Electronic Journal of Differential Equations, Vol. 2016 (2016), No. 177, pp. 1-12.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

EXISTENCE OF SOLUTIONS TO BIHARMONIC SYSTEMS
WITH SINGULAR NONLINEARITY

ANDERSON L. A. DE ARAUJO, LUIZ F. O. FARIA

ABSTRACT. In this article we prove the existence of positive solutions of non-
linear singular biharmonic elliptic systems in smooth bounded domains, with
coupling of the equations, under Navier boundary condition. Under some
suitable assumptions on the nonlinearity, we prove a uniqueness result. The
existence result is based on the Schauder’s fixed point theorem.

1. INTRODUCTION

In this article, we study the existence and uniqueness of positive solutions to the
biharmonic elliptic system

Arg = A Bl g
ue (u+v)m ’
2 C(I) D(x) .
Av==05 w+oy= Q’ (1.1)

u,v >0 in €,
u=0, Au=0 on 99,
v=0, Av=0 on 99,

where A? is the biharmonic operator, a, 3,71, 7 are positive constants, @ c RV
(1 < N) is a smooth bounded domain and 4, B, C, D € C(Q). The condition on
the boundary is known as Navier boundary condition.
System appears as a natural extension of the single singular problem
2 Ax) .
Ay = e in €, (1.2)
u=0, B(u)=0 ondQ,

where 0 < o < 1, which has been considered, among other works, in [I3] (when
B(u) = Au). The problem was also studied under Dirichlet boundary condi-
tion (that is, when B(u) = d,u), see [10]. In both references, the existence result
was obtained by means of Schauder fixed point theorem. The study of singular
elliptic problems is greatly justified in view of some basic aspects of mathematical
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research. They arise in several physical situations such as fluids, biological pat-
tern formation and so on. As a physical illustration we describe briefly a practical
problem which leads to a singular problem as it is has been done in Fulks-Maybe
[8].

The single fourth order elliptic equations arises in the study of traveling waves in
suspension bridges [16]. In recent years, fourth order nonlinear differential equations
have become increasingly popular due to their possible applications in the fields of
image and signal processing, nuclear physics, and engineering, see e.g. [4} [5l 20].
The current knowledge of fourth order elliptic equations has considerably grown in
recent times [9], but still it is not comparable to the stage of development of the
theory concerning harmonic boundary value problems.

Scalar elliptic problems of the type

A?u = h(z,u) in (1.3)

where Q ¢ R, with appropriate boundary conditions have been studied by many
authors. When Q = R?, h(z,u) = —u~9, with ¢ > 0, problem is related
to a fourth order analog of Yamabes equation. We refer to [5, 14, I7]. In both
references the authors studied the existence and properties of solutions. When
Q) = Bp, the ball in RY of radius R centered at the origin, and h(z,u) = A(lf_(‘z))q,
problem also arises in the study of MEMS. We refer to [3, [12], and references
therein. For general domains, and h(z,u) = Af(u), where the nonlinearity f could
be superlinear or singular, we refer to [6], where the regularity of the extremal
solution of eigenvalue problem is considered.
Elliptic systems of the type

Ay 4+ cAu = f(x,u,v) in Q,
A% 4 cAu = g(x,u,v) in Q,

(1.4)

without singularity conditions or with appropriate singularity built into f and g,
¢ > 0 and appropriate boundary conditions have been studied by the some authors,
see [7, [15] and references therein. In [7] the author studied the existence result for
problem , under Navier boundary condition, where

_ A(x) B(x) ~ C(x) D(x)
f(l’,’u, ’U) - Ua + (U + ’U)Tl ) g(x,u,v) - ’UB + (’LL + U)Tz’
1 < N < 3 and r;y = rp. The author also proved a uniqueness result when

B(z) = D(z) and, if A(z) = C(z) = 0, the assumption B = D is not neces-
sary to establish the uniqueness, see [7, Remark 3]. The main result is obtained by
using a version of approximating process and Brouwer’s fixed point theorem known
as Galerking’s method. In [I5] the authors used degree theory to study problem
with f(z,u,v) = f(u+v) and g(z,u,v) = g(u + v), with Dirichlet boundary
condition and without considering any singularities.

