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COEXISTENCE OF STEADY STATE FOR A DIFFUSIVE
PREY-PREDATOR MODEL WITH HARVESTING

YAN LI

ABSTRACT. In this article, we study a diffusive prey-predator model with mod-
ified Leslie-Gower term and Michaelis-Menten type prey harvesting, subject to
homogeneous Dirichlet boundary conditions. Treating the prey harvesting pa-
rameter as a bifurcation parameter, we obtain the existence, bifurcation and
stability of coexistence steady state solutions. We use the method of upper
and lower solutions, degree theory in cones, and bifurcation theory. The con-
clusions show the importance of prey harvesting in the model.

1. INTRODUCTION

In this article, we consider the following predator-prey model with modified
Leslie-Gower term and Michaelis-Menten type prey harvesting subject to homoge-
neous Dirichlet boundary conditions:

—Au:u(l—u—maj_}u— c—i}fu)’ x € Q,
—Av:pv(l— mﬂ—:—}u>’ z e, (1.1)

u=v=0, x€0IN,

where u, v represent the densities of the prey and the predator respectively, 2 C R
is a bounded domain with smooth boundary 02, and the homogeneous Dirichlet
boundary condition means that the habitat €2 is surrounded by a hostile environ-
ment, parameters «, h, ¢, p, 3, m are all positive, term mﬁiu is the modified Leslie-

Gower term, and wiu is the Michaelis-Menten type prey harvesting, that is, Holling

IT type prey harvesting. In paper [1], the authors pointed that % is called Leslie-
Gower term, and in the case of severe scarcity, the predator can switch over to
other populations but its growth will be limited by the fact that its most favorite
food w is not available in abundance. This situation can be taken care of by adding
a positive constant m to the denominator. For more background of this model, we
refer the readers to [5} [I].
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In [5], the authors considered the corresponding ODE model of (1.1, and did
the bifurcation analysis of ODE system, such as saddle-node, transcritical, Hopf-
Andronov and Bogdanov-Takens bifurcation. In [10], we considered the correspond-
ing PDE model of with the homogeneous Neumann boundary condition, and
obtained many interesting results, including the local and global stability, Hopf bi-
furcation, and the existence and non-existence of non-constant positive steady state
solutions (namely, stationary pattern). For details, please refer to these references.

The corresponding dynamics of is given by

av h
ut—Auzu(l—u— R c—|—u>’ (z,t) € Q2 x (0,00),
_ pu
v — Av —pv(l — m), (x,t) € Q x (0,00), (1.2)

u=v=0, (z,t) €N x(0,00),
u(z,0) =up(z) >0, wv(x,0)=uve(z) >0, =€l

Suppose that (u,v) is a coexistence solution of (L.1]), that is, (u,v) satisfies
in the classical sense and w,v > 0 in €. In this paper, we focus on the exis-
tence, bifurcation and stability of coexistence solutions of 7 and also derive
the asymptotic behaviors of (u(z,t),v(x,t)) of (L.2). For the existence of positive
solutions existence of elliptic equations with the homogeneous Dirichlet boundary
condition, there are several methods, such as the upper and lower solution method
[12, 14, [15], the degree method in cones [15], and the bifurcation method [I5]. Many
researchers have studied the existence of positive solution of elliptic equations, see
[3, 14, [7], 18, 1], 13, [16]. As far as we know, there are little conclusions of the existence
of coexistence solutions of prey-predator model with prey harvesting.

The outline of this paper is as follows. In Section 2, by the upper and lower
solution method, we give the existence of coexistence solution of . And we
also obtain the dynamics of problem . By the degree theory and bifurcation
theory, we discuss the existence, bifurcation and stability of coexistence solution of
problem in Section 3. Conclusion is given in Section 4.

2. COEXISTENCE SOLUTIONS - UPPER AND LOWER SOLUTIONS METHOD

In this section, we obtain the existence of coexistence solutions by using the
upper and lower solutions method. We first state the following well-known result,
which can be proved by the upper and lower solutions method.

