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WELL-POSEDNESS OF NON-AUTONOMOUS DEGENERATE
PARABOLIC EQUATIONS UNDER SINGULAR
PERTURBATIONS

JINGYU WANG, YEJUAN WANG, DUN ZHAO

ABSTRACT. This article concerns the asymptotic behavior of the following non-
autonomous degenerate parabolic equation with singular perturbations defined
on a bounded domain in R™,

u + u — div(|VulP~2Vu) — ediv (|v8—“|”*2v@) + f(z,t,u) = g(x,t)
ot ot ot Y e
where A is a positive constant, p > 2 and € € (0,1]. The well-posedness and
upper semicontinuity of pullback attractors are established for the problem
without the uniqueness of solutions under singular perturbations.

1. INTRODUCTION

Let Q be a bounded domain in R™ with sufficiently regular boundary 02. Con-
sider the following non-autonomous degenerate parabolic equation under singular
perturbations defined in Q for ¢ > 7 with 7 € R,

ou ou ou
e —di p—2 —edi 2y 22 -
5 + Au — div(|VulP~*Vu) — ediv (|Vat\ \% 8t) + f(z,t,u) = g(x,t), (1.1)
with boundary condition
u(z,t) =0, z€dQandt>r, (1.2)

and initial condition
u(z, ) =u-(x), =€, (1.3)
where A > 0 and p > 2 are constants and ¢ € (0, 1].

Nonclassical diffusion equations have been used to model physical phenomena,
for instance non-Newtonian flows, soil mechanics, heat conduction, etc (see, e.g.,
[, M2, I7]). In the case of p = 2, the upper semicontinuity of global attractors
of f has been studied by several authors in [2, [3] 20, 21, 24] and the
references therein as well as [5] for some interesting results on the attractors for
delay systems. The stability result of pullback attractors for multi-valued processes
was established in [23], and the upper semicontinuity of pullback attractors for
nonclassical diffusion equations without the uniqueness of solutions under singular
perturbations was addressed.
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Recently, the existence and upper semicontinuity of pullback attractors have
been proved in [I5] for multi-valued processes generated by non-autonomous lat-
tice nonclassical diffusion delay systems, in particular, the operator (—1)PAP =
(=1)PAo---0o /A, p times, has been considered instead of —A\, where p is any posi-
tive integer and A\ denotes the discrete one-dimensional Laplace operator. For the
continuous case, the p-Laplace operator was defined as

Apu = div(|VulP~2Vu)

" ou Ou  O%u
p—4

= |Vul~{|Vu]?Au+ (p — 2) ”z_: o, 0z, 8951833]}
The well-posedness and continuity of attractors for p-laplacian problems have been
investigated in [I4] when the diffusion increases to infinity. For the non-autonomous
equation, the existence of uniform attractors and pullback attractors of non-au-
tonomous degenerate parabolic equations have been proved in [7,[19]. The existence
of random attractors for p-Laplace equations driven by deterministic and stochas-
tic forcing was studied in [I§], in addition, the upper semicontinuity of random
attractors was presented as the intensity of noise approaches zero.

In this article, we assume that the nonlinearity f € C(2 x R x R;R) and the
external force g satisfy the following conditions:

(H1) the function F(z,t,s) = [ f(x,t,w)dw satisfies
F(a:,t,s) = 71|5|q - @l(x)v (14)
|F}(z,t,s)| < aoF(z,t,5) + @2, t), (1.5)

where 1 > 0 and ¢ > 2 are constants, « is sufficiently small, the functions
o1 € L'(Q) and ¢y € L (R; L1(2)) satlsﬁes

/ /ear|sﬂ2($,7“)\dxdt<oo, Vt € R;

