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EXISTENCE OF BOUNDED SOLUTIONS FOR QUASILINEAR
PARABOLIC SYSTEMS WITH QUADRATIC GROWTH

REZAK SOUILAH

ABSTRACT. Assuming the existence of an upper and a lower solution, we prove
the existence of at least one bounded solution of a quasilinear parabolic sys-
tems, with nonlinear second member having a quadratic growth with respect
to the gradient of the solution.

1. INTRODUCTION

Let © be a bounded open subset of RY, with boundary 02 and let Q be the
cylinder © x (0,7) with some given 7" > 0. Consider the quasilinear parabolic
system

1
aait - dlv(A(U)Vul) = Gl(”? vu) + F(”? vu) : vul in Q’
2
aait — div(A(u)Vu?®) = G*(u, Vu) + F(u, Vu) - Vu®  in Q, (1.1)

u(z,t) =u?(z,t) =0 on ¥ =09 x (0,T),
ut(2,0) = up(z), u?(z,0) =ud(xr) in Q.

where ul(z),ud(z) € L>=(Q) and

) du
(AT = 3 5o (Aig,)s v =12
with 4;; : Q@ x R? — R are Carathéodory functions which satisfy the following
assumptions

N
Ja >0, Ve € RN, Vs € R, > A;j(x,t,5)68 > alé® ae. (v,1) €Q; (1.2)

i,j=1
and there exists o > 0 such that for all s € R2,

|A; j(z,t,s)| <o ae (z,t)€Q. (1.3)
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The functions G, G? : Q x R? x R?M — R are Carathéodory functions which satisfy
the quadratic growth assumptions: for all s € R? and all ¢ = (¢1,¢£2) € R?V,

G (2,8, 5,6)] < Co+ Col& P + €] ae. (x,t) € Q; (1.4)
|G2(I7ta Sa€)| < 00 + 02[|£1|2 =+ |§2‘2} a.c. (l‘,t) € Q (15)

F:Q xR? xR?N — RV is a Carathéodory function satisfying the sublinearity
assumption: for all s € R? and all £ = (¢1,¢2) € R2V,

|F(z,t,s,&)] < Cs+Cyll] ae. (z,t) € Q. (1.6)

where Cy, Cs,Cs,Cy and n are positive constants, 1 being small enough. Several
papers concern mainly the regularity properties of solution of elliptic and parabolic
system; see e.g. [[10], [16]-[23], [B3], [38], [40]-[42]]. In the elliptic case with
quadratic growth, in [35], the author studies a unilalteral problem for L!-data,
in which the truncate function is used instead of upper and lower solutions. In
[B]-[7], the authors study renormalized or entropic parabolic systems to overcame
the lake of regularities of solutions.

Others articles study the existence and regularity of a solution using as a main
tool some regularity arguments and strong maximum principles see e.g. [12]-[I4].
Others extend the weak maximum principles to a special class of systems of par-
abolic equations, the so-called weakly coupled systems(it is coupled only through
the terms which are not diloferentiated each equation containing derivatives of just
one component) see e.g. [II] 28] 34]. Others articles study the existence of a so-
lution using monotony arguments (the method of upper and lower solutions) see
e.g. [3, 19 24, 26, B0, 32, B7] and the book [25] and the references therein. In
[T 2], 26] the authors have extended the method of classical upper-lower methods
for elliptic and parabolic systems without the assumption of quasi-monotonicity.
The Growing conditions and imposed on G! and G? and the growth
condition imposed on F' are sufficient to have an uniform estimate of u in the
space (L*(0,T, H} (Q)))2 Note that if the condition is the same as we
need to add a condition of type Cs||ul|s < a to have a uniform estimate of v in the
space (L?(0,T, H} (Q)))2 and also an uniform estimation in space C° see e.g. [21]
for more detailed on this subject.

When 7 = 0, the system has a triangular structure with respect to the quadratic
terms, and the system can be decoupled. When 7 is positive and small, in [31] the
author establishes the existence of solutions of the associated elliptic systems.

2. STATEMENT OF THE MAIN RESULT

Theorem 2.1. Under hypotheses (1.2)—(1.6) and the smaliness condition (3.20)
for m, there exists at least one solution u of system (1.1]).

A solution to (1.1)) must be interpreted in the weak sense:

0
we (L. H(@) N L*(Q)", Fr e
such that for all v € (L%(0,T;H3(Q)) N L®(Q)?, 2¢ = B + B> where B €
(L2(0, 73 H=H ()" and B € (L1(Q)",

/Q W (T)(T)da: — / W(0)0 (0) i — / BT ) g1 ey o

(L2(0,T; HH(Q) + LY(Q)),
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- / BauYdx dt + / A(uw)Vu - Voldz di
Q Q
= / G (u, Vu)v dz dt + / F(u,Vu) - Vu"vdz dt, for~y=1,2
Q Q

The proof of Theorem [2.1] will be performed in three steps: firstly prove that the
approximated system of admits at least one bounded solution, denoted u.; sec-
ondly we prove an (L%(0,T; H}(2)))?-estimate for u., then the strong convergence
in (L2(0,T; H}(Q)))? of u.; and finally we pass to the limit in the approximated

system of ([L.1).

3. APPROXIMATION

According to [8, 31, [35], we regularize the nonlinear terms to be bounded, for
that we consider now the approximated system of (1.1)):

1
aazf — div(A(ue)Vul) = G (us, Vu) + Fo(ue, Vue) - Vul  in Q,

2
056: — div(A(ue ) Vu?) = G%(ue, Vue) + Fo(ue, Vu.) - Vu?  in Q, 3.1)

ul(z,t) =0, u*(z,t) =0 on X,
ug(2,0) = ug(w), ul(z,0) = uj(z) inQ,

where ¢ > 0, and Gl(z,t,5,8), G(z,t,5,€) : Q@ x R? x R?N — R and F.(z,s,&) :
Q x R%2 x R?N — RV are Carathéodory functions such that:

G(x,t,s,€)
1 = —
Ge(x,t,5,8) = 1 +¢|GY(z,t,5,€)]
G?(x,t,5,€)
2 B ., 8, 3.2
Gs(x»tv&f) 1+5|G2(x7t757£)|7 Y
Fe(xata&f) = F(x’t,s,g)

C L4e|F(z, 5,6l

Noting that the functions G, G? and F. satisfy the following conditions: for all
s €R2 all € = (€4,€%) € R?Y, and for a.e. (x,t) € Q, we have

Glats ol s 1w LsOl < s Rts08]s,  (33)
|Ge@,t,5, O < |Gt 5,6)|, |GE(w 5,8 <|G*(2,1,5,6)],  (34)
B, ,5,6)] < [F(at,,6)] (35

Since the right hand side of each equation in is bounded by %, then by
applying the De Giorgi iteration technique [43, theorem 4.2.1], for each v = 1,2,
we have

supul < supu! + C|[H|[L=(q) (3.6)
Q oQ
where HY = GY(ue, Vue) + Fe(ue, Vue) - Vu? and C' is a constant depending only
on N and Q. Hence

2C
la2lle=(@) < llugllioe@) + — = Ce. (3.7)
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Unfortunately the estimate (3.7) is not sufficient to obtain a uniform estimate of a

possible solution of the regularization system ({3.1)) in the space (LQ(O, T; H} (Q)))2
(see the proof of Lemma . In fact, we will need the uniform estimate

|u2l|Loe(@)y < M for y=1,2,

where M is positive constant independent of €, this is the main goal of the next
step. We will define the upper and lower solution of regularization system
and we will consider an auxiliary modified system whose solution is between the
upper and lower solutions and satisfy the system . First, we need to state some

notations. For given v = (v!,v?) and w = (w!,w?), we say v < w if v! < w! and

v? < w?. We consider also this notation [v]} = (w!,v?) and [v]2 = (vi,w?).

