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THEOREMS ON BOUNDEDNESS OF SOLUTIONS TO
STOCHASTIC DELAY DIFFERENTIAL EQUATIONS

YOUSSEF N. RAFFOUL, DAN REN

ABSTRACT. In this report, we provide general theorems about boundedness or
bounded in probability of solutions to nonlinear delay stochastic differential
systems. Our analysis is based on the successful construction of suitable Lya-
punov functionals. We offer several examples as application of our theorems.

1. INTRODUCTION

Stochastic differential delay equations (SDDEs) have a wide application in natu-
ral or man-made systems. They arise from an approximation to a partial differential
equations that describes, e.g., diffusion on some reacting substance or a traveling
wave in some medium, see [I]. Moreover, time delay stochastic systems are an
important aspect in the modeling of genetic regulation due to slow biochemical
reactions such as gene transcription and translation, and protein diffusion between
the cytosol and nucleus, for a reference, see [I§]. Recently, (SDDEs) have been
extensively used in the study of population dynamics and for more on this we refer
to [3] and [5]. For more reading on the subject of stochastic systems, we refer to
Kushner [6], Mao [7, 8], Hasminskii [2] and the references therein. The report of
[9] presents an interesting survey of Lyapunov functions techniques in stochastic
differential equation.

Let B(t) = (Bi(t), Ba(t), ..., Bn(t))T be an m-dimensional standard Brownian
motion defined on a complete probability space (2, F,P) and

z(t) = (x1(t), 22(t), ..., zn(t))T € R™.

Let h be a positive constant and we will consider the n-dimensional stochastic
differential equation (SDE):
t

dae(t) = f(t,x(t),x(t -
4 g(t,z(t), 2t — h))dB(1),

for t € RT, with a given deterministic continuous initial condition ¢ : [—h, 0] — R"®,
where A : RT xRT - R, f: RT xR?" xR*" xR — R"?, g: Rt x R* x R* — R"*™
and h: Rt x R® — R, are all continuous functions on their own domains.

A(t,s)h(sw(S))dS)dt (1.1)
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It should cause no difficulty to start our solution at any time tg, but for simplicity,
we consider the case when to = 0 in this paper, i.e., z(t) = ¢(¢) for all ¢ € [—h, 0],
and z satisfies the SDE starting from time 0.

Let C12(RT x R™; RT) denote the set of all non-negative functions that are twice
continuously differentiable in the first variable and continuously differentiable in
the second variable. Take an arbitrary function V (¢, ) in the set, and define the
operator LV : RT x R® x R” x R — R as

LV (t,x,y,2) = Vi(t,z) + Y _ Vo (t, ) filt, 2,9, 2)

i=1

n n m (12)
1
+ 5 Z Z Z V:mzj (ta z)gik(tv €L, y)gjk(ta €, y)v

where f; is the ith component of vector f and g;; is the ij-entry of matrix g.

To avoid confusion, we will denote LV (¢, z,y, z), the operator applied to V (¢, z),
as LV (t,z). However, readers should keep in mind that LV (¢, x) actually depends
on y and z through f and g.

In this article we say Lyapunov functional instead of Lyapunov function to indi-
cate the presence of the variable x in the integrand.

This research is an extension of [20], in which the authors developed a general
theory for the analysis of solutions of the nonlinear systems of stochastic differential
equation of the form

da(t) = f(t, 2(t))dt + g(t, 2(H)dB(t), t>0.

with initial condition #(0) being a constant.

In our analysis, we obtain inequalities from which we can deduce boundedness in
probability of the solutions of (SDDEs) (L.1). In obtaining our inequalities we resort
to the suitable construction of Lyapunov functionals. Thus, this paper provides step
by step instruction on how these Lyapunov functionals can be easily constructed
so that under suitable conditions, the Lyapunov functional is decreasing along the
solutions of the (SDDEs) . In addition, our results will be applied to nonlinear
stochastic systems with the function f containing terms of the form z™ where n is
positive and rational. For a comprehensive review and recent results of stochastic
differential and integro-differential equations, we refer the reader to the excellent
monograph [I3] and to the references therein. For more on (SDDEs), we refer to
the survey paper [4].

