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STANDING WAVES FOR DISCRETE NONLINEAR
SCHRODINGER EQUATIONS

MING JIA

ABSTRACT. The discrete nonlinear Schrodinger equation is a nonlinear lat-
tice system that appears in many areas of physics such as nonlinear optics,
biomolecular chains and Bose-Einstein condensates. By using critical point
theory, we establish some new sufficient conditions on the existence results of
standing waves for the discrete nonlinear Schrédinger equations. We give an
appropriate example to illustrate the conclusion obtained.

1. INTRODUCTION

The discrete nonlinear Schréodinger (DNLS) equation is one of the most impor-
tant inherently discrete models, having a crucial role in the modeling of a great
variety of phenomena, ranging from solid-state and condensed-matter physics to
biology [6]. Fundamental states supported by the DNLS equations are standing
waves due to their periodic time behavior. This kind of solutions have been found
in the experimental observations [10].

In the past decade, the existence of standing waves of the DNLS equations has
drawn a great deal of interest [12], 17, 19] 23] 24] 25 28] 29]. The existence for
the periodic DNLS equations with superlinear nonlinearity [19] and with saturable
nonlinearity [29] has been studied. And the existence results of standing waves of
the DNLS equations without periodicity assumptions were established in [28]. As
for the existence of the homoclinic orbits of nonlinear Schrédinger equations, we
refer to [B] [26].

We denote by N, Z and R the sets of all natural numbers, integers and real
numbers respectively. For a and b in Z, define Z(a,b) = {a,a+1,...,b} whena <b

This article considers the DNLS equation

iy = —Athn + 0V — W f (Wn), n € Z, (1.1)

where A, = Y41+ Un—_1 — 24, is discrete Laplacian operator, v,, and ~,, are real
valued for each n € Z, f € C(R,R), f(0) = 0 and the nonlinearity f(u) is gauge
invariant, that is,

f(eu) = e f(u), 6 €R. (1.2)
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Since standing waves are spatially localized time-periodic solutions and decay to
zero at infinity, ¢, has the form

_ —iwt
Yn = upe ",
and
lim %, =0,
|n|—o0

where v, is real valued for each n € Z and w € R is the temporal frequency. Then

(1.1) becomes

— Ay, + Vptly, — Wy, = Yo f (uyn), n €Z, (1.3)
| l‘im U, =0 (14

holds, where |n| is the length of index n. Actually, our methods allow us to consider
the more general equation

Ak(pn_kAkun_k) + (—1)kqnun = (—1)kfn(un)7 kez(l), neZ, (1.5)

with the same boundary condition . Here, A is the forward difference operator
[16, 22] Aup = tUni1 — Un, AFu, = A(A*~1u,), p, and ¢, are positive real valued
for each n € Z. p,, ¢, and f,(x) are all T-periodic in n for a given positive integer
T. When k=1,p, =1 and ¢, = ¢, — w, we obtain . Naturally, if we look for
standing waves of (1.1)), we just need to get the solutions of satisfying (L.4)).

Peil and Peterson [20] in 1994 studied the asymptotic behavior of solutions of
2kth-order difference equation

k
D A (ri(n = i)Alu(n — i) =0 (1.6)
i=0
with r;(n) =0for 1 <i<k-—1.

In 1998, Anderson [2] considered for n € Z(a), and obtained a formulation
of generalized zeros and (k, k)-disconjugacy for (L.6). Cai and Yu [3] in 2007 ob-
tained some criteria for the existence of periodic solutions of the following difference
equation

AR (e AFupy 1) + f(n,u,) = 0. (1.7)

In 2013, Deng, Liu, Zhang and Shi [9] studied the existence of periodic for the
following 2nth-order difference equation containing both advance and retardation
with p-Laplacian

A”(Tk_ngpp(A"uk_l)) = (—1)"f(k,uk+1,uk,uk_1), keZ. (18)

Recently, Liu, Zhang and Shi [I4] established various sets of sufficient conditions
of the nonexistence and existence of solutions for mixed boundary value problem
and gave some new results to the following 2nth-order nonlinear difference equation

A"(’yi,nJrlA”ui,n) = (—].)nf(l, uiH,ui,ui,l), n e Z(l), 1€ Z(l, k), (19)

by using critical point theory.
Using critical point theory, Shi and Zhang [23] in 2016 investigated the more
general equation

Ak(Tn—kQOp(Akun—l)) + (_1)an§0p(un) = (_1)k7nf(un)a keZ(), n€Z,
(1.10)
and obtained a new result concerning the existence of a standing wave solution.
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As it is well known, critical point theory is a powerful tool to deal with the
homoclinic solutions of differential equations [I1] and is used to study homoclinic
solutions of discrete systems in recent years [T}, [7, [8, 13} 15]. Our aim in this
paper is to obtain the existence results of standing waves for the discrete nonlinear
Schrodinger equations by using critical point theory. The main idea is to transfer
the problem of solutions in E (defined in Section 2) of into that of critical
points of the corresponding functional. The motivation for the present work stems
from the recent paper [27].