(H2) there exist positive constants 7, 73 and functions 3 € Li _(R; L'(R)),
g € L1 () such that

f(l',t, 8)5 2 fYQF(myta 3) - 903('7;7t)a (16)

|f(x,t,8)] < sls|"! + pa(@), (1.7)

t
/ / |3 (x, )| drdt < co, VteR,
—o0 JQ

where 1 + i =1;
(H3) the external force g € L} (R; L*(Q)) satisfies

/ / e |g(x, )| drdt < co, VtER, (1.8)
—o0 JQ

where « is a fixed number given in Lemma

The main goal of this paper is to establish the well-posedness and upper semicon-
tinuity of pullback attractors for f under singular perturbations. Because
of the lack of the uniqueness of solutions, in order to obtain the pullback attrac-
tor we use the general theory of attractors for multi-valued processes developed in
[4 22]. Comparing with the case of p = 2 the main new difficulty which appears is
to deal with the forth term in .
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This article is organized as follows. In Section 2, we recall basic concepts and
some necessary results concerning multi-valued processes and pullback attractors.

Section 3 is devoted to the asymptotic behavior of (1.1)—(1.3). The well-posedness
1.1)—(L.3)

and upper semicontinuity of pullback attractors for ( under singular per-
turbations are given in Section 4.

The following notation will be used throughout the paper. Let H = L?(Q2) with
the norm || - ||z and inner product (-,-), and let V = Wy?(€2). The norm of L?(£2)
is written as || - ||,. The letter C is a generic positive constant which may change
their values from line to line or even in the same line.

2. PRELIMINARIES

Let X be a Banach space with norm || - ||x, and let 2% be the collection of all
subsets of X. Denote by H% (-, -) the Hausdorff semidistance between two nonempty
subsets of a Banach space (X, || - || x), which are defined by

H% (A, B) = supdistx(a, B),
a€A

where distx (a, B) = infpep ||a — b||x. Finally, denote by N'(A,r) the open neigh-
borhood {y € X : distx(y, A) < r} of radius 7 > 0 of a subset A of a Banach space
X.

Definition 2.1. A family of mappings U(t,7) : X — 2%t > 7,7 € R, is called to
be a multi-valued process (MVP in short) if it satisfies:
(1) U(r,m)z ={a} for all T e R,;z € X
(2) Ut,s)U(s,m)x=U(t,m)xforallt >s>7, TR, z e X.
Let 2 be a nonempty class of parameterized sets D = {D(t) }ser C 2¥.

Definition 2.2. A collection Z of some families of nonempty subsets of X is said
to be inclusion-closed if for each D € 2,

{D(t) : D(t) is a nonempty subset of D(t),Vt € R} (2.1)
also belongs to 2, see, e.g., [9)].
Definition 2.3. Let {U(¢,7)} be a multi-valued process on X.

(1) @ = {Q(t) }1er € Z is called a Z-pullback absorbing set for {U (¢, 7)} if for
any B = {B(t) }1er € Z and each t € R, there exists a tg = to(B,t) € RT such that

U(t,t—s)B(t—s) CQ(t), Vs=to.

(2) {U(t,7)} is said to be Z-pullback asymptotically upper-semicompact in X
with respect to B if for any fixed ¢t € R, any sequence y,, € U(t,t — s,)x, has a
convergent subsequence in X whenever s, — +0o (n — ), =, € B(t — s,) with

B=1{B(t)}her € 2.

Definition 2.4. A family of nonempty compact subsets A = {A(¢)}ier € Z is
called to be a Z-pullback attractor for the multi-valued process {U(t, 7)}, if it
satisfies

(1) A= {A(t)}ter is invariant, i.e.,
Ut,T)A(T) = At), Vt=7,7€eR;
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(2) A attracts every member of Z; that is, for every B = {B(t) }+er € 2 and
any fixed t € R,
lir_P Hy(U(t, t—s)B(t —s), A(t)) = 0.
Definition 2.5. A mapping ¢ : R — X is called a complete orbit of the multi-
valued process {U(t,7)} if for every 7 € R and ¢ > 7, the following holds:

¥(t) € UL, 7)(7).