Definition 3.1. Let ¢ and ¢ € (LOO(O,T; I/VL‘X’(Q)))2 such that %—f and % €

(L*(0,T; H‘l(Q)))Q. Then ¢ and ¢ are called ordered coupling weak upper and

lower solution of (3.1), if ¢ < ¢ and for all v € (L?(0,T}; Hg (Q)))2 such that
¢ <v <, ae in @, they satisfy

aai; — div(A([U];)Vggl) > G;([U];,V[v];) + Fe([v];,V[v];) Vol i Q,
33% — div(A([v])Ve?) > G2([]3, VIVIG) + Fe([v]}, VIV2) - Vo inQ, (3.8)
v>0, onX,
©(0) > ug, in Q,
and
aai; — div(A([v]})Ve!) < GL([]L, VIulh) + Fo([v]L, V[o]}) - Vo' in Q,
O — av(A()VS) < G2((of3, V) + 1}, V) Ve @, (39)

¢ S Oa on 27
¢)(0) < Uo, in (2.
Remark 3.2. For applications to stochastic differential games (see for example, the

[14, condition (2.7)]) we can assume that G! and G? satisfy the following conditions:
There exists K > 0 such that for all s € R? and all ¢ = (¢1,¢£2) € R?Y | we have

|G1(x,t,s,£)|§1:0 <K, |G2(x,t,s7§)|§2:0 <K ae (z,t) €Q. (3.10)

According to this conditions, it is easy to see that we can take as upper and lower
solution the constant functions with respect to the space variable ¢ = (!, %) =
(Kt + |lugll e ), Kt + [[ud]| L= () and ¢ = (¢*, ¢%) = (=Kt — |luf|| =), —Kt —
||u%||L°°(Q))'

Let us extend the solution of problem (3.1)) by continuity as
g7 iful > 97,
ﬂE = (EEI’EEZ)v IZE'Y = uz lf ¢’Y S Ug S QDV, Y= 1a2 (311)
¢ iful < ¢
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Now we consider the approximated and the extended system

1
8&6 — div(A(u)Val) = G (ue, Vo) + Fr(ue, Vue) - V@' in Q,
ou? ~ ~ ~
;ts — div(A(ue)Vu?) = G2 (ue, Vue) + Fe(ue, Vue) - V2 in Q, (3.12)
ul(z,t) =0, u*(z,t) =0 on %,
uz(@,0) = up(2), ui(w,0) = uj(z) inQ,
where

G2 (ue, Vo) = G (e, Vi),  Fe(ue, Vue) = Fo(tiz, Viis),  A(uc) = A(i).
(3.13)
3.1. Existence of solutions of system (3.16).

Theorem 3.3. If there exist an upper and lower solutions ¢ and ¢ of system

(3.1), then for all e > 0, there exists at least one solution u. of system (3.12)) which

satisfies

2 1 2 Oue 2 -1 2

ue € (L*(0, T Ho ()", 5= € (L0, T3 HH(Q)))”,
¢ <u. <@, ae inQ.

Proof of Theorem[3.3. In view of (3.3) and (3.13), an application of Schauder’s
fixed point theorem implies that system has at least one solution for ¢ > 0

given. Let now u. be a solution of system (3.12)) and let us show that u) < ¢7 a.e.
in @ for all v = 1,2. Using (3.8) and (3.12)) (with v = ) for all v = 1,2 we obtain

oul —¢") . (2 S ([ 0y N
S —div (A(u) V(2 — 7)) — div ([A(ue) - A(]3)] Vo)
+[GZ([U}]$7 V[U_E]Z) - Gg(usv VUS)]
H[F()2, V]a]D) - V7 — Fu(ue, Vi) - V'] <0 in Q, (3.14)
Ug - gp’y < 07 on Ea
(w2 — ¢")(,0) <0, inQ.
We multiply by (u) — 7)™, using [8, lemma 2.4] we obtain
1 —~
12 =) (D720 + /Q A(ue)V(ul —¢") - V(ul — ") da dt
+ / |Aue) = A V7 V(w2 = ) Fdwt
Q (3.15)

G ([ue]), V] —@g ue, Vue)| (u) — ") Tdw dt

+ [ G20, Vi) ~ G, o] 2 o)

+/ [FE([U_E]l, Viw])) - V7 — ﬁs(ue, Vue) - Vi | (ul — ") Tdzdt < 0.
Q

At the points where (u2? — ¢?)" is not zero, we have in particular u) > ¢7, then
G2 (ue, Vue) = GY([uc]}, V[u:]}) and Fe([w]), V[uc]}) - Voo = Fe(ue, Vue) - Vi
and A(u.) = A([]}). On the other hand, V(u? — )% = 0, a.e. on the set where
(u? —¢?)T =0 and

V(l —¢") - V(ul =) =Vl —¢")" - V(ul —¢")" ae inQ. (3.16)

€
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Using (1.2)), (3.15)) and (3.16) we obtain
all(ul - SD’Y)+||%2(0’T;H3(Q)) <0, (3.17)

and so (u2 —¢7)T = 0 hence u? < ¢7 a.e. in Q. In the same way we can show that
ul > ¢7 a.e. in @ for v = 1,2. Then, we have

¢ <u.<¢p ae. inQ. (3.18)

Finally, we have prove that (3.12]) admits at least one solution u. satisfy (3.18]). By
the definition of G2 (uc, Vu.), F:(ue, Vue) and 4.7 for v = 1,2, it is clear that u.
is solution of (3.1). Using (3.18) we obtain

lull| Lo (@) < M, for v =1,2. (3.19)

where M is positive constant independent of . We are now able to specify the
smallness of the constant 7 which appears in the growth condition (1.4): we will
assume that
0<p< G2 (3.20)
777746Xp(646(;2M)’ :

(]

