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SOLVABILITY OF BOUNDARY-VALUE PROBLEMS FOR
POISSON EQUATIONS WITH HADAMARD TYPE
BOUNDARY OPERATOR

BATIRKHAN TURMETOV, MAIRA KOSHANOVA, KAYRAT USMANOV

ABSTRACT. In this article we study properties of some integro-differential oper-
ators of fractional order. As an application of the properties of these operators
for Poisson equation we examine questions on solvability of a fractional ana-
logue of Neumann problem and analogues of periodic boundary-value problems
for circular domains. The exact conditions for solvability of these problems
are found.

1. INTRODUCTION

Let @ be a bounded domain from R™ with a smooth boundary S. It is known
that classical problems for the Poisson equation.

Au(z) = f(z),z € Q, (1.1)

are Dirichlet and Neumann problems. Let v be a normal vector to S, and D, = %

be an operator of differentiation along the normal, DY = I be a unit vector. Then
Dirichlet and Neumann boundary conditions can be given in the form

Diu(z) = go(x),z € S, (1.2)

where o = 0 or @ = 1, D%u(z) = u(z). It is known that the Dirichlet problem is
unconditionally solvable, and for solvability of the Neumann condition the following

condition is necessary [7]:
/ f(z)dx :/ g1(x)dx. (1.3)
Q S

In this article, we introduce fractional analogues of the boundary operators D¢,
and for the equation we study the boundary-value problem with the boundary
condition for all values of the parameter « € (0,00). Moreover, we investi-
gate solvability of some analogues of periodic boundary-value problems for circular
domains.

The structure of this paper is as follows. In Introduction we provide an overview
of some papers published on the subject. Further, we give concepts of Hadamard
type integral-differential operators of fractional order. In the second section we
study properties of integral-differential operators of fractional order in the class
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of smooth functions. Properties of these operators in Holder class are studied.
Propositions about reversibility of the operators are proved. In the third section
we present some auxiliary statements related to the properties of solutions of the
Dirichlet problem for the Poisson equation. In the fourth and fifth sections we
consider applications of these integral - differential operators of fractional order to
examine questions on solvability of some boundary-value problems with boundary
operators of fractional order. In the fourth section we study questions about solv-
ability of a fractional analogue of the Neumann problem. The problem is solved
by reducing it to an equivalent Dirichlet problem with the additional condition at
the point z = 0. In the fifth section we also study analogues of periodic problems
for circular domains. The problem is reduced to two auxiliary problems: Dirichlet
problem and an analogue of Neumann problem.

Note that the local and nonlocal boundary-value problems with boundary op-
erators of fractional order for the second order elliptic equations were studied in
[4, 9], 10}, [12), T3], 14l 15, 16, 20, 211, 22] 24], 25l 26] and for higher-order equations in
[BL 5L 6L 23]. As the boundary operators in [9, 10} 12} T3], 14}, 151 20, 211, 22}, 241 25] 26]
operators with Riemann-Liouville and Caputo type derivatives, and in [3| 4} [I6] the
Hadamard - Marchaud type operators were considered. We also note that applica-
tions of boundary-value problems for elliptic equations with boundary operators of
fractional order have been considered in [I} 2] 27]. Now let us turn to the definitions
of integration and differentiation operator of fractional order.

Let @ = {& € R":|z| <1} be a unit ball, n > 2, 9Q = {z e R": |z| =1} -
unit sphere. Suppose further that, u(x) is a smooth function in the domain €,
r=lz[,0 =x/r, 6 = r%— Dirac operator, where

d <~ 0
— = =, > 0.
"ar Z K Ox; «
J=1
Further, let 0 < o < co. The expression

1 R AN ds
T[] (z) = m/0 (n5)" (st
is called integration operator of the a order in the Hadamard sense (see e.g. [I1]).
Furthermore, we assume that J%[u](z) = u(z).

Note that, if «u(0) # 0, then in the class of continuous functions the operator
J is not defined, since the integral fol (In %)a_lsflds diverges. Therefore, as the
differentiation operator we consider the Hadamard - Caputo type operator. Namely,
differentiation operator of the a > 0 order is the expression:

1 T rt-1-a g *° ds

D == In - — — (-1 < > 1.

[u](x) F(éfa)/o (ns) (sds)u(SH)S,ﬁ <a</{ >
2. PROPERTIES OF J% AND D® OPERATORS

In this section we study properties of J¢ and D® operators. Further, by the
symbol C' we denote the constant whose value can be different.

