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LOW REGULARITY SOLUTIONS FOR CHERN-SIMONS-DIRAC
SYSTEMS IN THE TEMPORAL AND COULOMB GAUGE

HARTMUT PECHER

ABSTRACT. We prove low regularity local well-posedness results in Bourgain-
Klainerman-Machedon spaces for the Chern-Simons-Dirac system in the tem-
poral gauge and the Coulomb gauge. Under slightly stronger assumptions on
the data we also obtain “unconditional” uniqueness in the natural solution
spaces.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Consider the Chern-Simons-Dirac system in two space dimensions

0 + 10?90 = mB — at A (1.1)
Ay — 0y Ay = =26, (1, aih) (1.2)

with initial data
$(0) = o, Au(0) =ay, (1.3)

where we use the convention that repeated upper and lower indices are summed,
Latin indices run over 1,2 and Greek indices over 0,1,2 with Minkowski metric of
signature (+,—,—). Here v : R1*2 — C2?, A, : R*2 - R, m € R. o!,a? 3 are
hermitian (2 x 2)-matrices satisfying 4% = (a!)? = (a?)? = I, o/ + Ba’ = 0,
alak +afal = 26%1, a® = I. (-,-) denotes the C?-scalar product. A particular
representation is given by

0 1 0 —i 10
=(10) =0 ) o=l 5,

€uv is the totally skew-symmetric tensor with €p2 =1 .
This model was proposed by Cho, Kim and Park [B], and by Li and Bhaduri
[11I]. The equations are invariant under the gauge transformations

Ay — A=A+ 0, - =eXo.

The most common gauges are the Coulomb gauge 7 A; = 0, the Lorenz gauge
0"A,, = 0 and the temporal gauge Ag = 0.

Local well-posedness for data with minimal regularity assumptions was shown by
Huh [7] in the Lorenz gauge for data ¢ € H¥, a, € H'/? using a null structure, in
the Coulomb gauge for ¥g € Hate q; € L?, and in temporal gauge for ¥ € H%JFE,
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aj € H ite 4 L2, both without using a null structure. The result in Lorenz gauge
was improved by Huh-Oh [8] where the regularity of the data was lowered down to
Yo € H®, a,, € H® with s > 1/4. Their proof relies also on a null structure in the
nonlinear terms of the Dirac equation as well as the wave equation. They apply
a Picard iteration in Bourgain-Klainerman-Machedon spaces X*°, which implies
uniqueness in these spaces. Independently Okamoto [12] proved a similar result in
Lorenz as well as Coulomb gauge also using a null structure of the system. The
methods of Okamoto and Huh-Oh are different. Okamoto reduces the problem to a
single Dirac equation with cubic nonlinearity for ¢, which does not contain A,, any
longer. From a solution v of this equation the potentials A, can be constructed by
solving a wave equation in Lorenz gauge and an elliptic equation in Coulomb gauge.
Huh-Oh on the other hand directly solve a coupled system of a Dirac equation for
1 and a wave equation for A,. Recently Bournaveas-Candy-Machihara [4] proved
local well-posedness in Coulomb gauge under similar regularity assumptions without
use of a null structure. Their proof relies on a bilinear Strichartz estimate given by
Klainerman-Tataru [10].

A low regularity local well-posedness result in temporal gauge was given by Tao
[14] for the Yang-Mills equations.

In the present paper we consider the temporal gauge as well as the Coulomb
gauge. In temporal gauge we improve the result of Huh [7] to data ¢y € H®,
a; € H*ts with s > 3/8. We use Bourgain-Klainerman-Machedon spaces X
adapted to the phase functions 7 £ |£] on one hand and 7 on the other hand. We
decompose A; into its divergence-free part A;lf and its curl-free part A;f . The
main problem here is that there seems to be no null structure in the nonlinearity
A;’ff a?1) in the Dirac equation whereas in Lorenz gauge Aftf at1p has such a null
structure. In fact all the other terms possess such a null structure. However we
are not able to use it for an improvement of our result. We apply the bilinear
estimates in wave-Sobolev spaces established in d’Ancona-Foschi-Selberg [2] which
rely on Strichartz estimates. Morover we use a variant of an estimate for the LS L?
- norm for the solution of the wave equation which goes back to Tataru and Tao.
When applying this estimate we partly follow Tao’s arguments in the case of the
Yang-Mills equations [14]. We prove existence and uniqueness in X*? - spaces
first (Theorem . Then we prove unconditional uniqueness under the stronger
assumption s > 5= (Theorem by using an idea of Zhou [10].

In Coulomb gauge we make the same regularity assumptions as Okamoto [12] and
Bournaveas-Candy-Machihara [4], namely ¢y € H %‘*‘6, and also reduce the problem
to a single Dirac equation with cubic nonlinearity. We give a short (alternative)
proof of local well-posedness in X *® - spaces without use of a null structure (The-
orem [1.3) using d’Ancona-Foschi-Selberg [2] (cf. Proposition . We also prove
unconditional uniqueness in the space ¥ € C°([0,7], H*) under the assumption
s > 1/3 (Theorem [1.4)).