4. (L2(0,T; HY(Q)))?-ESTIMATE

We have show that the regularized system admits at least one solution u.
for all € > 0. In the next step we will establish the sufficient conditions which allow
us to pass to the limit in system to obtain a solution of . In this step
we will need some needful lemmas. Firstly we consider the functions: ¢ : R — R
defined by

o(1) = exp(AT) +exp(—AT) —2, VreR (4.1)
and ¥ : R? — R defined by
(st 5%) = Bro(sh) + Bag(s?) Vs = (s, 5%) € R?, (4.2)
and A, p and 3 are positive constants that we choose as
205 b1 C3 Ct
)\ _ = —_— = — —_— 4.3
a7 2exp(AM)’ P~ %0 " 20a (43)
with 6 being a fixed number such that 0 < 6 < %@\MY
Lemma 4.1. For any u., such that |ul| < M for any § = 1,2, we have
0
p1 = afre” (ul) = Cabulg’ (ul)| — Cafale’ (u2)| — 5 = ao; (4.4)
0
p2 = afag” (uZ) = Cofal@ (u2)| = nfrl' (ue)| = 5 > o (4.5)
where aq is defined by
02
201 (4.6)

Y7 Taexp(\M)’
Proof. Since
V7, |7] < M, [¢' ()] < Aexp(A|7]) < Aexp(AM),
(1) = A2 (exp(A7) + exp(—=A7)) = A exp(A|7]),
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we obtain that, for any ul with |[u®| < M, § = 1,2,
0
p1 > afi Xt exp(\|ul]) — CoBidexp(Mul|) — Cofolexp(AM) — 3 (4.7)

Since, from (4.3)), we have aA > Cs, the infinimum of the right hand side of (4.4
is achieved for |ul| = 0. We estimate from below the right hand side of (4.7)) by

0261)\ — Cgﬂg/\ exp()\M) — g (48)

In view of the values of A, B2 and € given by (4.3)), the right hand side of (4.8) is
greater than

2 2 2
C3py  Gip > Cib . (4.9)
« daexp(AM) — daexp(AM)
Inequality (4.5 can be proved by same way. |

Lemma 4.2. if v € L*(0,T; H(Q)) N L=(Q) and 2 € L*(0,T; H~1(R)), then
there exists a sequence w; such that w; € L2(0,T; HE(Q)), %% e L2(0,T; H(Q)),

ot
w; bounded in L>(Q) and

w; — v strongly in L*(0,T; Hy (), (4.10)
% — % strongly in L*(0,T; H~1(Q)), (4.11)
w;(0) — v(0) = strongly in L*(Q). (4.12)

The proof of the above Lemma is given by [8, lemma 2.2].

Proposition 4.3. Assume that (1.2)—(1.6) and (3.4) hold. If the solutions u. of
the approzimated problem (3.1)) satisfy (3.19), then the solution u. remains bounded
in (L*(0,T; Hg (2)))*

Proof. We consider the test functions

v) = By¢' (u) explpap(ue)], for v =1,2.

Noting that
2
Vi(ue) =Y By (u)Vul. (4.13)
~y=1
We set

2T ouY
IE = 75, / ;)’ < . dt.
;/0 (¢ Br' (u2) explup(uc)])dt
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We use v as test function in the y-th equation of system (3.1]) and sum up from
v =1 to v = 2, we obtain

2
43 [ AVl Va2 ) expl (e
e

Y [ AV 9 02) el e
—1/Q

) (4.14)
=3 [ G2, Va2 explpei e Jdn di
y=1"@
2
3 [ Pl Vi) Vi 02) expln e .
Q

Firstly, we prove that

I, > —l/ exp [u(ug)] dz (4.15)
T pJa

Since (for v = 1,2) u? € L2(0,T; HX(Q)) N L®(Q) Qui € L2(0,T; H-1()),

using lemma , there exists a sequence w such that w] € L*(0,T; Hy(Q)), a;ut €
L?(0,T; H'(Q2)), w] bounded in L>*(Q) and
w;-y — )  strongly in L*(0,T; Hy(9)), (4.16)
ow 9t
- - 88“; strongly in L2(0, T; H~(Q)), (4.17)
w](0) — uZ(0) = uy strongly in L*(Q). (4.18)
Then
2T 3w
> / LBy (w]) explp ()]t
1
= [ ewluvtu@lde -+ [ explptusop)ae @19
M Q BJa

> —% / exp [ (w; (0))] da,

then, we obtain (4.15) by letting j — oo in (4.19)).
Using (4.15)), the coercivity condition ([1.2]) and the growth conditions (3.4)), (1.4))
and (L.5) on G, G? we obtain:

2
oY [ V0B ) explus e d di
y=17@
+ap /Q 90 (1) 2 explins (. dt
2
<Cod [ Bl ) explus(udo
y=17@Q

+/ F.(ue, Vue) - Vip(u,) exp[ptp(ue)|de dt
Q
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e / IV 41 ()| explpnp (ue) o dt
o / V2261 (u) | explus (u.)do dt
e / IV Bl (u2) | explinp (o) dt

e / V228! (u2) ] explyutp (e der i+ = / exp [jtb(uo)] dz.  (4.20)
Q HJo

We estimate the second integral of the right hand side of (4.20]) by using the growth
conditions (|1.6)) and (3.4) on F. and Young’s inequality, we obtain

/QFE(UE, Vue) - Vip(ue) exp[ptp(ue)|dx dt

< / (Cy + Ca | Ve |] [V (o) exppen (Y] da: it
Q

0 (2 0 2 (4.21)
< /Q [5 - —3|vw(ue)|2 = §|Vu5|2 - 2—;|V1/J(u€)\2] expluap(ue)]dw dt
= /Q [64‘(%"‘%)\%/)(% ? + GIVUSIZ] exp|pip(ue)]dz dt,

using the hypothesis (4.3)) on p and (4.21)), the inequality (4.20) becomes

| P el i (o) = Cah g ()|~ Catle! )] — 5]
~
2|2 s, 1 0
b [ 192 expluntun)] (@ () = Caale' ()] = Bunl'(ud)] - 5]
Q

2 02
/ (V) (ue)|? [ap — @ — %] exp|p) (ue)]dz dt

>0

2
<ay | srte e espluptuadrat + | G explpitue e

1
+ f/ exp [u(up)] de. (4.22)
B Ja
Employing (4.22) and the lemma (4.1)) yields

2
« Va2 |? explup(ue)du dt

2
< /Q gexp[l“?(ua)]dx dt + Cy Z:l/Qﬁﬂ(p’(ugﬂ explut (ue)]dx dt (4.23)

1
e / exp (1p (o)) d
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using the facts that exp[uw(ue)] > 1 and that u. satisfy (3.19) (which implies that
¥(u.), is bounded in L>®(Q)) and ug € (L>°(Q))?, implies that u. is bounded in
(L*(0,T; Hy(2)))>. 0

Since by proposition 4.3 u. remains bounded in (L2(0,T; H}(2)))?, we can ex-
tract a subsequence, still denoted by u., such that
ue —u in (L*(0,T; H3(Q)))2 (4.24)

Proposition 4.4. The sequence u. is relatively compact in (L*(Q))?.