In [2], the authors studied the system

A(|Aul|p_2Aul) = Alwl(m)fl(uh,um), in Bl7

1.5
U, =Au; =0, z€0B,i=1,...,m, ( )

where B is the unit ball in R? centered at the origin, p > 1 and m > 1 are integers,
wy is radially symmetric, f; is a positive continuous function and f;(y1, . .., ym) may
be singular at y; = 0. Under suitable conditions, the authors discuss the existence,
uniqueness and dependence of solutions on the parameters ;.
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In this article we generalize the result by Hernandez and Choi [13] for the system
case and, in cases 3 < N, the result by Faria in [7]. We also obtain uniqueness
results in some situations that were not considered in [7].

The existence of solutions for problem is obtained since the functions A,
B, C and D satisfy the assumptions

71 = max { I;lellﬁl{A(.’L‘)}, inélg{B(m)}} >0,

73 = max { ;nelg{C(ac)},inelg{D(x)}} > 0. (1.6)

Our main result concerning (1.1]) is the following.

Theorem 1.1. Assuming that o, 3,71,72 € (0,1) and A, B,C,D € C(Q) are non-
negative functions satisfying (1.6), there exists a classical solution U = (u,v) of

[TI).

By a (classical) solution of (l.1)) we mean a pair of functions U = (u,v) €
(C*H(Q) N C3(Q))? satisfying the system (L.1]).

Remark 1.2. In this paper we prove that if U = (u,v) is a classical solution to
problem (L.I), then there exits § > 0 (where § depends on the sup norm |(u, v)|sc =
[tu]oo + [V]oo) sO that u > dp1 and v > d¢1, where @1 > 0 is the first eigenfunction
of the negative Laplacian operator subject to zero Dirichlet boundary conditions.

Remark 1.3. If 1 < N < 3, there exists a positive constant § so that u > dp; and
v > 01 for all classical solutions (u,v) of (1.1). Here 6 does not depend on (u,v),
see Remark [5.1]in the Appendix.

Theorem 1.4. If we assume that one of the following conditions is verified, then
problem (1.1)) has a unique solution.

(i) B=0;

(i) D =0;

(ili) r1 =72 =r € (0,1) and B= D;

(iv) i =ro=7r€(0,1) and A=C =0;

(v) i =ra=re€(0,1), 1 <N <3 and there exists a constant I such that
B(z) — D(x rTC3
W <I' and 25r+? <1,

where 0 is as in Remark (see also Lemma , Cq is the best constant
in Sobolev embedding W*2(Q) N W, *(Q) < L*(Q) (see [19]).

In the prove of Theorem one of the main results is to prove the existence of
solutions to a family of approximate problems to problem (L1.1)). The proof of this
result is based on the Schauder’s fixed point theorem.

The organization of this article is the following. Section 2 contains the notation
used, important lemmas that will be used, and the study of a family of approximate
problems to problem . Section 3 is devoted to the proof of Theorem
Section 4 is devoted to the proof of Theorem Section 5 is devoted to obtaining
a priori estimates (in the L> sense) on the classical solutions of , in the cases
1< N <3.
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2. NOTATION AND AUXILIARY RESULTS

In this section we collect useful results regarding problem . Let (z1,...,2m),
(Y1,-.-,Ym) € R™. We use (z1,...,Zm) < (Y1,...,Ym) to denote x; < y;, i =
1,...,m. Let @1 be the first eigenfunction of (—A) in H}(Q). Therefore, o,
satisfies

—Ap1 = A1 in Q,

p1 =0, on 09, (2.1)

where A; is the first eigenvalue of (—A) with zero Dirichlet boundary conditions.

It is well known that ¢; has constant sign in €2, so by suitable normalization we
may assume @1 > 0 in Q and |¢1]ec = 1. From Hopf’s lemma [I8], there exists
o > 0 such that faa—wnl > o for all x € 010, where 7 is the outer unit normal to 0f2.
Thus, |Vei(x)| > o for all x € 092, and there exists ¢ > 0 such that

chof®) < p1(2) < 2ho(a), (2:2)

where §o(z) = dist(z, Q).