We first give some notation. We denote the Fourier transform with respect to
space and time by ~. The operator |V|® is defined by F(|V|*f)(&) = |£|*(F f)(E),
where F is the Fourier transform, and similarly (V)®, where (-) := (1+|-|?)'/2. The
inhomogeneous and homogeneous Sobolev spaces are denoted by H*? and H*P,
respectively. For p = 2 we simply denote them by H® and H*®. We repeatedly use

the Sobolev embeddings H*? — L[4 for 1 < p<q < oo and % = = — 2 and also

1
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H'Y N H' < L° in two space dimensions. a+ := a + ¢ for a sufficiently small
e >0, so that a < a+ < a+ +, and similarly a — — < a— < a.

We define the standard spaces X‘j[’b of Bourgain-Klainerman-Machedon type be-
longing to the half waves as the completion of the Schwarz space S(R?) with respect
to the norm

leall oo = 14€)° (= [€D) (T, &)l 2, -

Similarly we define the wave-Sobolev spaces X ‘ST’f:‘ ¢ With norm
lull e = 14€)* (7] = €D (T, €) I 2,

ITI=1€]

and also X’ with norm
lall oo, = 1€)° (7, )52,

We also define Xib[O,T] as the space of the restrictions of functions in Xi’b to
[0, T] x R? and similarly X ﬁ’le ¢| [0, 7] and X2°,[0,T]. We frequently use the obvious
embeddings X, — X3" for b <0 and X3* — X727 for b > 0.

We now formulate our main results in the case of the temporal gauge.
Theorem 1.1. Let € > 0 and s > 3/8. The Chern-Simons-Dirac system (1.1]),
(L.2), (1.3) in temporal gauge Ay = 0 with data 1o € H*(R?), a; € Hst5(R?),
satisfying the compatibility condition Oyas — Daa1 = —2{tbg, 1), has a local solution

v € CO((0,T), H*(R)), |V|°4; € C°((0,T], H*"5~*(R?)).

1
More precisely ¥ = 1y + Y_ with ¥4 € Xi’2+[O,T]. If A = AY + A°f s the
decomposition into its divergence-free part and its “curl-free” part, where

AY = (—A)7H(02(01 Ay — D2 A1), 01(3a A1 — 81 As)),
AT = —(=A)TH(01(D1 A1 + D2 43),05(01 A1 + D2 Az)) = —(=A) 'V divA,

one has

11 st 3 _¢ 1
Af e X750, 1),  |V[AY € X715 20, 7]

and in these spaces uniqueness holds. Moreover we have 4 € Xi’l[O, T].

Remark. The Chern-Simons-Dirac system is invariant under the scaling
PN (t, ) = Mp(At, Ax), ANt x) = ANAL (M, ).

Thus in 2+1 dimensions the scaling critical Sobolev exponent is s = 0, i.e. 1y,
a, € H® = L?. In Lorenz gauge Huh-Oh [§] remarked that their result s > 1/4 is
probably optimal in view of Zhou [15], who proved that is the case for a system of
nonlinear wave equations with nonlinearities, which fulfill a null condition. In our
case of the temporal gauge however the system is reduced to a coupled system of a
wave equation for ¢ and a transport equation for A°f where null conditions seem
to be not useful because they are only adapted for wave equations. Nevertheless it
would be desirable to improve our result to s > 1/4 for ¢y and a; .

Theorem 1.2. Let the assumptions of Theorem be fulfilled. If s > 19/40,

the solution of (1.1), (1.2), (L.3) is unique in the space v € C°([0,T], H*(R?)),
Acl € CO([0,T), H*F5 (R?)), [V[<AY € C°([0,T], H**+5<(R?)).
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Consider now the Coulomb gauge condition 9;47 = 0. In this case one easily
checks using (1.2)) that the potentials A,, satisfy the elliptic equations

AO - A_1(82<wa 0417@ - 81 <¢7 042’(/)>) )

. o (1.4)
Al =A 32<1/)71/)> ) A2 =-A 31@/%@ .
Inserting this into we obtain
0y + i Db = mPBY + N (¥, 4,) (1.5)
where
N(¢17 ¢27 1Z)B)

= A7 (01 (Y1, aotha) — Do (31, arthe) + Oa (b1, a)an — 01 (1, o) ain) 3 -

In the sequel we consider this nonlinear Dirac equation with initial condition

¥(0) = v (1.6)

Using an idea of d’Ancona - Foschi -Selberg [1] we simplify by considering
the projections onto the one-dimensional eigenspaces of the operator —ia - V =
—ia’d; belonging to the eigenvalues +|¢|. These projections are given by Il =
Il (D), where D = ¥ and I (§) = 3(I + % -a). Then —iav -V = |D|II4 (D) —
|DIII_(D) and I1+(&)5 = BII+(§). Defining ¢4 := II4(D)y, the Dirac equation

can be rewritten as

(=i0y £ [D))pr = mBpx + LNy + P, + P,y +9P-). (1.7)
The initial condition is transformed into
Y+ (0) = Tt - (1.8)

We now formulate our results in the case of the Coulomb gauge.