Proof. For s > 0 large enough, we have L'(Q) C H~*(2). Then 85; is bounded in
(LY(0,T; H=*(92))? and u. is bounded in (L?(0,T; H}(Q)))?.

As H}(Q) c L*(Q) ¢ H—%(Q), the injection being compact, proposition
follows from a compacticity lemma of Aubin’s type. Such a lemma can be found for
example in [39, p. 271] or in [36] section 8, corollary 4)]. Therefore we can extract
a subsequence, still denoted by u. such that if e — 0

u. —u in (L*(0,T; H3(Q)))% (4.25)

By possibly extracting a subsequence, we can suppose, without loss of generality
using proposition [£:4] that

u. —u in (L*(Q))?, (4.26)
u. —u ae. in Q (4.27)
]

5. STRONG CONVERGENCE IN (L2(0,T; H}(Q)))?

To pass to the limit as € — 0 in the nonlinearities G} (ue, Vu,),
G?(ue, Vu,) and Fy(u, Vu.) in system (3.1)), we need the strong convergence of
ue — w in (L?(0,T; HE(2)))?. This is our goal in this step.

Proposition 5.1. Assume that (1.2)—(1.6) and hold true. If the solutions u.
of the approzimated problem (3.1)) satisfy (3.19) and (4.25)-(4.27) then u. converges
strongly to w in (L?(0,T; H}(Q)))?.

We consider the functions ¢ : R — R and 1) : R> — R defined by:
o(r) = A +e M —2  VreR,
P(s) = Brp(s') + Bap(s?), Vs e R?,
where \, i, #; and (35 are positive constants defined by

- 160y B - 2/0% (2
A= = —f(3 s
a 7T 2exp(2AM)’ K a( 5t 9)

with 0 a fixed number such that 0 < 8 < %.

(5.1)

Lemma 5.2. For any u. and w,, such that |ug —uS| < 2M for any § = 1,2, we
have B
pr=aph@" (ug —uy)

— 4 (2C01|@' (ul — w,,)| + 2C2f|@ (w2 — ul)| + 6) > ag (5.2)

=L (ue,uy)
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and
p2 = afa@” (u2 —ul) —4 (202 52|@' (u2 — ul)| + 2051 |@ (ul —u,)| +0) > ag (5.3)
=La(ue,uy)
where ~
_ 16035
ao= aexp(2AM)’ (54)

The proof of the above lemma is the same of the proof of (4.1) where ¢, A, 81,
and [, are replaced by @, A, §1 and (2; and where C5,n,0 and M are replaced by
8C5, 8n, 86 and 2M .

Proof of proposition[5.1] If € and v are two parameters, we write (3.1 as

1_,1 1
w — div(A(us) V(g —u,,)) a(;;u — div(A(us)Vul)
= G;(um vus) + FE(UE, VUE) . VU; in Q’

a(ug — u?/) . 2 2 auﬁ R 9
s div(A(ue)V(uz —u)) + 5 div(A(ue)Vul) (5.5)
= G*(ue, Vue) + Fe(ue, Vue) - Va2 in Q,

1 1_ 2 2 _
u;—u, =0, u—u,=0, onkX,

(uz —uy)(0) =0, (uZ—u3)(0)=0, inQ.

‘We consider the test functions
@gu = Bv‘ﬁ/(uz - UZ) exp[ﬂz/;(ua - UV)]a vy=12
Noting that

Vi —w) = > B (ul - ul)V(u) - ) (5.6)

Using o2, as test function in the y-th equation of system ([5.5) and summing
from v =1 to v = 2, we obtain

2 T YY) - _
> [ B — ) el — )

:.]1(6)

£ 3  AT 2 =) V00 =) 07 sl —
D3 | A7 03 9 ) 02 =) sl )
2 v _
+3 / (P Bl () ) el — )]

+ Z/ A(uc)Vu), - V [By@ (u) — u)) expliip(ue — uy)]| de dt
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2
= Z/ G (ue, VUE)B’)")B/(U’EY —u}) exp[/jﬁ(ua —uy)|dz dt
1Y/ Q
+ / Fo(ue, Vue) - Vb (ue — u,,) expliv(ue — u,)]dx dt
Q

2
+ Z/ F.(ue, Vue) - Vu) B,@ (u) — ) expliiyp (ue — uy)|dx dt
y=1 Q

= Ii(e) + I2(e) + I3(e) (5.7)
We claim that the first term of (5.7) is nonnegative. Indeed as (u) — u}) €
L2(0,T; HY(Q)) N L>=(Q) and 8(@87;% € L?(0,T; H-Y(Q)) for v = 1,2, then there

exists a sequence w] such that w] € L*(0,T; Hy (), o (0,7 HY(Q)), w]
bounded in L*®(Q) and

w] — ul —u) strongly in L*(0,T; H} (Q)), (5.8)
8;;7 — 8(u2’8; ) strongly in L?(0,T; H~(Q2)), (5.9)
w](0) — (u? —u})(0) =0 strongly in L*(Q). (5.10)
By , and the the continuous injection of the space
W(0,T) = {v e L*0,T; Hy (Q)), % € L*(0,T; H ()} (5.11)

in C([0,T7]; L*(9)), we obtain
w)(T) — (ul —u))(T) strongly in L*(Q2),

T ow]
Z / B! (] ) expl )t

-2 /Q explh (uw; (T mdx—% /Q expljieh (w; (0))]dz

and letting 7 — +o00 shows that
1 _
-2 /Q {expla((uZ — u3)(T))] - 1}da > 0. (5.12)
Secondly we estimate various terms of the right hand side of (5.7). For the third

term we have by using the growth conditions (1.6, (3.4) on F. and Young’s in-
equality:

2
<3 [ 10+ CUVUlIVIA, 7 (2 — o)l exple — o)l
=1

2
a3 /Q 903184 18/ (2 — )| explia(ue — u,)]da dt 613

2
+C0 3 [ IVl IV, 167 — )| explndu. — w, o d
=1"@Q

= 1}(e) + B3()
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Concerning the second term, we use (5.6) and the growth conditions (1.6)), (3.4) on
F. and Young’s inequality, we obtain

Ie) < /Q (Cs + Cal Ve || Vb (s — )] explad(us — u,)]de dt
g C2 __ 0 o2
SAJ2+23vw%—ugﬁ+yv%ﬁ+23vw%—ugm
 expljith(u. — uy)|da dt

<@ /Q (5 + IV ) explii(ue — u,)]drdr (5.14)

(%Jr* /va e — up)|* explii) (ue — uy)ldz dt

+ @/ IV (ue —u,,)|? expliv(ue — u,)]dx dt
Q

=1;(e) + I3(e) + I3(e).
Then we estimate the first term by using the growth conditions (1.4]), (1.5) and
on G, G? to obtain

() < G Z /Q Bl (w7 — )l expla(ue — w,)d di
e /Q Vul2Bi1# (ud — ub)|expld(us — w,)lda dt
e [ IV o ) el — ) (5.15)
e / VUl 2Bl (a2 — )| expli (us — w,)]da dt
e /Q V2Bl (62 — )| explfh (i — w,)]da dt

=Ii(e) + I7(e) + I} (e) + I{(e) + I{ (e).