We denote by G(-, -) the Green’s function associated with the negative Laplacian
operator subject to zero Dirichlet boundary conditions. It is known that G in non-
negative. If h € C(Q2), the problem

—Aw =h(x) in Q, wloq =0, (2.3)
has solution
wl@) = [ Gl.phdy (2.4
Now, let ¢g be the function that satisfies
—Agy=1inQ, ¢olon = 0. (2.5)

By the maximum principle we obtain ¢g(z) > 0 in Q. Therefore,
pr(e) =M1 [ Gla)er)ds
%@=Awaw

which, as a consequence of the normalization of ¢1, leads to

1 < A1¢go. (2.6)

The next lemma, due Hernandez and Choi [13], gives an estimate which will be
useful in proving our results.

Lemma 2.1. Given 0 < § < 1, there exists a constant C = C(§) > 0, such that

for all x € Q,
G(z,y)
f =
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Now, for each € € (0, 1) fixed, consider the auxiliary problem

A2y = Al@) B(z) in Q,
lul*+€  Ju+v|™ +e
A%y Clz) D() in Q, (2.7)

TP te Jutolm+e
u=0, Au=0 on 9dfQ,
v=0, Av=0 on 9,

where 2 is a smooth domain in RY (1 < N), A, B, C, D € C(Q) are nonnegative
functions satisfying and «, 3,711,712 € (0,1).

The following result will be used to assure us, under some suitable assumptions
on the nonlinearity, the uniqueness result.

Lemma 2.2. Suppose that (1.6]) holds. Let (ue,ve), € € (0,1), a classical solution of
[2.7). If there exists K > 0, independent of €, such that | (e, ve)|oo = |te|oot|Ve|oo <
K, then there exist positive constants 61 and do (independent of €) such that

(uave) > (§1<p1,52g01).
Proof. Let (ue,v.) be a solution of (2.7), € € (0,1), K > 0 such that |(ue, ve)|oo =

[tte|oo + [Veloo < K, Ap = min 6ﬁA(x), By = min, eﬁB(x), Co = minweQC(:r),

Dy = min D(x). Let (wl,wgaﬁ = (ue — 9191, Ve — ggcpl), where

1, A Bo
0<b <
< 1<A§(Ka+1+(2K)n+1>’

1 CO D(]
0<oz< E(Kﬂﬂ (2K)™ +1)'

] The choice of 1, o is always possible by (1.6). Then (A2w;, A2ws) > (0,0) in
Q, and w; = ws = Aw; = Aws = 0 on 9f). By using the Maximum Principle, we
obtain (wy,ws2) > (0,0), and so

(te,ve) > (811, 0201) in €.

T€EQ

|
System (2.7)) can be written as the system of equations
Au+Xw=0 in{,
1 A 1 B
Aws L A® 1 (@) _§ ma
A jul®4+€e A Jutov|™ + e
Av+Az=0 inQ, (2.8)

1 C(z) 1 D(z) _
Mvf4e Alutv=+e
u=v=w=2z=0 on0f.

Az +

Let

A= {(u,w,v,2) € (C(Q)*: (1101, T1p1, T2p1, T201)
S (u,w,v,z) S (Kl,K27KlaK2)}~
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Let (u,w,v, z) € A, define

EJDE-2016/177

u )‘1 fQ ( )dy By)
Y
v - 3 JoGlay u<y>w+edy+ >\1 fsz »Y) Gatwy oGy re W (2.9)
v >\1 Jo G, y)2(y )dy o
2 3 o Gl ) sigPredy + 57 L J G 5 Y) amrreteere W

Lemma 2.3. Suppose that (1.6) holds. There exist K1, Ko, 71 and 1o such that T,

maps A into A.

Proof. Let Ay, By, Co, Dy be as in Lemma let C(a),C(8),C(r1),C(r2) be as
defined in Lemma and define Ao, = max, 5 A(7), B = max, g B(z), Coo =

max

2ca C(x), Doo = max, g D(x), mo = max, g ¢o(x). Choose K such that

Ao By (2A50moC())Y/® (2BogmoC (ry))Y/ ™
+ > b 9
N[(Kp) +1 " N[RE) T 1] mas { K KU j
1/p 1/r2
C;o Do - max { (2CoomolC(ﬁ)) , (2Doom010(r2)) }
(KD +1)]  M(2K1) +1] K./? K/

which are always possible since «, 3, 71,72 € (0,1) and by (1.6). Now choose 71 and

T2 such that

Ao

AI(ET) +1]