Theorem 1.3. Assume vy € H*(R?) with s > 1/4. Then (L.5),(1.6) is locally

well-posed in H*(R?). More precisely there exists T > 0, such that there exists a
1

unique solution ¥ = 4 + Y_ with Yy € Xi’er[O,T]. This solution belongs to

C([0, T], H*(R?)).

The unconditional uniqueness result is the following.

Theorem 1.4. Assume g € H*(R?) with s > 1/3. The solution of (1.5), is
unique in C°([0,T], H*(R?)).

Fundamental for the proof of our theorems are the following bilinear estimates
in wave-Sobolev spaces which were proven by d’Ancona, Foschi and Selberg in the
two dimensional case n = 2 in [2] in a more general form which include many limit
cases which we do not need.

Proposition 1.5. Let n = 2. The estimate

Ul g —s0.-t0 S ||| gorvr ||V g52
| ||X\f72|s|b0 S| ”X\?\:b\lﬂ” ”Xffé?s\

holds, provided the following conditions hold:

1
bo-i-b1—‘rbg>§7 bo+b1 >0,

bo+by >0, br+022>0,
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3
S0 + 81+ 82 > 5—(bo+b1+b2),
So + 81 + 89 > ].—min(b0+b1,b0+b2,b1+b2),

1 . 3
So—|—$1—|—82>§—mln(b0,b1,b2), So+81—|—82>1,

(80+b0)—|—281 + 289 > 1, 280—1—(81 —|—b1)+282 > 1,
250 + 281 + (s2 +b2) > 1, 51+ s2 > max(0, —b),
S0 + s2 > max(0, —b1), so+ $1 > max(0, —bs).

Another decisive tool are the estimates for the wave equation in the following
proposition.

Proposition 1.6. The following estimates hold

lullzs, S Mull 1.1+ (1.9)
[rI=I€]

lullzre S ||u||X%7%,%+ for6 <p < oo, (1.10)
[rI=l¢l

especially lullpgrz S llull 2.4+ 5 (1.11)
[1=1¢l

lull Loz S Nl 34445 (1.12)
[rI=I€]

lull g g2+ S llull ge3+ 5 (1.13)
[rI=I¢]

lull g r2+ S llull  aeg+ (1.14)
C ImI=I¢|

lull papze S llull 34945 (1.15)
[rI=I€]

lull pppz+ Sllull 32434 for6<p<oo. (1.16)
[rI=l¢]

Proof. (1.9) is the standard Strichartz estimate combined with the transfer princi-
ple. Concerning (1.10)) we use [9] (appendix by D. Tataru) Thm. B2:

Feullrzre < HUOHH% ;

if u = e*Vlug , and F denotes the Fourier transform with respect to time. This
implies by Plancherel, Minkowski’s inequality and Sobolev’s embedding theorem

—2 9.

lllzee = I Feullpre S IFeullzee S 170l

T

-2 S ||U0||H% 2,
x

1
HS

1
The transfer principle gives (1.10f). (1.12) follows similarly using Hgﬂ’+’6 — L.

(1.14)) is obtained by interpolation between (|1.11)) and (1.9)), and (1.15) by inter-

polation between (1.14) and the trivial identity |lul[z2, = [lul| 0.0 - Moreover we
T r|=|¢

obtain (1.13)) and (|1.16) by interpolation between (|1.12) and (1.10)), resp., and the

estimate [lullrs S llull .14 - 0

|T1=I€l

2. REFORMULATION OF THE PROBLEM IN TEMPORAL GAUGE

Imposing the temporal gauge condition Ay = 0 the system (1.1}, (1.2]) is equiv-
alent to

104 + il 900 = mByY — of Ay (2.1)
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O Ay = —2(0, 0%y, 9y As =2(1h, ') (2.2)
Ay — OoAy = —2(h, 1)) . (2.3)

We first show that ([2.3)) is fulfilled for any solution of (2.1)), (2.2)), if it holds initially,
i.e., if the following compatability condition holds:

91 42(0) — 0241 (0) = —2(¢(0),%(0)) , (2.4)
which we assume from now on. Indeed one easily calculates using :
3t<¢7¢> = —8j<7/170lj1/)> ) (25)

which implies by
Oy (01 Ay — D2 Ar) = 20; (v, &I = =20, (1h, ),

so that (| - ) holds, if it holds initially. Thus we only have to solve (2.1) and (2.2 .
We decompose A = (A1, Ay) into its divergence-free part AY and 1ts “curl-free”
part A/, namely A = AY 4+ A/ where

