q
n 1—pntl
— ﬂnJrlam( b )ZO 1=b w_q (22]‘)

eln=(niDbgen Tl 1opntl
=p"a T Ty,

for n € Ny. From (2.18) and by employing a formula used in getting (2.21)), we

have R
nol1- pn—i pelzb

ﬁn ey R e e wo
—1
c(n—(n+1)b+bn+1) be 11717: (222)
=f"a a-n? Z_q " wo,
for n € N.
Subcase b = 1 # d. From ([2.17)) we have
1—d"'+ ol g Loedmt o
af d'(n—1 d—1 d
Wopy1 = B 17 im0 4 )Zo w_y
_n+1 1_qn 1-nd?~14(n—1)d" dntl_1 n
— g ac(" —a 4 =92 )Z a—1 11'1“ (2.23)
1_gntl  ctn—(ntDyd+d™ ) antlog d"“
— ﬁﬁa (1—d)2 ZO d—1 wy

for n € Ny. From (2.18) and by employing a formula used in getting (2.23)), we
have

_gn _ d "
Wop = ﬂll—dd DDl y d (nfl) dl
" g (2.24)
1_gn  c(n—(nt1)d+d"t1l) cdm =1 an :
= (3 T1-d o (1-d)? z_ldfl 0 s
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for n € N.
Case b=d # 1. From we have

51 P eI b S b (nt ) bt
20 w_y

Woan+1 = b
—pntl > (1™ n . n
= ﬁl = alib( = " )ngn("+1)wlil+l (2.25)
1_pn+l  c(Q—(nt1)b"4nb" 1) n nt1
=p1° « (1-5)2 Zgb (Tb'f‘l),u)ll1 ’

for n € Np.
From ([2.16)) and by employing a formula used in getting (2.25)), we have

zn 1 bv, 1 1b . enb™ b

wgn—ﬂlba 2_1 wy
1_pn  e(I—(n+1)b"4nb"F1) n on (2'26)
=BT a-n7 oyt
for n € Np.
Case b =d = 1. From (2.12) we have
Wap41 = 5"“&6Z?:_Ol(”*i)zg(nﬂ)w_l
(2.27)
= ﬁn+1aﬁzg(n+l)wil,
for n € Nyg. From ([2.16)) we have
Way, = A" 62?501("”)25”1100
(2.28)
=p"a 2 2% wo,
for n € Ny. This completes the proof. ([l

Corollary 2.2. Consider system (L.3)). Assume that b,c,d € Z, a = 0, o, €
C\ {0} and z_1, z0, w_1,wo € C\ {0}. Then the following statements are true.

QA
Q“

Q‘
S
II‘

(a) Ifb#1+#d#Db, then the general solution of system is given by ,
3. €19) ond E20)
(b) Ifb 7£ 1 = d, then the general solution of system is given by ,
9. @21) and 223,
(c) = 1 7& d, then the general solution of system is given by ,
and
(d) d 7é 1, then the geneml solution of system is given by ,
£3), €25) and [220).
(e) If b = d = 1, then the general solution of system is given by ,
ED. @) and &9,
Theorem 2.3. Assume that a,b,d € Z, ¢ =0, o, f € C\{0} and z_1, 20, w—_1,wo €
C\{0}. Then system is solvable in closed form.
Proof. This theorem follows from the proof of Theorem [2.] since essentially the
same system is obtained in this case. Namely, it is enough to change letter a to c,
letter b to d, letter z to w, and letter a to 3, in the system

b d
Zngl = QWRZ, q, Wyl = Pwy_q, 0 € No,
and it will become system ([2.1]). O

Theorem 2.4. Assume that a,b,c,d € Z, a #0 # ¢, a, 8 € C\ {0} and z_1, 2o,
w_1,wo € C\ {0}. Then system (1.3)) is solvable in closed form.
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Proof. Using the conditions a, 3 € C\ {0} and z_1, 29, w—1,wp € C\ {0} into the
equations in (|1.3) it is easy to see by using the induction that z, # 0 # w, for
every n > —1. Hence, from the first equation in (|1.3)) for any such solution we have

w? = Of;’gjl n € No. (2.29)
By taking the second equation in to the a-th power is obtained
wl = %2%wi |, n e Np. (2.30)
If we use into we easily get
Znpg = lTdpaaetbTd bl Ly e N (2.31)
Let v := o' =939,
r1=1, ay=ac+b+d, b =—bd. (2.32)
From (2.31]) we have that
22(nt1)+i = 'ymlzgjl“zgzn_l)“, n € N, (2.33)

for e = —1,0.
Using (2.33) with n — n — 1 into itself, we obtain

b b
Za(nt1)+i =7 (’ng(ln—l)+iz2%n—2)+i>a1Z2%n—1)+i

— ,_an +a1 Z;(lsi—il_)b—tzzgésl—%-&-l (234)