If, in addition, there exists D = {D(¢) }+er € 2 such that ¥(¢) belongs to D(t) for
every t € R, then v is called a 2-complete orbit of {U(t,7)}.

The following existence result of pullback attractors for multi-valued processes
can be found in [} 22].

Theorem 2.6. Let & be a inclusion-closed collection of some families of nonempty
subsets of X and {U(t,7)} be a multi-valued process on X. Also U has closed
values and let U(t,7)x is norm-to-weak upper-semicontinuous in x for fized t >
7, 7 € R (ie., if x, — x in X, then for any y, € U(t,7)x,, there exists a
y € U(t,7)x such that y, — y (weak convergence)). Suppose that {U(t,T)} is
PD-pullback asymptotically upper-semicompact in X and {U(t,7)} has a 2-pullback
absorbing set Q = {Q(t)}ter in 2. Then, the D-pullback attractor A = {A(t)}ier
is unique and is given by, for each t € R,

A(t) = mTBOLJSBTU(t7t - S)Q(t - S)
= {¢(t) : ¢ is a P-complete orbit of {U(t,7)}}.

(2.2)

Let X be a reflexive and separable Banach space, and let X,, be the space X
endowed with the weak topology. Since bounded closed and convex subsets in the
strong topology are compact in the weak topology (due to Mazur’s lemma), the
P-pullback absorbing set @ = {Q(t) }+cr obtained through ultimately boundedness
is compact in X,,. Then in the same way as in Theorem [2.6] we have the following
result needed to multi-valued processes without further compactness assumptions.

Theorem 2.7. Let & be a inclusion-closed collection of some families of nonempty
subsets of X and {U(t,7)} be a multi-valued process on X. Also for any fized t > T,
7 € R, U has weakly closed values and U(t,T) is weakly upper-semicontinuous in
bounded sets. Assume that {U(t,7)} has a Z-pullback absorbing set Q = {Q(t) }ier
in 2, and for oll t € R, Q(t) is a weakly closed nonempty subset of X. Then
{U(t, 1)} has a unique P-pullback attractor A, = {Aw(t) }rer with weakly compact
component sets determined by

Ap(t) = Nr3UssrU (Lt — 8)Q(t —s) for each t € R. (2.3)

Note that the component subsets A, (¢) of the pullback attractor 4,, are weakly
compact in X, hence they are closed and bounded in the strong norm topology.

3. EXISTENCE OF SOLUTIONS AND THEIR LONG TIME BEHAVIOR

In this section, we firstly establish the existence of solutions for (1.1)—(L.3)), and
then give uniform estimates of solutions which are useful for obtaining the existence
of pullback attractors.
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Theorem 3.1. Suppose (H1), (H2) hold and let g € L?

loc

5

(R; L?(Q2)). Then for any

fizred € € (0,1], every 7 € R and any u, € VN LI(Q), there exists a solution u(t)

to problem (L1.1)—(1.3), and u(t) satisfies
we C([r,T;V)NL>®(r,T; LY(QY)), YT >rT.

Proof. We divide the proof into two steps.

Step 1. Multiplying (1.1 by u + + and then integrating on (2, we obtain

d
dt(( )II I3 + *HV |Ip)+|| I3 + Al ||2+||VUIIP+€IIV H”
8

ou
710—2 putind -
+€/ |v8t| Va Vudm%—/gf(at,t,u)(u-i— 8t)da:
Ju
—/Qg< ><u+a>d
It follows from and (| . ) that
/f x,t,u)(u+ —t)d

> 4 [ Platds + (2= ao) [ Patads = llea®)l = o)

By (3.2) and Young’s inequality, we deduce from (3.1]) that

d A
GG+ DI+ 219wl + [ Flatuyds) + 3 ul}
Q

+ (1= SIVul+ SIV G+ 02 = o) [ Flatoundo + 1515

< Cllg®3 + 2Bl + ||<p3( )

