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GROWTH OF TRANSCENDENTAL SOLUTIONS TO
HIGHER-ORDER LINEAR DIFFERENTIAL EQUATIONS WITH
ENTIRE COEFFICIENTS

KARIMA HAMANI

ABSTRACT. In this article, we study the growth of transcendental solutions of
certain higher order linear differential equations with entire coefficients. Under
some conditions, we prove that every transcendental solution is of infinite
order. We also give an estimate of its hyper-order. We improve previous
results by Peng and Chen [14].

1. INTRODUCTION AND STATEMENT OF RESULTS

In this article, we use fundamental results and the standard notation of the
Nevanlinna’s value distribution theory of meromorphic functions (see [8, [16]). In
addition, we use the notation o(f) to denote the order of growth of a meromorphic
function f and o2(f) to denote the hyper-order of f which is defined in [I6] by

. loglog T'(r,
ag(f):hszrupig lcg)gr( 1)

where T'(r, f) is the Nevanlinna characteristic function of f.
For the second order linear differential equation

f"+e 7+ B(2)f =0, (1.1)

where B(z) is an entire function of finite order, it is well known that every solution
of is an entire function and most solutions of have an infinite order. Thus,
a natural question is: what conditions on B(z) will guarantee that every solution
f(# 0) of has an infinite order? Ozawa [I3], Gundersen [0], Langley [II].
Amemiya and Ozawa [I] have studied the problem, where B(z) is a nonconstant
polynomial or a transcendental entire function with order o(B) # 1. In 2002, Chen
[3] investigated the growth of solutions of equation in the case where o(B) = 1.

In 1988, Gundersen [7] studied finite order solutions of second order linear dif-
ferential equations, where coefficients satisfy certain conditions in some angle. This
result was generalised to higher order linear differential equations by Laine and Yang
[10]. Recently, the authors [9] have studied completely regular growth solutions of
second order linear differential equations and discussed cases where coefficients and
or solutions of these equations are exponential polynomials.
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Recently, Peng and Chen [I4] have studied the order and the hyper-order of
solutions of equation (|1.1)) and have proved the following result:

Theorem 1.1 ([14]). Let A;(z) (£ 0) (j = 1,2) be entire functions with o(A;) < 1,
a1, ag be complex numbers such that ajas # 0 and a1 # ay (suppose that |a1] <
laz|). If argay # m or a1 < —1, then every solution f(z 0) of the equation

F7 b e 4 (Ar()e + Ag(2)et ) f = 0 (1.2)
is of infinite order and oo(f) = 1.

In this article, we continue the research in this type of problem. We consider the
higher order linear differential equation

FO 4 hya(2) f5D o ha(2) f 4 ho(2) f =0, (1.3)

where k£ > 2 is an integer and hj(z) (j = 0,...,k — 1) are entire functions. We
suppose that there exists only one coefficient of the form h,(z) = A;(2)ef1) +
Az(2)ef2®) | where P(2) = 3.7 a;2* (I = 1,2) are polynomials with degree n >
1 and A;(z) (£ 0) (I = 1,2) are entire functions with o(A4;) < n. The other
coefficients have the form h;(z) = B;(2)e?*) (j # s), where Q;(2) = Y1 bi ;2*
are polynomials with degree n > 1 and Bj(z) (# 0) are entire functions with
0(B;) < n. Under some conditions on the complex numbers a,; (I = 1,2) and
bn; (J # s), we will prove that every transcendental solution of equation is
of infinite order. We also give an estimation of its hyper-order. We will prove the
following results:

Theorem 1.2. Let Py(z) = Y1 ja;i2" (I =1,2) be polynomials with degree n > 1,
where ag i, ...,an; (I = 1,2) are complex numbers such that an1 # anz2, Ai(z)
(#0) (I =1,2) be entire functions with o(A;) < n and hj(z) (j = 0,...,k —1)
be entire functions. Suppose that there exists s € {1,...,k — 1} such that hs(z) =
Ay (2)eP ) + Ay(2)e22) and for j # s, hi(z) = Bj(2)e®?) where Bj(z) (£ 0)
are entire functions with o(B;j) < n, Qj(z) = Y. gbi ;2" are polynomials with
degree n > 1 and by j,...,bn; (j # s) are complex numbers. Let I and J be two
sets satisfying I #0, J#0, INTJ =0 and TUJ ={0,...,s—1,s+1,...,k—1}
such that for j € I, by j = ajan1 (0 < o < 1) and for j € J, bp; = Bjan
(0 < B; <1). Set an; = |an,| ¢, 6, €[0,27) (I=1,2), a = max{a; :j € I} and
B =max{f;:j € J}.

If 01 # 02 or 61 = 02 and (i) |an1] < (1 = B)|an2| or (i) |an2] < (1 — &)|anal,
then every transcendental solution f of equation is of infinite order and sat-
isfies oa(f) = n.

Theorem 1.3. Let Py(z) = Y1 jaii2" (I =1,2) be polynomials with degree n > 1,
where ag 1, ... an,; (I = 1,2) are complex numbers such that an 1 # an2 (Suppose
that lan 1| < lanz2]), Ai(2) (Z0) (I =1,2) be entire functions with o(A;) < n and
hj(z) ( =0,...,k—1) be entire functions. Suppose that there exists s € {1,...,k—
1} such that hs(z) = Ay (2)e2) 4 Ay(2)e™23) and for j # s, hj(z) = Bj(2)e? ),
where Bj(z) (£ 0) are entire functions with o(B;) < n, Q;j(z) = .1 b; ;2" are
polynomials with degree n > 1 and by j,...,bn; (j # s) are complex numbers. Let
I and J be two sets satisfying I #0, J £ 0, INJ =0 and TUJ ={0,...,5—1,s+
1,...,k—1} such that for j € I, b, ; = ajan1 (0 < a; < 1) and for j € J, b, ; are
real numbers satisfying by, ; < 0.
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If an1 is a real number such that (1 — a)a,1 < b, where @ = max{a; : j € I}
and b = min{b, ; : j € J}, then every transcendental solution f of equation (1.3)
is of infinite order and satisfies oo2(f) = n.