2. BOUNDEDNESS OF SOLUTIONS

In this section, we use non-negative definite Lyapunov functionals and establish
sufficient conditions to obtain boundedness in probability results on all solutions
x of . The use of an initial function instead of an initial point allows us to
observe the past performance of the random variables over a longer period.

Frist, we state some notation and assumptions which will be needed for the rest
of the paper.

Let E? denote the conditional expectation operator associated with the prob-
ability measure P given x(t) = ¢(t) for all t € [~h,0], i.e., E®(:) = E(- | z(t) =
¢(t),t € [=h,0]). Let || - || denote the Euclidean norm for a vector in R”™.
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Definition 2.1. A continuous function W : RT — RT is called a wedge, if W (0) =
0, W(s) > 0 for s > 0, and W is strictly increasing.

In this article a wedge is always denoted as W or W; where i is a positive integer.
We sue the following assumption:

(A1) For any fixed t € RT, the following condition holds for all < € {1,...,n}
and k€ {1,...,m}:

E¢[/O V2 (t,2(s))go(s,2(s),z(s — h)) ds| < oo. (2.1)

A special case of the general condition (2.1]) is the following condition.

(A1’) There exists a deterministic function v(t) such that for all t € R,z €
R™"yeR" andallie{l,...,n} and k € {1,...,m}:

Ve, (£, 2)gir (t, 2, y) || < v(t) (2.2)
and for any fixed t € RY,

/t v%(s)ds < . (2.3)
0

Theorem 2.2. Under assumption (Al), suppose that there exists a continuously
differentiable Lyapunov functional

V(t,z) € CY*(RT x R™;R™T)
such that for allz e R",y e R" 2z € R and t € R*:

W(llzll) < V(t,2), (2.4)
LV (t,2) < —a()Vi(t,z) + F(t), (2.5)
V(t,x) - Vi(t,xz) <7, (2.6)

where v and q are constants with v > 0, ¢ > 1, and a(t) and F(t) are positive
continuous functions. Then all solutions x of (1.1) satisfy the following inequality
for any given t € RT:

E¥(a(0)) < W [e 52O 0,600) + [ e Ko a(u) + Flu]da]
(2.7)
Proof. Apply Itd’s formula to efo (Y (¢, 2(t)):
d (efé als)dsyr (g, x(t)))
= eJo “O (o (1) V (£, 2 (L)) + LV (, 2(t)))dt + dM (1)
with
MO = [ e STV, () Y gl o~ W) ),
i=1 k=1

and (for short notation)

t
LV (t,z(t)) = LV (¢, 2(t), x(t — h),/ A(t, s)h(s,z(s))ds).
t—h
Integrate both sides from 0 to t:
elo sy (1 (1)) — V(0,2(0))
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= /0 elo @5 (o (u)V (z(u), u) + LV (z(w), u))du + M(t)

S/O elo I (a(u)(V(2(u), u) = V(2 (u),u)) + F(u))du+ M(t) (by [23))
< / el s (q(u)y + F(u))du+ M(t) (by [2:6))

0
Since V(0,2(0)) = V(0,¢(0)) , it follows that

V(ta(t) < e 2%V (0,6(0)
t
+/ e_flfa(s)ds(,ya(u)_,'_F(u))du_i_e—f(foz(s)dsM(t)
0

Taking expectation E® on both sides, and noting that E¢{e~ Js a)ds\ ()} = 0
under (A1), we obtain

EP[V (¢, 2(t)] < e Jo 2® 45y (0, 6(0)) + / L (fya(u)JrF(u)) du. (2.8)
0

Finally, since W is convex, by Jensen’s inequality for expectation, we have
W(E?[|lz)]]) < W ([lz(6)])] < E?[V(t, 2(1)))-
The proof is completed by noting that W is strictly increasing. O

Considering another situation, we have the following theorem.

