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POSITIVITY AND NONEXISTENCE OF SOLUTIONS FOR
QUASILINEAR INEQUALITIES

XIAOHONG LI

ABSTRACT. We prove a positivity property and a nonexistence theorem for
weak solutions of quasilinear differential equalities in RY. To obtain our re-
sults, we use a comparison principle. Also we establish a criterium for the
existence of positive radial solutions.

1. INTRODUCTION

In this article, we consider the positivity nonexistence for weak solutions of the
anisotropic divergence structure quasilinear differential inequality

L(u) = —divy (a(z) A(|VLu)Viu) > h(z)f(u) in RY, (1.1)
where A and f satisfy
(A1) A€ C(0,00) and a,h € C(R,R);

(A2) f:R — R is continuous function and nondecreasing on (—oo, 0] satisfying
f(t) >0fort <0.

and L belongs to a wide class of anisotropic quasilinear operator including
Viu ) . (|VLu|P*2VLu)
) L — 7 |

VI+ [Viu]? (L+[Viul#)*

divL(\VLuV”zVLu), divy, (

withp >1,s >0, k>0.

Recently, this kind of problems have received a great attention. Tools based
different forms of the maximum principle like the moving planes method or mov-
ing spheres method, nonlinear capacitary estimates and Pohozaev type identities,
energy methods and Harnack inequality type argument, have been proved to be
very successful for solving interesting problems related to be applications and to
the general theory of partial differential equations. We refer to [I]-[29] and the
references therein for some recent contributions.

In the special case of , given by a(xz) = h(z) = 1, the positivity results
and nonexistence theorems are of great interest. For the Euclidean gradient case
of (L), that is Vou = Vu, D’Ambrosio and Mitidieri [9] proved the positivity
results and nonexistence theorems of weak solution WI})’CP in RY. Both in [6] and
[8], the authors obtained the positivity results of solution C! solution of (1.1)) in
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the Heisenberg setting and Carnot Groups. An interesting discussion on the nonex-
istence of solutions of for anisotropic case in RY is given by L. D’Ambrosio in
[7], who used the test function method developed by Mitidieri and Pohozaev (see
[T0]-[12]). In particular, both in [2] and [B], the authors proved positivity results
by integral representation formulae, when L is the Laplacian operator or the poly-
harmonic operator in the Euclidean setting or, more generally L is a sub elliptic
Laplacian on a Carnot group and f is nonnegative.

Motivated by the above works, in the present paper, we obtain the positivity
property and the nonexistence Theorem for WLlfoc solutions of anisotropic quasi-

linear differential equality in R”. General results on the WLl’fOC solutions for
are considered, which is based on a comparison principle and the analysis of an
ordinary differential equation.

For the main results of the paper we shall present some preliminaries (see [4]-
[9]). In this paper V and | - | stands respectively for usual gradient in RY and the
FEuclidean norm.

Let u € C(RY,R™) be a matrix pu := (u5), i = 1,...,m, j = 1,...,N. For
i=1,...,m, let X; and its formal adjoint X} be defined as

al 0 Yo
X = Zuij(ﬁ)aféa X = Z afg(ﬂij(f)‘)v (1.2)
j=1 J j=1 ">

where V1, and V7] are the vector field defined by
Ve = (X1, X))t =uV, V= (X7, X)) (1.3)
For any vector field h = (hy,...,h,)T € C1(Q,R™), we shall use the notation
divy(h) := div(uTh); that is
1
divp(h) ==Y Xjh=-V} h. (1.4)
j=1
Let § := (01,...,0n) be an N-uple of positive real numbers. Let R > 0, we shall
denote by 05 the anisotropic dilation 6z : RN — RY defined by

6R(.’17) = (SR<.’171,. .. ,Z‘N) = (Rélxl,. .. ,R‘SNLI?N). (15)

The Jacobian of such a transformation is J(0g) = R® where Q = 61 +02+...+6n.

A nonnegative continuous function H : RN — R is called a homogeneous norm
if (i) H(¢) = 0 if and only if £ = 0, and (ii) it is homogeneous of degree 1 with
respect to dg, i.e., H(0g(£)) = RH(E).