)\2[(2[(1)’"1 +1]

> T >max{

Co

(240cmoC () (2BosmoC(r1))/™
Kl/a ’ }’
1

KM

A[(K7) +1]

T N[eE) 1]

2CcmoC 1B (2DsomoC(r2))Y/ 2
> T9 > max{( Ol/éﬂ)) ( 01/5 2)) }
K K"
Then
Aoom(;C(a) n mealc'(rl) <K,
1 T
CoomoﬁC(ﬁ) + Dwmgg(Tg) < K17
Ty To
Ap By
T < 5 va 2 r
AT[(KY) + 1] A[(2K )™ + 1]
O() DO
T .
2 KD 1 1] KD+ 1]
Finally choose
Ky
Ky = .
2 Aimg

With such choices of Ki, K3, 7 and 75 in A, we prove that T, maps A into A by
the following calculations. Without loss of generality, we take 0 < e < 1.
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Step one. Let us obtain an estimate from below for T, (u, w, v, z).

“ (>Al Jo G, yyuwly)dy B)
%] =|*™ s Jo Gl y) o +edy+ f@ T Y) o)y W
K )\1 Jo G(z,y)2(y )dy o
Y
‘ 31 Jo Gl y) Py + 5 fsz % Y) oty e

ATy fQ (z,y)p1(y)dy
A
(A1[<K§>+1l + Al[mﬁ%ﬂl) Jo Gz, y)dy
M2 [ Gla,y)e1(y)dy

Y

C D

(st + wredsren) Ja Cla.v)dy
M1 o Gz, y)e1(y)dy
A B

(st + s ) #ol@)

Y

A1T2 fQ G(z,y)p1(y)dy

C D
A1[(K§)+1} * NEK) e Po(x)

Using inequality (2.6)), we obtain

T1¥1
“ Ao Bo T1¥1
T w (A%’[(K{*)H] + ,\f[(le)nﬂ])%(fﬂ) o [ e
‘ v - 21 - T2p1
z C D T
(Af[(K{g)H] + /\rf[(leo)mrl])‘ﬁl(l?) 2¢1

Step two. Let us obtain an estimate from above for T, (u,w, v, 2).

)\1 fQ G(LU, y)w(y)dy

u
A(y) B(y)
o e | a S Gl y)agiedy + A%fﬂ G(,Y) Gargrrotyyrire
| ()AlfQ )()dy D(y)
1
z x Jo G(z,y)- )Z+Edy + 5 fQ )(u(y)+v(gzj/))”+edy

MK, fQ x y)dy
1
5 Jo Gl y) g dy + 552 Jo G, y) Gy du

<
- A Ko fQ x y)dy
oo 1
= Jo Gy i dy + 5 Jo @) sy By
)\1K2m0
< )\17' fQ dy + ’1)\ fQ ) dy
- )\1K2m0
37 Ja Gla,y) Jrdy + 523 o Gl y) gady
Using Lemma @ we obtain
A1Komg K.
u AxC(a) | BoC(r1) A1 K21m0 K
T w < AL PV < oM < Ky
N ) - AlKng - )\1K2m0 - | K
CoC D C(r K
z )\17'2555) + A1 7-( 2) moi‘l K2

Thus T, maps A into 4 which complete the proof of Lemma
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3. PROOF OF THEOREM [I.1]

This proof will be done by means of Schauder fixed point theorem. By Lemma
we can define T, : A — A. Notice that A is closed and convex. Now, we want
to prove that the map T, is compact. In fact, let (u w v z) € A. Considering

system ([2.8)), since

w

A B
A= Ju|>+e + |utv|"1 +€
z
c D
[v|B+e + lutv|"2+e

belongs to (C(2))%, then A € (LP(Q))* for any 1 < p < oo. By using elliptic
estimates [1], we obtain T,(u,w,v,z) € (W2?P(Q))?*, for any 1 < p < oo. The
Sobolev-Morrey’s imbedding theorem entails T, (u, w,v,z) € (C'**(Q2))* for any
0 < p < 1. This implies that T, is compact.

