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EXISTENCE OF INFINITELY MANY SOLUTIONS FOR
SEMILINEAR ELLIPTIC EQUATIONS

HUI-LAN PAN, CHUN-LEI TANG

ABSTRACT. In this article, we study the existence and infinitely many solutions
for the elliptic boundary-value problem

—Au+a(z)u = f(z,u) in Q,
u=0 on Jf.

Our main tools are the local linking and symmetric mountain pass theorem in
critical point theory.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we investigate the elliptic boundary-value problem
—Au+a(z)u = f(z,u) in Q, L1
u=0 on 0, (1.1)

where 2 C RY (N > 3) is an open bounded domain with smooth boundary 052,

a € LN/2(Q), and the nonlinearity f € C(Q x R, R) satisfies some of the following
hypotheses:

(H1) There exist constants « > 1, Cp > 0 such that

aG(x,t)+ Cy > G(z,st) VtER, 2€Q, s€|0,1],
where

G(z,t) :=tf(z,t) — 2F(x,t), F(z,t) = /0 f(z, s)ds.

(H1’) There exists t* > 0 such that for all x € Q, f(z,t)/t is increasing for t > t*
and decreasing for ¢ < —t*.

(H2) hm|t|—>oo f(fE, t)/(t|t 2*72)
2% = 2N/(N — 2).

H3) lim) o F(2,1)/t? = +00 uniformly for a.e. z € (.

(H4) limy o f(x,t)/t = 0 uniformly in z € Q.

H5) f € C(Q x R,R), and there exists constants C; > 0 and p € (2,2*) such

that

= 0 uniformly for almost every (a.e.) = € ,

[f@, Ol < Crl+ [P, V() € QxR
(H6) %tz < F(z,t), for all (z,t) € QxR in which ), is an eigenvalue of —A +a.
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(H7) There exists a constant C' > 0 such that
G(z,t) < G(z,s)+ C

foreachx € Q,0 <t < sors <t <0 where G(x,t) is the same as in (H1).
(H8) For some 6 > 0, either

F(z,t) >0 for |t| <o,z € Q,

or
F(x,t) <0 for |t| <,z € Q.

There has been a great deal of interest in semilinear elliptic equations in previ-
ous years. With the aid of variational methods, the existence and multiplicity of
solutions for have been extensively investigated in the literature [I]-[I2] and
references therein. According to the growth of the primitive F'(z,t) := fot f(z,s)ds
of the nonlinearity f near infinity in ¢, the existing literature usually distinguishes
between the situations of the sub-quadratic and super-quadratic. For the later sit-
uation, most of the results were obtained under the (AR) condition (see [I]): there
exits p > 2,1y > 0 such that

0 < pF(z,t) <tf(x,t), V|t|>lg,z €.

In [I], the authors developed the dual variational methods and obtained infinitely
many solutions of under the (AR) condition. There are many other results
obtained under the (AR) condition. See [20]-[23] and the references therein. How-
ever, this condition eliminates many nonlinearities, among them the function given
in [11],

f(z,t) =2tIn(1+ |¢]) .

Some new super-quadratic conditions are established instead of (AR) in [§]-[10]
and [16]. Among them, a few are weaker than (AR), but most complement it, such
as the monotonicity condition on f(z,t)/t. In [§], the authors obtained the infinitely
many solutions of problem under some weak super-quadratic conditions, but
the conditions there actually imply that F'(x,t) is of y-order (u > 2) growth near
infinity with respect to ¢t. After that, many efforts have been made to extend the
results. In [14], the authors obtained problem possesses at least one nontrivial
solutions with a € L*(Q), f(z,u) satisfies the (AR) condition and (H4), (H5),
(HS).

Based on linking theorem, Li and Wang obtained the following theorem:
Theorem 1.1 ([I3, Theorem 1.1]). Suppose that Q is a bounded domain in RN

with N > 3 and a € L™/?2(Q). Under the hypotheses (H3)—(HT), problem (L.1)) has
at least one nontrivial solution.

In [I1], the authors obtained the following theorem:

Theorem 1.2 ([II, Theorem 1.2]). Suppose that (H1)—(H4) hold and a(z) = 0.
Then (1.1) has a weak nontrivial solution.