Theorem 1.4. Let P(z) = Y1 a; 2" (I = 1,2) be polynomials with degree n > 1,
where ag g, ..., an; (I = 1,2) are complex numbers such that an1 # ana (suppose
that |an 1| < lanz2]), Ai(2) (#0) (I =1,2) be entire functions with o(A;) < n and
hj(z) (j =0,...,k—1) be entire functions. Suppose that there exists s € {1,..., k—
1} such that hs(z) = Ay (2)e(®) + Ay(2)el>3) and for j # s, hj(2) = B;(2)e?(®),
where Bj(z) (£ 0) are entire functions with o(B;) < n, Q;j(z) = > b; ;2" are
polynomials with degree n > 1 and by ;,...,bn; (j # s) are complex numbers. Let
I and J be two sets satisfying I 0, J #0, INJ =0 and ITUJ ={1,...,s— 1,5+
1,...,k =1} such that for j € I, by j = ajan 1+ Bjane (0 < a; <1), (0<5; <1)
and for j € J, b, ; are real numbers satisfying b, ; < 0. Set o = max{c; : j € I},
B =max{B3;:j €I} and b=min{b, ;:je J}.

If ap1 and an o are real numbers such that (i) (1 — B)an2 —b < an1 <0 or (it)
(1 —-a)an1 —b < an2 <0, then every transcendental solution f of equation
is of infinite order and satisfies o2(f) = n.

Remark 1.5. In Theorem the authors have considered conditions only on one
complex number a;. But in Theorem [T.2] and Theorem conditions are imposed
to the two numbers a,,; (I =1,2).

2. PRELIMINARY LEMMAS

Lemma 2.1 ([5]). Let f(z) be a transcendental meromorphic function of finite
order o. Let T' = {(k1,j1), (k2,72),-. -, (km,Jm)} denotes a set of distinct pairs
of integers satisfying k; > 7; 2 0 (i = 1,2,...,m), and let € > 0 be a given
constant. Then there exists a set By C [0,27) that has linear measure zero such
that if 0 € [0,2m)\E1, then there is a constant Ry = R1(0) > 1 such that for all z
satisfying arg z = 6 and |z| > Ry, and for all (k,j) € T, we have

F®(z) k—j)(o—1+¢

el < el )
Lemma 2.2 ([2,[12]). Let P(z) = (a+iB)z"+... («, B are real numbers, |a|+|3] #
0) be a polynomial with degree n > 1, and A(z) be an entire function with c(A) < n.
Set f(z) = A(2)eP®), z = re?? | §(P,0) = acos(nb) — Bsin(nb). Then for any given
€ > 0, there exists a set Ea C [0,27) that has linear measure zero such that for any
0 €10,2m)\Ex U H, where H = {60 € [0,27) : §(P,0) = 0} is a finite set, there is a
constant Ry > 1 such that for |z| =1 > Ra, we have

(i) if 6(P,0) > 0, then

~

exp{(1 —€)d(P,0)r"} < |f(re)| < exp{(1+¢)d(P,0)r"}, (2.2)
(ii) f 6(P,0) < 0, then
exp{(1 4+ &)3(P,0)r"} < |f(re'®)| < exp{(1 — £)d(P,0)r"}. (2.3)

Lemma 2.3 ([7, @]). Let d > 1 be an integer, f(z) be an entire function and
suppose that |f(D(2)| is unbounded on some ray argz = 0. Then there exists an
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infinite sequence of points z, = ryme?? (m =1,2,...), where r,, — 400, such that
fD(z,) — oo and

@ (z,, -
’;@E ! (1+0(1)|zm*™ (j=0,...,d—1). (2.4)

)
< -
Zm) | (d—j)!
The following Lemma is a trivial consequence of theorems by Phragmen-Lindel6f
and Liouville (see [13, p. 214]):

Lemma 2.4 ([4]). Let f(z) be an entire function of finite order p. Suppose that
there exists a set E3 C [0,27) that has linear measure zero such that for any ray
argz = 0 € [0,27)\E3, |f(re?®)| < Mr*, where M = M() > 0 is a constant and k
(> 0) is a constant independent of 0. Then f(z) is a polynomial with deg f < k.

Lemma 2.5 ([B]). Let f(z) be a transcendental meromorphic function. Let o > 1
and € > 0 be given constants. Then there exist a set Fy C (1,+00) having finite
logarithmic measure and a constant B > 0 that depends only on « and (i,j) (i,]
are positive integers with i > j), such that for all z satisfying |z| = r ¢ [0,1] U F},

we have @

[9(z) T(ar, f) o i—j

lf(j)(z)l < B[f(log r)log T (ar, )] (2.5)
Lemma 2.6 ([I5]). Let f(z) be a transcendental entire function. For each suffi-
ciently large |z| = r, let z, = r € be a point satisfying |f(z.)| = M(r, f). Then
there exist a constant 6, (> 0) and a set Fy of finite logarithmic measure, such that
for all z satisfying |z| =r ¢ Fy and argz = 0 € [0, — 6,0, + 0,], we have

S (2)

fD(2)
Lemma 2.7 ([7]). Let ¢ : [0,400) — R and v : [0,400) — R be monotone non-
decreasing functions such that o(r) < (r) for allr ¢ F5U[0,1], where F3 C (1, +00)
is a set of finite logarithmic measure. Let o > 1 be a given constant. Then there
exists an ro = ro(a) > 0 such that p(r) < Y(ar) for all v > rg.