T b
=7 22;(2n71)+i22€n72)+i7
for n > 2 and i = —1,0, where
To =X + aip, az = ai1a] + bl, b2 = blal. (235)

Assume that for a £ > 2 have been proved the following equality
TE Q b
22(n+1)+i =Y kz?(knkarl)JriZQl(cnfk)Jri’ (2.36)
for n > k and i = —1,0, where
Tp =Xk_1+ak_1, O :=a16_1+bk_1, br:=brai_1. (237)

Then, by using (2.33)) with n — n — k into (2.36)), we have

. — ATk 50k b
22(n+1)+i =7 " Fo(n—k+1)+i%2(n—k)+i
_ ATk a1 by ar bk
=7 (VZz(n—k)+z’Zz(n—k—1)+i) 2o(n—k)+i

2.38)
. be _bra (
= e Z;(lr{;i—lt)iiz2zgikfl)+i
. a b
=Y 20 k)i (m k1) 40
forn > k+1and ¢ = —1,0, where
Tyl = Tp + Ak, Agt1 = ar1ag +bg,  bry1 = biay. (2.39)

From (2.34), (2.35), (2.38), (2.39) and the induction we obtain that (2.36)) and
(2.37)) hold for all natural numbers k& and n such that 2 < k < n. Note that (2.36)

also holds for 1 < k <n.

For k = n, (2.36) becomes
b

— ~ZTn ,0n n
22(n+1)+i =V " 2%
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for n € N and i = —1,0, from which along with

21 = awi2, 2 = awizd = aftz§ T W,

it follows that

an—1 _bn—
Z2n — ’an_len 12071 1

= (7187 (a2 P (2.40)

_ a(l—d)r,,,_1+an_1ﬁaxn,_1+aan_1Z(()ac+b)an71+bn71wadan71

1 5

Ap—1 _bp—
Zom_1 = ,an,lzln 1Z_n1 1

= (@' g (awf2t )2l (241)

_ 1—-d)xp_14+an—1 Qaxy— aan_1 _ban_1+bn_1
_a( )nl nlﬁ nlwon Z_ln n ,

for n > 2. From ([2.37)) and since z1 = 1, we have that

ar = a10k_1 + brag_o, k>3, (242)
k—1

=1+ a;, keN (2.43)
j=1

In what follows we consider three cases separately, that is, b = 0, d = 0 and
bd # 0.
Case b = 0. In this case (2.42)) is
ar = arag—1 = (ac+ d)ag—1, k€N,

from which it follows that

ar, = ar(ac+ d)* ! = (ac+ d)*, k€N, (2.44)
and which along with by = 0 and by, = byar—_1, £k > 2, implies that
b, =0, keN. (2.45)

From ([2.43) and (2.44) we have

B

—1
zr =14+ (ac+d)?, keN,
1

J
from which it follows that

1 — (ac +d)*
=———— keN 2.46
Tk l—ac—d ’ < (246)
if ac+ d # 1, while
o=k, keN, (2.47)

ifac+d=1.

From (2.40), (2.41)), (2.44)), (2.45) and (2.46)), we have that

oy = T ga et aclactd)" ™t jed(actd)" ™ (2.48)

2op—_1 = Q 1_d_fi(;fj—;)n71 /Ba 1_(10;6::2371 wg’(ac""d)n71’ (249)

for n > 2, if ac+d # 1, while from (2.40), ([2.41)), [2.44)), (2.45) and (2.47)), we have
Zop = a(l’d)”“ﬂ“”z(‘}cwa_dl, (2.50)

22n—1 = a(l_d)n—i_dﬁa(n_l)wga (251)
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forn>2,ifac+d=1.
Case d = 0. In this case is
ar = arag—1 = (ac+blag—1, k€N,
from which it follows that
ar, = ar(ac+ )" = (ac+ b)*, keN, (2.52)
and which along with b1 =0 and by = byar_1, k > 2, implies that holds.

From ) and (| we have

k—
= Z (ac+ b keN,
from which it follows that
1 — (ac+b)*
=————— keN 2.53
o I —ac—b "W (2:53)
if ac+ b # 1, while
zn =k, keN, (2.54)
if ac+b = 1. From (2.40)), (2.41), (2.45)), (2.52) and (2.53)), we have
an = 0 T gl (et (2.55)
o = o T ga et wlacth)" ! blactt) ! (2.56)
for n > 2, if ac+ b # 1, while from (2.40)), (2.41)), (2.45)), (2.52)) and (2.54)), we have
Zon = anﬂanzm (257)
Zon-1 = "B w2l (2.58)

forn e N, if ac+b=1.
Case b # 0 # d. Let \; 2 be the roots of the characteristic polynomial
P(A\) =X\ — (ac+ b+ d)X\ + bd, (2.59)
associate to difference equation .
Recall that then the general solution to equation is
an = CIA] + Ay, neN,

if (ac + b+ d)? # 4bd, where ¢; and cy are arbitrary constants, while in the case
(ac + b+ d)? = 4bd, it has the following form