Notice that if H is a homogeneous norm differentiable a.e, then |V H| is homo-
geneous of degree 0 with respect to dg; hence |V H| is bounded.

For the rest of this article, we shall fix a homogeneous norm H differentiable
away from 0. We set

Y= |VLH| (1.6)

and for R > 0, we define By as the ball of radius R > 0 generated by the norm H;
that is, B := {x : H(z) < R}. Therefore

|Br| = / dx = RQ/ dx = CyRC. (1.7)
Br H(I)<1

We shall assume that if Vyu = 0 on a connected region €2, then u = constant
in such region.
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Example 1.1. A simple canonical framework is the the Euclidean space (RY,|-])
with the Euclidean norm |- |. In this case, ¢ = Iy is the identity matrix in N
dimension, V, = V is the isotropic gradient and divy, is the divergence operator.
The dilation ér defined by

(SR(JT) = (51{(.131,...,3)]\]) = (Rxl,...,Rl‘N)

is isotropic. Here, @ = N is the dimension of the space. In this case, ¥ = 1 and
Bp, is the the Euclidean open ball of radius R centered at the origin.

Example 1.2 (Baouendi-Grushin type operator). Let & = (z,y) € R® xR¥(= RY).
Let v > 0 and let i be the following matrix

I, 0
0 |2|'Ix)"

The corresponding vector field is V, = (V,, [2]"V,)? and the linear opera-
tor L = divp(Vy) = Ay + |x|2VAy is the so-called Baouendi-Grushin opera-
tor. Notice that if & = 0 or v = 0, the L coincides with the usual Lapla-
cian operator. The vector field V, is homogeneous with respect to the dilation
Sr(z) = (Rxy,...,Rr,, R"yy, ..., R y) and Q = N + k.

Example 1.3 (Heisenberg-Kohn operator). Let £ = (z,y,t) € R" x R* xR =
H"(=RY) and let x4 be the matrix

I, 0 2y
(0 I, 2x) '
The corresponding vector field Vg is the Heisenberg gradient on the Heisenberg
group H"™. The vector field Vg is homogeneous with respect to the dilation dg(z) =
(Rz, Ry, , R*t) and Q = 2n + 2. In H! the corresponding vector fields are X =
Oz + 2y0:, Y = 0y — 220,. In this case Q = 4. This is the simplest case of more
general setting: the Carnot group. More details are given in [4]-[9].

Example 1.4 (Heisenberg-Greiner operator). Let £ = (z,y,t) € R” x R” x R
(=RM), r:=|(x,9)|, v > 1 and let u be the following matrix

I, O 2yyr2V—2
0 I, —2yxr>—2)°

The corresponding vector fields are X; = 0y, +2yy; 121729, Y; = Oy, — 2yx;r2129,
fori=1,...,n.

For v > 1, L = divy(Vy-) is the sub-Laplacian Ay on the Heisenberg group
R™ If v = 2,3,...,L is a Greiner operator. The vector field associated to p is
homogeneous with respect to the dilation 6z (z) = (Rxz, Ry, R*'t) and Q = 2n+2v.

Let © € RY be an open set and p > 1. Throughout this paper we shall denote
by

WP(Q) ={ue LP(Q): |Viu| € LP(Q)},
Wb (Q) ={ue LL,(Q): [Viu| € LE, ()}

loc loc

Notice that when p = I,,, where I, is the identity matrix, then Wé’p(Q) =Wtr(Q)
and W1 (Q) = W P(9).

loc
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Definition 1.5. We shall say that u € Wi:f’oc(ﬂ) satisfies ((1.1)) in the weak sense
and for any nonnegative test function ¢ € C(Q) such that

/a(x)A(|VLu|)VLu-VL<pd:r2/h(w)f(u)gpdac (1.8)
Q Q

holds.

Definition 1.6. Let d : 2 — R be a nonnegative non constant measurable function.
For a # 0, d* is called an L,~harmonic function if
L,d® = divy(|Vd* P72V d*) =0

in the weak sense; that is, for every nonnegative p € C}(Q2), we have
/ |V Ld*P2V d® - Vip = a|a|P*2/ de= VP2 dP2V 1 d- Ve =0, (1.9)
Q Q

where d@~DP=D|V dP~2 ¢ LL (Q).

loc

The main result in this paper is the following theorems.