Now, rely on Schauder’s fixed point theorem we obtain the existence of a fixed
point (e, we,ve, 2e) € (C1TP(Q))* of T,. That is,

Ue A ))\1 fQ G(xay)we(y)dy By)

1 1
we| _ | 3 Jo G meedy + 55 Jo G W pgrerreedy | (5
Ve " Al Jo G(x y)2e(y )dy - ro
“e 35 Jo Gl@.y) o (y)\ﬁ+edy+ Jo G 9) e W

where A, B,C,D € C(@ By bootstrap arguments we obtain (uc,v) € (C*F°(Q))?
and (we,z) € (C***(Q))?. By compactness results, we can extract convergent
subsequences in C?T2(2), namely (u,), (wn), (vn), (2n), of (ue), (we), (ve), (2¢),
respectively. Since (up, Wy, vy, 2n) € A, there exist 7y and 79, independent of n,
such that
(101, T1p1, 7201, T2P1) < (Uny Wiy Uy 20

By Lemma we have

G (z,y)]

e

for all s € (0,1). Using the Theorem of the Dominated Convergence in (3.1)), we
obtain

e L'(0), (3.2)

)‘i fQ ) (y)dy 5
3 Jo Gy y>|ady+ 31 Jo G Y) mm G
)\1 fQ (.23 y)z(y dy

) (3.3)
3 Jo Gy pdiady + %5 o Glo.y) pritars 4y

ISEES IS

Therefore, according to our construction we have a classical solution (u,v) €
(C%(Q) N C*(Q))%. To show that (u,v) € (C3(2))?, we can follow similar ideas
of [13], and this completes the proof of the existence.

4. PROOF OF THEOREM [I.4]

Before starting the proof of the uniqueness, let us discuss the hypothesis (v).
Note that if B = D 4 e®¢7 is so that ® € CZ(Q) is a solution of (4.1]), then there
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exists 9 such that |B — D| satisfies the hypothesis (v) for all ¢ € (0,&¢). In fact,
given f € C®(Q), let ¢ € CZ(2) be the solution of
CAC=f mQ,
(=0, on0f.
By Calderén-Zygmund estimates (see [11]),

ISl < ClFNl o
Since p’ > N, it follows from Morrey’s imbedding that

1€/ 80/l zoe < C ISl +[IVClIL<) < Clicllwzr

where 0o(z) = dist(z, 8¢2). By using (2.2)), there exists g > 0 such that |B — D
satisfies the hypothesis (v) for all € € (0, &9).

Let § = min{dy, d2}, where 1, §5 are given in Lemma (see also Remark .

Assume condition (i) holds. In this proof we adapt arguments used in [I3] as
follows. Let U = (u,v) and U = (4, ?) be two classical solutions to problem (L3).
By [I3] we obtain that w = @. Let § > 0 be such that u,v,7 > dp1 in Q. Define
29 = v — v. By the Mean Value Theorem, we arrive at

(4.1)

Cl(x D(x
AQZQ = _ﬂﬁl‘}’ﬂ(-‘rl) Z2 — T2 /_\_/(7.2_;'_1 22,
u—+v

where v, wto> A1 in . We then multiply the previous equations by z3, respec-
tively, and integrate over a smooth domain §2; compactly contained in €. After
applying the Divergence Theorem, we obtain

C(x) D(x)
Az)? 4+ =22 4 22|dx
/91 ()" + Agpess 4 re = )

0z 0Az
— ‘/891 I:AZQT;:I(ZS — /an l:ZQ 8V2]d87

where v is the unit outward normal on 0f2.
When Q1 — €, the right-hand side of the equation vanishes. Since [,,(Azy)?dx <
o0, we have

C(x) , D(x) 2
= —— 25 |d
/Q [ﬁUﬂHzQ +T2mrz+1z2] x
is well defined. Hence

RS

which implies that zo = 0 in Q.

Assume condition (ii) holds. The proof is similar to (i).

Assume conditions (iii) or (iv) holds. We can follow the same idea used in [7].

