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C?* ESTIMATES AND EXISTENCE RESULTS FOR A
NONCONCAVE PDE

VAMSI P. PINGALI

ABSTRACT. We establish C?® estimates for PDE of the form convex + a sum
of weakly concave functions of the Hessian, thus generalising a recent result of
Collins which is in turn inspired by a theorem of Caffarelli and Yuan. We apply
this result to prove a “unique continuation” result for a generalised Monge-
Ampere PDE. Independently, we also prove an existence result for a special
case.

1. INTRODUCTION

In the classic paper [9] Krylov studied the PDE on a convex domain
m—1
Sp(D?u) =Y ()™ (@) Sk(D?u) (1.1)
k=0
where S;,, (A) is the mth elementary symmetric polynomial of the symmetric matrix
A. He proved that the corresponding Dirichlet problem has a smooth solution in the
ellipticity cone of the equation. This was accomplished by reducing the equation
to a Bellman equation and then using the standard theory of Bellman equations.
Motivated by complex-geometric considerations (Chern-Weil theory) a very special
case of equation was studied in [I0] and an existence result was proven using the
method of continuity. To this end, a priori estimates on the solution were necessary.
The C%“ estimate for such nonlinear PDE is usually given by the Evans-Krylov-
Safonov theorem which applies to PDE of the form F(D?u) = 0 where F is a
concave function of symmetric matrices. However, it is not immediately obvious
that equation is concave. Yet, upon dividing by det(D?u) and rearranging the
equation one can see that it is actually concave and thus amenable to Evans-Krylov
theory.

Unfortunately, not all PDE can be rewritten to be concave functions of the
Hessian. Indeed, not all level sets have a positive second fundamental form. To
remedy this partially, Caffarelli and Yuan [4] proved a result that roughly speaking,
allows one of the eigenvalues of the second fundamental form of the level set of
F(D?u) to be negative. Using similar ideas, Cabre and Caffarelli [2] proved C%*
estimates for functions that are the minimum of convex and concave functions.
Even these theorems cannot handle the following PDE that arises in the study of
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the J-flow on toric manifolds [5] (Actually, the Legendre transform of the solution
occurs in the J-flow.).

det(D%*u) 4+ Au = 1. (1.2)

Moreover, equation [1.2] is also a real example of a “generalised Monge-Ampere”
PDE introduced in [I0]. Another example of a non-concave PDE is

Indet(uz,,;) — Indet(—uy,,,) = 0.

This equation was studied by Streets and Warren in [I1] and they proved a C*©
estimate using the Legendre transformation in the y-coordinates.

Collins and Székelyhidi [5] proved interior C*® estimates for equation using
ideas from [4]. In [6] Collins generalised that result to obtain the following theorem.
(The precise definition of “twisted” type equations is recalled in section )

Theorem 1.1 (Collins). Consider the equation
F(D?u,z) = Fy(D*u, ) + Fn(D?*u,x) = 0

on the unit ball By in R™. For each x, assume that F is of the twisted type. Let
0 < A< A < oo be ellipticity constants for both F,F. For every 0 < a < 1 we
have the estimate

I1D?ul|ce (B, ,2) (1.3)
< C(n, A A, 0,7, T (Rl ez p2ucsy s | Fallez(p2ucs) 1D ull L 5,));
where 0 < v = inf e g (p2uyB,) G (—) and T’ = oscp, G(—F(D?u)). (G is defined
in section[d)
Motivated by these developments, in this paper we prove the following improve-
ment of Collins’ result.

Theorem 1.2. Consider the equation

F(D?u,z) = Fy(D*u,z) + Z Fr.o(D*u,z) =0
a=1
on the unit ball By in R™. For each x, assume that F is of the “generalised”
twisted type. Let 0 < A < A < oo be ellipticity constants for both F, F_,. For every
0 < a <1 we have the estimate

I1D?ul| e, ,2)

< C(’I’L, )‘7A7a7’77 HFUHC’Z(DZu(B_l))a ||Fﬁ||C2(D2u(B_1))7 ||D2u||L°°(Bl)’ ||G||L°°(W))7
(1.4)
where 0 < v = inf ey G'(x) and

J
W = Ul Fro(D*u(B1)) Ui<jcm Ups € Bayy O Fra(D?u(z)).