Motivated by [11 13, [14], we show that (1.1)) possesses at least one, or infin-
itely many nontrivial solutions by using critical point theorem. Then we have the
following theorems

Theorem 1.3. Suppose that f satisfies (H1)-(H4), (H8), and 0 is an eigenvalue
of —A+a. Then (1.1 has at least one nontrivial solution.
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Theorem 1.4. Suppose that f is odd and (H1)—(H3) hold. Then (1.1)) has infinitely
many nontrivial solutions.

Corollary 1.5. Suppose that [ is odd and the assumptions (H1’), (H2), (H3) hold.
Then problem (1.1) has infinitely many nontrivial solutions.

Remark 1.6. Comparing our results with [I4] [I3] [IT], we obtain at least one, or
infinitely many solutions of under fewer and weaker conditions.

Theorem has weaker conditions than Theorem It is obvious that (H5)
implies (H2). We can easily prove that (H1) is equivalent to (HT7) if « = 1, and (H1)
gives some general sense of monotony when o > 1. There are functions satisfying
(H1) but not (HT7). For example (see in [I1]), if

F(z,t) = t*In(1 + t?) + tsint,
then
2t
1+t
and G(x,t) = tf(x,t) — 2F (z,t) satisfies (H1) but not (H7) when « large enough.
This means (H1) is weaker than (H7).

Comparing Theorem with Theorem the condition on a(z) is weaker,
(H4) is eliminated, we obtain infinitely many solutions rather than one nontrivial
solution.

fz,t) = 2tIn(1 + t2) + 1> + sint + t cost,

In (H2), we have functionals satisfying the so-called nonstandard growth condi-
tions. Because the lack of compactness of the embedding in H3 () — L (Q), we
cannot use the standard variational directly. We overcome this difficulty by using
the Vitaly convergence theorem and some analysis technics.

This article is organized as follows. In section 2 we present some definitions and
preliminary results. In section 3 we give the proof of our results.

2. PRELIMINARIES

In this section we give some definitions and preliminary results, which are used in
Section 3. Let E := Hj(f2) be the Sobolev space equipped with the inner product
and the norm:

(u,vy = / Vu - Vodz, |ul = (u,u)'/2.
Q
Recall that a function u € E is called a weak solution of (1.1)) if

/ Vu-Vvdx—i—/ a(z)uvdr = / flz,w)vde, YveE,
Q Q Q
which is equivalent to a critical point of the C! functional

1
I(u) := 5/ |Vu|? + a(z)u’dz —/ F(z,u)dx, ue€kE.
Q Q
We denote a subsequence of a sequence {u,} as {u,} to simplify the notation
unless specified. We need the following concept which is a weak version of the (PS)
condition (see [3]):

Definition 2.1. We say that I € C*(E,R) satisfies the Cerami condition at level
¢ € R ((Ce), for short) if any sequence {u,} C FE with

I(un) = ¢, (14 [lun DI (un)[| — 0
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possesses a convergent subsequence in E; I satisfies the (Ce) condition if I satisfies
condition (Ce), for all ¢ € R.

The definition below is a weak version of the (PS)* condition.

Definition 2.2 ([I7, Definition 2.1]). A functional I € C*(E,R) satisfies the (Ce)*
condition if every sequence {uq, } such that {a,} is admissible and

Ua, € Xa,, supl(uq,)<+o0, (14 [|uq, )] (ta,) — 0

contains a subsequence which converges to a critical point of I.

The following propositions are our main tools, which can be found in [I4] and
[19] respectively.

Proposition 2.3 ([I7, Theorem 2.2]). For a real Banach space B with a direct
decomposition B = B* @ B2, the following two sequence of subspace satisfies that

BtcBic---cBYBZcB}C---CB? B =U.,nB) j=12

and dim B} < oo, j =1,2,n € N. Then I € C(B,R) satisfies the following:

(i) I has a local linking at 0 and B! 0,

(ii) I satisfies the (Ce)* condition,

(iii) I maps bounded sets into bounded sets,

(iv) for every m € N, I(u) — —oo, |ju|]| — oo, u € B}, & B2.
Then I has at least two critical points.
Proposition 2.4 ([19, Theorem 9.12]). Let E be an infinite dimensional Banach
space and let I € C*(E,R) be even, satisfy (PS), and I(0) =0. If E =V & X,
where V' is finite dimensional, and I satisfies

(I1) there are constants p,o > 0 such that I |ap,nx> «, and
(12) for each finite dimensional subspace E C E, there is an R = R(E) such
that I <0 on E\Bg(E).
Then I possesses an unbounded sequence of critical values.