We choose «p sufficiently small such that ag < v2. Using (1.4)), we have
d /1
GG+ DIz + 219wl + [ Platuyds) + 3 ul

+01- §)||VU||§ *|| 5 2112 4+ (2 — ao)llulld + *IIV ||p
< (12 = ao)lleall + o2 (@)l + s @)l + Cllg@®)]13-
By (1.4), (L.7) and Young’ inequality, it yields

/Q Fla, tu(t)de > a2 — e,

u(T)
/QF(x,T,u(T))dx = /Q/O fx,t, w)dwdx
u(T)
s /Q/o (a|w|T™" + pa(2))dwda

< Cllu(n)[Ig + Clleallg;

and

(3.6)



6 J. WANG, Y. WANG, D. ZHAO EJDE-2016/208

Then, integrating (3.4) from 7 to ¢, in view of and (3.6)), we obtain

1A 1
(*+*)IIU(75)II§+*IIVU(t)H§+71||u MG+ /IIU )3dr

Ou(
/ 1247 a1 / IVu(r)|dr

+ (72— a0) / futrlgar + 5 [ 1920

||£d7“

L ) ; (3.7)
<G+ §)|IU(T)I|§ + EIIVU(T)HZ + Cllu(r)14 +/ lp2(r)[l1dr
¢
+ Cllallft + llells + (v2 — @o)llprll1(t = 7) +/ llp3(r)[[1dr
. T
+¢ [ lgtr)
Step 2. Let A:V — V* be the operator defined by
(A(ul), UQ)(V*7V) = / \Vu1|p*2Vu1 . VUde, for all U, us €V, (38)
Q

where (-,-)(v-,v) is the duality pairing of V* and V. Note that A is a monotone
operator as in [I3]. Let {e;}52; C V' N L9(f2) be an orthonormal basis of H such
that the span {e; : j € N} is dense in VN L?(2). Given n € N, let X,, be the space
spanned by {e; : j =1,...,n} and P, : H — X,, be the projection given by

Pou= Z(u,ej)ej, Yu € H.
j=1

Note that P, can be extended to V* and (L?(2))* by
Pag = (¢(e)))e;, for ¢ € Vor ¢ € (LU(Q))".

Consider the following system for u™ € X, defined for ¢ > 7:

dd—t—f—)\u + P A" — sPA(d )4 Pof(tu™) = Poglt),  (3.9)

with initial condition

u"™(1) = Pyu. (3.10)

Then it follows from (3.7) that for any T > 7,
{u"}22 is bounded in L*°(7,T; V) N L (7, T; L)), (3.11)
{ }n 1 is bounded in LP(7,T;V). (3.12)

Analogous to the proof of [8, Theorem 3.1, Section XV.3] and the argument in [16,
Section IV4.4], by a standard argument we obtain that for any fixed ¢ € (0,1],
every 7 € R and any u, € V N L9(Q), system (L.I)-(L.3) has a solution u €
C([r,T); V)N L>(r,T; L)) for any T > 7. O
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Based on Theorem [3.1] we can define a family of multi-valued mappings U®(t, ) :
VN LYQ) — VNLIQ) for each € > 0 by setting

Us(t, 7)ur = {u(t) : u(-) is a solution of (L.I)—(T.3) with u, € V N LI(Q)}.

Then we can verify that {U®(¢,7)} be a multi-valued process on V' N L(Q).

Let S be a nonempty bounded subset of the Banach space X, and let ||S||x =
sup,cg ||ullx. We consider a family D = {D(¢)}+er of bounded nonempty subsets
of V.N L9(Q) such that for every t € R,

im e ([D(t + 5)[|F + 1Dt + s)IIY + [1D(t+ 9170 ()) =0, (3.13)

where a > 0 will be given in the proof of Lemma [3.2] In the sequel, we will use 2
to denote the collection of all families with property (3.13)):

2 ={D = {D(t)}1cr : D satisfies (3.13)}.