AY = (—A)_1(82(81A2 - 52141)751(82141 - 81142)) ,
At = —(—A)*(a(alAl +0>42), 05(O1 A1 + D542)) = —(—A) 'V div A,

Then and ([2.2) imply
AY = —2(=A)"1 (D2 (v, ¥), —0 (1, ¥)) , (2.6)
0 AT = —2(=A)10;(D2(th, ') — D1 (1, 0”)) . (2.7)

Reversely, deﬁning A =AY + A°f | we show that our new system (2.1} ., .
implies (2.1] .7 .7 so that both systems are equivalent. It only remains to

show that 1- ) holds. By . . . we obtain
A, = 0 AY + 9,45
= —2(=A) 71020, (1, ¥) + 91 (B2 (), a' ) — D1 (¥, *W)))
= 2(=A)7(220;(1), 7 9) — 01 (02(p, &) — D1 (W, a*1)))
= 2(=A)71(93 + ) (¥, a®y) = —2(4, a®y)
and similarly
Or Ay = 2(¢p, o) .

In the same way in which we obtained (|1.7)) the Dirac equation ([2.1)) can be rewritten
as

(=i + |V )0 = —mPBg — i (! Aj), (2.8)
where A; = A‘;f + A;f, and in (2.6]),(2.7) and (2.8)) we replace ¥ by ¥ + ¢_.

3. PROOF OF THEOREM [I.1]

Taking the considerations of the previous section into account Theorem re-
duces to the following proposition and its corollary.

Proposition 3.1. Let € > 0 and s > 3/8. Then there exists T > 0 such that

system , , has a unique local solution V4 € Xé’2+[ 0,7], Al €

Xfig 2+[0,T]. Also Adf satzsﬁes V| Ajf € X‘STlegle 2+[O,T] and 1+ € X530, T).
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Corollary 3.2. The solution satisfies 1 € C°([0,T], H®), A< € C°([0,T], H**%),
IV|cAY € CO([0,T), HsTE¢) |

Proof of Proposition[3.1, We want to apply a Picard iteration. For the Cauchy
problem for the Dirac equation

(=i0 £ V¥ = Fi,  ¢+(0) = ¢0
we use the well-known estimate (cf. e.g. [6])
||"l}illxib[o,:r] 5 H"/HEOHHS + T+t _bHFiHXiV[O’T] )

which holds for 0 < T <1, —% <V <0<b<V+1,seR. Thus by standard
arguments it suffices to show the following estimates for the right hand side of the

Dirac equation ({2.8)):

||A;faj¢||X L S HACfH s+1, %+H¢|| ) (3.1)
Ir1=l¢l =0 XEE |£\
1Ay v SNTIALN g9y (32)
I7I=lél Xir=el Iri=l¢l

VAT ceg-cae SIOIR . 40 - (3.3)

Xir1=iel Iri=l¢l

Similarly, for the right hand side of (2.7)) we need

1@, &N rg g STOI% 0 (3.4)

=0 ri=l¢l

Proof of (| . We even prove the estimate with X| ‘ |§| replaced by XlsT’(l):|€| on
the left hand side. It reduces to

/ ﬂ1(7'117§1)1 (72, 82) (€ g (13, &) ddr ﬁ il e
(&) Fs () 2t (&) (|| — [&2]) 2 Pl -

where * denotes integration over £ = (£1,&2,&3), T = (71, T2, 73) with &+ & +&3 =0
and 7 + 719+ 73 = 0. We assume here and in the following without loss of generality
that the Fourier transforms are non-negative.

Case 1: |&1] > [&2| = (&3)° < (&1)°. It suffices to show

/@1(7'17151) 1172(72»52) Gy (73, &)dedr < f[ | 2. -
« (m)2T (L) I (| - [&f)2 T i=1 "

This follows under the assumption s > 3/8 from the estimate

| [ ervsvadadt] S foalzzi ool oz oslzzc

(3.5)
S ol

|va| 1+.1 1+ llvsl xo0

1

0.}+]
’2

X2 = I7i=lel

where we used (L.12).
Case 2: [&] > [&1] = (€3)° < (&2)°. In this case the desired estimate follows
from
3

/m &1,60, 8,71, 72, 7)1 (§1, 71 ) (&2, T2) s (€3, 73)dSdT S [ [ Nuill 2, (3.6)

i=1
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where
1

(Il = D E ) F )R
The following argument is closely related to the proof of a similar estimate in [14].