Now we estimate the four last terms of the right hand side of the inequality (5.15));
for what concerns the second term we have by using the Young’s inequality

176 <20, | 902 =) PRl (0L )l explf(o )l
+20, /Q VUl P31 (ul — ub) explih(ue — w,))dw dt = 12, (e) + Ty ()
concerning the third term we have
I(e) < 277/ V(2 —up) Bl (uz — w,,)| expli (ue — w,)]dz dt

+277/ [V 5119 (uz — w,)| explin (ue — uy)]da dt (5.16)

= I}, (e) + Iiy(e)
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we estimate the fourth term as

Ii(e) < 20, /Q IV (u — ud) Aol @ (u? — u2)] explfith(uue — w,)|de dt

20, / IVub2521¢ (2 — u2)] explaih(ue — up))de dt (5.17)
Q

= I}, (e) + I}y (e)

for the last term we have

I(e) < 202/62 |V (2 = up)|*Bal @' (u2 — )] explfi (ue — wy)]dz dt

+202/Q|Vu 12 Ba|@" (u? — u?)| explfith (ue — wy,)|dx dt (5.18)

= I}, (e) + I}y (e).

Set afterwards
2

Ja(e) = Z/ A(ue)VulV B¢ (ud — u))) explinh(ue — w,)]] da dt, (5.19)

Z/ 7/37 (u —u) explig(ue —w,)])dt (5.20)

Now we consider the matrices
B., = h¢" (uz — uy) expliigh(ue — u,)] Aue)

Y (5.21)
— Ly (ue, uy) expliv)(ue — u,)]Id,
B2, = (29" (u? — up) explinp(ue — uy)]A(ue) (5.22)
- LQ(UE’ ul/) exp[[uﬁ(us - u,,)][d, .
_ 2 02 _
Ee, = prexplin(ue — w)|A(u) = (52 + 53 ) explav(u: —w)}d.  (5.23)
where Id denotes the identity matrix. Inequalities (5.7) and (5.12)—(5.23)) give
Ja(e) + J3(e / B, ul) - V(ul —ul)dzdt

B2 V(u? —u2)-V(u? —u2)dzdt +/ E.,V(ue —u,) - Vib(ue — w,)dx dt
Q Q
< I(e) + Iia(e) + Iia(e) + T (6) + Iiz(e) + I3 () + I5(e) + 13(e)-

(5.24)
Now we pass to the limit in for ¢ — 0 and v fixed. Using the fact that
By @ (u) —u) expliih(ue — u,)] remains bounded in L2(0,T; Hi(2)) and converges
almost everywhere in @ towards (,¢'(u” — u)) exp[at(u — u,)]. We have for v =
1,2,

By @' (ul — u)) explivh(ue — w,)] — By’ (u? — ) expliigh (u — uy)] (5.25)
weakly in L? (0 T H (©)), and strongly in L?*(Q).
Using (1.3 and Lebesgue’s dominated convergence theorem, we obtain

A(us)VuZ — A(u)Vu]  strongly in (L*(Q))™ . (5.26)
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By (5.25) and we have

Z/ A(ue)Vuy - V(B¢ (u) — u)) explih(ue — wy)]]dadt — Jo (5.27)
where
2 — —
Jy = Z /Q Aw)Vu] - VB, (0 — u))) expliih(u — u,)] ] dz dt, (5.28)
B =Y / (P 5.3t — ) espl(ue —w )it Sy, (529)
v=1~0
where

J3 = Z/ Btﬂ?ﬁ_w 7 — ) exp|i(u — u,)])dt. (5.30)

The matrlces leu, B?l,, and F., are positive definite, because of the coercivity

condition and (5.3]) imply that

Bl, > agld, B2, > apld. (5.31)
Using (|1.2) and the definition of i in (5.1]), we obtain
E., > gfd. (5.32)

Using (4.27) we obtain that the matrix Bl, converges a.e. in Q to the matrix B}
defined by
B, = (19" (u' —uy) expivp(u — uy)]A(u) — L (u, w,) expli(u — )] Id, (5.33)
and the matrix B2, converges a.e. in @ to the matrix B2 defined by
B} = Bo" (u® — up) explinp(u — w,)]A(u) — La(u, uy) expli (u — uy)|Id, (5.34)
and the matrix E., converges a.e. in @ to the matrix F, defined by
- c: C3
B, = fexplinb(u - u,)JA(u) - (53 + 55 ) explav(u—w)l1d.  (5.35)

Thanks to the positive definiteness of Bl,, B2, and E., we obtain

eV

hmmf/ BLV(ul —ul)- V(u;—ull,)dxdtz/Bi(Vul—ull,)-V(u —u))dz dt
Q

liminf/B2 V(u? —u2) - V(uZ—u? )d:cdt>/Bf(Vu2—u2) V(u? — u?)dx dt
Q

v
e—0

lim inf/ E.,Vi(ue —u,) - V(ue — uy,)dz dt
Q

e—0

> / E,V(u—u,) - V(u — u,)dx dt.
Q

To pass to the limit in the right hand side of inequality (5.24), we use Lebesgue’s
dominated convergence theorem which implies that

I3(e) + Iy (e) + Ii (¢ ‘1‘2112
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2 — —
e / V118 (w2 — )| explid(ue — w,))dz di
y=17@Q
_ 1 _
#0 [ (54190 expldue - wiasar
Q
2 — —
ey / Bo1@ (uf — )| explidh(ue — uy)]da dt
y=17Q
120, / Vul Bl (u — )| expladh(ue — w,)]de di

+217/ |Vu? |2ﬁ1\<p u —u )|exp[,u¢( —uy,)|dxdt

20, / IVl ol @ (12 — 122 expljidh(ue — w,))dz dt

5

20, / V2 2Bl (2 — )| expli(ue — w))dwdt — T3+ I3 + 11+ 3 Iy,
1=2

where
5 .
LB+L+1+) I
2 — —
=00 [ IV = ) expl s —
=17Q
_ 1 _
+ 9/ <2 + |Vuu|2> expli(u — uy,)|dx dt
Q
2 — —
+Cod [ Byle w0 — ] explaid(u — u,)ldede
=1"Q
120, / VUl P (u) — )| explad(u — u,)]dz dt
Q
o / V2P A1] @ (! — )| expladh(u — w,)]dz di
Q
120, / IVl 2ol @ (62 — 2) | explah(u — w,)]da dt
Q

20, /Q V2ol @ (a2 — ) expldh(u — u,)]dz dt.