Lemma 2.1 ([15]). Consider the problem
—Au=uf(z,u), x€qQ,

u=0, ze€odf, (2.1)

where f is C in w and C® inxz, 0 < a < 1, and f is strictly monotonically
decreasing in u > 0, and there is a positive constant C' such that f(x,u) < 0 for
(z,u) € Q x [C,0). Then
(1) If M(—f(x,0)) >0, then (2.1) has no positive solutions;
(2) If M(—f(x,0)) <0, then has a unique positive solution u, and satis-
fiesu(z) < C;
(3) If there is a positive function p(z) € C*(Q) N C(Y) such that

—Ap < pf(z,p) inQ, ©=0 ondQ,
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then A1 (—f(z,0)) < 0, where A1(g(x)) is the principal eigenvalue of the
linear eigenvalue problem

—Au+qg(x)u= I, z€Q,
u=0, x€aiN,
and q € C(9).

Note that A;(0) = A\;. From Lemma we can easily obtain that if ¢ > 1 and
1—h/e> A, then

h
—Au=ull—u-— 9
u=u(l-u c+u>’ re (2.2)
u=0, x€d
has a unique positive solution, denoted by 6;_j ., and
Or-nje < (1 —c++y/(1—c)2+4(c—h)/2< L
If p > A1, then
_ pu
Av=po(l="0), weR, (2.3)
v=0, xz€dN

also has a unique positive solution, denoted by 0p, and 0p < m/B. Hence, for
problem ([1.1]), trivial solution (0,0) always exists; when ¢ > 1, 1 — h/c > Ay, and
p > A1, problem (I.1)) has two semi-trivial solutions: (61_/c,0) and (0,6,).
Theorem 2.2. For any positive solution (u(x,t),v(x,t)) of problem (1.2), we have
(1) Ife>1,0< 1=h/c < Ay, and p < A1, then (0,0) is globally asymptotically

stable;

(2) Ifc>1,1=h/c> A1, and p < Ay, then (014, 0) is globally asymptotically
stable;

(3) Ifc>1,0<1—h/c < A, and p > Ay, then (0,6,) is globally asymptotically
stable.

Proof. (1) Firstly, by Lemma[2.1] if ¢ > 1, 0 < 1—h/c < A1, we can conclude that
(2.2) has no positive solutions, and has only trivial solutions (0, 0).
Let wi_p/c(,t) be the unique positive solution of the problem

h
c+w)’ (x,t) € Q x (0,00),

w=0, (x,t)€Nx(0,00),
w(z,0) =up(z) >0, =z el

wt—Aw:w(l—w—

It is well-known that if ¢ > 1, 0 <1 —h/c < Ay, then wy_p/.(2,t) — 0 uniformly
on Qast— oo;ifc>1,1—h/c> )\, then wi_p/e(w,t) — 015/ uniformly on Q
as t — oo, where 6,_y,/. is determined by ({2.2)). We observe that

u—Au<u(l—u—h/(c+u)).

So by the comparison theorem, we have that u(x,t) < wi_p/c(x,t) — 0 uniformly
on  as t — oco. Hence u(x,t) — 0 uniformly on 2 as t — oco. Choose small € > 0
such that for z € Q and all large ¢, v; — Av < pv (1 — Bv/(m +¢)). If p < Ay, we
have that as t — oo,

v(z,t) — 0 uniformly on Q.
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So the proof is complete.
(2) From the analysis of case (1), we notice that u(z,t) < wi_p/c(w,t) — 01_p/c
uniformly on € as t — oo since ¢ > 1, 1 — h/c > A;. This tells us that

limsupu(z,t) < 61_p/. uniformly on Q. (2.4)

t—o0

Consequently, v, — Av < pv(1— Bv/(m+1)) uniformly on (2 for all large t. Because
of p < A1, we have that as t — oo,

v(z,t) — 0 uniformly on Q. (2.5)
As a result, there exists 7' > 1 such that for (z,t) € Q x [T, 00),
ur — Au>u(l —u—h/(c+u) —aeg/m).
From the comparison principle, we have
w(@, t +T) > wi_ge/m—nse(®,t +T)  With wi_ac/m—n/e(z,0) = u(z, T),
and B
litrgior.}f u(,t) > 01 _qe/m—nsc uniformly on Q. (2.6)
Because 01 _ac /m—n/c — 01_h/c uniformly on Q as e — 0. Letting ¢ — 07 in (2.6),
we conclude that
litrgior‘}f u(z,t) > 01_p). uniformly on Q. (2.7)
Equations (2.4)), and imply
tli)nolo(u(x,t),v(x,t)) = (01-n/c,0) uniformly on Q.
The proof of case (3) can be done similarly. O

Following the upper and lower solution method and simple comparison argument,
we can conclude a priori estimates results for the coexistence solutions of (|1.1)).