Lemma 2.8 ([4]). Let k > 2 be an integer and A;(z) (j =0,1,...,k—1) be entire
functions of finite order. Set p = max{c(A;):j=0,1,...,k—1}. If f is a solution
of equation

| <r? (d>1 is an integer). (2.6)

FO 4 A () f*D 4 Ay (2) f + Ao(z) f =0, (2.7)
then aa(f) < p.

3. PROOF OF THEOREM

Assume f is a transcendental solution of ([1.3)).

First step. We prove that o(f) = 4o00. Suppose that o(f) = p < +o00. By
Lemma there exists a set Ey C [0,27) that has linear measure zero such that
if 0 € [0,27) — Eq, then there is a constant Ry = R;(#) > 1 such that for all z
satisfying arg z = 0 and |z| > Ry, we have

06)
fO(z)
By Lemma for any given £ > 0, there exists a set Fy C [0,27) that has linear
measure zero such that if z = re?, 6 € [0,27)/E, U Hy and r is sufficiently large,

| < 2" (0<i<j<k). (3.1)
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then A;(2)ef®) (I = 1,2) and B;(2)e?®) (j # s) satisfy [@2.2) or (2.3), where
H1 = {9 € [0,27’() : (5(P1,9) or §(P2,9) = O}
Case 1. Suppose that 61 # 63. Set Hy = {0 € [0,27) : 06(P1,0) = 6(P2,0)}.
Since 01 # 05, it follows that Hs has linear measure zero. For any given 6 €
[0, 27T)\E1 U Es U Hy U Hy, we have
5(P179) 7é 0, 5(P270) 7é 0 and
§(P1,0) > 0(Pa,0) or §(Pp,0) < §(Pa,0).

Set 61 = 5(P1,9) and 52 = 5(P2,9)
Subcase 1.1: d; > J». Here we also divide our proof in three subcases:

(a): 01 > 62 > 0. Set 63 = max{d2,0(Q;,0) : j € I}. Then 0 < §3 < 61. Thus for
any given € (0 < & < 2(‘5611:5633)) and all z satisfying arg z = 6 and |z| = r sufficiently

large, we have

(3.2)

|A1(2)er 3| > exp{(1 — )81}, (3.3)
|Ag(2)e2?)| < exp{(1 + €)d5r™} (3.4)
|Bj(2)e% )| < exp{(1 4 ¢)d3r"} (j # s). (3.5)

Now we prove that |f(®)(z)| is bounded on the ray argz = 6. If |f(*)(2)] is un-
bounded on the ray arg z = 6, then by Lemma [2.3] there exists an infinite sequence
of points z,, = r,,e? (m = 1,2,...), where r,, — +oo such that f)(z,,) — oo
and

f(])(zm) 1 iy )
< L4 o(W))|zm|* (j=0,...,5s—1). 3.6
’f(s)(zm)‘ (s—j)!( +0(1)) 2| (j S ) (3.6)
By (1.3), (3.1) and (3.3)—(3.6), for the above z,,, we obtain
exp{(1 — &)d1r™} < Myrd exp{(1 +¢)dsr" }, (3.7)

where My, dy (> 0) are constants. This is a contradiction. Hence |f(*)(z)| < M on
arg z = 0, where M (> 0) is a constant. We can easily obtain
|f(2)] < M|z[* (3-8)

on argz = . By Lemma (3.8) and the fact that Fy U E5 U Hy U Hy has linear
measure zero, we obtain that f(2) is a polynomial with deg f < s, which contradicts
our assumption. Therefore o(f) = +oo0.

(b): 61 > 0 > &5. Thus for any given ¢ (0 < ¢ < 51=%) and all z satisfying

arg z = 6 and |z| = r sufficiently large, we have , e
|Ag(2)e™ )| < exp{(1 —e)dar™} < 1, (3.9)
|B;j(2)e% )| < exp{(1 + )adr™} (j € I), (3.10)
| B;(2)e% )| < exp{(1 —€)6(Q;,0)r"} <1 (j € J). (3.11)

Now we prove that |f(*)(z)| is bounded on the ray argz = 6. If |f(*)(z)] is un-
bounded on the ray arg z = 6, then by Lemma[2.3] there exists an infinite sequence
of points z,, = rme (m = 1,2,...), where r,, — +oo such that f)(z,,) — oo
and (3.6 holds.

By (1.3)), 7 7 and —, for the above z,,, we obtain

exp{(1 — €)d17™} < Mard2 exp{(1 + &)adyr™}, (3.12)
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where Ms, dy (> 0) are constants. This is a contradiction. Hence |f(*)(2)| < M on
arg z = 6, where M (> 0) is a constant. We can easily obtain (3.8) on argz = 6.
Using similar arguments as above, we deduce that o(f) = +oc0.

(c): 0> 61 > d2. Thus for any given € (0 < 2¢ < 1) and all z satisfying argz = 0
and |z| = r sufficiently large, we have

|Ay(2)e @] < exp{(1 —e)d(P,0)r"} (I=1,2), (3.13)
|Bj(2)e% )| < exp{(1 —2)3(Q;,0)r"}(j # s). (3.14)

By , we obtain
—1=hp1(z )f(kfl)(z) + o+ h(2) /() + oo+ ho(2) 1(z) (3.15)

M(z f®(2) f®(2)

)

Now we prove that |f*)(z)| is bounded on the ray argz = 6. If | f*)(2)| is un-
bounded on the ray arg z = 6, then by Lemma[2.3] there exists an infinite sequence
of points z,, = rme? (m = 1,2,...)7 where 7, — 400 such that f*)(z,,) — oo
and

f(j)(zm) 1 s .
< —(14+o(1)|zm|"™ (7 =0,....,k—1). 3.16
’f(k( )! (k—g)'( (1)lzml ( ) (3.16)

Substituting (3.1), (3.13), (3.14) and into (3.15), as r,, — +o0o, we obtain

1 < 0. This contradiction 1mphes | fO ( )| § M’ on arg z = 0, where M’ (> 0) is a
constant. We can easily obtain that |f(z)| < M'|z|* on argz = §. From this and
the fact F4 U E5 U H1 U Hy has linear measure zero, we obtain by Lemma @ that
f(2) is a polynomial with deg f < k, which contradicts our assumption. Therefore
o(f) = +oo.