Now we pass to the limit in the remaining term of the right hand side of (5.24). Due
to the fact that |Vu.| is uniformly bounded in L?(Q), one can extract a subsequence
which is not relabled such that

|Vu| —w weakly in L?(Q). (5.36)
Applying Lebesgue’s dominated convergence theorem we obtain
[V |3y |@" (ud — ul)| explag(ue — u,)]

o - R (5.37)
— |Vu)|By|@ (0 —u))| exp[ip(u — u,)]  strongly in L*(Q) .
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(5-36) and (5.37) yield
2
2(e)=Cy Z/ V|| Vu)| 8y @ (u) — u))| explih(ue — u,)]dzdt — I3, (5.38)
y=1"¢
where
2
2= Z/ Wl VA B, (u — ud)| expliv(u — w,)]da dt. (5.39)
-17/@Q

Passing to the limit infimum in the inequality (5.24]) we obtain

Jo+ Js +/ BV (u' —ul) - V(u' — ul)dzdt

/ B2V (u? —u?) - V(u® — u?)dx dt + / E,VY(u —uy,) - Vap(u — u,)dx dt
Q Q
<S4 I+ L+ I+ I+ 13+ 12+ 15
(5.40)

Multiplying the 7-th equation of system (3.1)) relative to the parameter v by
B¢ (0 —u}) explitp(u — u, )] and sum from v =1 to v = 2 we obtain

2
J3 = Z/QA(ul,)V(u7 —u)) -V [By@ (07 — u) explidh(u — w,)]] dz dt
> [ AT 9 (37 0 el ]

" Z / Gy, Vi, )y @ — ) expla (u — )] (5.41)
/ F,(uy,,Vu,) - Vi (u — u,) exp[ph(u — u,)|dz dt

Ly [ Fults V) VB0 — ) espla = )l
Q
=K+ Ky + K3+ K4+ Ks.

Using and replacing the values of the matrix B}, B2 and E, in we
have

5 5
ot Ki+S1+ S+ S+ Si<H+ LB+ +L+> I, - Y K (542)

i=1 =2

where

S = /QLl(u u,)|V(u' — ul)|? exp[pv(u — u,)|dz dt,
Sy = — / Lo (ut,10,) [V (s — )| expljith(u — w,)|dr i,
Q

S5 = f(%+f / IV — )2 explfidh (u — u,))da dt,
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Sy = AW)V(u' —ul) V(u—ul)B1¢" (u! —ul) exp[ip(u — u,)]|dx dt
Q
[ AW — ) V(0 — ) o (1 — ) explp(u — u,)d de

Q
+ ,u/Q Aw)VY(u —u,) - Vib(u — u,,) expli (u — u,)]dx dt
=3 [ AV )V (3¢ — ) explii(u — )] dndi
y=17@Q
2 — —
= Z/ A(w)Vu" -V [B,¢ (u — u)) explit)(u — u,)]] dz dt

_ Z / w)Vu) -V [B,¢ (u) — u) explih(u — uy,)]| dz dt

fK67J2.

Replacing the value of Sy in (5.42) we obtain

5 6
Ki+Si+S+Ss<H+LB+L+1+) I, — > K (5.43)

i=1 =2

By using the growth conditions (L.6) and (3.4) on F, and Young’s inequality we
obtain
—Ky < / (C3 + Ca|Vu, )| Vep(u — )| expliy (u — u,))da dt
Q

0.3 s 0w G- .
< Z 3 _ Z 4 _
_/Q 5+ 52 IV = w2 + 5[V, 2+ 5 Vip(u = u,) ]

x exp|i(u — u,)]dz dt

(5.44)

< —53+§/ |V (u — u,)|* explag) (v — w,)|de dt + K},
Q

where

Kl = / szg( - [Vul) expld(u — u,)|dz dt. (5.45)
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Employing the growth conditions (1.4)), (1.5) and (3.4) on G7, the term —Kj3 can
be estimated as

2
Ko <Y [ 1607 el = s
y=1
e / VUl 1] (! — )| explad(u — w,)]dz di
Q

b [ (VORI (0! ud)lexpli(u — u, lde d

@ (5.46)

e / IVl P ol @ (12 — 222 expljidh(u — w,)]da di
Q

+Ca [ [VUEBalg (07 — )] expl(u — o
Q

5
1
<hi+; S org,.
i=2
Using Young’s inequality the term Z?:Q I, can be controlled by
5 — —
S 1 <G [ VGt = ul) Pl — o) explpi(u - u,)ldedi
i=2 @

1 47 /Q IV (u? — u2) 0|3 (it — ul)| expld (u — u,))da di

e / V(! — ub)[2Bl (u — u2)| expldb(u — w,)|dz dt
Q

5
440, / V(2 — )25l (u? — )| explid(u — w,))de dt + 3 R,
Q =2
(5.47)
where

5
S RE, =4y [ [Val PAle! (t ~ ub)lexplad(u — u, ))dzdi
Q

=2

T / V2P B3 (0! — ul)] explad(u — up))de dt
Q (5.48)

40, / IVl 23]’ (u? — u2)| expljad(u — u, )] da dt
Q

+4C, / |Vu?|262|@" (u? — u?)| exp[iv(u — u,))dz dt.
Q
We use again Young’s inequality to obtain

Iy < 25/ IV (u —u,)|* exp[iv(u — u,)|dx dt
Q

+ G/Q (; + 2|Vu2> explfiv) (u — u,,)]dx dt . (5.49)

=R}
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We employ the coercivity condition (1.2]) to estimate the term K; from below by

Ki>a / V(! — ul) 251" (u" — ul) expljid(u — u,)|du dt
Q
+a / IV (u® = u)[*Bop” (u® — ul) expli(u — u,)]dz dt (5.50)
Q

+a [ V0P expliiu— w)lde dr.
Q
Using (5.44)—(5.50), inequality (5.43) becomes

2
Z/Q V(" —ul)? {aB,@" (W —ul) — 4L (u, u,) } exp[ath(u — u,)]da dt

o o (0% CF _ -
+ | VY] lap— | = + = || explivo(u — u,)]dz dt
Q 0 0
3,
<2+ I3+ 13+ Ry — Ko + K —Ks—K6+§ZR§2
i=2
=R, + Ry + K}.
(5.51)

Using (5.2)), (5.3) and the definition of i in (5.1) we obtain from (5.51)) that

2
a0 Y [ 19" = ) expl )
=17@Q

ol - -
+ = /Q [V explii) (u — uy)ldz dt (5.52)