Theorem 2.3. Under assumption (A1), suppose there exists a continuously differ-
entiable Lyapunov functional

V(t,z) € CH*(RT x R™;RT)

such that for all t € R,

t

Wi((lz@)1)) < V(E,2(2)) < Wa([lz@)]) +/h%(t,S)Wa(Hx(S)II)ds, (2.9)

t

LV (t,x(t)) < —ar(O)Wa(([z()]]) — a2(t)/hsoz(t,S)Ws(llw(S)ll)dS+F(f) (2.10)

for positive continuous functions ay(t), as(t), F(t), and p;(t,s), i =1,2.
Moreover, there exists a non-negative constant vy such that the inequality

Wa(llz(B)]]) = Wa([lz@)])

+/ (o1t Wsl2()) — @2t )Ws(lla(s)]]) ) ds < o (2.11)

—h
holds for all t € RY. Then all solutions of satisfy

B4 (la(t)]) < Wit {em 5 209V (0,6(0))
S Y e (2.12)
+ [ RO (qau) + Fw)du}, w0,

where a(t) = min{ay (t), aa(t)}.
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Proof. Let x(t) be a solution of with x(t) = ¢(t), for —h <t < 0. Then
d(efs sy t,x(t
(t (t (1) o1
= eJo “O)s (o () (E, 2(t)) + LV (¢, 2(t)))dt + dM (1)

where

M(t) = /0 elo @@ (w2 (u) > gin(u, 2(w), (u — h))dBy(u),
=1 k=1

LV (t,z(t)) = LV (¢, 2(t), z(t — h), /tih A(t, s)h(s,z(s))ds).
By (2.9), (2:10), and the fact that a(t) = min{a;(t), a2(t)}, we obtain
LV (t,z(t)) + a(t)V(t, z(t))

< —arOWa(lsO)]) - ax(t) [

hm(tS)Wk—)(lw(S)l)ds

t

+awwmumm+a@/hwmﬁwmm@mm+F@

(2.14)
< a(®)[Wale®]) = Wall=®)])
+ [ (ot Walla@)) - eatt. Wil )ds] + (0

—h
<a(t) + F(t).

Integrating (2.13) from 0 to ¢, combining with (2.14)), we obtain
¢
elo “D Ay (¢, 2(t)) < V(0,6(0)) + / elo =) ds (va(u) + F(u))du + M(#).
0

Dividing by elo a(®) ds taking expectation on both sides, and noting that
E? {e* Jg al®) dSM(t)} =0

in view of (A1), we obtain,

EYV (t,2(1))] < e o x4V (0,6(0)) + / oo (va(w) + F(u))du.
0

Finally, since W is convex, by Jensen’s inequality for expectation, we have
Wi(E?[lz@)]) < B [Wi(le(®)])] < B[V (t,z(t)).
The proof is complete by noting that W is strictly increasing. (]

We now consider some special 1-dimensional stochastic processes x, and state
relevant results in Theorem 2.4] and 251 A sufficient condition for both theorems
is stated below: We sue the following assumptin

(A2) Assume that there exist positive functions v, F' : Rt — R, such that for

alltcRT,z e R,y € R:

lzg(t, @, y)l < v(t), g*(t,w,y) < F(b), (2.15)

t
/ V% (s)ds < oo, Vt > 0. (2.16)
0
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First we consider a particular form of (1.1)) given in the (SDDE),
dz(t) = (a(t)x(t) +b(t)x(t — h))dt +g(t,x(t),z(t — h))dB(t), t>0, (2.17)

with continuous initial condition ¢, i.e., any solution of the above SDDE satisfying
x(t) = ¢(t), t € [—h,0]. We have the following theorem.

