Electronic Journal of Differential Equations, Vol. 2016 (2016), No. 195, pp. 1-11.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

MULTIPLE SOLUTIONS FOR IMPULSIVE HAMILTONIAN
SYSTEMS

GUANGHUI ZHOU

ABSTRACT. In this article, we study second-order impulsive Hamiltonian sys-
tems, We obtain some existence and multiplicity results, by using a variational
method and critical point theorem. An example illustrate the feasibility of our
results.

1. INTRODUCTION

In this article, we study the second-order Hamiltonian systems with impulsive
effects

—ti+ A(t)u = Xb(t)VG(u), a.e. t€[0,T],
(u'(t;)), 1=1,2,...,N,7=1,2,...,1, (1.1)

where A : [0,7] — R¥*¥ is a continuous map from [0,7] to the set of N-order
symmetric matrices, T is a real positive number, u(t) = (u!(t),u?(t),...,u™v (t)),
tj, 7=1,2,...,1, are the instants where the impulses occur and 0 =ty < t; < t3 <
o<ty <ty =T,1; : R-R(i=12,...,N;5=1,2,...,1) are continuous.

Recently, with the development of theory and applications of impulsive differ-
ential systems, there have been some results considering the existence and mul-
tiplicity of solutions for impulsive problems, by using variational method (see
1, 2, B, 8 @, M0, 1T 12, I3, 14, 05, 16l 17, 18]). To obtain the existence and
multiplicity of solutions, impulsive functions I;;(-) of all theorems in [I4] [I§], are
required to satisfy the following conditions

Lijy)y>0 forallie A={1,2,..., N}, [;jeB={1,2,...,l}, ye R, (1.2)

or
Liy)y<0 forallie A, je B, yeR. (1.3)

However, as Dai pointed out in [3], there are many functions which do not satisfy
(1.2)) or (1.3)). For example, when N = 3 and | = 2, impulsive functions of (1.1)) are

Iijy)=-y+1 fori=1,2,3;7=1,2, (1.4)
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or a more complicated case such as

b4l i=123j=1

g i=3,7=2.
So it is important to consider such case. Motivated by [3 5] and the above facts, we
will reconsider problem (|1.1)) and study the existence of solutions without assump-
tion (1.2)) or (|1.3)), which show that suitable impulses won’t influence the existence
of of solutions.

The organization of this article is as follows. In Section 2, we introduce some

definitions and lemmas. In Section 3, by using critical point theorem [6, [7], we
obtain some existence and multiplicity result of solutions for (1.1)).

2. PRELIMINARIES

In this section, we introduce notation, definitions, and preliminary facts. A :
[0,T] — RM*N is a matrix-valued function fulfilling the following technical as-
sumptions:

(A1) A(t) = (a;j(t)) is a symmetric matrix with a;; € L>([0,7],R") for every

t € 0,T7.

(A2) There exists a positive constant p such that A(t)¢ - € > plé]? for every

¢ eRY and ae. t €[0,T).

The set
Hp ={u:[0,T7] — RY : u is absolutely continuous,
u(0) = u(T) and @ € L*([0,T],RY)}
is a Hilbert space with the usual norm

= ( S + o)

For every u,v € H%, by (A1), (As), we define an inner product

T
(u, v) :/0 [(@(t), 0(t)) + (A(t)u(t), v(t))ldt, Vu,v € Hp,

which induces the norm

T
Jull = ( / (li(®)? + A@)lu(t)?)dt)

As in [4, [I7], we have

N N N N
AWE-€ =33 a5 068 < 30 llai ke,
i=1

1/2

j=1i=1 j=11i (2.1)
vmllullg < llull < VMl
where m = min{l, u}, M = max{1,5_;laijllc}, laijllc = maxiep,ry lai;(t)].

Since (H, || - | 71.) is compactly embedded in C([0, 7, RY), then there is a positive
number % such that for every u € HL,

[l < Efull, (2.2)
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Thus
k<k= ,/ max{VT, —}. (2.3)
\F
For any u,v € H}, let

B(u) ||uH2—|—ZZ/ \I/(u):/o BOGWb))dE  (2.4)

Jj=11i=1

By standard argument, we see that ®, ¥ are Gateaux differentiable at any u € Hx
and

T l
(®'(u), v) =/ [(ﬂ(t)ﬁf(t))+(A(t)U(t),v(t))]dt+Z

N

0 > L () (1)),

) (2.5)
(), v) = / b(t)(VG(u(t)), ot))dt.