>0

<R,+ é/ (14 3|Vul?) exp[ap(u — w,)]dz dt,
Q

hence
2
G0 Y [ 19 = ) expl (s — )l
y=1"€ (5.53)
<R, + 5/ (14 3|Vul?) exp[ah(u — u,)]dz dt,
Q
such that

5
3 )
m:zﬁ+§+@—Ky¢m+K@+§§Rb (5.54)
=2
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where

2If + I3 + I — K

2
260" [ Bl ) expli(u )l dodt
v=1"Q

2
G /Q V1,16 (a7 — )] explih(u — w,)]da dt )

2
+ 00 Y [ iVl 16 0 = ) explidu — )l d
y=17@

2
=32 Bl V) T 07 — ) expld o — ),
~y=1

such that
— (K2 + Kg)
= Z/ [A(u,) — A(u)] - VUV [Bﬂ/@/(u’y — ) explp(u — uy)]] da dt. (5.56)
v=1"0Q
and

3 _ _
5> Ry =6C: [ [VulPAule! (!~ ul)lexplad(u — u, )ldzds
i=2 Q

1 61 / VPl (0 — )| expladh(u — up))de dt
Q (5.57)

60, / VUl PRal @ (u® — u2)| explid(u — u,)]da dt
Q

+ 6Cy / |Vu?262|@" (u? — u?)| exp|fiv(u — u,)|dz dt.
Q
In view of
u, —u weakly in (L(0,T; H3 ()™,
u, — u strongly in (L*(Q))™, (5.58)
uy, — u a.ein Q,

and the fact that u — u, is uniformly bounded in L>°(Q), for all v = 1,2, it holds
By (0 — ) explid(u—u,)] — 0 strongly in L*(Q),  (5.59)
B, @ (u" — ul) explih(u —u,)] = 0 weakly in L?(0,T; Hj(Q)), (5.60)
this follows from the fact that 3,¢'(u” — u]) exp[is)(u — u, )] remains bounded in

L2(0,T; H}(Q)) and converges almost everywhere in @ towards 0. By (5.58) and
employing Lebesgue’s dominated convergence theorem, we obtain

5

3 .

3 g R, —0 asv—0. (5.61)
i=2
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By (5.59)), Young’s inquality and employing Lebesgue’s dominated convergence the-
orem, we obtain

2I} + 134+ 15 -0 inv—0, (5.62)
and Lebesgue’s dominated convergence yield
[A(uy) — A(u)] Vu? — 0 strongly in (LZ(Q))N . (5.63)
Therefore
—div ([A(u,) — A(u)] Vu?) — 0 strongly in L*(0,T; H~ (1)), (5.64)
and imply that
— (K2 + Ks)
(5.65)

=D (~div([A(w) = A(w)] Vu); B¢ (w7 — ) expli(u — u,)]) — 0.

For the rest terms of (5.55)), using the growth conditions ([1.6)) and (3.4)) on F),
and the fact that u, is uniformly bounded in (L?(Q))?, by applying the Young’s

inequality and afterwards Lebesgue’s theorem one can prove that
— K5 — 0, whenv—0. (5.66)

Finally we have R, — 0, when v — 0, similarly we have
é/ (14 4|Vul?) exp[ah(u — u,)|dz dt — 9/ (14 4|Vul?) d dt. (5.67)
Q Q

Since exp[fth(u — u,)] > 1, we deduce from (5.53)) that
hmsup a Z/ |V (u N|2dx dt < 0/ (1 + 4|Vul®) dz dt. (5.68)
Q

Since ayg is independent of f this implies that u, — w strongly in (L2(0,T; H}(2)))2.
5.1. Passing to the limit. As u. converges strongly to u in (L?(0,T; H&(Q)))Q,
for all v = 1,2 we have

G (ue, Vue) + F(ue, Vue) - Vul — GV (u, Vu) + F(u, Vu) - Vu” (5.69)
strongly in L'(Q). Therefore, applying Vitali’s theorem,

GY(ue, Vue) + Fo(ue, Vue) - Vul — G7(u, Vu) + F(u, Vu) - Vu” (5.70)
strongly in L}(Q).

On the other hand,
—div (A(us)Vul) — —div (A(u)Vu?) (5.71)

strongly in L2(0,T; H=()).

Thus aatg converges strongly to a“t in L?(0,T; H1(Q)) + L' (Q) which implies
ou”

2 € L*0,T; HY(Q)) + LY(Q),

and
N

oul 0 oul .
T~ 2 gy @y = G (u V) + F(u, Vu) - V' inQ,
i,j=1 g J
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N

ou? 0 ou? .
W — Z %(GZ’J(U)T‘TJ = GQ(U/7 VU) + F‘(U/7 V'LL) . VUQ n Q
i,5=1
For s large enough, for all (y = 1,2), we have 8th converges strongly to % in

LY(0,T; H=*(Q)). Then u? converges strongly to «” in C([0,7]; H=*(Q)), hence
uY(0) converges strongly to u”(0) in H*(£2). Therefore, u satisfies (L.1)). We thus
have proved the existence of at least one solution of system (|1.1)). this solution u

is bounded because u. is uniformly bounded in (L‘X’(Q))2 and v, — u a.e. in Q.
This completes the proof. (I

REFERENCES

[1] M. Abudiab, I. Ahn, L. Li; A theorem on upper-lower solutions for nonlinear elliptic systems
and its applications, J. Math. Anal. Appl., 340 (2008), 175-182.

[2] M. Abudiab, I. Ahn, L. Li; Upper-lower solutions for nonlinear parabolic systems and their
applications, J. Math. Anal. Appl., 378 (2011), 620-633.

[3] R. Aris, K. Zygourakis; Weakly coupled systems of nonlinear elliptic boundary value problems,
Nonlinear Analysis, Theory Methods, and Appi., 6 (1982), 555-569.

[4] M. Bendahmane, K. H. Karlsen; Nonlinear anisotropic elliptic and parabolic equations with
variable exponents and L'-data. Commun. Pure Appl. Anal., 12 (2013) 1201-1220. ,

[5] M. Bendahmane, K. H. Karlsen; Renormalized entropy solutions for quasi-linear anisotropic
degenerate parabolic equations, SIAM journal on mathematical analysis, 36(2) (2004), 405-
422.

[6] M. Bendahmane, M. Langlais, M. Saad; On some anisotropic reaction-diffusion systems
with L 1-data modeling the propagation of an epidemic disease. Nonlinear Analysis, Theory,
Methods and Applications, 54(4) (2003), 617-636.

[7] M. Bendahmane, K. H. Karlsen; Analysis of a class of degenerate reaction-diffusion systems
and the bidomain model of cardiac tissue, Netw. Heterog. Media., 1(1) (2006) 185-218.

[8] L. Boccardo, F. Murat, J. P. Puel; Ezxistence results for some quasilinear parabolic equations,
Non Lin. Anal. TMA, 13 (1988) 373-392.