Theorem 2.3. When ¢ > 1, 1 —h/c > A1, and p > A1, any coexistence solution
(u(), v(x)) of (L) satisfies
u(r) < br_pe <1, 0, <v(x)<(m+1)0,/m<(m+1)/6.

Moreover, if 1 — h/c > M (a(m +1)8,/m), then u(z) > u*, where u* is the unique
positive solution of

_M:u(l_u_w_@» req,
m C
u=0, x¢€dN.

From Lemma [2.1] we can easily see the following:
(1) If Ay < 1, then
—Au=u(l —a), z€9Q,

2.
i=0, z€d (2:8)
has a unique positive solution .
(2) If Ay < p, then
o pu
A= pi(1— ) cQ,
R A (2.9)
=0, x€d

has a unique positive solution v.
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(3) If 1 — h/c > Ai(aw/m), then

av  h
7Au’”(17!7575)’ z el (2.10)
u=0, x€dN
has a unique positive solution w.
(4) If Ay < p, then
—Ag:py(l— Py ) T €,
m-+u (2.11)
v=0, xz€d

has a unique positive solution v.
We first give the sufficient conditions for the existence of coexistence solutions.

Theorem 2.4. If \; < min{p,1}, and 1 — h/c > A\i(av/m), then problem (1.1)
has at least one coexistence solution.

Proof. We can prove the conclusion by constructing proper upper and lower solu-

tions. If Ay < min{p, 1}, and 1 — h/c > A (av/m) hold, from (2.8)-(2.11)), we can
yield that @, v, u, v exist, and satisfy

h
—Aa>a(1—a— - _), x €1,
m -+ u c+u
fAG:pr(lf ﬂ”f), zeQ,
m—+u
—A@Sy(l—@— aw___h ) x € Q, (2.12)
m—+u c+u
—Ay:py(l— Py ) x € Q,
m—+u

t=u=v=v=0, z€dI,

which indicates that (@,v) and (u,?) are the ordered upper and lower solutions.
By virtue of the upper and lower solutions method, problem has at least
one coexistence solution (u,v) satisfying u < u < @, v < v < . The proof is
complete. (I

We remark that for fixed 8, m,h, if Ay < 1, ¢ is large enough, and « is small
enough, then condition 1 — h/c > A1(at/m) holds. In what follows, we derive the
necessary conditions for the existence of coexistence solutions.

Theorem 2.5. If problem (l.1) has a coezistence solution (u1,v1), then the fol-
lowing inequalities hold:

A< min{p, 1}, u <u, v1<U,

h Bpv
o)=L AED) e

where 4 and v are determined by (2.8)) and (2.9)).
Proof. Let (u1,v1) be a coexistence solution of (|1.1). Then u; satisfies
—Auy <ui(l—wuy), z€Q,
u; =0, x €.

. av (2.13)
)\1 (U + — +
m

(2.14)
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Hence u; < @ and A1 < 1. Similarly, we have

7A"U1<p1}1(17 61}17), J’JEQ,
m+u

vy =0, x€d,

(2.15)

which indicates that p > Ay, and v; < 9. Meanwhile, (u1,v;) satisfies
h

—Au1+u1(ﬂ+%+*>>u1, r €€,
m C

—Avy + %vl > pvy, T €4, (2.16)

uy =vy =0, x €,
It follows from [15, Corollary 2.3.1] that

"o n( s

_ . au
Mfa+ 2
m c m

The proof is complete. O

3. COEXISTENCE SOLUTIONS - THE DEGREE METHOD

In this section we shall discuss the existence, bifurcation and stability of coexis-
tence solutions of problem . The techniques we use in this section are adopted
from [I6]. For the convenience of the readers, we list the following two preliminary
lemmas, which coincide with [16, Propositions 1 and 2].