By two applications of the averaging principle [13, Prop. 5.1], we may replace m
by

m' = Xlsz\-\&zH~11XIT1|~1 '
(€)=
Let now 7 be restricted to the region 7 = T + O(1) for some integer 7. Then 73
is restricted to 73 = —T 4+ O(1), because 11 + 72 + 73 = 0, and & is restricted to
|€2] = |T'| + O(1). The 73-regions are essentially disjoint for T € Z and similarly
the mo-regions. Thus by Schur’s test [13, Lemma 3.11], we only have to show

Sup/XT3:7T+O(1)XTQ:T+O(1)X‘T1|~1X|§2|:‘T‘+O(l)
Tez /s (&2t
3

X ﬁ1(§17T1)ﬁ2(£2,Tz)@3(§3773)d§d7 Sj H HUZ”L% )
i=1
The 7-behaviour of the integral is now trivial, thus we reduce to
3
X T+0(1 ~ ~
Sup / e PO fEhE e < [TI5l:. 67)
TeN Z? 186i= <£1> pale}

An elementary calculation shows that

L.H.S. Of " S ZS}J.% HXIE\:TJrO(l) * < - _Hl/2 (R2) H HszL2 S H HszL2
S

so that the desired estimate follows.
Proof of (3.4): This reduces to

uy (1, 61) Us(72, &2) (€3)° +8u3(7-3’§3)d dr < .
/ (& (Inl = 1)t (&) (|| — &)t (rs)%~ o zl_[1 Iuslez,

Assuming without loss of generality |£;] < |¢2] we have to show

uy(71,&1) Us(72,80)  (E3)Y/3TUs(73, &)
i iy T dédr < illr2 .
/ EsIml = 16Dzt (Ime| — [&l)2 (13)2 21_11 Iecloz,
Case 1: 12| < |€2]. We reduce to
u1(m,61) u2(7'2,§2) U3(T3,f3)
: dedr < TT il o -
/< Dnl— a5 (@) ()i H”“ o2

This follows from

‘/vlvgvgdxdt’ < loull gz loall s 203l 2 oo

-

Sloll acailvall 1o llvsll o
X Ziel Xz i=lel X,

where we used (|1.14]) for the first factor and Sobolev for the others. Obviously here
is some headroom left.

1
’2
T=0
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Case 2: |12] 2 |&2]- In this case we use 71 + 72 + 73 = 0 to estimate
c )T _(m)eT | (m)E
&) T ()i (&)ET

2.1: If the second term on the right hand side is dominant we have to show,
using also (£3)1/8 < (&)1/8 .
3

U1 (71,61) Ua (72, &) R
1 3 1 s déd 5 illzz
/ B ]~ D8 (i — a3 o0 &d6ar S il

which follows for s > % by Prop.
2.2: If the first term on the right hand side is dominant we consider two subcases.
2.2.1: || < |€1]- We reduce to

/ﬂl(ﬁa&)@ﬁés uz(72,§2) u3(73,3)

A

3
dédr S I uill 2, -

(Iml =&t (&2)5~(Irel = I&)2F (ms)2~ i=1
Using |&2| > [&1] and s > 2 it suffices to show
/ 61(71751) 1/1\,2(7'2752) a3(7'37€3)d§d7_ < ﬁ ”uHL2 )
(03t (Iml = &)zt ()3t (Ire| - [&al)2t ()2~ i "

This follows from

| / vreavsdedt| S Jorlls g2+ ool a o los o oo

Slonll yegelleall e goliosl oo
Ir=l¢l Irl=l¢| P

where we used (|1.15]).
2.2.2: |11 > 6| = (n| — €))7~ ~ (11)2~. We have to show

a1(7_17§1) a2(7_27§2) a3(7-37§3) 3
3 1 T d dTS illre .
/* (€1)* (&5 (|m| — |&])z T (m3)2— § 1131 l[uillzz,

This follows from

‘/Ulvzvsdzdt’ S ||U1||L3L$||U2HL3L§+||U3||L3L§f°*

-

Slol g0 Mozll avgellosll oy
XL ENSE S i

where we used Sobolev for the first and last factor and (1.14) for the second one.
This completes the proof of (3.4]).
Proof of (3.3)): We distinguish between low and high frequencies of A;lf . For high

frequencies, i.e. , supp(]:A?f) C {|¢| > 1}, we obtain by (2.6) and Prop. for
s> 3/8:

€ d
v Ajfllxﬁgfe.% < g, )l

s—2, %+ 5 ||1/’H2 s, 344 ¢
[r]=1¢| =

X
I l€l ITI=1€l

-
In the low frequency case |[€3| < 1, where (£1) ~ (&), it suffices to show
/ U (71, &) ua(72,&2)
(&) (] — G2 (&) (Im| — &)zt
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(73, &) (|a] — [€31) 2+ (€s) ¥~ xea <1y <
&3] dédr H”“Z”LQ

Assuming without loss of generality (72) < (1), we obtain (\73|7\§3|>% ~ <T3>%+ <
()=t + (m) 5 S () B+
If |71] > |&1] or |m1| < [€1] , it suffices to show

i=1

u(71,61) u (72, &2) ﬂ3(73,§3)x{|53‘§1}d e 3 |
[ e et e e S Ll

This follows from
| [orosvadedt] < Jouloa, Jualler foalle

which gives the desired result using H1~¢ < L2° for low frequencies.
If |71 | ~ |&1], we use (&) ~ (£&3) and reduce to

_ Uy (12, &2) u3(73, §3)X{jgal<1) <
/Ful(ﬁ’&)@ 2ol =it lel H”“Z”L g

which can be shown as before. We remark that we only used s > 1/4 in the low
frequency case.