A critical point of the functional ® — AV is a function u € H}. such that ®'(u)(v) —
AU/ (u)(v) = 0 for every v € HL, i.e.

Definition 2.1. A function u € H}. is a weak solution of ([L.1)) if

T I N
/0 [(a(t), (1) + (A)u(t), o)t + D > Lij(u' (t;)o' (t5)

j=1ist (2.6)
T
~ ) / b(t) (G(u(t)), v(t))dt
holds for any v € H#.

Hence, we can claim that each critical point of the functional ® — AV is a weak

solution to problem ([1.1)).

Theorem 2.2 (4, Theorem 3.3]). Let X be a reflexive real Banach space, let
D, U : X — R be two Gateaux differentiable functionals such that ® is sequentially
weakly lower semi-continuous and coercive and V¥ is sequentially weakly upper semi-
continuous. Assume that
(i) ® is conver;
(ii) For every x1,z2 € X such that U(x1) > 0 and ¥(x2) > 0, one has
infocio,1) Y(sz1 + (1 - s)x2) > 0;
(iii) infx ® = ®(0) = ¥(0) = 0;
(iv) there are three positive constants r1,rs,rs with infx ® < r; < ry such that,

if we put
SUP,ed—1((—oo.r; () — Uy
W (r;) = inf Puea—1((—oo,r)) L (V) = ¥( )7
ued—1((—o0,r;)) r; — (I’(u)
V(v) — ¥(u)
r,T inf sup VY(v) —W¥(u)
902( 1 2) w€PL1((—00,r1)) ed—1([ry,r2)) (I)(U) q)(u)

SUPyed—1((—oo,r U (u
B (rg,73) = Pucd=1(~oo,ratrs)) ¥ )>
3
p3(ry,re,r3) = max{gp(l)(rl), 90(1)(7’2), <,0(3)(7‘2,7"3)},

one has @3(r1,12,13) < Wa(r1,72).
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— 1 ;
(v) For each A € Ay py g == (W(Tlﬂ_z), %(7_1,17,277_3)), if we put

() = {\I/(u) if Wlu) < %2,

5 (e >,
then ® — AW satisfies the condition (PS)., with ¢ € R.

Then for each X € Ay, r, ry, the functional ® — AV admits at least three critical
points uy,uz,u3 € X such that u; € ®~1((—00,71)),us € ®1([r1,72)) and us €
O~ 1((—00, 72 +13)).

Theorem 2.3 ([0l Theorem 2.6]). Let X be a reflexive real Banach space, let
® : X — R be a be a sequentially weakly lower semi-continuous, coercive and
continuously Gateaux differentiable functional whose Gateaux derivative admits a
continuous inverse on X*, and let ¥ : X — R be a sequentially weakly upper
semi-continuous and continuously Gateaux differentiable functional whose Gateauz
derivative is compact. Assume that there exist r € R and xo, T € X, with ®(xg) <
r < ®(Z) and ¥(xo) =0, such that
(z)

(i) SUPLea-1((—oo.r) ¥ (@) < (1 — B(20)) Fm-a70
(ii) for each

\I/r

3
A

®(z) — @(x0) r — ®(x0)
U(Z) 7 SUPuep-1(—oon) V(@)
the functional ® — AV is coercive.
Then for each A € A, the functional ® — AV has at least three distinct critical
points uy,us,uz € X.

Theorem 2.4 ([7l, Theorem 2.1]). Let X be a reflexive real Banach space, let
d, U : X — R be two Gateaux differentiable functionals such that ® is sequen-
tially weakly lower semicontinuous and coercive and V is sequentially weakly upper
semicontinuous. For every r > infx ®, let us put

su “1((—oor)) Y (V) — P(u
o(r) = 7inf Pued-1(( _, )) (v) ( )’
wEd—1((—o0,r)) r— ®(u)

AeA, =

),

and
~v:=lminf p(r), 0:= liminf ¢(r).

r——400 r—(infx &)+
Then one has

(a) For every r > infx ® and every A € (0, ﬁ), the restriction of the func-
tional Iy = ® — AU to ®~1((—o0,r)) admits a global minimum, which is a
critical point (local minimum) of Iy in X.