Let F be a Banach space. W C FE is called a wedge if W is a closed convex set
and W C W for all 8 > 0. For y € W, we define

Wy={x€E:Ir=r(x)>0, withy+rzeeW}, S,={zeW,:—zeW,},

Assume that £ = W — W, and T : W, — W, be a compact linear operator.
T has Property o on W, if there exist ¢t € (0,1) and w € W, \ S, such that
w—tTw € 8y.

For any § > 0 and y € W, we define By = W N Bs(y). Assume that F': By —
W is a compact operator and y is a isolated fixed point of F. If F' is Fréchet
differentiable at y, then F'(y) : W, — W,,.

Assume that E =W — W = {& —y: 2,y € W}. Then the topology degree can
be well defined on wedge W, denoted by degy,. If y € W is a isolated fixed point,
and I — F’(y) is invertible, then the fixed point index of F' at point y can be defined
by indexw (F,y) = degy, (I — F, N(y)), where N(y) is a neighbourhood of y on W.

Lemma 3.1 ([2,[15]). Suppose that I — F'(y) is invertible on W, then
(i) If F'(y) has Property «, then indexy (F,y) = 0;
(ii) If F'(y) does’t have Property «, then indexy (F,y) = (—1)%, where (3 is the
sum of multiplicities of all eigenvalues of F'(y) that are greater than one.

Lemma 3.2 ([9,15]). Let q(z) € C(Q), M be a positive constant such that M —
q(x) >0 on Q, and M\ (q) be the first eigenvalue of the problem

—Au+q(z)u = u, x€Q,
(3.1)
u=0, x€dN.
Then

(1) Milg) <0 = r[(M = A)"H(M — q(2))] > 1;
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(2) M(q) =0=r[(M — A)"H(M —q(z))] = 1;
(3) M(q) > 0= r[(M — A)"HM —q(2))] <1,
where v denotes the spectral radius.

3.1. Calculation of the fixed point index. Firstly, we introduce some notation.

E=XxX, where X ={uecC"Q): uloq =0},
W=KxK, where K={ueX: u>0},
D={(u,v) eW:u<2, v<(m+1)/3+1}.
It is easy to see that
(1) Wio0) =K x K, S0,0) = {(0,0)};
(2) Wio, 000 =X X K, S9,_,,,..0) = X x {0}
(3) Wioe,) = K x X, S,) = {0} x X;
and any coexistence solution of problem ([I.1) belongs to D. Then there exists a
positive constant M such that when (u,v) € D, u(l1—u—av/(m+u)—h/(c+u))+Mu
and pv(1 — Bv/(m + u)) + Mv are nonnegative. Define the mapping F : F — E,
w(l —u— - — b )—|—Mu
F — (M = A -1 ( m4u ctu .
(u,v) = ( ) ( (1~ By >

m—+u

Then F' is compact, and F' : D — W. Evidently, problem (1.1 is equivalent to
F(u,v) = (u,v).
For t € [0, 1], define that

B 1 tu(lfu— a_:_’ — j_L)JrMu
Ft(u7v)_(M_A) < tp’l)(l—nl E’U )C—i-ujwv )

m—+u
then Fy(u,v): [0,1] x D — W is positively compact, and F = F3.

Lemma 3.3. Suppose that ¢ >1,1—h/c > A\y. Then
(1) degy (I — F,D) =1;
(2) If p # Ay, then indexw (F, (0,0)) = 0;
(3) If p > A1, then indexw (F, (01-4/c,0)) = 0;
(4) If p < A1, then indexy (F, (01-1/.,0)) =1

Proof. (1) Observe that F' has no fixed points on 9D, then degy, (I — F, D) is well
defined. For any ¢, the fixed points of F} are the solutions of the problem

fAu:tu<1fuf av___h ), x €8,
m 4+ u c+u
—Av:tpv(l— B ), x €9, (32)
m—+u

u=v=0, xz€&d.

By Theorem we obtain that the fixed points of F; must lie in D, and it follows
from the homotopy invariance of degree that

degy, (I — F,D) =degy, (I — F1,D) = degy, (I — Fy, D).