It is obvious that Z is inclusion-closed.
To consider the asymptotic behavior of problem ([L.1)—(L.3)), we need the following

uniform estimates of solutions.

Lemma 3.2. Suppose (H1)—(H3) hold. Then the multi-valued process {U*(t,T)}
corresponding to problem 7 possesses a closed uniformly (with respect to
e € (0,1]) Z-pullback absorbing set @ = {Q(t) }rer in 2, i.e., for each t € R and
any B = {B(t)}ier € 2, there exists T = T(B,t) > 0 which is independent of €
such that for all € € (0,1],

Us(t,t—s)B(t—s) CQ(t), Vs=T.

Proof. We choose a and ¢ sufficiently small, such that

A €
Sl (1= DIVall + (2 = o) [ Plastda

1 A 1
> a((G+ 3l + Sl + /Q Pla,tu)dz).

Then it follows from (3.3]) that

d/1l A, 1 1, 0u,,

$<(§+§)HUH2+5||VU||p+/QF($ataU)de> +§||§||2

va((g+ P+ IVl + [ Fewd)+Svgey G
2 2712 T, L A 2" ot P

< Cllg@®)lI3 + 21 + lles @)1
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Using Gronwall’s lemma, we deduce that

1 A 1
(5 + @I + = [V +/ F(z,t, u(t))dz
p Q
1 —at ! ar 8u(7’) 2 € _at /t ar 8u(7°) P
+ 56 /t—s ‘ || 87" ||2d7' + 56 t—s ‘ Hv a’l" ”pdr
1 A —as 2 1 —as p
<G+ et = )3+ JemIVult = )l (3.15)

t

+eos / F(z,t—s,u(t — s))dz + Ce‘at/ " lg(r)3dr
Q t

—S

+fml e (lla(r)lls + llps ()1 )dr.

—S

By a similar arguments as in (3.5)) and (3.6, we have

1 A 1
(5 + §)IIU(t)II§ + ];IIVU(t)Ilﬁ + nllu)llg

1 —at ‘ ar 8u(r) 2 € _at /t ar au(r) P
+ e /t_se 1Z5 3+ et [ e v ar
< Cem®(Jult = s)3 + [IVu(t = s)[I} + lu(t = $)[2) + Ce™*[eallds (3.16)

—S

t
+cwm+caM/fwwm@w
t—s

t
+Cfm/ieMWwUWrHWAHMMﬂ
t

where C is independent of € € (0, 1]. Denote by R(t) the nonnegative number given
for each t € R by
t

(RO = C + Ce_"t/ *|g(r) | 2dr, (3.17)

and consider the family of closed bounded balls Q = {Q(¢) }+er in VNLI(Q) defined
by

Q) ={¥ e VNLUQ) : [¢l3 + VYL + lW]17 < (R(t))*}. (3.18)
It is straightforward to check that @ € 2, and moreover, by and ,
the family of Q is uniformly (with respect to € € (0,1]) Z-pullback absorbing for
the family of multi-valued processes {U=(¢,7)}, € € (0,1] and thus the proof is
complete. O

We recall that X, be the Banach space X endowed with the weak topology. We
say that " — u € C([1,T]; Xy) in C([7, T]; Xy) if
u"(s") = u(s) in X, for all s" — s € [1,T].
Lemma 3.3. Let {u}22, be a bounded subset of VN LY(Q), ur € VN LYN) and
let u? — w, weakly in VN LY(Q) as n — oo. Suppose (H1)-(H3) hold and fix

T > 7. Then for any fized € € (0,1] and any sequence u™(t) € U=(t, T)ul, there
exist u(t) € U (¢, T)u, and a subsequence {u™*}2° | satisfying

u™ — u  weakly in C([7,T]; V),

u™ — u  weak-star in L= (1,T; LI(2)).
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Proof. Inequality (3.7) implies that
{u"}2; is bounded in L*°(7,T; V) N L*°(1,T; LY(Q)). (3.19)