a=1

The proof of theorem follows the arguments (with some modifications) in
[0, [4]. Applying this result we arrive at the following “unique continuation” result
for equations of like
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Corollary 1.3. Let D be a strictly convex domain in R™, i.e., there exists a smooth
proper function p : D — R such that p;; > Kb;; for a constant K >0, Vplap # 0,
p~1(0) = 0D and p~*(—o00,0) = D. Consider the family of equations depending on
t €10,1].

n—1
H(D?uy,x,t) = det(D?uy) + t(tl"(ADQUt) + Z fkak,Bk(DQUt)>
k=2 (1.5)
=g D
uy =0 on dD.

where g : Q — Rso, fr : © — Rsq are smooth functions. Also assume that
A, By, are smooth, positive-definite n x n real matriz-valued functions on Q, and let
ok,5(A) be the coefficient of t* in det(B +tA). There exists a number T € (0,1]
such that the equation has unique, smooth, strictly convex (i.e. D?*u > 0 on Q)
solutions for t € [0,T). For any number t.in(0,1] such that the equation has a
unique smooth strictly convex solutions in [0,t,), there exists unique smooth strictly
convez solutions in [0,t, + ) for some § > 0.

Independently, we also prove the following existence result.
Proposition 1.4. Consider the PDE
det(D?u) +»_ Sp(D*u)=f in D
k=2
u|8D = ¢7

(1.6)

where Sy is the kth symmetric polynomial (for instance oy, is the determinant),
f:D — (n—1,00) and ¢ are smooth functions (with ¢ being the restriction to
dD of a smooth function on D), and D is a strictly conver domain with a proper
smooth defining function p, i.e., p~*(0) = dD, p~!(—00,0) = D, Vp # 0 on 0D,
and D?p > CI (C > 0 is a constant). It has a unique smooth solution u such that
D?u > —1I and

0

oy Arda A+ > ok(N) >0 Vi,
g k=2

where \; are the eigenvalues of D>u.

The requirement f > n — 1 is not optimal. But we give a counterexample for
finding solutions in the ellipticity cone in the case f < 0. Notice that this seemingly
harder equation has an existence result but it is still not clear whether equation [L.2
does.

The layout of the paper is as follows. In section 2] we give the definitions of
twisted type equations and give an example of its applicability. In section 4] we
prove proposition [I.4] and discuss its hypotheses.

2. PRELIMINARIES

In this section we present the definitions and prove some basic results. Firstly,
we define what it means for a PDE to be of the generalised twisted type. The
following definition generalises Collins’ [6].

Definition 2.1. Let F(D?u) = 0 be a uniformly elliptic equation on the unit ball
By. It is said to be of the generalised twisted type if F' = F_, + ZZ}:l I, o where
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(1) Fyand V1 < o < m Fp, are (possibly degenerate) elliptic C? functions
on an open set O containing D?u(B;).

(2) Fy is convex and uniformly elliptic on the space of all symmetric matrices,
and Y. | Fn o is weakly concave on O in the sense of definition

The definition of weak concavity in our case is as follows.

Definition 2.2. We say that Y " | Fj o is weakly concave if there exists a function
G : U — R such that
(1) The domain U contains a connected open set V with compact closure con-
taining

J
W = Ul Fro(D*u(B1)) Ur<j<m Upe € By D Fra(Du(x)).
a=1
(2) G'>0,G" <0, and G(Fra(.)) is concave for all 1 <a < m.
(3) For all x € B(1) and 1 < o < m consider y,(z) = Fn o(D?u(z)). There
exists a constant 1 > ¢ > 0 independent of x such that

> Gie) 2 6( D mil@)) = > Gluila)).
i=1 i=1 i=1

Definition might seem somewhat convoluted and unnatural compared to the
analogous one in [6]. Firstly, we remark that condition (3) is actually redundant
in many cases of interest (but we choose to impose it since it appears naturally in
our proofs). Indeed,

Proposition 2.3. Given a function G that satisfies requirements (1), (2) of def-
inition such that W C Rxo and G(0) = 0, automatically satisfies requirement
(3), i.e.,

> Gla@) 2 G( Y pale)) > QLm S Gyala).
Proof. Consider the function T'(y) = G(y+2)—G(y)—G(z) for a fixed z > 0. By the

concavity of G we see that T”(y) < 0. Hence G(y + 2) — G(y) — G(z) < —G(0) = 0.
Using induction we see that

3 Gluale)) = 6( 3 o).

The concavity of G implies that

y+z
)

