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BOUNDED SOLVABILITY OF MIXED-TYPE FUNCTIONAL
DIFFERENTIAL OPERATORS FOR FIRST ORDER

BULENT YILMAZ, ZAMEDDIN I. ISMAILOV

ABSTRACT. In this article, we study all boundedly solvable extensions gener-
ated by linear mixed-type (forward-backward) functional differential-operator
expressions of first order in the Hilbert space of vector-functions on a finite
interval. Our main tools are methods of operator theory. Also we study the
structure of the spectrum of these extensions.

1. INTRODUCTION

Mixed-type (forward-backward) differential equations are a large class of func-
tional differential equations in which time derivative may depend both on past and
future values of the argument. The fundamental interest and analysis to such equa-
tions are motivated by applications in different fields, for example in control the-
ory, population genetics, population growth, epidemiology, nerve conduction theory,
economy, physics, electrodynamics, observer theory, spatial lattice and etc.(see [3]
and references therein). The qualitative analysis of mixed-type functional differen-
tial equations is quite complicated. On the other hand the analysis of considered
boundary or initial value problem for mixed-type functional differential equations
for even order is really complicated.

Mallet-Paret [6] established an existence theory for such equations using a Fred-
holm theory and the implicit function theory. Some spectral investigations of such
equations can be found in [0 [7} [9], and references therein. The numerical approach
to these problems can be seen in Ford, Lumb, Teodoro, Lima et al [I].

Since analytical expression of solutions, eigenvalues and corresponding eigenfunc-
tions is very difficult (they are ill-posed), then the methods of numerical analysis
play significant role in this theory. It is known that an operator

A:D(A)CH—H
in a Hilbert space H is called boundedly solvable, if A is one-to-one,
AD(A)=H and A™'ec L(H).

Firstly using methods of operator theory, we describe all boundedly solvable ex-
tensions of minimal operator generated by some mixed-type differential operator
expression for first order in the Hilbert space of vector-functions on a finite interval.
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This is done in terms of the boundary values. Lastly, the structure of spectrum of
these extensions is investigated.

2. DESCRIPTION OF BOUNDEDLY SOLVABLE EXTENSIONS

Consider the simplest scalar mixed type functional differential equation in non-
homogeneous form

&(t) = ax(t) + bx(t — @) + cx(t + 7) + h(t)
a,7>0, a,bceC,telt,ts] (2.1)
z(t) =), tet1—ati], z(t)=1v({), tEeta,ta+T]
Note that without loss of generality it can be assumed a = 0. For this it is sufficient
to use the substitution v(t) = e*u(t),t € [a,b] .
In addition to the above boundary problem functions ¢ and i can be chosen as
o(t) =0,t € [t1 — a, t1],
P(t) =0,t € [ta, to + 7]
For this it is sufficient to use the substitution
gﬁ(t), th—a<lt<t QD(t), t1—a<lt<t
o(t) = qu(t), t1<t<ty -<0, t <t <t
P(t), ta<t<ta+T (), to<t<to+T
Hence in this situation it is sufficient to consider the following nonhomogeneous
mixed type functional differential equation
u'(t) =bu(t —a) +cu(t+7)+ h(t), tEt,t]
with boundary conditions
u(t) =0, te€t1—a,t1)U(ta,ta+ 7]
Now consider the mixed-type differential-operator expression of the form
l(u) =u'(t) + A()u(t — ) + B(t)u(t + 1)
in the Hilbert space of vector-functions on a finite interval L?(H, (a,b)), where
(1) @>0,7>0;
(2) H is a separable Hilbert space with inner product (.,.)y and norm || - || g;
(3) the operator- functions A : [a,b] — L(H) and B : [a,b] — L(H) are
continuous on the uniform operator topology.
We remark that when
(1) a>0and 7 =0,
(2) a=0and 7 >0,
3) a>0and 7> 0
the differential expression {(.) is expressed as a retarded, advanced and mixed-type
delay differential expression in L*(H, (a,b)).
Now let us introduce the special operators: S : L2(H, (a,b)) — L*(H, (a,b)),

0 ifa<t<a+a,
ult—a), fata<t<d
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and S : L*(H, (a,b)) — L*(H,(a,b)),
S*u(t) = u(t+7), ?fa<t< b—T,
0, ifb—17<t<b.