Hence, there exist a function u € L (7, T; V)N L>®(r,T; L%(Q)) and a subsequence
{u™}s2, (relabeled as {u™}22 ;) such that

u" — u  weak-star in L°(7,T; V) N L>(r,T; LY(Q)). (3.20)

On the other hand, integrating (3.4]) from s; to sy with s1,s9 € [7,T] and s1 < 52,
then it follows from the similar argument of (3.7]) that

< [ Iv 2 prar

2 n n °
< (1+>\)IIU"(81)H§+5HVU (s)llp + Cllu (81)||Z+2/ 2 (r) [l dr

S1

s2
+ Cllpalld + 2l[p1lls +2(72 — o) llp1ll1(s2 — s1) + 2/ lls(r)|1dr

S1

+¢ [ ClgwlBar (3.21)

2 n n
< (1+/\)IIU"(T)II§+§IIVU (MIF + Cllu™ ()
T
+4/ llo2(r)llrdr + Clleallgy + 4llerlly + 4(y2 — ao)llou |1 (T = 7)

T T
4 [ st +C [ lgtr)

and thus by Holder’s inequality, we have

1V (s2) = Var o)l < [ (2= s ([ 1925 par)as

s1
ou'
(2 s [P >de 522)
S1 a
C
< —(s2—s1)P7!
(52— s1)P7,
where 1% + p% = 1. From (3.19) we deduce that for any ¢t € [r,7T], the sequence
{u™(t)}52, is relatively weakly compact in V' N L9(£2). Arguing as in the proof of
[0, Theorem 4], by the diagonal method and (3.22)) we obtain the existence of a
continuous function v(-) and a subsequence of {u"}2%; (denoted again {u"}22 )
such that

u" — v weakly in C([r,T]; V). (3.23)

By the similar argument of the existence of solutions in Theorem [3.1 . in view of

and (3.23)), we conclude that u = v is a solution of (L.I)—(1.3) and u(r) =

v( ) = u,, which completes the proof. O

Lemma [3.3] implies that for any fixed ¢t > 7, 7 € R, U has weakly closed values
and U(t,7) is weakly upper-semicontinuous in bounded sets. Thanks to Theorem
and Lemma we obtain the following result.
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Theorem 3.4. Suppose (H1)—(H3) hold. Then for any e € (0, 1], the multi-valued
process {U¢(t, )} associated to problem (1.1)—(1.3) possesses a unique P-pullback
attractor AS, = {AZ () hier, which is invariant and pullback attracts every member

of 2 in the weak topology of V N LY(QQ), and its component sets are weakly compact
in VNLYQ).

Hence, the component sets are compact in the topology of H, and A%, pullback
attracts every member of 2 in the topology of H.

4. LIMIT PROBLEM AND CONVERGENCE PROPERTIES

In this section, we study the asymptotic dynamic of the problem (1.1)—(L.3) as
€ — 0. When € = 0, we need to consider the following system defined in §2 for ¢ > 7
with 7 € R,

% + M — div(|VuP=2Vu) + f(z,t,u) = g(x,t), (4.1)
with boundary condition
u(z,t) =0, ze€dandt>rT, (4.2)
and initial condition
u(z,7) = ur(x), =€l (4.3)

Analogous to the arguments in [19] and Theorem we obtain the existence of
solutions and pullback attractors for (4.1)—(4.3).

Theorem 4.1. Suppose (H1)—(H3) hold and let g € L2, .(R; L3(2)). Then for every

loc

7 € R and any u, € H, there exists a solution u(t) to problem (4.1)—(4.3)), and u(t)
satisfies

we C([r,T; H)NLP(r, T; V)N L7, T; LY(Q)), VT > .
We consider a family D = {D(t)}+er of bounded nonempty subsets of H such

that for every t € R,
lim e*||D(t+s)|% =0, (4.4)

and we will use Py to denote the collection of all families with property (4.4):
P ={D = {D(t) }+er : D satisfies (4.4)}.