(b) If v < +oo then, for each X € (0, %), the following alternative holds: FEither
(bl) I possesses a global minimum, or
(b2) there is a sequence {u,} of critical points (local minima) of Ix such

that lim,,—, ®(u,) = +oo.

(c) If§ < +oo then, for each X € (0, %), the following alternative holds: Either
(cl) there is a global minimum of ® which is a local minimum of I, or
(c2) there is a sequence of pairwise distinct critical points (local minima)

of In which weakly converges to a global minimum of ®.

As in the proof of [3] Lemma 5], we have the following result.
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Lemma 2.5. Suppose that I;;(y) is nondecreasing my€eR foralli=1,2,...,N,
i=1,2,...,1. Then ¢(u) = ZJ 121 o (tJ)I s)ds is convex in u € RV,

3. EXISTENCE AND MULTIPLICITY OF SOLUTIONS

For convenience, we introduce the assumption
(A3) There exist constants ¢;; > 0, d;; > 0, v;; € [0,1), i = 1,2,...,N, j =
1,2,...,1, such that
1L ()| < cij + dizly
Theorem 3.1. Assume that (Al)-(A3) hold. I;;(y) is nondecreasing for y € R,
foranyi=1,2,...,N, j=1,2,...,1 with I;;(0) = 0. Let G € C*(R",R) be such
that

7ii o for all y € R.

G(§) = G(0) = 0 for any € € RY,
there exist ps > p1 > 0 and £ € RN such that

(1)
(2)
(3) p1 <] < %pg, where p < M defined as (As) and respectively;
(4)

4M | max G max G G(&
(14 22y maxii<p, (&) ML (&) _(52)
H P1 P2 N
Then for every b € L*([0,T])\ {0} and for every X in
A — ( MmT g T 1 )
P1,P2,P3 "7 )\’ max max ’
b1l (1= 5) G(&)" 4lbllz2 o { 1 meriezg, OO 1 manicsg, GO

Equation (1.1) has at least three nontrivial solutions uy,us,ug such that ||u;]|eo <
P25 i=1,2.

Proof. Let ®,¥ be as (2.4). Since I;;(y) is nondecreasing in y € R for any ¢ =
1,2,...,N,7=1,2,...,1, we have

u)—Zi/o " s)ds

j=11i=1

which is convex for u € RY, from Lemma It is obvious that |lu|| is convex
in u € RY. Thus ®(u) is convex in u € RY. We also know ®(u) is continuously
Gateaux differentiable and sequentially weakly lower semi-continuous. By (A3) and

, we have
b = L+ 3 /

Jj=11i=1
1 y
2 5llll* - 53 eoful + il )
j=1i=1
1 ! N
> Sl = D23 (il + digllul79)
j=114=1

N

l
1 _ —_—
3 llull® = > > (eikllull + digk'

j=1i=1

u||1+'yij) — 400

\%
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as ||ul]] — 400, i.e. ® is obviously coercive. V¥ is continuously Gateaux differentiable

with compact derivative, hence it is sequentially weakly continuous. In addition,

assumption (1) and for every b € L*([0,7]) \ {0} imply that ¥(u) > 0 for every

u € H}, hence (ii) of Theorem holds. Again from assumption (1), we get (iii).
Choose o(t) = £,t € [0,T]. Let

_ uToi

1 0, 7"2:7'3:MT,0§>O,

T1

for sufficiently small

- N
. 2y Zj:l 21:1 dij\ 75
pP1= T > 0’
1
uTpi uTpi ﬁ}
l N ) l N ’
Zj:l dim1Cij 8 Zj:l > i dij

p1 = min{
8

and sufficiently big

l N L
22]':1 > iz (cij + dij)) o >0

P2 >>< MT

where 4 = max; ;{7;;}. Then from Section 2, we have

(I)_l((_oqu)) c {u € C([07T]7RN) : ||u||oo < p1}7 (3‘1)
O ((—00,12)) C @7 ((—00, 72 +13)) € {u € C0,TLRY) : [lufloe < p2}, (3.2)

then by (3.1)), (3.2)), we have

T 1 () R OB
wed—1((—o0,r;)) TP — @(u)

< SUPyed—1((—o0,ri)) \I/(’U)
- T (33)

4]b|| L1 max|gj<p, G(&) oo .
,LLTL l ‘;?pl 3 lf 1= 17
41]|b max G P

lloll 1 |€\§£2 (5)’ ifi=2.