Theorem 1.7. Let d* be defined as Deﬁm’tion and h(z) > M|VLd|p, where
p>1 and M is a positive constant. Assume (Al), (A2), a(z) > M and

/%o (/m f(s)ds>_1/pdt = +00 (1.10)

o0

hold. Let A satisfy (i) A(t) > tP=2 or (ii) A(t) < tP=2, and let tA(t) be strictly
increasing fort > 0. If u is a Wi’,foc solution of (L.1), then u > 0.

Remark 1.8. The condition that ¢ — tA(¢) is strictly increasing is a minimal
requirement for ellipticity of (|1.1). Furthermore, it allows singular and degenerate
behavior of the operator A at ¢t = 0.

Remark 1.9. Similar results have been proved in [6]-[9], when a(z) = h(x) = 1,
under different conditions. In particular, if we set d(z) = |z|, then the condition
h(z) > M|VLd’p reduces to h(x) > M in the Euclidean case.

Theorem 1.10. Assume that d* is defined as Deﬁm’tion and h(z) > M}VLd|p,
where p > 1 and M is a positive constant. Let f : R — R be a positive, non-
increasing and continuous function satisfying (1.10). Then (L.1) has no solutions.

2. ProoFs or THEOREMS [L.7] AND [I.10]

To prove theorem[I.7] we establish some preliminary results in this section. Now,
we shall prove a comparison lemma that it is useful when considering solutions of
inequalities of the form

divy, (a(x)A1(|Viu|)Viu) > gi(z,u) in Q, (2.1)
divy, (M A2(|Vv|) Vi) < go(z,v) in Q, (2.2)
where M is a positive constant. Here, for i = 1,2, A; is a continuous function such

that A; > 0 for t > 0 and g; : 2 x R — R is continuous.
In a similar manner to Definition [T.5] we can define the solution of equalities

and (3.
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Definition 2.1. We shall say that u € Wé:foc(ﬂ) satisfies (2.1) (resp. (2.2))) in the
weak sense, and for any nonnegative test function ¢ € C§(2) such that

—/ a(z)A1(|Vou|)Viu - Vipdr > / g1(z,u)p dx (2.3)
Q Q

(resp.
—/a(x)A2(|VLu|)VLu-VL<pdx§/gg(x,u)godx) (2.4)
Q Q
holds.

Lemma 2.2 (Comparison principle). Let Q be a bounded open set. Let u and v be
respectively solutions of (2.1) and (2.2) of class WLI’{)OC(Q). Assume that a(x) > M
and

(i) for anyx € Q, t > s there holds g1 (x,t) > g2(x, s), g1(x, ) is not decreasing.
(il) (1) A1(t) > Aa(t) for t > 0 and the function tAs(t) is strictly increasing
fort >0; or (2) A1(t) < As(t) fort > 0 and the function tA;(t) is strictly
increasing for t > 0;
(i) u < v on OQ.

Then u < v in .
Remark 2.3. If a(z) =1, M =1 and 41 = Ay in (2.1) and (2.2), similar results

to Lem have been proved under different conditions. [4l [6] [8, 2], 22], 27]. In

Lemma, we extend some results of [6], 8], which hold for C! solutions, to the

p

loe Solutions.

large class of Wi

Proof of Lemma[2.3 Let € > 0 be fixed and set v. = v + €. It is a simple to check
that the function v, satisfies the inequality

divy (M A (|Vv])Viv) < go(z,ve) in €,

Therefore, for any nonnegative test function ¢ € C3(£2) we have

—/MAg(le’UDVL’U-VLLpd,TS/gg(l‘,ve)(pdl'
Q Q

By subtraction we obtain

f/ (a(z)A1(|VLu|)Viu) — MAS(IVo|))Viw) - Vi de
Q (2.5)
> [ @)~ g v)pdo

We choose the nonnegative ¢ = ((u — v.)*)? as test function in (2.5). Obviously,
pE W,f’p (©2) and ¢ has compact support since u — ve < 0 on 9Q. Then, we obtain

i /Q (a(@) AL (IV L)V o) — MAS(IV 10))V10) - (Vi — Vi) (u — vt da

> / (91 (2s10) — g2l 0)) (u — ve)*)? de
(2.6)