For basic knowledge of variational methods, the reader is referred to [I8| 21].
Let F,(z) = [y fa(t)dt, t € R. Our main results are as follows.

Theorem 1.1. Suppose that the following hypotheses are satisfied:
(H1) F,(x) is continuously differentiable in x for every n € Z, F,(x) > 0,
F,(0) =0;
(H2) limy) o fni(f) =0 forn € Z;

|z
(H3) limyy| 0o 222 = 0o forn € Z;
(H4) for any o > 0, there exist a =a, >0, b="0, > 0 and o < 2 such that for
alln € Z, |z| > o,

1
(2 + W)Ez(ﬁt) < fal2)z.

Then (1.5) has a nontrivial solution satisfying (1.4]).

Theorem 1.2. Assume that (H1), (H2) and the following hypothesis are satisfied:
(H5) there exists v > 2 such that

0<~F,(z) <zfn(x), VYneZ, zeR\{0}.
Then (1.5) has a nontrivial solution satisfying (1.4]).

2. VARIATIONAL STRUCTURE

To apply the critical point theory, the corresponding variational framework for
equation (1.5]) is established. We start by some basic notations for the reader’s
convenience. Let S be the vector space of all real sequences of the form

u = ("'7u7n7~~'7u713u03u17"‘7un,"') :{un}:io—oov

namely S = {{up}: u, € R, n € Z}. Define

+oo
E={ues: Z [Pr—1(AFup_1)? + guul] < +o0}.

n=—o0
The space is a Hilbert space with the inner product
+o0
(u,v) = Z (pn,lAkun,lAkvn,l + qnunvy), Yu,v € E, (2.1)
n=—o00
and the corresponding norm

= 1/2
ll = (S [paa(Afun1)? +gu2] ), VueE. (2.2)

n—=—oo
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On the other hand, we define the real sequence spaces
I 1/s
r={ueS:|ul,= ( Z |un|g) < +oo}, 1< s < 400, (2.3)
n=—oo
with [|u|lec = Sup,cyz |tn| when s = 4o0.
Since u € E, it follows that lim,| .o [un| = 0. Hence, there exists n* € Z such
that

lt|loo = |ttn+| = max |uy].
nez

By (2.2), we have

lal® > goun > ¢ up > gflul.

nez nez
Thus,
allullZ, < gllully < [lull®. (2.4)
For all u € F, define the functional J on E as follows:
1 +oo +oo
o k 2 2
J(u) _5 n;m [pn—l(A un—l) + Qnun] - n;m Fn(un)
. oo (2.5)
= 5”””2_ Z Fn(un)7

then J € C1(E,R). By using

k
-k
AFu, g =) (-1 (i)umk—i—lv

i=0
we can compute the partial derivative as
0J(u)
Ouy,
Thus, the critical points of J in F are solutions of satisfying .

= (—D)*A* Pk A* U k) + Gutin — folun), k€Z(1), n€Z. (2.6)

3. MAIN LEMMAS

To apply variational methods and critical point theory to study the existence
of a nontrivial solution of (|1.5)) satisfying (1.4]), we shall state some lemmas which
will be used in the proofs of our main results.

Lemma 3.1 ([]). Let E be a real Banach space with its dual space E* and assume
that J € CY(E,R) satisfies
max{J(0),J(e)} <mo <n < inf J(u),

llull=p
for some ng <mn, p>0 and e € E with ||e|]| > p. Let ¢ > n be characterized by

¢= inf max .J (v(#)),

where ' = {y € C([0,1], E) : ¥(0) = 0, v(1) = e} is the set of continuous paths
joining 0 to e; then there exists {u(™},nen C E such that J(u(™) — ¢ and (1 +
[ut™ DT (™) g+ — 0 as m — co.
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Lemma 3.2. Assume that (H1)-(H4) are satisfied. Then there exists a constant
¢ >0 and a sequence {u™},,cz satisfying

Ju™) — e, T @™+ [u"™]) =0, m — co. (3.1)
Proof. From (H2) there exists p > 0 such that for any n € Z and |z| < p,

Fo(z) < 2a°. (3.2)

IS

Define |[u| = ¢*/?p := 5. For any n € Z, it follows from (2.4) that |u,| < p.
Consequently, for v € E, |Ju|| = p, it comes from (2.5) and (3.2)) that

“+o0

1
J(U)=§||u||2— > Fu(un)
+o0

1, 4 2
237 =3 2

1 q
> Lt~ Ly,

1, 145 1,
> p? - Sp?= 2
_277 477 477

Set u(()o) =1, u? =0forn # 0. Then, by (H1), (H2), (H4) and (2.3), we have

92 =
J(Ou®) = P = Y7 Fu(0ul?)
0 2 _ (0)
< 1N = Fo(buy,”)
1 Fo(0u'?
< 92[*”“(0)”2 . of (73) )] <0
2 |0u0 |2

for large enough 6 > 0. Thus, we can choose 6 > 1 such that 0|u®| > n and
J(0u®) < 0. Define e = Gu®) | then e € E, ||e|| > n and J(e) < 0. By Lemma
there exists ¢ > 1n? and a sequence {u(™},,cz C E such that (3.1 holds. O

Lemma 3.3. Assume that (H1)—(H4) are satisfied. Then any sequence {u™},,en
satisfying
Ju) = e >0, S+ ) =0, m—se (33

is bounded in E.