Theorem 2.4. Suppose that (A2) holds for some functions v and F. We define
the function

efot 2a(s)ds

€)=+ Fon [T T gy (2.18)
for some constant T > 0, such that for all t € RT:
b(t)] < kE(2), (2.19)
for some positive constant k, and
2a(t) + 2kE(t) < —aft), (2.20)

for some positive continuous function «(t). Then all solutions of (2.17)) satisfy

E?(|z(t)]) < {e— Jo a()dsyr(0) 4 /t e f$a<s)dSF(u)du}l/27 (2.21)
0
with
0
V(0) = 6(0) + k£(0) / ().

Proof. For t > 0, define a process V via:
t
V(t) = x2(t) + kE(t) / 2% (s)ds.
t—h
Apply It6’s formula to elo als)dsy/ ().

d(efé O‘(S)dSV(t)) = eJo O (Y (t) + LV (t))dt + dM (t) (2.22)

where

LV (t) = (2a(t) + k&) 2 (t) + 2b(t)x(t)x(t — h) — kE(t)2*(t — h)

t 2.23
+ k&' (t) /t_h 22(s) ds + g*(t, z(t), z(t — h)), (2.23)

M(t) = 2 /0 5 s 50 g, (), 2 (u — h))dB (). (2.24)

Moreover, by (A2), [2.18), (2.19), and the fact that
€/(t) = 2a(t)E(t) + 2kE2(t) — 2ke2(t)eli " 2a(e) oo
< 2a(t)€(t) + 2kE2(1)2b(t)z(t)z(t — h)
< [b()|(2*(8) + 2*(t — h)),
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equation reduces to
£V (1) < (2a(t) + b(0)] + ke(6) )a2(1) + (10(0)] — kE(®) ) a(t — )

+ k(2a(t)§(t)+2k§2( )) /tth 2(s)ds + F(t)
< (Za(t) + 2k§(t)) )+ KE(t ( )+ 2kE(t ) /th 2%(s)ds + F(t)

- (ga(t)+2k§(t)){ (t) + K&(t )/

2 (s)ds| + F (1)
t—h
—a(t)V(t) + F(t).

IN

(2.25)

a(s)ds and then take expectation on both

We integrate from 0 to ¢, divide by elo
sides of (2.22). It follows that
E?(V (1)) — e~ Jo 2oy (g)

< E? [/t e a(s)dsp(u)du] L g [eaﬂf O‘(S)dsM(t)} (2.26)
0

Since under Assumption (A2), e~ Js ()45 \[(t) is a martingale with expectation
0, we have

t
B(u(1)) < e~ fi 2@y (0) 4 29 / e~ I pu)dul (2.27)
0

The proof is complete by observing that

E*(|2(t)]) < (B®(2*(1)))"/* < (B2(V (1)),

Next, we turn our attention to the (SDDE)

t
da(t) = (a(t)x(t) Fb()a(t —h) + / At s) f(s,x(s))ds)dt
t—h
+g(t,x(t),x(t7h))dB(t), 3 Zoa
with given continuous initial condition ¢, such that z(t) = ¢(t), t € [—h, 0].

Theorem 2.5. Assume that (A2) holds. Let f : RY x R — R be a nonlinear
continuous function, and a,b and A are assumed to be continuous on their respective
domains. Suppose that there exists a positive constant X such that for allt € R,z €
R

(2.28)

)

F(t,2)] < Aal. (2.29)
Let k be a positive constant and assume that there are two positive constants oy
and o so that for all t € RT:

2a(t) + 1+ b(t) + k:/ |A(u, t)|du < —ay, (2.30)
t
1- k/ |A(u,t — h)|du <0, (2.31)
t

t
/\2/ (L, 8)[ds — k < —ask. (2.32)
t—h
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Finally, we assume that there exists some positive constant 3, such that for all
s,t(s <t),

ts|>ﬂ/ A(u, s)|du. (2.33)
Then all solutions of (2.28]) satisfy
t 1/2
E?(Jz(t)]) < {V(O)e*aw / e*‘X(t*u)F(u)du} : (2.34)
0

with

a = min{ag, a8},

V(0) +k/h/ A, 5)|dug? (s)ds

Proof. To see this we define a process

Vit +k/ / (u, 8)|dua?(s)ds.
t—h

Apply 1td’s formula to etV (¢):
d(e*V (1)) = e (aV (t) + LV (t))dt + dM (t) (2.35)

where

M(t) = 2/ e x(s)g(s,x(s), z(s — h))dB(s)
0
LV (t) = 2z(t) (a(t):z:(t) F ()t —h) + /t A x(s))ds)

o

+ kx ()/OC\ (u, t)|du—k;v2(t—h)/ |A(u,t — h)|du

t

—k/ A(t, 8)|22(s)ds + g°(¢, a(t), 2(t — h))

< 2a(t)x*(t) + 2b(t)x(t)x(t — h) + 2x(t) /tih A(t,s)f(s,x(s))ds

+ kx ()/OC\ (u, t)|du—kx2(t—h)/ |A(u, t — h)|du

—k/ A(t, )| (s)ds + F(t)

Using the fact that 2ab < a? +b?, and Schwartz inequality we simplify the following
terms:
2b(t)x(t)x(t — h) < b2 (t)2>(t) + 2%(t — h),
t t

2x(t) A(t, 8) f(s,2(s))ds < 2*(t) + ( ) Alt, s)f(smc(s))ds)2

t—h

22(t) + )\2(
gﬁ@+ﬁ/

t—h

h
t 1 1 2
JA(t, ) 2 |A(t, 5)| |2 (s)]ds)
t—h
t

At 5)|ds /t_h At 5)|22(s)ds.
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Using the above two inequalities and conditions (2.30)-(2.33]) we arrive at
(o)
LV(tx) < (2a(t) + 1+ 02() + & / (A, 1)|du) (1)
. t
+ (1 - k/ |A(u, t — h)\)xz(t — )
t

()\Q/tth Al 5)|ds — )/t AL, )22 (s)ds + F(2)

IN

—ap2?( —agﬂk/t h/ (u, 8)|duz?(s)ds + F(t)
< —aV(t,z)+ F(t

where a = min(ay, @2 f3).
We integrate from 0 to ¢, divide by e®!, and then take expectation on both sides
of (2.35). It follows that

E?(v(t)) — e 'V (0) < /O t e~ B(u)du + E®le ™t M (t)] (2.36)

Again, by (A2), e"**M () is a martingale with expectation 0. Therefore,

t
E?(v(t)) < e ™V (0) + / e Y P(u)du (2.37)
0
The proof is complete by observing that

E*(|z(t)]) < (B?(2*(1)))"/* < (B2(V(1))"/>.

3. EXAMPLES

In this section, we provide several examples as the application of the results
we obtained in the previous section. To illustrate the application of Theorem
we consider the following two dimensional stochastic system of nonlinear Volterra
integro-differential equations.

Example 3.1. Given continuous scalar functions 4; : Rt xRt — R, f; : RxR — R
(1 =1,2), such that |A;(-,-)| > |A2(, )], fi(-,+) = 0and |f2(-, )| < f1(-,-). Suppose
the process y = (y1,y2) satisfies the SDDE
t
dn(®) = (1200 = Ol (O] =100 530 [ 14910 (5)32())ds )
+ 911 (t,y(t), y(t — h))dB1(t) + gr2(t, y(t), y(t — h))dBa(t),
t
dys(t) = ( —y1(t) = y2(B)|y2(t)| + 7 () y2(t) /t_h Az (t, 5) f2(y1(s), yz(S))dS) dt
+ g21(£,y(t), y(t — h))dB1(t) + g22(t, y(t), y(t — h))dBa(1),

and (y1(t),y2(t)) = (p1(t), p2(t)), (—h < t < 0), for some given initial continuous
functions gol( ), pa(t).
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We assume that the functions g;; : RT x Rx R — R (4,5 = 1,2) are given
nonlinear continuous functions and for some M (t) and N(t):