According to differential expression I(-) we will consider the differential-operator-
expression in a direct sum

H=L*(H,(a—a,a))® L*(H, (a,b)) ® L*(H, (b,b+ 7))
k(u) = (ug, l(ug),us), u= (uy,us,us) (2.2)
where
l(us) = us(t) + A(t)S; ua(t) + B(t)STusa(t)
On the other hand here we will consider also the simply differential expression
m(v) = v'(t) (2.3)

in L?(H,(a,b)). By the standard way minimal M, and maximal M operators
corresponding to differential expression (2.3)) can be defined in L?(H, (a,b)) (see

21)-
For the operators S, and S} we have
b

1S5l 01ty = / (Sou(t), Suu(t)) srdt
b

= / (u(t — a),u(t — a))pdt

+a

b—«
_ / (u(t), u(t))

b
< / FuI2dt = [l s oy

and

b
I 0l 0y = [ (Sru(t) Srule) et
b—1
:/ (u(t + 1), ult + 7))t

b
- / (ut), u(t)) rdt

+7

b
< [ oot = el
for all uw € L?(H, (a,b)). Then ||S; || < 1,]|S}|| < 1. That is,
S, .S+ e L(L*(H,(a,b))), a,7>0.
In this work we define
Cor(t) = A(t)S, + B(t)ST, a<t<b;
Lo := Mo + Cur (1),
Lo : Wi (H, (a,b)) C L*(H, (a,b)) — L*(H, (a,b));
L:= M+ Cy (),



4 B. YILMAZ, Z. 1. ISMAILOV EJDE-2016/181

D(L) : Wy(H, (a,b)) € L*(H, (a,b)) — L*(H, (a,b)).
Then the operators
Ky :=E, ® Lo® Ey,
K = E1 D L D E2

are called the minimal and maximal operators corresponding to differential expres-
sions (2.2)) respectively. Here E; and E, are identity operators in L?(H, (a — «, a))
and L?(H, (b,b+ 7)) respectively.

It is important to note that the solvability of boundary value problem (2.1)) is
equivalent to a solvability of operator equation

k(u)=H
where u = (uy,us,u3), H= (p,h,1) in the direct sum of Hilbert spaces
L2(t1 — Oé,tl) (&) L2(t1,t2) (&) LQ(tQ,tQ =+ 7')

In this paper the solvability of problem will be investigated from this point of
view in more general case of equation and space.

Now let U(t, s), t,s € [a,b], be the family of evolution operators corresponding
to the homogeneous differential equation

U(t,s)f + Car()U(t,s)f =0, t,s€ (a,b)
Uls,s)f =f, feH
The operator U(t, s),t, s € [a,b] is a linear continuous boundedly invertible in H
and
U~ (t,s) =U(s,t),s,t € [a,b]
(for more detail analysis of this concept see [5]).
Let us introduce the operator

U(t) = Ut a)2(), U L2(H, (a,b)) — L*(H, (a,b)).

In this case, it is easy to see that the following relation for the differentiable vector-
function z € L?(H, (a,b)), z : [a,b] — H is valid

W(Uz) = UZ'(t) + (U; + Cor()U)z2(t) = Um(2)
From this U~1U(z) = m(z). Hence it is clear that if L is an extension of the
minimal operator Lg; that is, Ly C L C L, then

U™'LoU =My, MycU'LU=Mc M, U LU= M.