Subcase 1.2: §; < 3. Using the same reasoning as in subcase 1.1 , we can also
obtain that f(z) is a polynomial, which contradicts our assumption. Therefore
o(f) = +oo.

Case 2. Suppose that 61 = 5. For any given 6 € [0,27)/F; U F3 U Hy, where Ey,
E5 and Hy are defined above, we have

(5(P179)>O or (5(P1,9)<0 (317)

Subcase 2.1: §(Py,0) > 0.

. . 1— Qn 2|—|Cn
(1) If |an,1] < (1 — B)|an,2|, for any given ¢ (0 < e < 2[((1+5L3))|\aﬁ?2|\4j\a;}1‘\]) and all z

satisfying arg z = 6 and |z| = r sufficiently large, we have
|41 (2)e" ] < exp{(L +€)6(Py, 0)r"},
|42(2)e™ )] > exp{(1 — £)é(Py, 0)r"},
|Bj(2)e¥ | < exp{(1 +e)ad(Py,0)r"} (j € ),
|B;(2)e% @] < exp{(1+)33(P, 0)r"} (j € J).

Now we prove that |f(*)(z)| is bounded on the ray argz = 6. If |f(*)(z)] is un-
bounded on the ray arg z = 6, then by Lemma[2.3] there exists an infinite sequence
of points z, = rme (m = 1,2,...), where r,, — +oo such that f(*)(z,,) — oo

and (3.6 holds.
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By (1.3), (3.1), (3.6) and (3.18])-(3.21)), for the above z,,, we obtain
exp{(1 — €)d(P,0)rn}

< Msr® exp{(1 4 £)3(Py, 0)r™ } exp{(1 + )35 (Py, 0)r™ }, (3.22)
where M3, d3 (> 0) are constants. By (3.22), we have
exp{yiry,} < Marjs, (3.23)
where
y1=(1—-¢8)d(Ps,0)— (1+¢)d(P1,0) — (1+¢)F0(P,0).
Since

(1= B)lanz| — lan|
(14 B)|anz| + |an,1|]’
01 = 02 and cos(6; + nb) > 0, we have

M = A1 = B)lanz| = lana| = e[(1 + B)lan 2| + [an,1[]} cos(6r + 16)
(1 = B)lanz| — lan|
2
Hence (3.23)) is a contradiction. Hence |f(*)(z)] < M on arg z = 0, where M (> 0)
is a constant. We can easily obtain (3.8) on arg z = 6. By Lemmal[2.4] (3.8) and the
fact that 1 U Es U H; has linear measure zero, we obtain that f(z) is a polynomial

with deg f < s, which contradicts our assumption. Therefore o(f) = +o0.

O<e<
£S5

> cos(fy +nd) > 0.

.e . 1—a)lan,1|—|an,
(i) If |an2| < (1 — a)|an1], for any given € (0 < & < 2[((1+oz))‘\an,11|\+|lan,22|\}) and all z

satisfying arg z = 6 and |z| = r sufficiently large, we have
|A1(2)e*®)| > exp{(1 — €)d(Py, 0)r"}, (3.24)
|Ay(2)eP2)| < exp{(1 4 &)8(Py, 0)r"}. (3.25)
Now we prove that |f(*)(z)| is bounded on the ray argz = 6. If |f(*)(2)] is un-
bounded on the ray arg z = 6, then by Lemma[2.3] there exists an infinite sequence
of points z,, = r,e? (m = 1,2,...), where r,, — +oo such that f)(z,,) — oo
and (3.6 holds.
By (1.3), B.1), (3:6), B-20), B.21), (3.24) and (3.25), for the above z,, we

obtain
exp{(1 —e)d(Py,0)r}
< M exp{(1+ £)ad(Pr, O™ Y expl(1 + )50y, 20
where My, dy (> 0) are constants. By (3.26), we have
exp{yorp,} < Myris, (3.27)

where

Y2 = (1 —¢e)d(P1,0) — (1 +€)0(Ps,0) — (1 +e)ad(Pr,0) > 0.
Since (3.27) is a contradiction, |f(®)(2)] < M on argz = 0, where M (> 0) is a
constant. We can easily obtain (3.8) on argz = 6. Using similar arguments as
above, we conclude that o(f) = +o0.

Subcase 2.2: §(P;,0) < 0. Using the same reasoning as in subcase 1.1(c), we can
also conclude that o(f) = +o0.
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Second step. Now we prove that oy(f) = n. By Lemma there exists a
constant B > 0 and a set F; C (1,4+o00) having finite logarithmic measure, such
that for all z satisfying |z| = r ¢ [0,1] U F1, we have

£9(2)

yze)
For each sufficiently large |z| = r, we take a point z, = re'?" satisfying |f(2,)| =
M(r, f). By Lemma there exists a constant 4, (> 0) and a set Fy of finite
logarithmic measure such that for all all z satisfying |z| =7 ¢ Fy and argz = 0 €
[0, — 65,0, + d,], we have

< Br[T2r, )TN0 <i<j<k). (3.28)

f(z) 2d _
Case 1. Suppose that 61 # 5. For any given 6 € [0, — ., 0, + 0,|\E2 U H; U Hy,

we have , where Fy, H; and Hy are defined above. Set §; = (P, 0) and
0o = 6(Ps, 9).