When t = 0, problem (3.2)) has only trivial solution (0, 0). Hence degy, (I —Foy, D) =
indexw (Fo, (0,0)).
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Notice that W(O,O) =K X K, W(O,O) \5(070) = {K X K} \ {(0,0)} Let

4 (M 0
— _ _ 1
L= F(0,0) = (M - A) (0 M) ,
then from Lemma we obtain r(L) < 1, so I — L is invertible, and L has no
Property a on W(o,o), which implies that indexw (Fp, (0,0)) = 1 by Lemma
Hence, degy, (I — F,D) = 1.
(2) Straightforward calculations show that

1—h/c+ M 0 )

F'(0,0) = (M —A)! ( 0 bt M

Firstly, we prove that I — F’(0,0) is invertible on W(0,0)~ If there exists (£,7n) €
W(O,O) so that FI(Ovo)(é-?n)T = (fﬂ))Ta i'e'a
~AE=(1-h/e)s, e,
—An=pn, z€Q,
E=n=0, ze€o
If £ > 0, then Ay = 1 — h/e, which is impossible. Hence £ = 0. And = 0 can be
derived similarly. Therefore, I — F’(0,0) is invertible.

Next we prove F’(0,0) has Property a. Since 1 — h/c > Ay, it can be derived
from Lemma that ry == r[(M — A)"Y(1 — h/e + M)] > 1. Let ¢ be the
eigenfunction corresponding with r1, and choose tg = 1/r1, then 0 <ty < 1, and
I —t,F'(0,0)(¢,0) = (0,0) € S(g,0y, which indicates that I — F(0,0) has Property
a. So indexy (F, (0,0)) = 0.

(3) Computations show that

he aby_pnye
(01 _pe,0) = (M — A)~1 (17 20mmse = e S M e 0
0 p+M

If there exists (£,7n) € W(Qlih/mo) so that F'(01_p/ec, 0)(&,nT =(&n)7T, ie.,

he ael—h/c
A= (1-201_p,. — —
§ ( 1—h/c (C+91—h/c)2> m_~_917h/c
—An=pn, z€Q,
E=n=0, xe€d.

n, x €,

Since n € K, if n # 0, then n > 0. From the equation of 1, we have p = Ay, which
contradicts with p > A;. Hence n = 0. If £ # 0, from the equation of &, we find
that 0 is a eigenvalue of
he
)2)5 , T€EQ,

—Af=(1-2 -
5 ( el—h/c (C+91_h/c
£E=0, xe€0N.

So 0 > )\1(291_h/c+hC/(C + 91_h/c)2 —1) Since )\1(91—h/6+h/(c+91—h/c) —1) = 0,
we have
hc

(C + ol—h/C)Q

which is a contradiction. Therefore, I — F”(6,_ /., 0) is invertible on W(01_h/c,0)'

0> N (291,;1/6 + - 1) > A (917h/c +

h
— 1) =0
C+01—h/c )
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Next we prove F’(6_p.,0) has Property a. Define A := (M — A)~*(M + p).
By the assumption p > A; and Lemma we have 7(A) > 1. Let ¢ be the
eigenfunction corresponding to r(A). Choose tg = 1/r(A), then 0 < ¢y < 1, and

M _ A 71t0w0‘017h/c
<( : o e ) €810

Then F'(01_/c,0) has Property o, and indexy (F, (01_1/.,0)) = 0 by Lemma
(4) We want to prove that F’(6;_j/.,0) doesn’t have Property a. Since p < Ay,
then 7(A) < 1. We assume that F’(61_/.,0) has Property «, then there exist

0 <t<1and (¢1,92) € W(gl_h/c’o) \ S(0,_,,,..0) such that I — tE (011, 0) €
S(6,_1,..0), which hints

(I —toF"(01-1/c,0)) (2) =

_ 9
==
Because of ¢o € K \ {0}, the above equality indicates that 1/¢ > 1 is one of
eigenvalues of A, which arrives a contradiction with r(A) < 1. Then F'(6;_,.,0)
does not have Property «, and indexw (F, (61-4/,0)) = (—=1)” by Lemma
where (3 is the sum of multiplicities of all eigenvalues of F'(6;_j/.,0) that are
greater than one.