For example, one can easily prove the validity of last relation. It is known that

D(M) = W3 (H(a,b), D(Mo) = Wy (H(a,b)).
If w e D(M), then

I(Uz) = Um(z) € L*(H, (a,b));
that is, Uu € D(L). From last relation M C U~'LU. Contrary, if a vector-function
u € D(L), then
m(U ) = U (v) € L*(H, (a,b));

that is, U~'v € D(M). From last relation U~'L C MU; that is U"'LU C M.
Hence U71LU = M.

Theorem 2.1. ker Ly = {0} and R(Lo) # L?(H, (0,1)).
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Theorem 2.2. FEach boundedly solvable extension L of the minimal operator Ly in
L?(H, (a,b)) is generated by the differential-operator expression I(.) and boundary
condition

(B + E)u(a) = BU(a,b)u(b), (2.4)
where B € L(H) and E is a identity operator in H. The operator B is determined
uniquely by the extension L, i.e L = Lp.

On the contrary, the restriction of the mazimal operator Ly to the manifold of

vector-functions satisfy the condition (2.4)) for some bounded operator B € L(H) is
a boundedly solvable extension of the minimal operator Lo in the L?(H, (a,b)).

Proof. Firstly, it is described all boundedly solvable extensions M of the minimal
operator My in L?(H, (a,b)) in terms of boundary values.
Consider the following so-called Cauchy extension M.,
Mou=1/(t),
M, : D(M,) = {u € Wy H(a,b) : u(a) = 0} C L*(H, (a,b)) — L*(H, (a,b))

of the minimal operator Mj. It is clear that M, is a boundedly solvable extension
of My and

Mgl = L2(H7 (a,b)) — LZ(Hv (a,b)), Mglf(t) = / f(@)dz, f€ L2(Ha (a,b)).

Now we assume that M is a solvable extension of the minimal operator My in
L?(H,(a,b)). In this case it is known that domain of M can be written in direct
sum in form

D(M) = D(Mo) ® (M, + B)V,
where V = ker M = H, B € L(H) (see [I0]). Therefore for each u(t) € D(M) it
holds
u(t) = uo(t) + M7 f + Bf, g€ D(My), f¢€H.
That is,
u(t) =ug(t) +tf + Bf, wg € D(My), fe€H.
Hence
u(a) =Bf, ulb)=f+Bf=(B+E)f

and from these relations it follows that

(B + E)u(a) = Bu(b). (2.5)

On the other hand uniqueness of operator B € L(H) is clear from the work [10].
Therefore M = M 5. This completes the necessary part of this assertion.

On the contrary, if Mp is a operator generated by differential expression
and boundary condition , then Mp is boundedly invertible and

Mgl = L2(Ha (a’b)) - LQ(Hv <a7b))7

Mglf(t):/ f(x)da:+B/ f@)de, fe L2(H, (a,b))

Consequently, all boundedly solvable extensions of the minimal operator My in
L?(H,(0,1)) are generated by differential expression (2.3)) and boundary condition
(2.5) with any linear bounded operator B.
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Now consider the general case. For the this in the L?(H, (a,b)) introduce an
operator U : L?(H, (a,b)) — L?(H, (a,b)), by

(Uz)(t) := U(t,a)2(t), z¢€ L*(H,(a,b))

From the properties of family of evolution operators U(t, s),t, s € [a,b] imply that
a operator U is a linear continuous boundedly invertible and

(U 2)(t) = Ul(a,t)z(t).
On the other hand from the relations
ULoU=M, U 'LU=M, U 'LU=M

it implies that an operator U is one-to-one between of sets of boundedly solvable
extensions of minimal operators Lo and My in L2(H, (a,b)).

Extension L of the minimal operator Lg is boundedly solvable in L?(H, (a,b))
if and only if the operator M = U~!LU is an extension of the minimal Mj in

L?(H,(a,b)). Then u € D(L) if and only if
(B + E)U(a,a)u(a) = BU(a, bu(b);

that is,
(B + E)u(a) = BU(a,b)u(b).