Proof of (| . We even prove the estimate with X| " T;lr replaced by XlsT’(l):|§| on

the left hand side. For high frequencies of Aj we have to show

<||Ade s+§,%+||1/’H S5+ 0
Iml=1¢] Iml=l¢l

| AF @ o

which follows by Proposition For the low frequency case of A;lf it suffices to
show

u1(m1,&1) s Us3(73,€3) X s <1} ed
/ @) nl -l S i - e 3 T

S H lJuill 2, -
i=1

Using (1) ~ (&) and (£3) ~ 1 and HS < L% for low frequencies this easily follows
from the estimate

| [ ovvsvadodt]  Jorlaze sz lealuzes oallzus

This completes the proof of 1 . The property ¢+ € X3'[0,T] follows
immediately from the proof of (3.1f) and . O
4. PROOF OF THEOREM
Proof. Assume s > 19/40 , say s = 15 4+ 6 with 1> ¢ > 0. Let ¢ € C°([0,T], H*),

Aj € CO([0,T), Hots).

101
Claim 1: ¢y € X;*a’2+[0, T], where o = 45 + 36—. By Sobolev’s multiplication
law we obtain

HAjajwi”LQ([O,T],H“*%) S HA||CO([0,T]7H5+%)||¢HC°([0,T],H5)T1/2 <o
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s—l . . s
Thus ¢4+ € Xi 1[0 T]. TInterpolation with v e X3°(0,T] ¢ C°([0,T], H*)

11 1 1
gives ¥y € X3 2 B2 0, 1) = X T 0, 7).

We now iteratively improve the regularity of 14, A/ and A% in order to end
up in a class where uniqueness holds by Theorem @ Let us assume that 4 €

Xilin(%Jrak’s)’z [0,T] with o = 47) + (3 ) 0— for some k € N. This was just shown

for k = 1. If T + o) > s, we obtain by (3.3) and (3.4) |V/|° Adf € XliJlrilﬁle '+ and

Acf € X§+8’2+[0, T1], so that uniqueness follows from Theorem
Otherw1se We Low prove

Claim 2: Acf € Xmm( t2onmatg) gt [0, T]. This reduces to
[, )| s At s S Sl s s A

Ko Xir=iel
which is equivalent to
/ uy(71,61) uz(72,§2) <§3ﬁ+2°‘k‘a3(73,£3)d§d7_
(Eoyator(m| — &) 2t ()i ten(n| — &) 2t (3)%~
3
S T lwillze, -
i=1
Assuming without loss of generality |£1] < |£3] we reduce to
Iy 7. k—
/ l+:,1(717£1) - U2(7’2,§2)l+ (€3)” u3(T3’€3)d§d < H||Uz||L2 .
(orrer(lm| — &)™ (Ire] — &)z (r3)2 i

Case 1: |12| < |&2|. The left hand side is bounded by

/ uy(71,€1) Ua(72,&2) U3(737§3)
(G AT (| — &) T (&) F Tkt (r3)ET

< ﬂl(ﬂ,fl) (7_3353)61 dr < . 2
S /* ENi(m| — &) 3t uz(72,§2) ()3 3 Zl_[l il 2,
because by

| / vrvpvedadt| S oill e pa+ ooz, lvsl s oo S Mot gy loallxoo sl -
|1=1¢l T=0

dédr

Case 2: |12| = |&2|. In this case we obtain

< <72>%7 < <Tl>%7 4 {78)
) T &) (&)

2.1: Concerning the second term we use (£3) < (£2) and reduce to
3

ur (71, &1) Uz (72, &2) .
1 1 1 1 ) d d 5 1 2
/ (Eyator(n| — &)z (Eo) 2~ (|| — |§2|>5+US(T3 fo)dedr };[1 Juilzz

which follows from Proposition
2.2: Concerning the first term we consider two subcases.
2.2.1: |11| < |€1]- This follows from
/ U (71, &) (€n) T~ Uz (72, &2) u3(737§3)
o ml =Gt (@)l - &)t (m)2T

dedr
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</ Ui (m1,61) Uz (72, &2) u3(73,&3)
gy sH(nl = &)t (L) 3T (| — &) t ()3
3

S T sl e, -
i=1

Here we used |£1] < |&2] and ai < 1/4, and the last step uses (1.15]) just as in the
proof of (3.4).