Suppose that 1/p > 1 is a eigenvalue of F'(61_j/,0), then there exists (£,7)

such that F' (01 n/c,0)(&;m)" = (&m) " /n, Le,

he ael*h/c
A= (p—1)ME+ ,u(l - 2‘glfh/c - (c+ 91—h/c)2) Com+ 91—h/c

—An=(p—1)Mn+ppm, z€,
E=n=0, xe€d.

(M = 8)"H(M + p)do

x € Q,

)

Ifn #£0, then 0 > A\ ((1—p)M —pp) > M (—pp) > A1 —p > 0, which is impossible.
Son=0.If£#0,by 1 —61_p/c —h/(c+01_p/c) >0, then

,M)M+u(201_h/c+ (c+9fjch/)2 - 1))

(
> /\1<— u(l =201 _nje — L))
<_

0>\

(c+01-psc)?

>\ ,u(l _elh/C+CJF‘9]ll—}z/c>)

which is a contradiction. Then § = 0. Consequently, F'(6;,_p/.,0) has no eigenval-
ues which are greater than one, and indexy (F, (01_p/.,0)) = 1 by Lemma |

Similarly, we can verify the following results.

Lemma 3.4. Assume that p > A1.
(1) If 1 = h/c > Mi(ab,/m), then indexw (F, (0,0,)) = 0;
(2) Ifa/B<1—h/c<Ai(ab,/m), then indexw (F,(0,6,)) = 1.

From Lemma and we have
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Theorem 3.5. If p> X\, ¢ > 1 and 1 —h/c > Ai(ab,/m), then problem (1.1) has
at least one coexistence solution.
Proof. Tt is easy to see that

degy, (I — F, D) — indexy (F, (0,0)) — indexyy (F, (61_p/c,0)) — indexy (F, (0,6,))
=1-0-0-0=1,
which indicates that (1.1)) has at least one coexistence solution. (]

When p > Ay, from problem (2.9) we can see that © > 6,, so A\ (ad,/m) <
A1(av/m), which implies that the condition in Theorem [3.5(is weaker than that of
Theorem 2.41

Theorem 3.6. Assume that ¢ > 1, 1 —h/c > X\ and p > A\1. For small enough ¢,
there exists a suitable large M (€) such that when m > M(g), problem (1.1) has at
least one coexistence solution (u(x),v(x)) satisfying

917(h+5)/c S ’LL(.I?) S elfh/cv ep S ’U(.’L’) S 9p+5-

Proof. We construct (u,v) = (01-p/c,0pt<) and (u,v) = (01_(h+e)/c,0,) as a pair
of upper-lower solutions of problem (1.1]) respectively, and we just need to verify

—Aﬂ>ﬂ(1—ﬂ— ay?— h?), x € Q,
m+u c+u
—ATJZpE(l— ﬂ”f), zeQ,

m—+u

—Ayﬁg(l—y— av___h ) x €N,

m-+u c+u
—Aygpy(l—ﬂ), x e .
m+u

After a series of calculations and analysis, we derive that it suffices to restrict
m > M (e), where M (e) is given by

O‘HerE(C + 01—(h+s)/6) sup (Eﬁ + ﬁp)9p+5 }
£ ’ € '
Then the proof is complete. O

M (g) = max { sup

Theorem 3.7. Suppose that ¢ > 1, 1 —h/c > A\, and p > \1. As a — 07, the
coexistence solution (u(x),v(x)) of problem (L.1) converges to (01_p/c,v*), where

v* is the unique positive solution of

Bv
—Av = 1—-— Q
v pv( m+917h/c), x il
v=0, =z €.

Proof. To this end, we prove that as « — 0T, the coexistence solution (u,v) of
problem (1.1)) converges to the solutions of the problem

—Auzu(l—u— cﬁu>7 x €9,
—Av:pv(l— m6:u>’ z e, (3.3)

u=v=0, x¢&d.
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Let a; — 0%, and (u;,v;) be the coexistence solution of corresponding to
« = «. By the priori estimates, we know that (u;,v;) is bounded uniformly with
respect to i. It follows from the regularity of elliptic equations that |(u;,v;)|2+q is
bounded, and there exist a subsequence, denoted by itself, and nonnegative func-
tions (u,v) € [C?F*(Q)]? such that (u;,v;) — (u,v) in [C?F2(Q)])2. Tt is easy to see
that (u,v) is a nonnegative solution of (3.3).