This proves the validity of the claims in theorem.
From the above theorem, we have following assertion.

Theorem 2.3. Fvery boundedly solvable extension K of the minimal operator K
in H is generated by differential-operator expression (2.2) and boundary condition

(B + E)uz(a) = BU(a,b)usz(b)

where B € L(H) and E are a identity operators in H. The operator B is determined
uniquely by the extension K, i.e. K = Kp And vice versa.

Corollary 2.4. The resolvent operator Ry\(Kp),\ € p(Kp) of any boundedly solv-
able operator Kp of the minimal operator Ky, generated by differential expression
(2.2) with boundary condition

(B + E)us(a) = BU(a,b)us(b), B e L(H)

is of the form
R)\(KB) = (El,R)\(LB),E2)7
where Ry(Kp) : H — H ,

b
RA(Lp)f(t) = U(t,a)(E + B(1 — e*))*lB/ =90 (a, 5) f(s)ds

+ /t =90 (a,5)f(s)ds, f € L*(H,(a,b)).

Example 2.5. Consider the forward-backward differential equation
u = (Ul,’lLQ, U3) € Lz(tl — 1,t1) D Lz(thtg) D Lz(tQ,tQ —+ 1)
uh(t) = aua(t) + bus(t — 1) + cua(t + 1), t € [t1,ta], a,b,c € C
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with boundary conditions
us(t) = p(t), t,—1<t<t,
up(t) = P(t), t2<t<ty+1,
where ¢ € C[t; — 1,¢1] and ¢ € C[ta, t2 + 1] (see [I]).

It is clear that from Theorem that all L2-boundedly solvable boundary value
problem in this case can be written in the form

uh(t) = aus(t) + bug(t — 1) + cug(t + 1) + fao(t)
(v + DUa(t1) = yU(ta, tr)ua(ta)

and in this case solutions have the form
t

w = (o uz, ), ua(t) = UL, 1)y / Uty 8) fols)ds + / Ulty, 5)fa(s)ds,

t1 ty
where: v € C, U(t,s) = exp(aE + bS; +cS;)(t —s), t1 <t, s < ty, and fo €
L3(t1,2).
3. SPECTRUM OF BOUNDEDLY SOLVABLE EXTENSIONS
In this section we study the spectrum structure of boundedly solvable extension
Kp = FE1 ® L ® E5 of the minimal operator Ky = E1 @ Lo ® E> in Hilbert space
H =L2(H, (a — a,a)) & L2(H, (a,b)) & L2(H, (b,b+ 7)) .
Firstly, note that as in [4] for the spectrum o(Lg) of any boundedly solvable
extension Lp of Ly the following assertion can be proved.
Theorem 3.1. If L is a boundedly solvable extension of the minimal operator Lg
in the Hilbert space L?(H, (a,b)), then spectrum set of L has the form

1 1
o(Lp)={ eC: A= ln|%| +z’arg(%) + 2nmi,

w € o(B\O,~1}, n € 2)
The following assertion follows from a result in [§].

Theorem 3.2. If a,7 >0, a+7 >0 and Kg = E1 ® Lg ® F> is any boundedly
solvable extension on of the minimal operator Ko = E1 @& Lo ® E5 in 'H, then
op(Kp) = 0p(Lp) U{l},
oe(Kp) = [((0p(Lp))* Noe(Lp) N o (Lp)) ]\{1},
or(Kp) = [(0p(LB))" Nor(Lp)\{1},
p(Kp) = p(Lp)\{1},
where: ap(.),0c(.),0-(.), and p(.) denote point, continuous, residual and resolvent
sets of an operator respectively.
We remark that when a7 =0, i.e.

(1) @ =0 and 7 > 0, advanced type,

(2) a@ >0 and 7 =0, retarded type,

(3) a =0 and 7 =0, ordinary type
the differential expression spectrum of boundedly solvable extensions is easy to be
investigated as in the above theorem.
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