Subcase 1.1: §; > d>. Here we also divide our proof in three subcases:
(a): 61 > &5 > 0. Thus for any given ¢ (0 < & < ;1%

ICIE= N ) and all z satisfying
argz = 0 and |z| = r sufficiently large, we have i, where J3 is defined

above. By (L.3), (3:3)-(3.5), (3:28) and (3.29), for all z satisfying |z| = r ¢ [0,1] U

Fy UF, and arg z € [0, — 65,0, + 0,]\E2 U H; U Ha, we obtain

exp{(1 — &)017"} < Msr?*Fexp{(1 + &)dsr™ }[T'(2r, )]*+1, (3.30)
where Ms5(> 0) is a constant. Hence by using Lemma and , we obtain
o2(f) > n. From this and Lemma 2.8 we have oa(f) = n.
(b): §; > 0 > 3. Thus for any given € (0 < € < ﬁ) and all z satisfying

argz = 0 and |z| = r sufficiently large, we have and (3.9)-(3.11). By (L.3),
B0, B BT, B3 o {0, for all » satisbing -l =1 ¢ 0410 F, P,
and argz € [0, — 0., 0, + 6,]\E2 U Hy U Hy, we obtain

exp{(1 —&)d1r"} < Mgr®**exp{(1 + &)adyr"}[T(2r, f)]F 1, (3.31)
where Mg(> 0) is a constant. Hence by using Lemma and (3.31]), we obtain
o2(f) = n. From this and Lemma 2.8] we have o3(f) = n.

(c): 0> 01 > 2. Set v = min{a;,[; : j # s}. Thus for any given ¢ (0 < 2e < 1)
and all z satisfying arg z = 6 and |z| = r sufficiently large, we have

|A(2)el®)| < exp{(1 —e)ydr"} (1=1,2), (3.32)

1B,(2)e% )] < exp{(1 — )31} (G # 5). (3.33)

By (L.3)), (3:28), (3-29), (3-32) and (3.33), for all z satisfying |z| = r ¢ [0, 1]UF; UF},
and arg z € [0, — §,,0, + 6,]\E2 U H; U Hy, we obtain

1 < Myr? L exp{(1 — )vyo,r™ }[T(2r, £)]*H, (3.34)

where M7 (> 0) is a constant. Hence by using Lemma [2.7] and (3.34]), we obtain
o2(f) > n. From this and Lemma 2.8 we have o3(f) = n.

Subcase 1.2: §; < d2. Using the same reasoning as in subcase 1.1 of the second
step, we can also obtain that o3(f) = n.
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Case 2. Suppose that §; = 0. For any glven 0 € [0, — 0,0, +6.]\F2U Hy, where
FEs and H; are defined above, we have

Subcase 2.1: §(Py,0) > 0.
(1) If |ap1| < (1 — B)|an,2|, for any given e,

(1 = Blanz| = lanal
2[(1 + B)lan,2| + lanall’

and all z satisfying arg z = 6 and |z| = r sufficiently large, we have (3.18) -(3.21)).
By (1.3), (3.18)-(3.21), (3-28) and (3.29), for all z satisfying |z| = r ¢ [0, JUF, UFy
and argze [0r — 6r, 0, + 0,]\E2 U Hy, we obtain

exp{y1r"} < M8T2S+1[T(2T‘, f)]k“7 (3.35)

where Mg (> 0) is a constant and +; is defined above. Hence by using Lemma
and (3.35]), we obtain o2(f) > n. From this and Lemma[2.8] we have o5(f) = n.

(i) If |an2| < (1 — a)|an1], for any given € (0 < & < ((11;)2‘&’;11'#;2‘ 2 ) and all z

0<e<

satisfying arg z = 0 and |z| = r sufficiently large, we have (3.20) 3.24)) and

(3-25). By (L.3), (3.20), (3-21), (3-24), (3.25), (3.28) and (3. 29 for all z satlsfylng

|z| =7 ¢ [0,1]UFy, UF; and arg z € [0, — 6y, 0, + 0,]\FE2 U Hy, we obtain
exp{yar™} < Myr®+1[T(2r, f)]F+, (3.36)

where My (> 0) is a constant and ~, is defined above. Hence by using Lemma
and (3.36]), we obtain o2(f) > n. From this and Lemma[2.8] we have o5(f) = n.

Subcase 2.2: §(Py,0) < 0. Using the same reasoning as in subcase 1.1(c) of the
second step, we can also obtain that o2(f) = n.

4. PROOF OF THEOREM [L.3|

Assume f is a transcendental solution of (|1.3)).

First step. We prove that o(f) = 4o00. Suppose that o(f) = p < +00. By
Lemma there exists a set Ey C [0,27) that has linear measure zero such that
if @ € [0,27)\E1, then there is a constant Ry = R;(f) > 1 such that for all z
satisfying arg z = 6 and |z| > Ry, we have (3.1). Set an; = |a, ,[e, 6, € [0,2n)
(1=1,2).

Assume that a1 is a real number such that (1 — &)a,,1 < b, which is 8, = .
By Lemmas for any given € > 0, there exist a set Ey C [0,27) that has linear
measure zero such that if 2 = re??, 6 € [0 27)/Ey U Hy and ris Sufﬁciently large,
then 4;(z)e"®) (1 =1,2) and B;(2)e? ) (j +# s) satisty ([2:2) or (2.3), where H;
is defined as in the proof of Theorem [I.2}

Case 1. Suppose that 61 # 05. For any given 6 € [0, 27r]/E1 UE,UHUH,, we have
, where H> is defined as in the proof of Theorem Since (1 — a)an,s < b, it
follows that b, ;[ <la, .| (j € J). Set 01 = §(Py,0) and 03 = §( P, 0).