Assume condition (v) holds. Define u = u; — ug and v = vy — v9, where Uy =
(u1,v1) and Us = (ug,vq) are two classical solutions for problem . Hence
U1, us > 0y and vy, vy > d¢1, where § does not depend of u; and v;, i = 1,2 (see
Remark . By the Mean Value Theorem,

Clx) , D(x)
'rgﬁJrl Z9 + T2m22]d$ =0
U+ v

A(x) B(x) .
2, _
Auffaﬂa+1ufr(u+v)r+1(u+v) in Q,
C(z) D(x) .
2, _ — —_
A%y = 5gﬂ+1v r(m)rﬂ(u—i—v) in Q,
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where @ > dp1, T > dp1, u+v > dp; in Q. We then multiply the previous
equation by u and v, respectively, and integrate over a smooth domain §2; compactly
contained in 2. After applying the Divergence Theorem twice, we obtain

Az B(z
/Ql [(Au)? + aﬂogﬁ u? + TM(M + uv)]
ou 0Au

= /{;Ql I:A’U,ain}ds — /891 [UTn]dS,

9 C(x) o D(x 9
/Ql [(Av) +6@ﬁ(+1)v —|—7‘(u+(v))r+1(v —&—uv)}

0Av

ov
= /,991 [Ava—n]ds — /091 [Ua—n]d&

where 7 is the unit outward normal on 9€2. By adding the last two equations and
using the Holder’s inequality, we obtain

/S . [(Au)® + (Av)? + ‘;a(ﬁ u? + 6;’;%1) v?]dz

r [ IB@) D@ 5 o
< /Ql (u® +v°)d

=2 (u+ov)r+t
ou 0Au dv 0Av
+ Auy— —u—— + Av— —v——|ds
o, : on on an on )

rI’ 9 9
<
- 26r+1 /Ql(u +o)de
/ ou 0Au ov 0Av
+
121971

Au— —u——+Av— —v

ds.
an on an on } s

Taking to the limit as 2 — Q the right-hand sides of the equations approach

rl’ 9 9
o5 /Q(u + v?)dz.

Since [,(Au)?dz, [(Av)?dz and 2} [ (u? + v?)dz < oo, it follows that
A(z) Clz) o
/Q [O‘ﬂaﬂu +655+1U ]dm

is well defined. Hence, by Sobolev embedding W22(Q) N W, *(Q) — L*(Q) (see
[19]) we have

r 2
[T+ a0 < 528 (0 + (a0

Therefore,

r 2
(1- 21(;2?) /Q[(Au)2 + (Av)?)dz <0

2
Since (1 — ;g—%{) > 0, we conclude that u = v =0 in €.
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5. APPENDIX

A priori estimates. This section is devoted to prove a priori estimate for a clas-
sical solution of equation 7 in the case 1 < N < 3.

Let U = (u,v) € (C*(Q) N C3(Q))? (u,v > 0 in Q) be a classical solution for
system . Multiplying the first equation of by u and integrating by parts
in 2, we have

/(Au)zdngoo/ulfaderBoo/ ulT"dx. (5.1)
Q Q Q

2 2

Since =5, =~ > land u € LP(Q), for each p > 1, by the Young’s inequality

we obtain, for each € > 0, that

Q
/ulfo‘da: < e/ u?dx + | |1,a o
(9] Q 2 (1Ea)1+(¥€1+01

14+«
Q
/Ulirldx S 6‘/ U2d1'+ | |17r1 1—ry °
Q @ 1+2T1 (lfrl ) 1T et
Therefore,
/(Au)zdzg 26maX{AOO,BOO}/ uzderCl(Ol,?"bE)a
Q Q
where
€] €]
Cilayr, €)= ————F=5= + S 5 L I
1-&-704(1—@) Ioglta 1471 (177‘1)1“.1 et

Using the Sobolev embedding W22(Q) N W 2(Q) — L2() (see [19]), we obtain
(1 — 2eC3 max{As, Bx }) / (Au)?dx < Cy(a,ry,€).
Q

Taking € > 0 small enough so that (1 — 2eC3 max{Aw, B}) > 0, we obtain
lullw22(0) < C. In a similar way we obtain ||v|ly2.2q) < C. Hence, since 1 <
N < 3, by Sobolev embedding W?22(Q) — L>(f), there exists K > 0 depending
on («, B,r1,72,Q, A, B,C, D) such that

lull Lo (@) + [0l oo () < K.

Remark 5.1. Note that if 1 < N < 3, it follows from the previous discussion
that all classical solution U = (u,v) of (1.1)) is bounded in L*> sense. By Lemma
there exists a positive constant § (independent of u and v) such that (u,v) >

(6¢1,0¢2).
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