é(2

Since G is increasing this implies that G(y + z) > w Induction gives the

desired result. O

Remark 2.4. Furthermore, it is more natural to have a different G, that works
for Fp . However, under mild conditions on such G, one may produce a G that
works for all 1 < o < m. Indeed, assume that V C R>g, and G, are such
that on the appropriate compact sets G, > 0, G, > 1 and G{(V) C dom(Gz),
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Consider the function Hy, = Gy 0o Gr_1...0 G1. Note that
D?*Hy(Fny) = H{DF~ yDFn \. + H,,D*Fp
= (GY(H},_1)* + G} H}_\)DFrkDF s + Gy H},_y D*Fr,
Inductively we may assume that H;_, > 1. Thus we obtain
D*Hy(Fr) < Hy,_(G{DFn 1 DFn i + G1.D*Fr ) + G Hy | DFp y DFr s < 0

where we used the facts that Gy o Fin , is concave, H;, ;| >0, G}, > 0, and Hy_1 is
concave. Now notice that if H is any concave increasing function and Y (A) is any
concave function of symmetric matrices, then D?*(HoY) = H"DY DY + H'D?*Y <
0. This means that H,, o Fi 4 is concave for all 1 < a < m. Using proposition @
we are done.

Now we give an example of an equation that satisfies the conditions imposed by
theorem [L.21

Proposition 2.5. Consider the following equation on a domain €.

H(D?u, x) = tr(AD?u) + ika'th (D*u) =g (2.1)
k=2

where g : Q — Rso, fr : Q© — Rsq are smooth functions. Also assume that A, By,
are smooth, positive-definite n x n real matriz-valued functions on Q. oy g(A) be
the coefficient of t* in det(B + tA). Equation is of the generalised twisted type
on every ball B,(xg) C Q if D*>u >0 on Q.

Proof. Fix an z. In equation [2.1] F,(D?u) = tr(AD?u) which is obviously smooth
and uniformly elliptic. As for Fh o(D?*u) = 04,5, (D?u), firstly by means of di-
agonalising the quadratic form B, we may assume that it is the identity matrix.
Thus, at the point = we see that Fry ,(D?u) is a positive multiple of the ath sym-
metric polynomial. Hence it is elliptic if CI > D?u > 0 (It may not be uniformly
elliptic because we do not have a given lower bound on D?u, but that is not a
requirement anyway.). Therefore F/(D?u) is uniformly elliptic. Moreover, the func-
tion G(x) = 2/ defined on R+ satisfies the conditions required by definition
Indeed, since (o g, )'/* is concave it is clear that (o p,)'/™ is too. O

Proposition [2.5] may be used to prove corollary

Proof of corollary[1.5 Uniqueness of solutions satisfying D?u; > 0 on ) is stan-
dard. At t = 0 the equation boils down to the usual Monge-Ampere equation and
hence has a smooth solution. A standard implicit function theorem argument shows
that the set of ¢ € [0, 1] for which the solution exists is open. Hence solutions exist
for t € [0,T) for some T" > 0. To prove “continuation” at t., we need a priori
estimates as usual. At least some of these are obtained by following the arguments
of [3]. O

Lemma 2.6. If u; is a smooth convex solution of equation then ||lul|c2py <
C where C depends only on the C' norm of the coefficients of the equation and

||PHC2(D)-
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Proof. We omit the subscript ¢ in what follows.
CY estimate: Since D?u > 0, by the maximum principle u < 0. Choose a constant
R > 1 so that Rp satisfies F(D?(Rp),z) > g. Upon subtraction we obtain

1
H(D?u,z) — H(D?p,z) = / HY(tD*u+ (1 —t)D?p,x)(u — p)a,z,dt < 0.
0

This means (by the minimum principle) that « > Rp on D.
C? estimate : Since D?u > 0 and tr(AD?u) < C, we see that ||D2u|\Loo(D) < C.
Since 0 < Au < C and ||u||co < C, by the L? regularity of elliptic equations we see
that ||ul|cr < C as well.

Notice that this does not guarantee uniform (independent of t) lower bounded-
ness of D?u away from zero. O

Using propositionwe see that for every compact subset K of D, ||ul|c2.a(x) <
Ck. The interior estimates together with the uniform ellipticity of equation [2.1
actually imply boundary C%“ estimates thanks to a theorem of Krylov whose sim-
plified proof may be found in [§] for instance. This completes the proof of corollary
Lol

3. PROOF OF THEOREM

As mentioned in the introduction we prove a stronger version of Theorem
i.e. instead of F, + F~ = 0 we have F_, + Z;nzl Fh o = 0 where there exists a G so
that G(Fn o) is concave for every a. The strategy to prove theorem is exactly
the one used in [4], Bl 6]. Here is a high-level overview:

(1) One first reduces the content of theorem to the case where F(D?u,x)
does not depend on z. Indeed, one can use a blowup argument a la [6] to
conclude this. This reduction step requires F' to be uniformly elliptic which
it is by assumption.