Next we recall something about the eigenvalues of elliptic operators (see [20]).
According to the theory of spectrum of compact operators, we let
_OO<A1<A2§A3S"'§An<0§)\n+1S)\n+2§-~-
be the sequence for the eigenvalue problem
—Au+ a(z)u = Au,
(@) (2.1)
ueklE

where each eigenvalue is replaced according to its multiplicity. lim; .., A; = 400
and A1 = infuep ju,=1 [ol|Vul® + a(z)u?]de. Let eq,ez,...,€n,€p41... be the
corresponding orthonormal eigenfunctions in L?(€2). Then a direct decomposition
of E can be defined as follows:

V :=span{ej,ea,...,e,},
X::{ueE:/uvdx:O,UGV}.
Q

Then dimV < +o00, dim X = +o00, E =V & X.
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3. PROOF OF THEOREMS

In this section, we prove our results.

Proof of Theorem[I.3. We shall apply Proposition [2.3] to the functional
1 1
I(u) = f/ |Vu|*dx + 7/ a(x)u’dr — / F(z,u)dz
2 Ja 2 Ja Q

defined on E. We consider only the case when 0 is an eigenvalue of —A + a and
F(z,u) <0 for |u| <4. (3.1)

Then other cases are similar and simpler.

Suppose that E =V & X and V be the (finite dimensional) space spanned by
the eigenfunctions corresponding to negative eigenvalues of —A + a and X be its
orthogonal complement in E. Choose an Hilbertain basis (e,)n>0 for X and define

X = span(eg,€1,...,6m),m € R

(i) We claim that I has a local linking at 0 with respect to (V, X). Decompose
X into X! 4+ X? where X! = ker(—A +a), X% = (V + X)L, For u € X, we have
u=u; + us, u; € X', us € X2. Since dimX"' < oo, there exists C > 0 such that

t1]loo < Collug]l, for all u; € X*. (3.2)
It follows from (H2) and (H4) that, for any € > 0, there exists C. > 0 such that
|F(x,t)| < et®+ C.|t]* . (3.3)

Then, on V, for some C' > 0,
1 1 .
I(u) < f/ |Vu|?de + 7/ a(x)u2d:v—|—5/ u?dz + Cllu|*,
2 Ja 2 Ja 0
and hence, for » > 0 small enough,
Iu) <0, weV, |u]|<r
Let u = u3 + ug € X such that |Ju| < % and set
O ={z e Q:|ua(x)] €/2}, Q=0Q\0Q.
On Q1, we have, by (3.2)),
0
[u(@)] < fur(@)] + |uz(2)] < fluafloo + 5 <6,
hence, by (3.1),
/ F(z,u)dz <0.
Q1
On €y, we have, also by (3.2)),
[u(@)| < |ui(2)] + |uz ()] < 2fuz(z)].
Hence, by (3.3)),
|F(z,u)| < elul® + Celul*” < defug|? + 22 C.lug|*

and for some ¢ > 0,

/ F(z,u)dz < 45/ wpdz + cfug|*".
Q2 Q2
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Therefore,
1 1 .
I(u) > f/ |Vug|?dx + 7/ a(x)usde — 45/ uidx — cl|ug||? —/ F(z,u)dz
2 Ja 2 Ja Q o
and for 0 < r < §/(2C) small enough,
I(u) >0, wvelX, |ul<r
(ii) We claim that I satisfies (Ce)* condition. Consider a sequence {u,, } such
that {a,} is admissible and
Ua, € Ea,, c¢=supl(ta,) <+00, (14 |ua, DI (ta,)—0.  (3.4)
Here,c e R, E,, = Va, ® Xa,, an € Nyand V,,, CV,, C - CV =Uqy,enVa,,
Xo, CXay C-+- C X =U,, enXa,, Va, and X, are subspaces, i = a1,...,0n.
We note u,,, with u, for short.
We first prove that {u,} is bounded in E. If not, then |ju,|| — oo as n — oo.
Let w, = m, then w, € F and ||w,|| = 1. Then there is an w € E such that
wp =~ w in E;
wp — w in LP(2), where 2 < p < 2%;
Wwp, — w  a.e. in Q.
By the Sobolev Embedding theorem one gets
2+ < Csllwn || = Cs,

where Cj is a positive constant. Denote Q = {z € Q : w(z) # 0}. Then |Qx| = 0.
In fact,

|°~’n

lim lﬁn(x') = lim wy(z) = w(z) # 0inQ,.
n—oo ||Uy, n— o0

Which implies |uy, ()] — 400 a.e. in Q. Then we obtain
L Flau()

oo fun (2)|?
By (H3), there exists a constant Cy > 0 such that
F(x,t)