6 X. LI EJDE-2016/175

Since a(x) > M > 0, we have
(a(z)Ar (IVLul))Viu) = MA(IVLo))Viv) - (Viu — Vi)
= a(2) AL (|Vpu))|Vul? + MAy(|V po])|Vev)?
—(a(2)A1(|Vul) + MA(|V o) (Viu - Vi)
= (a(z) A1 (IVLu))|Viu| = MAS(IV o) Vo) ([Viou| = [Viv])
+ (a(z2)A1(|Viu]) + MA(|[Vv)(|Vu||Viv| — Viu - Vo)
> M((Ar(|Veul)[Viu| = Az (Vo[ Voo )(IVeul = [Vio|)
+ (Ar(IVul) + A2 (Vo)) (IVLul[Vov| = Viu - Vi)
— M(IL + I).

(2.7)

Since A;(t) > 0 for ¢t > 0, where i = 1,2, we have I > 0.
First we consider the case (ii) (1). From A (t) > Aa(t) for t > 0 and the function
tAy(t) is increasing for ¢ > 0, we obtain

I = (A (IVLul)[Vou| = Ao (IVLo) Vo) ([ViLul = [VLvl)

2.8
> (Aa(|9 )|V 2] — AoV o) Vo)l ~ [Vioh 2 0. &)
Therefore, [, M(Iy + I5)(u — ve)tdx > 0. Since g1(x,-) is not decreasing,
+32
g1(x,u) — ga(x,v))((u — ve dx
[ @) = oo =) 0

> (g1(w,u) = g1(@, ) ((u = ve) *)* dz > 0,

and then combining ([2.6) with (2.7)), we obtain
0> / M(I; + I)(u — v)Tdz
Q
> /(a(m)A1(|VLu|)VLu) — MA(IVLo|)Viv) - (Viu — Vi) (u —v) ' de
Q

> / (922, ) — gl v0))(u — ve) )2 dr > 0
(2.10)

that is,
/(11 + L) (u—ve)tdr = 0. (2.11)
Q

The following proof is by contradiction. Assume that ¢ = v —v — e > 0 for
x € Q, then we have Iy = I = 0 by (2.11). We claim that Vyu = Vpv. Indeed, If
Viu # Vv, by I =0, we obtain

|Voul|Viv| =Viu-Viv (2.12)
and
(IVul = [Vo))? = [Veu = 2|V rul|[Vio| + Vol
= |Viu|?> —=2Viu- Vv + |[Vivl? (2.13)
= (Viu—Vv)?,
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which implies |V u| # |V v|. Moreover from I; = 0 and the monotonicity of tAs,
we obtain
0= (A (|Veu))|Viul — Ao (Vo) Vo) ([Vieul — [ViLol)
> (A2(|Viul)[Veul = Ao (Vo)) [Veo)([Vieu| = [Viev|)] > 0,

which is a contradiction. Thus, we have Vu = V v, which implies Vo = Vi ((u—
v)T)? = 0; that is, ¢ = ((u — ve)T)? = constant in . Since ¢ € Wéf’OC(Q), we
have ¢ = ((u —v.)T)? =0 in Q, that is u — v, < 0, which is a contradiction of our
assumption. Thus, u < v + € in ). Letting ¢ — 0 completes the proof.

Now, we consider the case (ii)(2), which proof is the same as that of (ii)(1).