IN

and

o (g, 1g) = S PuERT(—ooratra) W (u) < bl mAXe <o G(§)
r3 MT P2

, (3.4)

By , , we have

803(7"1, T2,7‘3) = maX{<P(l)(7"1)7 90(1)(7“2), 80(3)(7"2’ 7“3)}
< 4||bHL1 s {lmaXmSgl G(f) ’ imaxmipz G(E) } (35)
T 1% i M 1%
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Taking into account (A2), (2) in the assumptions and (A3), we have

1 LN ,oi(ty)
B(7) = 5|\a||2‘+zz/o I,y(s)ds

j=1i=1

l N
uT = _ N
> € = 30D (el + diglg )
j=11i=1
uT I N B )
> P = D0 (eulél + diglel )
j=11i=1
uT ! N
> i 7 2 147
= plzlngpl 9 P1 Zl ;(wa + dljl’ )}
j: 1=
T 2
- % = >0,

for sufficiently small p; > 0.
In view of (2), (H1) and (2.1]), we have

1 LN poi(ty)
w0) =5l + 3 [ 1ts)as

j=1i=1
T N B l N B )
<52 2 Nosillclél® + 3 3 (ewle] + digle] )
==t j=11i=1
TM N
e
S Tp% + ; ;(C’ijp2 + dijp2+7) S MTpg — 1y,
for sufficiently big
l N 1
pa > <2Zj21 2= (G +dij)) s
’ )
MT

so by (2), we have
ry < q)(’f}) < Tra.

Since
U(v)—T(u) _ V(D) — P(u
sup > —— ,
ved=i(lrrp)) P(V) = B(u) ~ &(0) — 2(u)
for u € ®~1((—o0,71)), it follows that
Y (v) = ¥(u)

r1,T9) > inf _—
#2(rr) uwed=1((—00,m)) P(0) — P(u)

Fix u € ®71((—o0,71)), from (3.1) and (g1) — (g3), we have

() — W(u) > [|b]l 22 (G(E) — ax G(¢)) > 0.

From (3.7)), we have
0< ®(v) — ®(u) < d(v) < TME*.

(3.11)
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Then by (3.5)), (3.10)-(3.11)) and (2), we have
S bl (G(€) — maxie<,, G(€))

P2Ure) = &
bl (y 1 G()
~MT (1 max{l,]\’f}) 2 (3.12)
_blle 1y G()
T MT (1_ M) €2

> @3(r1,72,73),

for M > p > 0 ji.e. that (iv) of Theorem holds. Moreover A, ,, € Avy vy g
and for every A € A,, ,,. Assumption (v) of Theorem is verified as a simple
consequence of the regularity of ®, ¥ (see [7, Remark 3.10]). Then from Theorem
the proof is complete. O

As in the proof of Theorem [3.1] by Theorem [2.3] we have the following result.

Theorem 3.2. Assume that the assumptions (A1), (Az2) and the hypotheses (A3)
hold. I;;(y) is nondecreasing in y € R for any i =1,2,...,N, 7 =1,2,...,1 with
I,;(0) = 0. Let G € CY(RYN, R) be such that
(1) G(0) = 0; .
(2) there exist p >0 and £ € RN such that
max|g <, G(E) _ pM —p) G(S)
P> 4M?  MTI|E)?

3 max G
(3) lmsupj¢| o0 % < %@,

Then for every b € L*([0,T])\ {0} and for every X in
A= ( MT \5|f T P )
1Bl 1 (1 = £7) G(&) 4llbl| L+ max|¢<, G(S)
has at least three montrivial solutions uy,us,us, where k,0 < pu < M are

defined as (2.3)), (A2), (2.1), respectively.

Theorem 3.3. Assume that (A1)-(A3) hold. I;;(y) is nondecreasing in y € R for
anyi=1,2,...,N,j=1,2,...,1 with I;;(0) = 0. Let

e maxe < GIOE . G(6)¢
o =lminf —="5—— G =lmsup ==,

and assume that o < 43. Then for every b € L([0,T]) \ {0} and for every X\ in

o (_pT  _ pT - .
A= (4HbHL1/3’ 4HbHL1a)’ 11.1) has an unbounded sequence nontrivial solutions.