Lemma 2.1. Let a >0, 0<\<1 andu(x) € C*P(Q),p > 0. If the condition
u(0) = 0 holds, then J*[u](z) € CMP(Q) and J*[u](0) = 0.
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Proof. If w(0) = 0, then

« BRI PR N )| IR SR NS NP ue
T Uy A

(
Since the last integral converges, the function J*[u](z) is defined in the domain Q.
Let (M, () be arbitrary points of the domain Q. Denote h(x) = J*[u](z). Then

IR R T
|h(z™) — h(z?)] < @/O (In 2)s" Yu(szW) — u(sz®)|ds
1) _ 2 gl 1 a1
<< r(a;j | /0 (nl) s 7ds

< C\x(l) _ x(2)|)‘,
ie. h(x) € CMNQ). Further, if 3 = (B1,2,...3,) is a multi-index and 9% =

%, then for all 8 with length |3| < p and 1. 22 € Q we have

1 a—1
192 h(z M) — OPh(z®)] < / (nd)" #1108 () — 9B h(yn)lds
F(@) 0 S

< Ol — 2@,
where y = sx = (sz1, 5T2, . .. 5T,,), and, consequently J*[u](z) € C**P(Q). Lastly,
lim [ [u(2)] < O lim [z = 0.
Then J§'[u](0) = 0. O
Similarly we can prove the following statement.

Lemma 2.2. Let{—-1<a </l (=1,2,...,0<A<1andu(r) € CMP(Q),p> 1.
Then D[u](z) € CMP=4(Q) and the equality D*[u](0) = 0. holds.

Lemma 2.3. Let { —1 <o <{, £ =12,...,0<X<1 andu(z) € C*P(Q),
p>t, p=1,2,.... Then for any x € Q):

JUD ul](z) = u(z) — u(0), (2.1)
and if u(0) = 0, then we obtain
DI [u]](z) = u(z). (2.2)

Proof. If u(z) € C*P(Q), p > ¢, then by Lemma we obtain D*[u](x) €
CAMP=¢(Q) and D*[u](0) = 0. Let us prove equality (2.1) for the case a = ¢ -
integer. Since D*[u](0) = 0, then in the class of these functions the operator J* is
defined, and in this case:

1 T re-1 4"t
L1 e _ -1
J D [u]](z) = m/o s7 (In g) (5£) u(s0)ds.
Integrating by parts the last integral £ — 1 times, we obtain
" d _
JD [ul)(z) = / 75 u(s0)]ds = u(s0):=p = u(z) — u(0).
0

Letnow f—1<a</{,{=1,2,.... Then
JED[u]](2) = T[T [ull) ().
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Further, since J - J=® = J¢ (see e.g. [I1], page 114), it follows that
JD[u))(x) = J[6 [u]] (x) = u(z) — u(0).

The equality (2.1)) is proved. Let us turn to the proof of the equality (2.2). If a = ¢,
then
1

= /o s (In g)éilu(se)ds}
1

=Y /0 D) o)

Further, in the case £ — 1 < a < ¢, £ = 1,2,... by the definitions of D% and J¢
operators, we obtain

D[l (w) = 5

DO[Ju]](z) = F(fl— 5 /0 ; _1 ~(In g)z_a_lae[,]a [u]](sx)%

~ e, D R

__ LA T T s e &
T —a) dr/o ( s) o [J[Hs

Performing this operation again (£ — 1) times, we have

DI [u)(x) = 6°[J 7T [u]](x) = [ [ul}(z) = u(z).

O

Lemma 2.4. Let (-1 <a</(,(=1,2,...,0 <X <1, f(z) be a smooth function
in the domain Q and Au(x) = f(z), x € Q. Then

AD[ul(x) = |2[7*D*[lo* f](x), = € Q. (2.3)

Proof. We represent the function D®[u](x) in the following form:

1 l—1—a )4
D) = ey [, g (650 e

Further, since

A€

it follows that

1 l—1—a
AD"@) = gy [ ) £+ enE

L 8 (6
= 12D f](a)

d

2 lul(€x) = (6L 42 f(ex) = £2(5 + 2)/[f](€x),

dg

O

Remark 2.5. It is easy to prove that for the function F(z) = |z|=2D%[|z|? f](x)
the following representation holds:

F(z) = (rdilr +2) fo—al(z), (2.4)
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where

fealz) = 2T 25 f)] (). (2.5)

3. A PROPERTY OF THE DIRICHLET PROBLEM SOLUTION

In the domain 2 we consider the Dirichlet problem
Av(z) =F(z), z€Q,

v(z) = g(x), €N (3.1)