Next, we prove that u(z),v(z) > 0in Q. If w = 0, then ||u;||c — 0. Denote
U; = u;/||ti]| oo, then 4; satisfies

;U h

), T € €,
m 4+ u; c+ u;

u; =0, x €.

Similar to the above analysis, 4; is bounded, and there exist its subsequence,
denoted by itself, and nonnegative function @ € C?***(Q) such that @; — @ in
C?2(Q), |li/le = 1, and 4 satisfies
—Au=u(l—h/c), z€Q,
=0, x€d.
Then 1 — h/c = A1, which contradicts with the assumption. Hence u # 0. It yields
from the strong maximum principle that u(z) > 0 in .
Likewise, if v = 0, we can conclude that there exists a nonnegative function
b € C*2(Q) such that 9; := v;/||vi|lco — 7 in C2(Q), ||9]le = 1, and ¥ satisfies
—AD=p0, x€,
=0, xz€oN.
Then p = Aq, which arrives a contradict with the assumption. Similarly, v(z) > 0
in . The proof is complete. (I

3.2. Bifurcation and Stability. In this subsection, using bifurcation theory, we
treat h and p as bifurcation parameters, and conclude the bifurcating coexistence
solution of , and we also derive the stability of bifurcating coexistence solutions
when « is suitable small.

Theorem 3.8. (1) Assume that ¢ > 1, 1 — h/c > Ay, and denote p = A\y. Then
point ((61-p/c,0),p) is a bifurcation point of problem (L.1), and when 0 < s < 1,
the bifurcating coexistence solutions ((u(s),v(s)), p(s)) can be parameterized by

u(s) = 01_pjc + sth + o(s%);
v(s) = s¢ + o(s%);
p(s) = P+ sp1 + o(s),

where (;Nb is the eigenfunction corresponding to p satisfying fQ q~52dx =1,

- he “lroabine -
Y= (A =200 (c+ 91—h/c)2) (m + 91—h/c¢)’
and
73
p1 = B dx.

am+01_py.
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(2) Assume that p > Ay, and denote h = ¢ —cAy(ab,/m). Then point ((0,6,), h)
is a bifurcation point of (1.1)), and when 0 < s < 1, the bifurcating coexistence
solutions ((u(s),v(s)),h(s)) can be parameterized by

u(s) = s® + o(s?);
v(s) =0, + sV + o(s?);
h(s) = h + shy + o(s?),

where @ is a eigenfunction corresponding to h satisfying fQ d2dx =1,

v (- 220 (2 o

and

Vo, af J
hlzc/ (- 0+ 220t + S0?)da.
Q m m

Proof. We only prove (2); the proof of (1) can be done similarly. Define that
F:EXR—E,

Au + u(l —u— —_h
f((u,v), h) _ m+u c+u) )
Av + pv(l — m+u)
For any (£,n) € E, a series of computations show that

_ ol h
Fu(0,6,), 7) (5) :< A+ (1= 5 - ) n)_

U An+ 2% ¢ 4 (p— 20t

We divide the proof into three steps.
Step 1: dim (J\/‘f(u,v)((O,Hp),iz)) =1, and J\/'f(u’v)((O,Hp),iL) = span{(®, ¥)}.
"

If there exists (0,0) # (£,n) € E such that F, . ((0,0,), h)(&, = (0,0)T ie.,
A§+(1—0‘—9P—@)§=0, zeQ,
m ¢
62 2060
An+ﬁpzp§+(p—&)n=0, zeq,
m m

E=n=0, zedl
Since h = ¢ — c\i(af,/m); that is, A\ (ab,/m + h/c —1) = 0, then & = span{®}.
Because operator (A + p — 2p30,/m) is invertible, then n = span{¥}, where ¥
is defined in (3.4). Hence dim (Nf(u,v)((O,HP),ﬁ» =1, and J\/f(u,v)((O,Qp),iz) =
span{(®, ¥)}.
Step 2: codim{RF(,,.,((0,0,) h)}
0,0

, CIf (5, ) € RF(uw)((0,6,), ﬁ)7 then there
exists (£,7) € E so that F, .)((0, i

0, h X
A§+(1—%—E)§:§, zeq,
BpH? 23p0 . 3.5

2p§+(p—&)n=n, z e, (3.5)
m m

E=n=0, ze

An+
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Multiplying the equation of £ with @, we have that [, ®Edz = 0, which means that
(€,7) and (®,0) are orthogonal.