It1?
for all z € Q and t > Cy. Since F(x,t) is continuous on Q x [—~Cy, Cy], there exists

C > 0 such that

=400 ae. in Q. (3.5)

>1

|F(z,t)] < C for all (z,t) € Q x [~Cy, Cy).

Then we see that there exists a constant C' such that

F(z,t) > C forall (z,t) € Q x R. (3.6)
This implies
F(, up(x)) ., C
|wn (2)|° — > (3.7)
un () [? [[unl?

By the definition of (C'e)* condition, we have

1 1
c>I(uy) = §||un||2 + 3 /Q a(x)u?dr — /Q F(z,up)dz. (3.8)
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‘We have

11 9 F(z,un) o
3 + 3 /Q a(x)w, dr = /Q Wu}ndm + o(1). (3.9
If Qx| > 0, then by (H3), (3.5) and (3.7)), combining with Fatou’s Lemma, one has
F (@, un . C
+oo = lim inf Mwn(xﬂzdx - / lim sup %dm
P s
g/ lim inf (MM@)P - %)dx
o, n—oe N un ()| [[un]|

Lo F(z,u,(x)) C
< liminf o (7|wn(x)|2 - 7)dx

n—o0 |un(2)[?

gliminf/g (M|wn(x)|2— uf)dx

n—00 Jun () |2

:liminf/ F(L"(i))dx
n—oo Jo o |lun ()|
1

1
< f—i—f/a(:r)wfbdm—i—o(l)
2772/,

IN

1

3 + C§|a(x)|% +o(1).

It is a contradiction. Then we obtain |2| = 0. Hence w(z) = 0 a.e. in Q.
Since I(tuy,) is continuous in ¢ € [0, 1], there exists ¢,, € [0, 1] such that

I(tauy) = I(tuy,).
(tnun) Jnax, (tun)

As (I'(up), un) = o(1), we see that
(I'(thuy), thu,) = o(1).
From (H1), for t € [0, 1], we obtain
21 (tuy,) < 21(t,uy)
=21 (tyupn) — (I'(taun), thun) + o(1)

= / [tntunf(z, thuy) — 2F (z, tyuy,)]dz + o(1)
“ (3.10)

< / [a(un f(z,un) — 2F (x,uy)) + Coldx + o(1)
Q
= af2l(up) — (I'(un), un)] + Co|Qf + o(1)
< 2ac+ CylQ| + o(1)
Furthermore, by (H2), for any € > 0, there exists C. > 0 such that

1 x
|F(2,t)] < —=5zelt|* +C., forteR, ae. z€Q.

207
Let 6§ =¢/(2C:) > 0, A C Q, meas A < §. Then

I/AF(x,wn)dzl S/A|F(:17,wn)|dz

1 .
< [ Cudx+ —*5/ |wn|* dx
/A ) 203" Ja
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1 «
< [ a(e)dz + 7*6/ |wn|? da
A 205 Jo "
L1
et-e=¢
2

So we obtain { [, F'(z,wy)dz,n € N} is equi-absolutely continuous. Then

/F(x,wn)dx - / F(z,0)dz = 0
Q Q

from the Vitali’s convergence theorem.
On the other hand, the functional

XU / a(x)u’d
Q

<

N | =

is weakly continuous when a € L (Q). Then
/ a(r)w?dr — 0 when n — oo.
Q
This implies for any s > 0,
l|swn ||* + 52/ a(x)widr — 2/ F(z, swy,)dx
Q Q
=52+ o(1).

Combining with (3.10) we obtain
52+ o(1) = 2I(swy) < 2ac+ Co|Q| + o(1).