It is known [§] that if 0 < A < 1, F(x) € CMP(Q), g(z) € CMPT2(9Q), p > 1,
then a solution of the problem exists, is unique, belongs to the class C**2 and can
be represented in the form:

1 1— |z

o(@) = —— [ Gla,y)Fly)dy +

————=9g(y)dsy, 3.2
Wn Ja Wn 89|$_y| (> Y (3.2)

where w, is a square of the unit sphere, G(z,y) is the Green function of the problem
(3.1). Moreover, G(z,y) is represented in the form [7]:

2— 2—
Lol =y~ eyl - LT n=3

In —, n=2.
|z —yl

G(l‘,y) = {

Let p = [y].

Lemma 3.1. Let F(y),g(y) be smooth enough functions and F(y) be represented
in the form F(y) = (pa% +2)f1(y),v(z) be a solution of the problem (3.1). Then
the condition v(0) = 0 holds if and only if

/Q fi(y)dy = /a alw)ds, (3.3)

Proof. Since F(y) and g(y) are smooth enough functions, then solution of the prob-
lem (3.1)) exists and can be represented as (3.2)). Then in the case n > 3 we have
1 1

v(0) = —— — >~ = 1]F(y)dy + L 9(y)dy. (3.4)
Wn Jan Wn Jon

We consider the following two integrals:
! 0
Ii(p.¢) =/ PP = 1po-fi(p, E)dp,
0 dp

1
L(p.€) =2 /0 o — 1] (0, €)dp.

Integrating I1 by parts, we obtain

1
LIi(p,¢) =/0 [p? —p"]aapfl(p, §)dp
1
= —/O 20— np" " f1(p, &)dp

1
= [ ot =20
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Since F(y) has the form (p-2 5, T 2)f1(y), moving to spherical coordinates for the
first integral in the right- hand side of (3.4 ., we have

1 1

W, Q?’l—

0
e (A|L/ =1y, + 2D E)dpde
:_m_m/gﬂh@0+b@£W£

(@1/ ”%p,@%*h—/h

Consequently, if v(0) = 0, then the equality (3.3) holds. Hence, necessity of the
condition ([3.3)) is proved. Sufficiency is proved in reverse order. d

HW”—u@§+mﬁ@@

4. NEUMANN TYPE PROBLEM

In this section we consider a fractional analogue of the Neumann problem with
the boundary operator D.

Problem 4.1. Let 0 < a. Find a function u(z) € C?*(Q) N C(Q) such that
D%[u](z) € C(2), and satisfying the equation

Au(z) = f(z),z € Q, (4.1)
and the boundary value condition
D%u)(x) = g(x), z € I90. (4.2)
Since J% =TI, when a = 1 we have
du [“)u
D'u(x)]y = JOB[ull(@)] 5 =7 |aQ ’89

Therefore, when o« = 1 the problem (4.1)) - coincides with the classical Neu-
mann problem.

Theorem 4.2. Let { —1 < a<{, (=1,2,...,0<\<1, f(z) € CM2-1(Q),
g(z) € CMHLO0N). Then for solvability of the problem it is necessary and

sufficient the condition
/fefa(y)dy=/ 9(y)dy. (4.3)
Q o0

where the function fo_(x) is defined by the equality (2.5)).
If a solution of the problem exists, then it is unique up to a constant term, belongs
to the class C’*1(Q) and can be represented in the form

u(z) = C + Jw](x), (4.4)

where v(z) is a solution of problem (3.1) with the function F(z) = r=2D*[r?f](z)
and satisfies the condition v(0) = 0.

Proof. Let u(x) be a solution of problem Apply the operator D* to the func-
tion u(x), and denote v(z) = D®[u](x). Find conditions, which the function v(z)
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satisfies. It is obvious that v(xz)|aq = D*[u](x)|aq = g(x). Applying the operator
A to the equality v(z) = D[u|(z), due to (2.3)), we obtain

Av(z) = r2D*[r? f](z).

Therefore, if u(x) is a solution of the problem then v(z) = D*u](x) will be
a solution of with the function F(x) = r=2D%[r2f]. Moreover, according
to Lemma the function v(z) satisfies the condition v(0) = 0. By (2.4), the
function F'(x) can be represented in the form

F(z) = (rdi; + 2) fo—al(z),

where fy_q(z) is defined by the equality (2.5). Then, by Lemma3.1]for the equality
v(0) = 0 the following condition is necessary:

/sz—a(y)dy:/aQ 9(y)dSy.