2
K2(t,y(8),y(t = h) ==Y g2 (ty(t),y(t — ) < M(1)

ij=1
> wit)gl(ty(t), y(t — h) < N(b)
ij=1

where fg N(s)ds < oo, for all t € RT.
Take V(t,y(1)) := 5(y7(t) +53(1)), W(y) := 39°. Then W(Jy|) < V(y,t), and

LV (t,y(t))

1
= —yilnl = yalyal + Kty (1), y(t = 1)

([ AR 12— [ Aalt ) a5, )

3 3 2,2 ‘ M(t)
< (ol )+ i3 [ (142069 = [0 9)]) i) ) + T
i l® |yl M(t)
3_2{ > 2 }Jr 2
(™ | (™7 M@
:_2{ 2 2 ]+ 2
< =2(jy|* + |y2|2)3/22‘3/2 + MT(t)
M(t)

= —2VE(y(),1) + 5

where we have used the inequality (2£2)! < 2 —|—b§l

e ,a,b>0,1>1. Herey; (i =1,2)
are the short notations for y;(t). Then a(t) =2, ¢ =3, F(t) = MT(t)
Next, by straightforward calculation,

3
2

V(tvy) - Vq(tvy) = V(ta y) -V (ta y)
4

3, _

=yt s - +u3)P 2 < o
Hence, we have v = %. By Theorem all solutions of the above two dimensional
stochastic system satisfy

Bere [\ JuR() + 53(0)]

< (o500 + 3o 20+ [ o) 4 M st })

_ {e*% [gaf(o) +02(0) + /Ot e M (u) du] + 2%(1 - 6*2‘5)}1/2.

Next we present an example of Theorem
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Example 3.2. Let ¢(t) be a given bounded continuous initial function and consider
the scalar stochastic Volterra integro-differential equation

t
da(t) = (a(t)x(t) +/ Alt, s)(x(s))2/3ds)dt +g(t,x(t), z(t — h))dB(t), t>0
t—h
z(t) = ¢(t) for —h <t <0,
(3.1)
where g : RT x R x R — R is a given nonlinear continuous function, which satisfies
(A2) for some functions M and F. Also, the functions @ : Rt — R and A :

Rt x Rt — R, are assumed to be continuous on their respective domains. If

—2a(t)—/t A(t,s)|ds—/too|A(u,t)du>O,

—h
and

M(;i’s)l > /too |A(u, s)|du

then all solutions of (3.1) satisfy inequality (2.12)) with v = 0, where

a(t) = min{—2a(t) — /tih |A(t, s)|ds — /too |A(u, t)|du, 1},
and
0 00
V(0) = ¢%(0) + /41/0 |A(u, s)|dug?(s)ds.

To see this we define the process
t o)
V(t) = x2(t) + / / |A(u, 5)|dux2(s)d5.
—nJt

which satisfy (2.9) with Wy(z) = Wa(z) = Wa(z) = 2%, ¢1(t,s) = [~ |A(u, s)|du;
Then along solutions of (3.1)) we have

LV (t) = 2a(t) (a(t)x(t) + / t

At 5)(a(s))*ds ) dt + g (¢, a(t), a(t — b))
t—h

+/too |A(u,t)|a:2(t)duf/ |A(t, s)|2?(s)ds

—h

< 2a(t)x?(t) + 2/tih |A(t, s)| |z(t)](z(s))?/3ds + F(t)

o) t
+ / |A(u, t)|2>(t)du — / |A(t, s)|2%(s)ds.
t —h
Using the fact that ab < a?/2 + b2/2, the above inequality simplifies to
t
LV (t) < 2a(t)z?(t) + / |A(t, )| (22(t) + /3 (s))ds
t—h