Up, = (din+da) N}, neN,

where dy and dy are arbitrary constants.
By some calculation and using the values for a; and as, if (ac + b+ d)? # 4bd,

we obtain . .
AT A

=———= keN 2.60
ag )\1 — )\2 B c Iy, ( )
while if (ac + b+ d)? = 4bd, we obtain
ap = (k+ 1A, keN. (2.61)
By using ([2.60) into the third equation in (2.37) we obtain
N — \E
by = —bdap_, = —bd"2—2, k>2, (2.62)

)\1_A27 =
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if (ac + b+ d)? # 4bd, while if (ac + b+ d)? = 4bd, by using (2.61) into the third
equation in (2.37)) we obtain
b = —bday_, = —bdkX¥1, k>2. (2.63)
On the other hand, by using (2.60) into (2.43) we obtain
SN N Qo — DA (g — DA A — A
-Tk = ]_ + Z = 5
= A — A2 M =D =1 (A1 — A2)

(2.64)

for k € N, if (ac + b+ d)? # 4bd, while if (ac + b+ d)? = 4bd, by using (2.61)) into
(2.43]) we obtain

k—1 k+1
. j 1—(k+1)>\k—|—k>\
_ J— 1 1
=1+ JE:I(J + 1))\ TEWE , keN. (2.65)

From ([2.40)), (2.41)), (2.60), (2.62)) and (2.64)), we obtain formulas for z, in the case
(ac+ b+ d)? # 4bd, while from (2.40), (2.41)), ([2.61)), (2.63) and (2.65), we obtain
formulas for z, in the case (ac+ b+ d)? = 4bd.

From the second equation in we have

2 = g”w"igi, n € No. (2.66)
By taking the first equation in to the c-th power is obtained
281 = a“wi®zl |, neN,. (2.67)
Using into we easily obtain
Wy o = aBr Pyletbtdy—td = p e N, (2.68)
which differs from only for the coefficient a3,
Let 6 := a3 b,
=1 a =ac+b+d, b =—bd (2.69)
By the above described procedure for zg,4;, n € Ny, i = —1,0, it can be shown

that for any & € N such that 1 < k < n, hold
Wa(n+1)+i = 6ykw;évnfk+1)+iwgl(cn7k)+i’ (2.70)
for n > k and i = —1,0, where
Yk = Yr—1 + Qp—1, ak = a10x—1 +br_1, bp =brar_1. (2.71)

For k = n, (2.70)) becomes

an bn
Wa(nt1)i = 0V Wy w)™,

for n € N and i = —1,0, from which along with

_ c, ..d _ c,.d__ ¢ ac+d _be
wy = Brpwly,  wa = fziwh = aPwy 22,

it follows that

Wap = 5yn71w;n—lw8n—l _ (Oécﬁlib)y"’l(Ozcﬂwgc—i_dzlicl)a"’lwgn_l (2 72)

— acyn,l—i-can,l ﬁ(l—b)yn,l-&-an,l Zicfn71w6ac+d)an71 +bn—1 ,

wan—1 = 0V wy ! = (0B (Bgwd ) (2.73)
= acy'”*lﬁ(lfb)yn71+a",1willzln71+bn71Zgan,I7
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for n > 2. From (2.71) and the fact that y; = 1, we see that the sequence (ay)ren
satisfies recurrent relation ([2.42)), while

ye =1+ aj, keN, (2.74)

which means that
Yk =x, keEN. (2.75)
Now we consider three cases separately, that is, b =0, d = 0 and bd # 0.

Case b = 0. From the above consideration it is clear that for a; holds formula

(2.44), for by formula ([2.45)), while for y, we have

1 — (ac+d)*
= TCa—d FEN 2.76
Yk 1—ac—d ) ( )
if ac +d # 1, while
yr =k, keN, (2.77)
ifac+d=1.
From (|2.44|)7 1|2.45|)7 |2.72|) (|2.73|) and |2.76|)7 we have that
i — T GO ok s
Won—-1 = OéCI (1“36‘1)371 ﬁl 1(aacc+d)n d(achd)" 1zC(ac+d)n ! (2 79)

for n > 2, if ac+d # 1, while from (2.44), ([2.45), [2.72)), (2.73) and 1|2 77), we have

that

Wap = a" B wy, (2.80)
Wop_1 = ") ﬂ" d 2,25, (2.81)
forneN,ifac+d=1.