Proof. For every b € L'([0,T]) \ {0}, let ®, ¥ be as (2.4), using Theorem from
the proof of Theorem [3.1] we have that the functionals ®, ¥ satisfy the regularity as-
sumptions required in Theorem Let us now verify that v = liminf, .,  ¢(p) <
+00.

Let {p,} be a sequence of positive numbers such that p,, — +o0o as n — +oo
and
maxie|<, G(£)

G
lim me\g\g—pn(é) = lim inf 5

3.13
n—-+oo p% p—+400 p ( )



EJDE-2016/195 MULTIPLE SOLUTIONS 9
Tp? - .
Let 7, = 2572,V n € N, similar to the reasoning of (3.3)), we have

(SUDyed—1((—o0,rmy) (V) — ¥ (u)

Tn) = inf
#(rm) u€d=1((—o00,mn)) T — ®(u)
SUPy a1 (—oo,r,)) P (V) — G(O)[[b]|L}
- "n (3.14)
< 4Jbllzr maxig<,, G(E) — G(O)
T pr
_ AYJblzr maxej<,, G(¢)
uT [ '

Then

G
0 <« :=liminf p(r) < wliminf maxje|<p G(6) _ 4llblz:

= < , (3.15
prsrelies pT  p—too 0> uT a < +00 ( )

ie. v = liminf, .4 p(p) = 4”b”L1a < +o0. In view of a < 43 and (3.15), we

get that A C (0, %) Now, we verlfy that the functional ® — AW is unbounded from

below for A € A. In fact, by the choice of A and the positivity of 3, one has that
there exists a sequence {&,} C RN with |¢,| — +oc such that for any n € N,

n 1
hminf (62) > Al

(3.16)

ie. [€,] — +oo for any n € N, as |§,| — +oo,

T N N ’ G .
§ZZ||WHOO+ZZ i ot ISW — bz |§<f|2) <0, (3.17)

j=11i=1 j=1i=1

If we let v,(t) = &,, for all n € N, then for v, € H}, using the first equality of

(2.1), we have
Iy = ®(v,) — AV (vy,)

e [

v, (t]

5)ds — /O b(1)G (v (1))t

j=11:i=1
T~y e - 3.18
SgZZIIawllmlsn )0 (eijlénl + dilénl™) = Albll L1 G () (3.18)
j=11i=1 j=11i=1
T 1 N ;
[*ZZH%IIoo ZZ % — AlIb] s (52)],
2 j=11i=1 j=11i=1 |£”|’y |£n|

By (3.17) and (3.18]), we can conclude that Iy = ® — AW is unbounded from below.
Applying (b) of Theorem 4], the proof of Theorem [3.3]is complete. O
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Example 3.4. Let G € C(R, R) be as

0, if x<0;
%eex—e(x+1) i 0 2.
xT) = e® 1 e°

€ —5€ —er—e . 2 6.
— ifer <z < e’
(e?+2) (ee®+2) e’ _1ee” L,
el —e, .3 _ e'° —e 12 = —3e —€e —e ; 6

yv I e + 5 , ifz >e°.

Then for suitable b € L*([0,1]) \ {0} and for
M e 1

A€E = , , ;
(nanl (1= 47) G(&)" 4Bl max {1 1= OC) 1 maxicsy, G“)})
1 2

the problem
—i+ A(t)u = X(t)VG(u), a.e. t€[0,1],
A(a'(ty)) = @' (tf) —a'(t7) = Li;(u'(t;), i=1,j=12, (3.19)
u(0) —u(1) = /'(0) — u'(1) =0,
has at least two nontrivial solutions uy, us with ||ulloc < 2€%, where N =1, T = 1,

At) =1+ 30870 ) — 0.95, M = 1.05, p1 = 1, py = 2¢5, € = 22 and

%"_171:1,‘7:1’

Lij(y) = . . (3.20)
—%i=1,j=2.

We easily have

(1

JAM maxgic, GO _ 103, 103

p P 19 304
&8 e2
4max|§|§p2 G(f) o 4G(66) B e’ — %ee _ 67 —e
3 N 2 12 )
P2 e 16e
e ﬂee e2
GS&) _ €100 %ee —exr — e _ 625 (ee 55 <® _ 16662 B 267 B e)
€1” 16 x 01’ 9801c12 5 3 :

10000
then the assumptions of Theorem [3.1] are satisfied.
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