By virtue of (2.8)) and (2.10)), we only to replace (2.8) and (2.10) by the following

inequalities
I = (A (IVu))[Veul = Ao (Vo)) [V eo)(IVipu| = [Vio))
= (A(IVuD|Veul = A (Vo)) Voo )(IVpul = [Vio]) 2 0

(2.14)

(2.15)

and
0= (A (|Vru)|Viu| — Ao (Vo) |V Lo))(|VLul — [Viol)

> (AL (IVLul)[Viu| = A (Vo) Vo) (IVul = [Vio])[ > 0
respectively in the proof of (1). The proof is complete. O

Lemma 2.4 (4, Lemma2.18]). Let p > 1, a € RN, a # 0. d* € C%(Q) be a
positive Ly-harmonic function; that is, L,d* = 0 in the weak sense of (L.9). Let
u(zx) := ¢(d(x)), we have

(2.16)

Lyw = (p~ D[V2dl |V2o (@) (¢'(d) + 2 ¢/()

— P (p—1)(a—=1) ( j(p—1)(1—a)| 4/ =2, / (217)
G Caa CCTRC)

Remark 2.5. Some special cases of Lemma 2.4 are the following. In the Euclidean
case, we set d(x) = |z| := r, then (2.17)) reduces to

/ P=2( 1 N-1 ¢/(T)
Lyw= (=D 0)" (") + =7 5.

which is discussed in [I8] 21, 22] for p # 2 and [23] for p = 2. In the Heisenberg
setting studied in [6], we set

n

a@) = leln = (€@ 427 +72) =1,

i=1

then (2.17)) reduces to
Lyu = (p = DY¥16 ()" (9" (1) + “——'(r)) (2.18)
where 1) = |VL|z|H|. In the Carnot group considered in [6l [, @], setting
p=1

exp(—I'(z)), p=Q,

where I' is the fundamental solution of the quasilinear operator
Lpu = diVL(‘VLUFD_leu)

at the origin, we obtain (2.18) with r = N, and ¢ = [V N,|.

Q-1
~—
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Lemma 2.6. Let p > 1 and let g be a continuous and non-decreasing function on
[0, +00) satisfying g(t) > 0 fort > 0. If

/1+Oo (/ltg(s)ds)_l/pdt = o0, (2.20)

then for any ¢ > 0 and o > 0, there exists R > 0 and a function ¢ satisfying

(16 ()P 20 (1) =r7g(6(r),  #(0)=c, #(0)=0,  (2:21)
where ¢ is increasing on [0, R] and ¢ — oo as r — R.

Remark 2.7. For the proof of Lemma we can see [18, 2] 23]. Osserman [23]
proved the result in the case p = 2. On the other hand, Naito and Usami [21]
obtained the result when ¢ = N — 1, and then Ghergu and Radulescu [I8] given a
generalization proof of Lemma [2.6

Proof of Theorem[I.7. Let o = (p—1)(1 — ) > 0, and let ¢ be a solution of ([2.21])
such that ¢(r) — +oo as r — R. We set v(z) := ¢(d(z)), where d(x) satisfy the
condition of Lemma By Lemma [2.6] then v satisfies

divy (M|V o~ Vo)
= M|V d|Pd®-De-D (d@fl)(lfa)‘¢/(d),p*2¢f(d))’ (2.22)
= M|V.d["g(v) = ga(z,v),

d(d(x)) — +o0 as d(z) — R, and v(0) = ¢ in Qp = {z : d(z) < R}.

On the other hand, let g(t) := f(—t) and w = —U in (L.1). Then the function g
satisfies the assumptions of Theorem [I.7} therefore we obtain

divy (a(@)A(IVLU)VLU) 2 h(z) f(—u) = h(z)g(U)
> M|V.d[’g(U) = gi(z,U) in RV,

Since U(z) < v(z) for d(z) close to R, combining and (2.23)), we can apply the
comparison Lemma[2.2] Thus U(z) < v(z) in Qg. In particular in the neighborhood
of origin we have U(x) < ¢, i.e., U(0) < ¢. Letting ¢ — 0, it follows that U(0) < 0.
Hence u(0) > 0. Since the inequality is invariant under translations in the
weak sense in RY, we obtain u(x) > 0 in RY. O

(2.23)

Proof of Theorem[I.10} By contradiction, assume that u is a solution of . Fix
B € R and set v = u — (3, then v solves the inequality —Av > f(u) = f(v+ B).
Since the function f(- + ) satisfies the hypothesis of Theorem we have v > 0,
that is w > (. Since the inequality w > 3 holds for any 3, we obtain u = +o0,
which is impossible. Hence, we obtain the conclusion. O
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