Subcase 1.1: 01 > d9. If (a): 61 > d2 > 0 or (b): 6 > 0 > do, it follows that
0 <6(Qj,8) <61 (j € J). Hence by using the same reasoning as in subcase 1.1(a)
of the first step in the proof of Theorem we can also obtain that o(f) = +oo.
If (c): 0> 61 > d2, by using similar reasoning as in subcase 1.1(c) of the first step
in the proof of Theorem we can also obtain o(f) = 4o0.

Subcase 1.2: §, > §;. Here we also divide our proof in three subcases:
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d2—01
2(62+61)

(a): 62 > §; > 0. Thus for any given ¢ (0 < ¢ <
arg z = 6 and |z| = r sufficiently large, we have

) and all z satisfying

|45(2)e™ )] > exp{(1 - )6}, (4.1)
|A1(2)e" 3] < exp{(1 + )07}, (4.2)
|Bj(2)e¥ | < exp{(1+e)81r"} (j # ). (4.3)

Now we prove that |f(*)(z)| is bounded on the ray argz = 6. If |f(*)(2)] is un-
bounded on the ray arg z = 6, then by Lemma [2.3] there exists an infinite sequence
of points z, = e’ (m = 1,2,...), where r,, — +oo such that f(*)(z,,) — oo
and (3.6 holds.
By (1.3), (3.1), (3.6) and (4.1))—(4.3)), for the above z,,, we obtain

exp{(1 — &)dar™ } < Myr®t exp{(1 +¢)é17"}, (4.4)
where My, dy(> 0) are constants. This is a contradiction. Hence |f(*)(2)] < M on
arg z = 6, where M (> 0) is a constant. We can easily obtain (3.8)) on arg z = 6. By
Lemma (13.8) and the fact that 1 U E; U Hy U Hy has linear measure zero, we

obtain that f(z) is a polynomial with deg f < s which contradicts our assumption.
Therefore o(f) = +oc.

(b): 02 > 0 > ;. Thus for any given € (0 < 2¢ < 1) and all z satisfying argz = 0
and |z| = r sufficiently large, we have (4.1)),

|A1(2)e®)| < exp{(1 —e)dr"} < 1, (4.5)

|Bj(2)e? )| < exp{(1 —¢)d8(Q;,0)r"} <1 (j # s). (4.6)

Now we prove that |f(*)(z)| is bounded on the ray argz = 0. If |f(*)(2)| is un-
bounded on the ray arg z = 6, then by Lemma|[2.3] there exists an infinite sequence
of points 2, = rme’? (m = 1,2,...), where r,, — 400 such that f*)(z,,) — oo
and (3.6]) holds.

By (L3), (1), B8, (1), (£5) and (L), for the above 2, we obtain

exp{(1 — €)dar™ } < Myrdz, (4.7)
where Ma, da(> 0) are constants. This is a contradiction. Hence |f(*)(z)| < M on
argz = 0, where M (> 0) is a constant. We can easily obtain (3.8) on argz = 6.
Using similar arguments as above, we conclude that o(f) = +oo.

(c): 0 > 0y > 6;. Using similar reasoning as in subcase 1.1.(c) of the first step in
the proof of Theorem we can also obtain that o(f) = +oc0.

Case 2. Assume that 6; = 5. Then 6; = 6, = 7. For any given 0 € [0,27)/FE; U
FE> U Hy, we have (3.17)).
Subcase 2.1: 6(P1,6) > 0. Since |an1| < [anz2|,an1 # an2 and 61 = 09, it

|an,2[=]an,1]

follows that |an,1]| < |an,2|. Thus for any given ¢ (0 < & < 2(\an,2\+|an.1l)) and all z
satisfying arg z = 6 and |z| = r sufficiently large, we have 7 and
|Bj(2)e% )| < exp{(1+£)5(Q;,0)r"}

< exp{(1 4+ e)br" cos(nb)}(j € J).
By and , we obtain
|A1(2)eP®) 4 Ay(2)e2@)| > exp{(1 + £)d(Py, 0)r" Hexp{yr™} — 1],  (4.9)

(4.8)
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where
Y1 = (1 — 5)(5(P2,9) — (1 + 5)5(P1,9) > 0.
Hence from (4.9)), we obtain
|A1(2)e ) 4 Ay(2)e™23)| > (1 — o(1)) exp{(1 4 €)8(Py, 0)r"} exp{y1r"}. (4.10)

Now we prove that |f(*)(z)| is bounded on the ray argz = 6. If |f(*)(2)| is un-
bounded on the ray arg z = 6, then by Lemma[2.3] there exists an infinite sequence
of points z,, = r,e (m = 1,2,...), where r,, — +oo such that f)(z,,) — oo
and ((3.6)) holds.

By (1.3)), , , , and , we obtain

(1 —o(1)) exp{(1 +¢)6(P1, O)ry, } exp{mry, }

4.11

< M7 exp{(1 + )ad(Py, 0)r? } exp{(1 + &)br" cos(nb)}, (4.11)

where Mj, ds (> 0) are constants. Hence
(1 —0(1)) exp{yar™} < Mzrds, (4.12)
where
va=(14¢)[(1 - a)d(P,0) —bcos(nd)] + 1.

Since 1 > 0, cos(nf) < 0, 6(Py,0) = —|an,1|cos(nd) and (1 — a)a,1 < b <0, we
have

v2 = —(1+¢)[(1 — a)|an,1| + b] cos(nb) + 1 > 1 > 0.