Proof. From (H3) it follows that there exists 0 < p < 1 such that for any n € Z,
|z < p,

F.(z) < =22 (3.4)

LS

For any n € Z, by (H4), we have
fu(x)z > 2F,(x) >0 (3.5)
and for |z| > p, we have

Fu(2) < (a+blz|*"?)[fu()a — 2F, (). (3.6)
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By [2.5), [2.6) and (3.1)), there exist K and K such that
K > 2J(u™) — (J'(u™),u™)

=S [l — 2 )] 7
and
Juw™) < K. (3.8)

It comes from , , , , , , and that

5 ™
—+o00

=J™)+ > Fu(ul™)

=J™)+ Y Fuu{™)+ > Fu(ui™)
neZ(Ju™|<p) nez(|ul™|>p)

(m)y . 4 (m)|2
< J(W™)+ 7 S ulm)
neZ(|ul™|>p)

+ 0 fa Y [fa )l — 2F, (u™))] (3.9)
neZ(\u(m)|>p>

< K a2 4+ 3 a2 [yl — 2 ()]
nezZ

A1

< K4 llut™ 2 + (ot 26 |%) [Fa (™ )ul™ — 2F, (uf™)]
N 1 >

< K4 [u™ + B (a+ 2|2
S| - 2

< K+ ™+ Ka+2gFbllut™]), meN.

Combining with o < 2, (3.9) imply that {u(™},,cy is bounded. Hence, the proof
of Lemma is complete. O

4. PROOF OF THE MAIN RESULTS

In this Section, we shall prove our main results by using the critical point method.

Proof of Theorem- By Lemma 3 there exists a sequence {u m)}meN C E

satisfying (3.1)), and . It follows from Lemmathat {u(m }ren is bounded

in E. Therefore by (2.4 for all n € N, we have there exists K > 0 such that
gl/2llu(’" loo < Jlul™]| < K. (4.1)
For any n € Z, |z| < Q’l/zf{, by (H2), we have

€4 o 4 a2
K2 4K2 T 2K2

|%fn(x):17 — Fu(z)] < 1 (4.2)
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By way of contradiction suppose that ¢ := limsup,, . [|[u{"™ ||« = 0. Then, by

(H2), (2.1)), ( and ., we have

c= J(u(m)) _ 5 <J/(u(m))7u(7n)> + 0(1)

- an u™ ™ — ZF +o(1)

n=-—oo n=—oo

—+oo

cq (m)\2
< 572 Z(Un)

INA
|
ER

=z
Y]
+
QS
—~
—_
~—

§%+0(1), k — 0.

This contradiction shows that £ > 0.
First, going to a subsequence if necessary, we can assume that the existence of
n(m) e Z independent of m such that

m g
| = ™l > 3. (4.3)

Hence, making such shifts, we can assume that n("™) Z(0,T—-1)in . Moreover,
passing to a subsequence of ms, we can even assume that n(™ = n(9 is independent
of m.

Next, we extract a subsequence, still denote by u("™), such that

u%m) — Up, M — 00, Vn € Z.

Inequality (4.3]) implies that |u,,o)| > £ and, hence, u = {u,,} is a nonzero sequence.
Moreover,

Ak(pn—kAkun—k) + (71)anun - (71)kfn(un)
= lim [AF(p kARl + (=1 Fguul™ — (=1)* £, (u(™)] = lim 0= 0.

m— 00 m— 00

So u = {uy,} is a solution of (1.5) satisfying (1.4).

Finally, for any fixed ¢ € Z and m large enough, we have
IS 1 ~
S M2 < St < R2.
n=—s¢ 4
Since K? is a constant independent of k, passing to the limit, we have
g —
Z lu,|? < K2
n=—g

By the arbitrariness of ¢, u € [?. Therefore, u satisfies u,, — 0 as |n| — oo. The
proof is complete. O

Proof of Theorem[I.3. The techniques of the proof of Theorem are just the
same as those carried out in the proof of [I3]. We do not repeat them here. ]
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5. EXAMPLE

As an application of Theorem [1.1] we give an example to illustrate our main
result. For n € Z, k € Z(1), assume that

—k
Ak((:% + sin? M)A’“uﬂ) + (—1)F(2+ cos T
T T
2 TN i (5.1)
= 2(9 + sin ?)un In(1 + |un) + m7

where T is a positive integer. We have

—k
Dn—k = (3 + sin? %), Gn = (2 + cos? %),
Fy(z) = (9 + sin® %n)xQ In(1+ |z|).

Then
2?|x] 1
s> —
1+ |z — ( 1+ |z
This shows that (H4) holds with @ = b = v = 1. It is easy to check all the
assumptions of Theorem are satisfied. Consequently, (5.1)) has a nontrivial

solution satisfying (1.4)).

fn(2)z = 2(9 + sin? %).’BQ In(1+|z|) + )Fy(x) > 0.
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