On the contrary, if (f, 7) and (®,0) are orthogonal, from , we can obtain
that the first equation has a solution £. And since operator (A + p — 2p36,/m) is
invertible, then it follows from the second equation of that n exists. Therefore,
(€,7) € RF () ((0,6,), h). Bye these two statements, codim{RF(,.,)((0,6,), h)} =
1.

Step 3: It is straightforward to compute that
]:(u,v),h((oa 9/))7 ﬁ)(q)v \I/)T = (—Q)/c, O)T ¢ R}-(uﬂ))((ov eﬁ)v B)’
Fnn((0,0,),h)(2,0)" = (0,0)" € RF(10)((0,6,), h).

So the proof is accomplished by the local bifurcation theorem in [15], where hy can
be obtained by substituting (u(s),v(s)) to the first equation of ([1.1)). O

Theorem 3.9. Assume that ¢ > 1, 1 — h/c > Ay, denote p = A1. Then when
a is small enough, the bifurcating coeristence solutions from ((61_p/c,0),p) are
non-degenerative and stable.

Proof. The linearization of (1.1)) at (u(s),v(s)) can be written as L(s,a)(¢,1)T =
(&, m)", where

L(s,)
av(s) au(s)v(s) h au(s)
o <_A - (1 - 2U(8) - m+u(s)2?_) (m+u(s)Z (c+u(cs))2) m—+u(s) ( ))
- Bpv(s A 2pPu(s .
~ Tnru()? TR

Asa— 0and s — 0,

—-A—(1-20,_ — Lz 0
E(s7a) — Lo = ( 1-h/c (c+01_nyc) ) .
0 —A—-p

Because p = A1, the first eigenvalue of operator —A — p is zero. And because

—1) < M (1201 g - L)

0= XA (01_n/c
(Bt (c+ 01nsc)”

c+ el—h/c
we have that the first eigenvalue of operator —A — (1 —261_p,/. — he/(c+61_p/c)?)
is larger than zero. By [I5, Theorem 2.5.1], we obtain that 0 is the first eigenvalue
of Ly, and the corresponding eigenfunction is (0, ), where ¢ is determined in
Theorem [3:8 and the other eigenvalues are positive which are away from 0. By the
perturbation theory of [6], when s, « are suitable small, £ has a unique eigenvalue
(s, o) satisfying limg oo+ pu(s,a) = 0, and the other eigenvalues of £ are all
positive and away from 0.

Next we discuss the sign of Reu(s,«a) when s,a > 0 are small enough. We
choose (£,7) as the eigenfunction corresponding to eigenvalue u(s, o) which satisfies
(€,1m) — (0,¢). Multiplying the second equation of £(s,a)(&,n)" = u(&,n)" with
v, and integrating the result over {2, we have

_ [ pBv*n Bpvé
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Observe that (u,v) = (Ql_h/c+s7,/~1+o(52), sp+o0(s?)), € — 0, and § — ¢. Dividing
(3.6) with s2, and taking the limit, we have
73
lim ? = 75[)(;5 dz > 0.
s, a—0t S qQm-+ '91—h/c
Hence, as s,a > 0 are suitable small, Reu(s,a) # 0. And because the other
eigenvalues of £ have positive real parts and are away from 0, the bifurcating
coexistence solutions (u(s),v(s)) are non-degenerative, and stable. O

Conclusion. In this article, we studied a diffusive prey-predator model with mod-
ified Leslie-Gower term and Michaelis-Menten type prey harvesting subject to the
homogeneous Dirichlet boundary condition. We mainly focus on the existence,
bifurcation and stability of coexistence steady state solutions.

By the upper and lower solutions method, we obtain the existence of coexistence
solution, and by the degree theory in cone and the bifurcation theory, we con-
clude the existence, bifurcation and stability of coexistence solutions. Especially,
regarding harvesting parameter as a bifurcation parameter, we conclude the exis-
tence of the bifurcating coexistence solutions, which embodies the important role
of harvesting parameter in this model.
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