Hence is a contradiction. Hence |f(*)(2)| < M on argz = 0, where M (> 0)
is a constant. We can easily obtain onargz =6. By Lemma and the
fact that 1 U Es U H; has linear measure zero, we obtain that f(z) is a polynomial
with deg f < s which contradicts our assumption. Therefore o(f) = +o0.

Subcase 2.2: §(Py,0) < 0. Using similar reasoning as in subcase 1.1(c) of the first
step in the proof of Theorem [1.2} we can also obtain that o(f) = +oo0.

Second step. Now we prove that oa(f) = n. By Lemma there exist a constant
B > 0 and a set F; C (1,400) having finite logarithmic measure such that for all
z satisfying |z| =7 ¢ [0,1] U Fy, we have (3.28). For each sufficiently large |z| = r,
we take a point z, = re?r satisfying | f(z,)| = M(r, f). By Lemma there exists
a constant d, (> 0) and a set F» of finite logarithmic measure such that for all all
z satisfying |z| =r ¢ F» and argz = 0 € [0, — 6,0, + &,], we have (3.29).

Case 1 Suppose that 6; # 05. For any given 6 € [0, — 0., 60, + 0,]\F2 U H; U Hs,
we have , where Fy, H; and Hs are defined above. Set §; = 6(Py,0) and
0o = (P, 0).

Subcase 1.1: ¢; > d5. Using the same reasoning as in subcase 1.1(a) of the second
step in the proof of Theorem [1.2} we can also obtain that oa(f) = n.

Subcase 1.2: §, > §;. Here we also divide our proof in three subcases:

(a): 92 > d1 > 0. Thus for any given ¢ (0 < € < 25522:_5511 ) and all z satisfying
argz = 0 and |z| = r sufficiently large, we have (4.1)—(4.3). By (1.3), (3.23),

(3.29) and (4.1))—(4.3), for all z satisfying |z| = r ¢ [0,1] U Fy U Fy and argz €
[0, — 0r, 0, + 6,]\E2 U Hy U Hy, we obtain

exp{(1 — &)d2r™} < Myr?* T exp{(1 + )17 }[T(2r, f)]* 1, (4.13)

where My (> 0) is a constant. Hence by using Lemma and (4.13), we obtain
o2(f) > n. From this and Lemma 2.8 we have o3(f) = n.



12 K. HAMANI EJDE-2016/182

(b): 62 > 0 > d;. Thus for any given & (0 < 2e < 1 and all z satisfying arg z = 6

and |z| = 7 sufﬁmently large, we have , ) and . By (1.3] ., -,
(3:29), (41), (@5) and (LE), for all z satlsfymg |z\ =r ¢ [0,1]UF; UF, and
argz € [0, — §T, GT + 6,]\FE2 U Hy U Hy, we obtain

exp{(1 — €)dar™} < Msr® [T (2r, f)]F, (4.14)
where M5(> 0) is a constant. Hence by using Lemma and (4.14)), we obtain
o2(f) = n. From this and Lemma 2.8 we have o3(f) = n.

(c): 0 > 3 > 0;. Using similar reasoning as in subcase 1.1(c) of the second step
in the proof of Theorem we can also obtain that oa(f) = n.

Case 2. Assume that 6; = 05. For any given 0 € [0, — §,,0,. 4+ 0,]\F2 U Hy, where
E5 and H; are defined above, we have (3.17).

Subcase 2.1: §(Py,0) > 0. For any given ¢,

— lan|
2(lan.2| +lanal)’
and all z satisfying argz = 0 and |z| = r sufﬁciently large, we have ,

and (4.10 ‘. By (1.3 ., (3.20), (3.28), (3. 29|), and -, for all z satlsfymg
2| =r ¢ [0,1]UF, UF, and arg z € [0, — 0, +5 J\E2 U Hy, we obtain

(1 —o(1)) exp{r2r"} < M6T2S+1[T(273 PIF, (4.15)

where Mg (> 0) is a constant. Hence by using Lemma and (4.15)), we obtain
o2(f) > n. From this and Lemma 2.8 we have o3(f) = n.

Subcase 2.2: §(P1,0) < 0. Using similar reasoning as in subcase 1.1(c) of the
second step in the proof of Theorem we can also obtain that o3(f) = n.

O<e<

5. PROOF OoF THEOREM [L.4]

Assume f is a transcendental solution of equation .

First step. We prove that o(f) = +oo. Suppose that o(f) = p < +oco. By
Lemma there exists a set Ey C [0,27) that has linear measure zero such that
if € [0,27) — E4, then there is a constant Ry = R;(f) > 1 such that for all z
satisfying arg z = 6 and |z| > Ry, we have (3.1). Set an; = |a, ,[e, 6, € [0,2n)
(1=1,2).

Assume that a,, 1 and a,, 2 are real numbers such that (1—3)a, 2—b < a,1 < 0or
(1—a)an1—b < anp2 <0, whichis ; =60, = 7. By Lemman7 2.2] for any given ¢ > 0,
there exists a set Ey C [0,27) that has linear measure zero, such that if z = re®,
0 € [0,27)/FE> U Hz and r is sufficiently large, then A;(z)e”(*) (I = 1,2) and
Bj(2)e%9i(?) (5 # s) satisty or (2.3), where Hy = {6 € [0, 2) : cos(nf) = 0}.

For any given ¢ € [0,2m)\E; U E» U Hj, we have (3.17).

Case 1: §(Py,0) > 0.