(2) In the case of F(D?u) = 0, one proves that the level set of u is very “close”
to a quadratic polynomial satisfying F/(D?P) = 0 (after “zooming” in so to
say). This is done by proving that F,(D?u) concentrates in measure near
its level set using the Krylov-Safonov weak Harnack inequality, and using
the Alexandrov-Bakelmann-Pucci estimate in conjunction with the usual
Evans-Krylov theory to conclude the existence of a polynomial close to w.
Then one perturbs the polynomial to make it satisfy F(D?*P) = 0.

(3) Then it may be proven that one can find a family of such quadratic poly-
nomials with the “closeness” improving in a quantitative way on the size
(the smaller the better) of the neighbourhood of the point in consideration.

(4) This can be used to prove that the second derivative does not change too
much, i.e., the desired estimate on \|D2u||ca(31/2).

Out of these, only step 2 needs modification in our case. To this end, we need the
following lemma.

Lemma 3.1. Let L be the linearisation of F = F_ + Za Ao, de. Lb = FL‘jb +
> FSb,. Then

L(ZG(FQQ(DQU))) <0.
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Proof. We compute
3aG(Fr o (D)) = G'FY yuz 1.,
8abG(Fﬂ7a(D2u)) = G//Fr?]{aua:aa:ia:jFrqfauwb$Tws + G'F, ”muwa:p z; Uzpz,as

+ G/Fﬂ,auwawbwiacj -

Moreover, using the equation itself we obtain
Labul'al'bl'i = (Fﬁb + Z Fg?a)uubaubbm =0 (3.1)

«@

Labuwuwbwiwj + (Fﬁbm + Z Fg?gs)uxuxbxiuw7‘$slj =0. (3.2)

[e3

Then we obtain
(Z G(Fh.o(D?u )))

ab // / zgrs
(G uzaz x; Fm aUzyz,z, T G'F, a Uzoziz; Uzpz,as

! tg
Fmauxaxbxmj)

MSEiMSi

// rSs Z]Ts ! 1 ab ]
(G Fm ot G'F, )uwaw@wg Uz, + G LYF Nalz,zyziz;

Q
I
-

M-

((Fﬁb + Z Fg?ﬁ)(G”FA{QFAfa + G/FA{ZS)uxaxixj Ugyz,x,
1 B

_ G/nga 1]1“9 + ZFZJrs Uxixj%uzﬂs%) (3.3)

Q
Il

ab 11 g TS ! ijrs
(F (G Fm,aFm,a +G F5o )uxaxiwjuxbxr:cs

IP|13

ab iz Frs ab 1]7“5
+ E F G F n allezjr, U,z ay -G Fm o “xw,‘xaustxo (3.4)

At this pomt we note that since G o F , is concave and Fy is elliptic the first term
in is negative. Likewise, so is the second term because G” < 0 and Ff, is also
elliptic. Since F|, is convex, so is the third term. Hence we see that

L( Z G(Fm,a(DQu))) <0.

Note that in equation the terms of the form ngaFéjgs cancelled out. This is
perhaps the main point of this calculation. If we had different G, for each « this

would not have happened. O

Secondly, we need the following proposition that actually addresses step 2 in the
strategy described above.

Proposition 3.2. Under the assumptions of the main theorem, for any given € > 0
there exists a positive constant

n= n(c,m, ||G||L°°a ||Fﬁ,ocHL°°7n7 >\7A7 €7, Fa ||D2u||L°C)
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quadratic polynomial P so that for all x in B,
1
IEU(W) —P(x)[<e
F(D*P) =0
Proof. We shall determine kg, p, £, d in the course of the proof. Let 1 < k < kg and
bk = Maxp(1 o) F,(D?u) and

- m 2
Sk = Bgl}gk) G(Fn,o(D?w)).

a=1

Also define wy(z) = 22%u(Z). Hence D*wy(x) = D?u().
Note that since G is increasing,