) (3.2)

+ [ A0l e~ [ A8l s)ds + F()

—h
To further simplify (3.2]) we use Young’s inequality, which says for any two nonneg-
ative real numbers w and z, we have
w* f 1

z 1
< —+ — ith - 4+ - =1.
wz_e+f, w1 €+f
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Thus, for e = 3 and f = 3/2, we obtain

t t
/ At 5)[a/3(s)ds = / A(t, )31 A(t, ) P22 (s)ds
t—h t—h

: /tth <‘A(t’8)| + §|A(t,5)|x2(s)>ds,

3
t t
At 2
< / Mds +/ Z|A(t, 8)|2%(s)ds.
n 3 3
Then by substituting the above inequality into (3.2]), we arrive at

LV(t) < (2a(t)+/t A(t,s)|ds+/too|A(u,t)du)xQ(t)

t—h

_/t sz(s)ds+;/t |A(t, s)|ds + F(t)

—h 3 t—h

Then ([2.10) holds for

Walz) = Wa(z) = 2%, oo(t, z) = 1AL

3
a1(t) = —2a(t) — /tih |A(t, s)|ds — /too |A(u, t)|du >0, a(t)=1

and F(t) replaced by L(t) = %ftt_h |A(t, s)|ds + F(t).

It is obvious that (2.11)) holds for v = 0. Hence by (2.34)), all solutions of (3.1)
satisfy:

t
E¢(la(t)]) < |e= 5 209V (0, 6(0)) + / e S )]

where a(t) = min(aq (t),

a9 (t)) = min(—2a(t) — /

t—h

t

|A(t, s)|ds — /too |A(u, t)|du, 1).

Now we present an example of Theorem

Example 3.3. Given some positive constant ¢, let
e min(L, [z(t — h)[)

dz(t) = [—cz(t) — ce *“z(t — h)]dt + e O+ 2 = )|

dB(t)

ie., a(t) = —c, b(t) = —ce 2,

g min(l, [z(t — h)|)
A2 =) = L et h)

in (2.17). Then (A2) holds for M(t) = e~ F(t) = e~ 2.
Let 7 = 0, then £(t) = e~2¢*. Then (2.19) and (2.20) hold for k = ¢, a(t) =
2¢(1 — e~2¢). By applying Theorem
(et < =4 (Vi) + |
0

with V(0) = ¢(0)% + ¢ [°, ¢?(s)ds.

t 1/2
—2cu
e du) ,
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We conclude this paper with an application of Theorem [2.5]
Example 3.4. Given some positive constant 3, let

dr(t) = (—2(e'F 4 1)a(t) + a(t — h) +/ h %e‘t/”et“\x(s)\ds)dt
= (3.3)

t

—atjz min(1, [zt — h)|)

()] + |z(t — h)|
where « is defined later as in (3.4). Obviously, a(t) = —2(6% + 1), b(t) = 1,
Alt,s) = e 37 f(t,x) = Zemt/betag),

Then (2.29), (2:31) and (2:33) hold for A = 2 and k = 5e/#. Now consider for
@2.30):

+e dB(t)

2a(t) + 1+ b2(t) + k-/ |A(u, t)|du = —4 (e%h + 1) +24+4def < -2
t

which implies that (2.30]) holds for oy = 2
Then we consider, for ([2.32]),

t
4 2h h 4 3
)\2/ Alt,s)l[ds—k=—es(—e 7 +e 7 —1) < —eb(— -~
[ Jac.s) e )< 5ot (=)
implying that (2.32]) holds for as = 3/4. Therefore,
a = min{ay, azf} = min{2, ?} (3.4)

By Theorem straightforward calculation suggests that for any ¢t € RT,
E?(Ja(t)]) < e 2(V(0) + 1)1/
with V(0) = ¢2(0) + 4 [°, €7 ¢2(s)ds.
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