. . 1-B)lan,2 n.1|+b
() I (1-PBan2—b<ap1 <0, forany givene (0 < e < [((Hﬁ))‘\aanz‘Hllznll\ b])and

all z satisfying arg z = 6 and |z| = r sufficiently large, we have ([3.18] - ), ([4.3),
and

|B;j(2)e?®)| < exp{(1 + &)ad(Py,0)r"} exp{(1 4 €)B5(Py, 0)r™} (€ I). (5.1)

Now we prove that |f(*)(z)| is bounded on the ray argz = 6. If |f(*)(2)| is un-
bounded on the ray arg z = 0, then by Lemma[2.3] there exists an infinite sequence
of points z,, = e (m = 1,2,...), where r,, — +oo such that f()(z,,) — oo




EJDE-2016/182 GROWTH OF TRANSCENDENTAL SOLUTIONS 13

and holds. By (L.3), (3.1), (3-6), (3.18), (3-19), and (5.1)), for the above

Zm, We obtain

exp{(1 —€)d(P,0)r;,}

< Myr®exp{(1 + €)[5(P1,0) + BS(Pz,0) 4 beos(nd)]r™ }, (5:2)
where My, di (> 0) are constants. By , we have
exp{y1r"} < Myrd, (5.3)
where
M =01—-¢)d(Pe,0)— (1+¢)[0(P1,0) + B5(Pa,0) + bcos(nb)].
From

(1 = B)lanz| — lana| +b
2[(1+ B)lan2| + [an| — 0]

O<e<

and cos(n#) < 0, we obtain

7 =—{Q = B)lanz| = lan1| + b —e[(1 + B)|an2| + |an,1| — 0]} cos(nf)
(1 = B)lanz2| — |an:] + ]
2
Thus (5.3) is a contradiction. Hence |f(*)(z)] < M on arg z = 6, where M (> 0) is
a constant. We can easily obtain (3.8) on arg z = 0. By Lemma (3.8) and the

fact that E1 U Es U H; has linear measure zero, we obtain that f(z) is a polynomial
with deg f < s, which contradicts our assumption. Therefore o(f) = +oo.

> — cos(nf) > 0.

(i) If (1 — a)an1 — b < apz2 <0, for any given e,

(1—a)|ani] — |an2| +0 )
2[(1 + a)lana| + lan2| = )]

and all z satisfying argz = 6 and |z| = r sufficiently large, we have and
B25).

Now we prove that |f(*)(2)| is bounded on the ray argz = 0. If | f(*)(2)] is un-
bounded on the ray arg z = 6, then by Lemma[2.3] there exists an infinite sequence
of points z, = rme (m = 1,2,...), where r,, — +oo such that f()(z,,) — oo
and (3.6 holds.

By (1.3), , , , , and , for the above z,,, we obtain

exp{(1 —€)d(Py,0)r,,}

0<e<

5.4
< Mor® exp{(1 + )[6(Px, 0) + ad(P;,0) + beos(nd)]r™ }, (5:4)

where My, da (> 0) are constants. By (5.4), we have
exp{yorp,} < Maori2, (5.5)

where
Y2 = (1 —¢)d(Pr,0) — (1 +¢)[0(P2,0) + ad(Py,0) + bcos(nd)] > 0.

Thus (5.5) is a contradiction. Hence |f(*)(z)| < M on argz = 0 , where M (> 0)
is a constant. We can easily obtain (3.8]) on argz = 6. Using similar arguments as
above, we deduce that o(f) = +oc.

Case 2: §(P;,0) < 0. Using similar reasoning as in subcase 1.1(c) of the first step
in the proof of Theorem |1.2] we can also obtain that o(f) = +o0.
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Second step. We prove that o2(f) = n. By Lemma there exist a constant
B > 0 and a set F; C (1,400) having finite logarithmic measure such that for all
z satisfying |z| =7 ¢ [0,1] U By, we have (3.28)). For each sufficiently large |z| = r,
we take a point z, = re'?r satisfying | f(z,)| = M(r, f). By Lemma there exists
a constant d, (> 0) and a set F» of finite logarithmic measure such that for all all
z satisfying |z| =7 ¢ Fy and argz = 0 € [0, 6,, 6, + 6,], we have (3.29). For any
given 0 € [0, — 6,,0, + 6,]\E2 U Hs, we have (3.17), where E; and Hj are defined
above.
Case 1: §(Py,0) > 0.
(1) If (1 —-PB)an2—b < an1 <0, for any given e (0 < e < QEgllg)\fZ;zJ‘jrlltﬁlll‘-kbb ) and
all z satisfying arg z = 6 and |z| = r sufficiently large, we have ‘ED, -7 .
and (5.1). By (L.3), (3:13), (3-19), (3.28), (3:29), and (j5.1), for all z satisfying
|zl =r ¢[0,1]U Fy UF, and arg z € [0, — 6., 0, + 6, ]\F2 U H3, we obtain
exp{y1r"} < Mzr® [T (2r, f)]FF, (5.6)

where M3 (> 0) is a constant and +; is defined above. Hence by using Lemma
and (5.6]), we obtain o5(f) > n. From this and Lemma we have go(f) = n.
(i) If (1 — a)an1 — b < apz2 < 0, for any given e,

(1-a) —|anz2| +0 )
2[(1+ a)lana| + lanz2| — b)]”
and all z satisfying argz = 6 and |z| = r sufficiently large, we have (3.23) and
(3:24). By ([1.3), B-24), (3:2), (3:28), (3:29) and (48], for all = satisfying |2| =
r ¢ [0,1]UF, UF; and argz € [0, — 6,0, + 0,]\E2 U Hz, we obtain

exp{yzr"} < Myr® YT (2r, )], (5.7)

where My (> 0) is a constant and 7, is defined above. Hence by using Lemma
and (5.7)), we obtain oa(f) > n. From this and Lemma[2.8] we have o5(f) = n.

(0<e<
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