[9] C. Cosner, F. Schindler; Upper and lower solutions for systems of second order equations
with nonnegative characteristic form and discontinuous nonlinearities, Rocky Mt. J. Math.
14 (1984) 549-557.

[10] Z. Dahmani, S. Kerbal; Solution to nonlinear gradient dependent systems with a balance law,
Electron. J. Differ. Equ., 158 (2007) 17 .

[11] F. Dickstein, M. Escobedo; A maximum principle for semilinear parabolic systems and ap-
plications, Nonlinear Anal., 45 (2001) 825-837.

[12] J. Frehse; Ezistence and perturbation theorems for nonlinear elliptic systems. Nonlinear Par-
tial Diferential Equations and Their Applications, Collége de France Seminar, Vol. 4, Research
Notes Math., 84 (1983) 87-110.

[13] J. Frehse, A. Bensoussan, M.Bulucek; Ezistence and compactness for weak solutions to Bell-
man systems with critical growth, Discrete Contin. Dyn. Syst. Ser. B, 17(6) (2012) 1729-1750.

[14] J. Frehse, A. Bensoussan; Smooth solutions of systems of quasilinear parabolic equations,
ESAIM: Control, Optimisation and Calculus of Variations, 8 (2002) 169-193.

[15] M. Giaquinta; Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic Sys-
tems. Annals of Mathematics Studies 105. Princeton University Press, Princeton, 1983.

[16] M. Giaquinta, J. Necas; On the regularity of weak solutions to non linear elliptic systems of
partial differential equations, Journal fiir die reine und angewandte Mathematik, 316 (1980),
140-159.

[17] M. Giaquinta, M. Struwe; On the partial regularity of weak solutions of monlinear parabolic
systems, Math. Z., 179 (1982) 437-451.

[18] S. Hildebrandt, K. O. Widman; Some regularity results for quasilinear elliptic systems of
second order. Math. Z., 142 (1975), 67-86. Non. Lin. Ana. Great Britain. A 127 (1989),
373-392.

[19] S. Hildebrandt; Nonlinear elliptic systems and harmonic mappings, Proc, Beijing Symposium
on diff. geom. and diff. Equ., Beijing (1980).



24

R. SOUILAH EJDE-2016/200

[20] S. Hildebrandt; Quasilinear elliptic systems in diagonal form, in Systems of nonlinear partial

differential equations, 173-217. Editor: J.M. Ball. D. Reidel Publishing Company 1983.

[21] S. Hildebrandt, K. O. Widman; On the Hélder continuity of weak solutions of quasilinear

elliptic systems of second order, Ann. Sc. Norm. Sup. Pisa, 4 (1977), 145-178.

[22] M. Kirane; Global bounds and asymptotic for a system of reaction-diffusion equations, J. of

Math. Anal. and Appl.,138 (1989), 328-342.

[23] M. Kirane, S. Kouachi; Global solutions to a system of strongly coupled reaction-diffusion

equations, Nonlin. Anal. Theo. Methods and Appl., 26 (1996), 1387-1396.

[24] A. Leung; System of Nonlinear Partial Differential Equations: Applications to Biology and

Engineering, Kluwer Acad. Publ., Norwell, MA, 1989.

[25] A. Leung; Nonlinear systems of partial differential equations. Applications to life and physical

sciences. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2009.

[26] J. Liang; The reaction-diffusion system without quasi-monotone conditions, Acta Sci. Natur.

Univ. Pekinensis, 3 (1987), 9-20.

[27] J. L. Lions; Quelques méthodes de resolution des problémes aux limites non linéaires, Dunod,

Gauthier-Villars, Paris (1969).

(28] G. Lu, B.D. Sleeman; Mazimum principles and comparison theorems for semi- linear para-

bolic systems and their applications, Proc. Roy. Soc. Edinburgh Sect. A 123 (1993) 857-885.

[29] R. Ma, R. Chen, Y. Lu; Method of Lower and Upper Solutions for Elliptic Systems with

Nonlinear Boundary Condition and Its Applications, Journal of Applied Mathematics, vol.
2014 (2014).

[30] P.J. Mckenna, W. Walter; On the Dirrichlet problem for elliptic systems, Appl. Anal., 21

(1986) 201-224.

[31] A. Mokrane; Ezistence for quasilinear elliptic system with quadratic growth having a partic-

ular structure, Portugaliae Mathematica, 55. Fasc. 1 (1998).

[32] C. V. Pao; Nonlinear Parabolic and Elliptic Equations, Plenum Press, 1992.
[33] I. Per-Anders; On Quasilinear Elliptic Systems of Diagonal Form, Mathematische Zeitschrift,

34]
(35]

(36]
37)

(38]
39]
[40]
[41]
42]

[43]

170(3) (1980), 283-286.

D. Portnyagin; A generalization of the mazximum principle to nonlinear parabolic systems,
Annales Pol. Math., 81(3) (2003), 217-236.

M. Saad; A unilateral problem for elliptic equations with quadratic growth and for L' — data,
Nonlinear Analysis, 44 (2001), 217-238.

J. Simon; Compact sets in the space LP(0,T; B), Ann. Mat. Pura Appl, 146 (1987), 65-96.
F. Sindler; Nonlinear elliptic and parabolic systems of second order with upper and lower
solutions, Dissertation, University of Utah, 179 (4) (1982), 437-451.

M. Struwe; On the Hoélder continuity of bounded weak solutions of quasilinear parabolic
systems. Manuscripta Math., 35 (1981) 125-145.

R. Temam; Navier-Stokes Equations Theory and Numerical Analysis, North-Holland, Ams-
terdam (1977).

K. O. Widman; Holder continuity of solutions of elliptic systems, Manuscripta Math., 5
(1971), 299-308.

M. Wiegner; Ein optimaler Reguldrittssatz fir schwache Lésungen gewisser elliptischer Sys-
teme. Math. Z., 147 (1976), 21-28.

M. Wiegner; das Existenz und Regularitdtsproblem bei Systemen nichtlinearer elliptischer
Differentialgleichungen. phdthesis, University of Bochum, 1977.

Z. Wu, J. Yin, C. Wang; Elliptic and Parabolic Equation, World Scientific Publishing CO.,
Singapore, 2006.

REZAK SOUILAH

UNIVERSITE DR. YAHIA FARES MEDEA FACULE DES SCIENCES ECONOMIQUES, COMMERCIALES ET

DE

GESTIONS, MEDEA, ALGERIA.

- LABORATOIRE D’EDP NON LINEAIRES ET HISTOIRES DES MATHEMATIQUES, ENS, KOUBA, ALGER,
ALGERIA

E-mail address: souilah.rezak@yahoo.com



	1. Introduction
	2. Statement of the main result
	3. Approximation
	3.1. Existence of solutions of system (3.16)

	4. (L2(0,T; H10()))2-estimate
	5. Strong convergence in (L2(0,T;H01()))2
	5.1. Passing to the limit

	References