Therefore, necessity of the condition (4.3 is proved. Applying the operator J to
the equality v(z) = D“[u](x), because of (2.1]), we obtain

u(z) = u(0) = J[v](2).

Hence, if a solution of the problem exists, then it can be represented as .
We show that the condition is sufficient for the existence of any solution of
the problem

Indeed, let v(z) be a solution of the problem with F(z) = r2D*[r? f](z).
If f(z) € CM*71(Q), then F(z) € C*M*1(Q), and since g(x) € CATH1(99Q), a
solution of exists, is unique and belongs to the class CA*P+1(Q) (see e.g. [§]).
We represent the function F(z) = |z|"2D%[|z|*f](z) as F(z) = (ri +2) fr_a(2).
If for the function f;_,(z) the condition holds, then corresponding solution
of the problem satisfies the condition v(0) = 0. Then we should to consider
the function u(z) = C' 4 J[v](z), which satisfies all conditions of problem By
Lemma [2.1] this function belongs to the class CA*P+1(Q). Further, using (2.2)), we
obtain

D®[ul(z)|o = D*[C] + D*[J*[v]](z)|oe = v(z)loe = g(z).
Moreover,

Au(z) = A[;) /O (In f)l_au(sa)ﬁ]

Ti—a s p
Al / 1 my) e ]
= (in b eren®
= i | b el S
= [ o

=r2J D2 f])(x) = r7* - 12 f(2) = f(2).
Thus, the function u(z) = C + J*[v](z) satisfies all conditions of problem O
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Remark 4.3. If a = 1, then fi(x) = r2J%r2f](z) = f(z) and (4.3) coincides
with the condition of solvability of the Neumann problem (L.3]).

5. BOUNDARY-VALUE PROBLEMS WITH PERIODIC CONDITIONS

In this section we study some analogues of periodic problems in €. Let z =
(r1,2) € Q& = (x2,...,x,) For any x = (21,%) € Q we put “opposite” point
¥ = (—x1,a%) € Q, where a = (as,as,...,a,) and a;,j = 2,...,n take one of the
values £1. Denote

Ny ={ze€edN:x; >0}, IN_={xed:x; <0}, I={xecd:z =0}
Let 0 < a < 1. Consider in € the following problem:

Problem 5.1. Find a function u(z) € C?(Q) N C(Q), such that D*[u](x) € C ()
and

Au(z) = f(z), z€Q, (5.1)
u(z) — (=) u(z*) = go(z), =€y, (5.2)
D*u(z) + (—=1)*D[u)(z*) = g1 (z), =z €Iy, (5.3)

where k =1, 2.

The problem (5.1)(5.3) in the case a = 1 have been studied in [17],[I8] and in
the case 0 < o < 1 for the Riemann - Liouville and Caputo operators in [19].

If x = (0,2) € I, then z* = (0,aZ) € I, therefore, a necessary condition for
existence of a solution from the class u(z) € C?(Q2)NC(Q), D*[u](z) € C(Q) is the
fulfillment of the conditions

90(0, %) = —(=1)*g0(0, a), (5.4)
89?9(2;@ = —(—1)’“W, j=1,...,n,(0,2) €1, (5.5)
91(0,.’3) = (_1)k91(07ai)7 (Ovi) el (56)

Theorem 5.2. Let 0 < X\ < 1, f(z) € C*Y(Q), go(z) € CA2(08), g1(x) €
C*2(00y) and the matching conditions (5.4),(5.6) hold. Then

(1) if k = 1, then a solution of the problem (5.1)~(5.3) exists, is unique and
belongs to the class C*T2(Q);

(2) if k = 2, then for solvability of the problem (5.1) - (5.3) the following
condition is necessary and sufficient:

[ ety = [ aiwas,. (57)
Q GIem

If a solution exists, then it is unique up to a constant term, and belongs to the class
O 2 (Q)

Proof. First we prove uniqueness. Let u(z) be a solution of the homogenous prob-
lem (5.1) - (5.3). Putting the function u(x) into the boundary value conditions of

the problem 77 we have
u(z) = (=DFu(z*), z e oy, (5.8)
D[ul(z) = —(=1)FDu)(z*), =€ Q. (5.9)
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If z € 902 _, then z* € Q. Then the condition (5.8)) implies u(z*) = (—1)*u(z),
r € 0Q_, and (5.9) yields D[u)(z*) = —(—1)*D*[u](x),z € 9Q_ Consequently,
the equalities (5.8) and (5.9)) hold for all points = € 0%, i.e.
u(z) = (—1D)ku(z*), D[] (z) = —(=1)*D[u)(z*), 2z € dQ.