2.2.2: |11 > 6| = (Im| — €))7~ ~ (r1)2~. We reduce to

dedr

3
I T T =2 dédr < illrz .
E o a5yt S Ll

This is implied by

/ ﬂl(ﬁ,&) aQ(T%gQ) a3(7—37£3)

| [ ervsvadadt] S ol 3, el oal e
x

Slloll g0 lvall 3434 llvsl]

1_
0,35 9
[r=1¢] |T1=1¢l

X =0

where we used Sobolev, (1.16]) and «y < 1/4.

1 e 1
Claim 3: |V|6A?f e xztow—emat

rl=el . For high frequencies we obtain

d;
VAL a1 grzmms g S N2 4 g

by use of Proposition The low frequency case can be handled as in the proof

of B3).
If after such an iteration step we obtained an aj such that ap > %, we ob-
tain by (3.1) and (3.2) combined with claim 2 and claim 3 the regularity ¢+ €
1ian 1 T, 1 100, —e 1 3_,1
XiTrto, 1) ¢ XE0E0,7), (VAT e X2 e T C X520, 7] and
1 an—. L 1, 1 .
A;f € Xﬁjo2 r ’2+[O, T] C ijo’?jL[O7 T], where uniqueness holds by Theorem
and we are done.
If however oy < % we need a further iteration step.
Claim 4: The following estimate holds:

”A;faj/w:t"[,?(]{z“k——) S ”ACfHX%_JBza —,%Jr”w:tHX:%Jrak,%Jr :

This reduces to

/ u1(71,&1) tz(72,§2)
« (€1)

TR0 (1) 5 () 3O (|| — [6o) 2
3
S H ”uiHLit'
i=1

Case 1: |&1] > [&2| = (&3) S (&1). Using a, < 1/4 it suffices to show

- U3 (73, &3)(&3) 2™~ dédr

/al(ﬁ;gl) i 3(72, &) ; ﬂg(Tg,{g)ddef,ﬁ”“i”L? ;
o (m)2t (&) (Il — &)zt i1 "

which holds by (3.5).
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Case 2: |&o] > [€&1] = (&) S (&2). Here we use ay, < §. We only have to show

/ u(71,81) uz (72, &2)
 (€)F ()2t (|m| — &2t
which follows from ([3.6]).

Claim 5: The following estimate holds:

df s
AT @il o oo SNVIAY] P §+||¢i|| RE
II 1€1

3
— (73, &a)dédr S [T il .z,

In the case of high frequencies of Ajf this follows from Proposition where we

have to use our assumption a; < %. In the case of low frequencies we can reduce
to

w1 (71, §1)X{le: <1} Uz(72,82) - Sar—— geg
e U — ) (o (o] — a7 ) s) s
u1(71,81) X {1e1 <1} Ua(12,&2) ~ ded
S e T L
3

S Tl e,
i=1

which easily follows from the estimate

| / orvsvsdadt| < Jonnas vl 2. ol 2,

for low frequencies of vy, where we used again ay < 1/8.

We recall that Oék:%Jr(%)k(s*)OO(kHOO) and s = 12 + 6 with 1> § > 0.

Thus for some k£ € N we have ajp < é and apy1 > %. Claim 4 and claim 5 imply

that 1y € X1 =9:10 7] Interpolation with ¢+ € X3°[0, T] > C°([0, T, H*)
min(2a,+5—,s),1 .

glves wi € X, (Fowts— 2% 0, 7). Welnotlce thlat Sop+s = %+1(4—1()+(%)k+15)+

8 > 14 gy, Therefore ¢pu € XT3 % 0 1) ¢ xE52%(0, 7], and by

(B3) and (B4) we obtain AY € X220, 7] and [V|°AY € X1~ (0,7]. In

these spaces however uniqueness holds by Theorem O

5. PROOF oF THEOREM [L.3] AND THEOREM [1.4]

Proof of Theorem[I.3. By standard arguments we only have to show

||N(’l/11,'d)2,'l)/}3 5—%++ NH”#&” %

where +; (i = 1,2, 3,4) denote independent signs. By duality this is reduced to the
estimates

Tim [N 2),00) dtda:<H||wz|| el g

4

By Fourier-Plancherel we obtain

4
J=/Q(§17~~~a§4 H Y (&5, 7j)dérdry .. dEydTy
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where * denotes integration over { — & =& — &3 =:¢ and 1, — 5 = 74 — 73 and

[(€0, ({91, aotha) (s, Ya) — (W1, Do) (aths, )
— &0, ((th1, 1902 ) (D3, ) — (1, o) (a1ths, ha))] -

The specific structure of this term, namely the form of the matrices o; plays no
role in the following, thus the null structure is completely ignored.
We first consider the case || < 1. In this case we estimate J as follows:

(V)™M VI72 (hr, ) 2, S v o)l —omvgs S I¥tllcgme Y2l ase -

In the last step we used

19l S flmzllgllie + 1Az llgllmee S NF

which holds by the Leibniz rule for fractional derivatives and Sobolev’s embedding
theorem, and which is by duality equivalent to the required estimate

1Fall vt S UF L llg erze -
The same estimate holds for ozi = I. Similarly we obtain

(7)==~ 2 atps, ) 2, S sl o

for arbitrary matrices «;, so that we obtain

ISl JWzll o sl oy oall oy
is

i
Xj:2 Xi4

qKP

9l s

Vallpa g

which is more than enough.
From now on we assume || > 1. We obtain

2
1SS (1 @)y 2 s, )y

=1 I 1=l¢] Ir1=l€|
+ ||<¢177/’2>||Xs—l 1 || {13, a) || _g_%,_%) .
r121El Xiri=le)

By Propositionvvith Sg = % — 8, bg=—1/4, 81 =853 =8, b =by = %—i—e for
the first factors and sp = s + %, bo=1/4,s1 =5, 859 =—8,b; = % +¢€ by = % — 2¢
for the second factors we obtain

M<me2%whﬂwv

[mI=1€l ITI=1€l

Using the embedding Xi - X‘ | I€] for s € R and b > 0 we obtain the desired
estimate. 0

Remark: The potentials are completely determined by % and (1.4). We have
A, ~ V|7, 1), so that for s <

[Aull rze S 1 O gr2e -1 S K 0D,

andfor%<s<1:

[Aull 20 S K D) r2e -1 S N1

as well as

S22, S 19l < oo

2
Lz Sl < oo

HAullze S W0 SN2 o S 0l < o0,
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thus we obtain for 0 < e < 1 and s < 1:
A, € C°(0,T), H* N H°).

Proof of Theorem [T.7} We first show ¢+ € X3''[0,T]. We have to prove

IN (1, ¢2, ¥3) | 22 0.7, 02) S H (el ,

L= ([0,T), H3)

where the implicit constant may depend on T'. This follows from the estimate
V1™, api)¥slice S NIVITH s qitdie) e sl s
S 6, asd)ll g l1¥slze
S illze lvwllce 1] e
SR Y L]

1
3 9

and a similar estimate for the term |||V|’1<¢j,¢k>ai¢3|\p Assume now ¢ €
CO([0, T, H3+¢), ¢ > 0. Then we have shown that 9. € X3 7°[0,7] N X%'[0, ).

By interpolation we get ¥4 € X4Jr4 4+€[O7T] for € < 1. Assume now that 1,1’ €
C°([o,T), H 3“) are two solutions of ( ,, Then we have

Z e = 0Lll o3,
ST IN@ v, 9) = N )]
+

++[O,T]

ST Y (NG, — ¥, )] o g (5.1)
+

+,+1,%2,+3 0.7

+ HN(wil:lvwiz - wil:y¢:‘:3)” 0,—%++
Xy (0,7
TN Yy, Yy — 7/’:!:3)”

)

Here %, +; (j = 1,2,3) denote independent signs. We want to show that for the
first term the following estimate holds:

J :=/<N(1/Jﬂ:1 _w;17wi2’wi3)vw4>d£ﬂdt
Sl = 94,11, 0 7+H1/&2H s, |

o,1]

(5.2)

+e 14 +e 1
44 4’4

xi? xir +e||w4||Xi§” ~
We consider the case [§y| < 1 first. Similarly as in the proof of Theorem we
obtain

RADSY o A I S L Ty (T
i

corllal 3o,
4 4’4 44 X 4 4’4

1
4
Xi, +4

which is more than sufficient. For |§y| > 1 we obtain

2
15D (K, = ) vl g 1y, )~ 30
j=1

|rI=I€] ITI=1€]

+ ||<w:|:1 - wél:17wﬂ:2>

|X—lo H<04ﬂ/)i371/)4>|| 7%0 )

[TI=I€] \ I=1€l
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S s, — ¥4, |

77[}4” 0, ——>

XFT;‘£‘||1/&2||X|$HE‘4+E wian\“H&\“‘ X\r\{m

where we used Proposition u for the first factor with the choice sg = 5, bo = 0,
s1=0,b = %Jr, So = i 7 b2 = l + € and for the second factor with So = ;,
bp =0, s = i—i— =1 +6 So = 0 bg = - — —. The embedding Xi C X\TI—Ifl

for b > 0 gives (5.2). The other terms in are treated similarly. We obtain
Ve —YPill o
S =l

+ 2
; 19+, || % .

no

\.-‘

g CAUFIH) DA NS

(0,77

We recall that v, ¢§: € XJZ:JFE’Z—H[QT]7 so that for sufficiently small T this
implies |4 — wiH o] = 0, thus local uniqueness. By iteration 7' can be
chosen arbitrarily. O
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