G(—t =G( i FaD2>: i G( FQD2>> .
(—tw) B{?}gfc); na(D*u) in ; na(D*u)) > csi
Moreover, si > G(—t).
If there exists an [ such that 1 <[ < kg such that
|Ey| < 6By (3.5)

where Ej is the set of x in By jox+1 such that Fy, is “close” to tg, i.e. FL(D?u) <
tr — &, then we are done by the arguments of [6]. If not, we shall arrive at a
contradiction by actually proving the existence of such a §, k and [. Indeed, assume
the contrary. By lemma we see that L(Za G(Fn.o(D?*wy)) — sk) < 0. By
applying the weak Harnack inequality we see that for all z in By /5

Z G(Fn o(D*wi))(z) — sx > C(n, \)]| Z G(Fn.a(D*wi))(x) = skllLro (B, ),

where po depends on n, A\, A. On Ej, we recall that Y Fn o (D?wy,) > —t5 +&, and
hence

> GlFna(D?wr) = G( D Fra(D?ur)) = G(—trt€) = G(—th) +7€ = espag.

Choose £ to be large enough so that (¢ — 1)sx + v > 69 > 0 where 6y does not
depend on k. Of course such a 6y would depend on || D?ul|p(p,), [[Fn.allLe, and
IG||L>. This means that

> G(Fra(D?wy))(x) = sk + C(n, \)0o6"/ 70 = s, + 0

In particular this means that sip41 < sp + 6. At this point it follows that after

Oscp, ( YoaFha (Dzu))
ko = 7

iterations condition [3.5] ought to hold. O

The rest of the proof of theorem is exactly the same as in [4].
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4. PROOF OF PROPOSITION [[.4]

We reduce theorem to Krylov’s equation [L.I] and invoke the existence result
in [9]. Indeed, define v =u+ 13" | 22. Then D*v = D?>u+ I. The eigenvalues of
D2y are w; = Ay + 1. Consider the equation

,ulpg...pn—Zui:f—n—i—l in D
=t [ (4.1)
U|aD=¢+§Z$?-
i=1

Writing equation [£.1]in terms of \; we see quite easily that equation[I.6]is recovered.
Thus, Krylov’s theorem [J] states that there is a unique smooth solution to in
the ellipticity cone as long as the right hand side is positive. This proves proposition
L4

As mentioned in the introduction, the restriction f > n — 1 may not be optimal
(as is easily seen by considering a radial solution in the case of the ball with a
constant f). However, the following counterexample shows that the case f < 0
does not admit solutions in the ellipticity cone.

Proposition 4.1. There is no smooth solution u of the following equation satisfying
M1 e e fbig1 - - o > 1 and p; > 0 where p,; are the eigenvalues of D3v.
det(D%*v) — Av = —¢ in B(1) (4.2)
vlop) =0 .

where ¢ > n — 1 is a constant.

Proof. We first show that such a solution has to be radially symmetric. To this
end, we use the standard method of moving planes [7]. For 0 < ¢ < 1 consider
the plane P; : z,, = t. Let the reflection of the point z across the plane P; be
xt = (T1,...,Tp_1,2t — x,) and let E; = {z € B(1)|t < x, < 1}. We prove that

u(z) > u(xy) Vo € E; (property (L)).

Near any boundary point the function is strictly increasing as a function of z,
because g—z > 0 and D?u > 0. Hence (L) holds for ¢t < 1 sufficiently close to 1. Let
the infimum of all such ¢ be tg. If £y > 0, then consider w(z) = u(z) — u(xy,) where
x € Ey,. Upon subtracting the equations for u(x) and u(x¢, we see that

det(D?*u(z)) — Au(z)) — (det(D*u(zy,)) — Au(wy,)) = 0

'd
= [ et D (su(w) + (1 = Sjula) — Alsu(e) + (1= ulae,)) =0 (1)
0
= Lij’wij(l‘) =0,

where L% is a positive definite matrix depending on u. Note that we have used the
assumption that D?u is in the ellipticity cone and the fact that the cone is convex
for this equation. Since w > 0 in E;, and w = 0 on the plane P, by applying
the strong minimum principle we see that w > 0 in E;,. Applying the Hopf lemma
to points on the plane P, we see that w,, > 0 on P, N B(1). Since w,, = 2u,,
on the plane, we see that for ¢ slightly less than to property (L) holds. This is
a contradiction. Thus ¢y = 0. Since the problem is rotationally symmetric, u is
radial. The unique radial solution to the problem (if it exists) is easily seen to be
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of the form @ for some constant A > 0. This means that A® —nA+¢ = 0.

It is easy to see that this equation admits no positive solutions. (Il
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