21 (swy,)

For the arbitrariness of s, we obtain a contradiction. Hence ||u,|| is bounded in E.
Then, going if necessary to a subsequence, we can assume that u, — u in X.
Then we have

”“n - UH2 :<I/(un) - I/(u),un - u> - /Q[a(un - u)2

- (f(xa un) - f(x,u))(un — u)]dx

this means that u,, — v in E and I'(u) = 0.
(iii) It is obvious that I maps bounded sets into bounded sets.
(iv) Finally, we claim that, for every m € N,

I(u) = —oo  for ||ul]| = o0, u eV & X,,.
In fact, from (H3), we know that for all M > 0, there exists Cj; such that
F(x,u) > Mu® — Cyy. (3.11)
Then
I(u) = %HUHQ + %/Qauzdx - /QF(:B,u)d:c

2 —/ F(z,u)dz
Q

1 _
3 lull® + Cllull* = MCllull* - a1

IN

1
5IIUH2 +laly |u
(3.12)

IN

_ (% +C = MO Jul* - Curl0].
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In the above inequality, one can always find M > 0 large enough such that % +
C — MC < 0. This implies I(u) — —oo for ||u|| — oo,u € V & X,,. The proof is
complete. O

Proof of Theorem[1.Jl We use Proposition It is clear that 7(0) = 0. Similar to
the proof of (ii) in Theorem we know [ satisfies the (Ce) condition. According
to [2I] we know, Propositio holds under the (Ce) condition. Then in this
section, we need only to prove I satisfies (I1’) and (I2’). Similar to the analysis
in [22], we obtain E possesses the orthogonal decomposition £ = E~ @& E° @ E*
with E- = £~ = span{ey,ea,...,en_1}, E® = L% = ker(—A +a), Et = LT =
span{e,,€n11,...}. Then for allu € E, we haveu = v~ +u’+ut € E-@E '@ E*
and the corresponding functional of as follows:

I(u) = %/Q(|Vu|2 + a(z)u?)dz — /Q F(z,u)dz

1 1, _
= 5l = 1 = [ e
For f € C(Q2 xR, R) and (H2), then for any € > 0, there exists a constant C. > 0
such that f(z,u) < 2*¢|u[> ' + C.. Then
F(z,u) < eu® + Ceu. (3.13)

Then for all u € E*, we have u = ut and [u[3 < 5-|ul|?, A, is an eigenvalue of
—A+a. Let € =1 in (3.13)), combining with the Holder inequality, for all uw € E™T,
we obtain

1 1
I(u) = Sut|? = Su” [ = [ F(z,u)da
2 2 0

1
= f||u|\2 — | F(z,u)dz
2
Q

1 .
Z§||UH2—|U 5. — Cluly

1 .
Z§||UH2—C||U > — Cluhy

1 9 o 1
> —||ul|* = Cllu -C U
2 5l [ mll |

(Gll? = ") + (ol = €= ).

In the above inequality, one can find a ug € E™ such that %”uon — Cllug||* > 0.
When A, > (4552, we have 4Juo||2 — Cz A uo|) > 0.

lluoll

For k € N such that A, > (;57)% and let

Z = span{eg, egpt1,-- -} Y:{ueE:/uvdx:O,vEZ},
Q

then E =Y ®Z. Let a = 1||ug||> —C||uo||>” > 0, then we obtain for all ||u| = |juo||

in Z, I(u) > o > 0. This implies I(u) satisfies (I1°).




10 H.-L. PAN, C.-L. TANG EJDE-2016/167

Now we prove I(u) satisfies (12). Take E as a finite dimensional subspace of E.

Then for any u € E, combining with (3.11)), we have

1 1,
I(u) = Sllut|? = Sfu”|* - / F(z,u)dv
2 2 0

1

< fHu+H2 — / (Mu2 — Oy )dx
2 Q
1

= Lt - M+ ©

1 _
= 5l P = Mu™]3 = Mu™[3+ C
1

L ~ +112 _ -2
< (5 = MC) |2 = Malju | + C.

From the above inequality, one can always find a ug € E and M large enough such
that 1 — MC < 0 and I(ug) < 0. Then there exists R = R(E) such that I(u) <0

for all |[u|| > |juo|| > R(E). This means I(u) satisfies (I12'). Then the proof is
complete. O

Proof of Corollary[1.5 According to [I5, Lemma 2.3], one can show that (H1’)
implies (H7). Combining Remark and the proof of Theorem Corollary [1.5
is obtained.

O
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