Case d = 0. From the above consideration it is clear that for a; holds formula

(2.52)), for by formula ([2.45)), while for y;, we have

1 — (ac+b)*
=~ 7 2.82
U= FEN (2.82)
if ac+ b # 1, while
==k, keN, (2.83)

ifac+b=1.
From (2.45)), (2.52), (2.72), (2.73) and (2.82)), we have that

1—(actb)™ 1—b—aclactn)? "1 4 pyn—1 pyn—1
Wy = @ T-ac=b BT T-ac=b Cl(ac+ )T paetactt) (2.84)
cl=tactb)™™ 1 1_b—ac(acth)? 1 Cac p)yn—1
Wop_1 = i eeb B T-acb (+) (2.85)

for n > 2, if ac+b # 1, while from (2.45)), (2. 52|) ©.72), (|2 73) and (2.83)), we have

that

Waop = acnﬁ(kb)"%zlﬁwﬁc, (2.86)
Wop_1 = ac("_l)ﬁ(l_b)"+bzg, (2.87)

forn e N, if ac+b=1.
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Case b # 0 # d. Let A 2 be the roots of characteristic polynomial (2.59) associated
to difference equation (2.42)). From the above consideration we see that formulas

(2.60)-(2.63)) hold and that
’“z‘:l N Qo= DA O — DA N —
= 1 — D — DA — M) ’

for k € N, if (ac+ b+ d)? # 4bd, while if (ac+ b+ d)? = 4bd, then we have that the
following formula holds

=1t (2.88)

k-1 k41
_ i 1= (k+ 1AV + kA
ye =14 (+1)N = i )\11)2 L kel (2.89)
j=1
Using formulas (2.60)-(2.63)), (2.88) and (2.89)) into (2.72) and (2.73) are obtained
closed form formulas for sequence w,, in this case, finishing the proof. ([

From the proof of Theorem [2.4] we obtain the following corollary.

Corollary 2.5. Consider system (1.3) with a,b,c,d € Z, ac # 0. Assume that
z_1,20,w_1,wy € C\ {0}. Then the following statements are true.
(a) If b= 0, ac+ d # 1, then the general solution of system (1.3)) is given by

©43), @49), 2.78) and @.79).

(b) If b =0, ac+ d = 1, then the general solution of system (1.3) is given by

@50), @51), (2-80) and ([@.81).

(¢) If d =0, ac+ b # 1, then the general solution of system (1.3) is given by

©55), [.56), (-84) and (2.85).

(d) If d = 0, ac+ b = 1, then the general solution of system (1.3) is given by

©57), @2.59), [2.86) and (2.87).

(e) Ifbd # 0 and (ac+ b+ d)? # 4bd, then the general solution of system (1.3)

is given by
Zom = afﬂn*dmn—lﬁawn Z(()ac-l—b)an,l—bdan,zwa_dlan,l’ (290)
Zom—1 = of"*dw"*l/é’“m"*lwga"‘lzial"‘lfbda"‘g, (2.91)
Way, = acmnﬂmnszn_lZ(iclan—lw(()ac"!‘d)anfl_bdan—Z7 (2.92)
Wop_1 = a“"*lﬁm"*bm"*wdfl"‘lfbda"‘gzga"‘l, (2.93)

where (ap)nen and (Tp)nen are given by and respectively.

(f) If bd # 0 and (ac+ b+ d)? = 4bd, then the general solution of system
is given by formulas —, where (ap)nen and (Tn)nen are given by
and respectively.

Proof. Statements (a)—(d) follow directly from the proof of Theor

(e), (f): By using (2.37) and (2.75)) in (2.40), (2.41), (2.72)) and (2.73)), and some
calculation formulas ([2.90)-([2.93)) follow. O

Remark 2.6. A relatively long and tedious calculation shows that formulas —
really present general solution to system in the “main” case, that is,
abed # 0. The authors have verified this, but since such calculations are tradition-
ally not quite suitable for publication we omit the calculation and left it to the
reader as an exercise.
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Remark 2.7. Bearing in mind that sequence a,, is defined for n € N, one may
think that formulas hold only for n > 3. However, since by = bd # 0,
by using recurrent relatlon 1 ) We see that sequence a, can be prolonged for
n € Z. Indeed, for k = 2 equation ([2.42)) becomes as = aja; + byag, from which it
follows that ag = (a2 —aja1)/by = 1. In general, if a,,—1 and a,, are defined for some
n € Z, then a,_s can be calculated /defined by using the following consequence of
(2.42)
1

—(an — aran—1). (2.94)
by
By using for n = 1 is obtained a_; = 0, from which along with for
n = 0 is obtained a_s = —1/(bd). Consequently, z,, can be calculated /defined also
for every n € Z, by using the relation z,_1 = z,, — a,—1. For n = 1 is obtained
xo = 0. Using this “prolongation” it is easy to verify that — hold for
every n € N.

an—2 1=
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