Since D[u](z) € C(Q), then from the equality u(x) = (=1)*u(z*),z € 00 it fol-
lows: D%u(z) = (—1)*Du(z*),z € 0. Consequently, Deu(z) = 0,z € 09, i.e.
solution of the homogeneous problem (5.1]) - 1S also solution of the homo-
geneous Problem 4.1l Then by Theorem [4.2 u(x) = C,z € Q. Hence, putting

u(z) = C 1nt0 (5.8), when k = 1 we have u( ) = 0. Therefore, solution of the
problem (55.1))—(5.3) when k& = 1 is unique, and when k£ = 2 it is unique up to a con-
stant term Unlqueness is proved. Now let us turn to study existence of a solution.
Consider the auxiliary functions

v(x):%(U(JGHU(I*)), w(z) = 5 (u(z) —u(z)).
(

It is obvious that u(x) = v(z) + w(x). Moreover, v(x) = v(z*), w(z) = —w(z*).
We find problems, which these functions satlsfy Let K = 1. Applying the
operator A to the functions v(x) and w( ), we have

[ () + f(@")] = fT(2), €,
1

1 . _
Au(r) = 3[du(z) - Au(e™)] = () ~ fla >] = @)z en
Further, from the boundary value conditions and we obtain

Av(z) = %[Au(x) + Au(z™)] =

2)|pq, = %[u(z)qtu Mo, = 90; )
Dw(z)|,, = %[Dau(x) — Du(a®)]| g, = gléx).
If x € 0Q_, then 2* € 0924, so the following equalities hold:
Dpa_ = %[“(x*) +u(z ‘89 90(2 )a
Dw(x)| 5, = *%[Dau(z*) = Du(x)]|yq, = 791(21*)'

We introduce the functions

. go(x),x € 004 _ gi(x),z € 004
2 == 2 =
Go() {go(ac*),:r con_ (@) {—gl(:r*), x € 0N_

Therefore, functions v(x) and w(z) are solutions of the two problems:
Av(z) = fH(z), €D v(z)lon = Jo(2), (5.10)
Aw(z) = [~ (z),z € Q; Dw(z)|sq = §1(x). (5.11)
If for the functions f(x),go(z) and gi(x) the conditions of the theorem hold,
then f*(z) € CM1(Q), §0(x) € CM2(09), gi(x) € C*2(09). Then a solution
of the Dirichlet problem ({5 exists, is unique belongs to the class C*2(Q). By

Theorem 4.2} for solvablhty of the problem (5 it is necessary and sufficient the
following condltlon.

/flia(y)dy:/ 91(y)dy, (5.12)
Q o
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where fi-,(y) = 721 7] @),
Since
_ 1 _ 1 _
| ratn =3 [ f iy =3 [ 5 aweay <o,
1 1

| awis, = [ awds, -5 [ awas, =0,
89 2 Joq 2 Jaa
it follows that the condition for solvability of (5.12) always holds, and therefore, in

this case f~(z) € CM1(Q), gi(z) € CM2(09) a solution of problem (5.11) exists
and belongs to the class C**1(Q). Note that a solution of the problem (5.11) is

unique up to a constant term C. Since the function w(z) should have the property
w(z) = —w(z*), we obtain C' = 0. Therefore, the existence of a solution of problem

(5.1)—(5.3) for the case k =1 is proved.

Let k = 2. In this case for auxiliary functions v(xz) and w(x) we obtain the
following problems:

Aw(z) = f"(x), z€Q; w)sa = go(x), (5.13)
Av(z) = fH(x), x€Q; D(x)sq = gi(v). (5.14)
Here
g, weonn o [g), ceon.
2go(x) = {—go(:c*), e o0 21 (z) = {91(33*)7 v o0

When the conditions of the theorem hold, a solution of problem (5.13)) exists, it is
unique and belongs to the class C*T1(Q). And for solvability of the problem ([5.14)
it is necessary and sufficient the condition

/ flaly)dy = / 91(y)dSy. (5.15)
Q oN
Since

1 1
| statwin=3 [ fiaiy+ g [ Aatiay = [ fata,
i _! 1 $dS, —
Lawas=5 [ awas, 5 [ awis,= [ awas,

it follows that (5.15) can be rewritten as (5.7). Under this condition, a solution

of problem (5.14) exists, is unique up to a constant term, and belongs to the class
CrM(Q). O

Remark 5.3. When o = 1 the propositions in Theorems [4.2] and [5.2] coincide with
the results in [17, [I§].
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