It is clear that 9y is inclusion-closed.

Theorem 4.2. Suppose (H1)-(H3) hold. Then

(1) there exists a unique Py -pullback attractor A® = {A°(t)}ier for the multi-

valued process {UY(t,7)} on H generated by problem (4.1)—(4.3);
(2) the multi-valued process {U°(t,T)} possesses pullback attractors .A(‘)/,w =

{AV., ()} ier and AY, , = {AY4 (1) }ier in the weak topology, their compo-
nent sets are weakly compact in' V. and L1(2) and hence closed and bounded
in the topology of V and LU(Q), AY,,, and A}, pullback attract every
member of Dy in the weak topology of V and L1(Q), respectively.

Now we present the equi-continuity of solutions of problem (|1.1)—(1.3]), which
will be used in the proof of Theorem
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Lemma 4.3. Suppose (H1)-(H3) hold. Then for any fized T > T, every u, €
V N LYD) and any s1,s82 € [1,T] with s1 < s2, any solution u of (1.1)—(1.3)
satisfies
[u(s2) = uls1)ll2 < C(s2 — s1)'/2,

where C is independent of € € (0,1].
Proof. Integrating (3.4) from s; to sy with s1,82 € [1,T] and $1 < s2, then it
follows from the similar argument of (3.7) that

52 Ou(r)
|1

1

2 52
< (1+A)Hu(51)H§+;HVu(Sl)HiJrCIIU(Sl)IIZ+2/ 2 (r) [l dr

S1

s2
+ Cllpallds + 2[[p1ll1 +2(72 — o) llp1ll1(s2 — s1) + 2/ s (r)][1dr

S1

+c [T lge13ar (45)

2 T
< (L4 Mu()]3 + S IVemlp + Cllullg + 4/ lp2(r) [l dr

+ Cllgallgy +4llerlls + 4(v2 — ao)lla 1 (T — 7)

T T
‘4 / los()lhdr + C / lg(r)|2dr.

and by Holder’s inequality, we have
52 Qu(r)
_ 2 < — —\%dr)d
Jutse) = u(sn)IF < [ (2= s0)( [ 175 Par)de

! 4.6
(S s )/82 ” 8U(T) ||2d7‘ ( )
= 2 — 51 2aT.
51 or
Then the conclusion follows immediately from (4.5) and (4.6). O

Theorem 4.4. Suppose (H1)—(H3) hold, let {uS : e € (0,1]} is a bounded subset of
VNLIQ), ud € H and let uS — u® in the topology of H as ¢ — 0. Then for any
fired T > 7 and any sequence u® of 7 with initial data v, we can find
a solution u® of f with initial data u® and a subsequence of {u¢} which
converges to u® in C([r,T]; H) and weakly to u® in LP(r,T; V)N L4(r,T; L(2)).

Proof. We divide the proof into two steps.

Step 1. Let ¢, € (0,1] be a sequence of positive numbers with &,, — 0 (n — o),

and let u*~ be the solution of (1.1)—(1.3) with u®"(7) = u~. It follows from (3.7)
that for any ¢ € [, T,

{u"(t)};2, is bounded in V N LY(Q), (4.7
{u*"}22; is bounded in L*(7,T; H) N L>(r,T; V)N L>®(7,T; L)), (4.8)
consequently
{u"}22, is bounded in LP(r,T; V)N Li(r,T; L)),
outn

{815

1o, is bounded in L(7,T; H), (4.9)
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1 1
{Au"}2, is bounded in LP*(7,T; V™) with , + o 1, (4.10)
1
1 1
{f(t,z,u"")}>2, is bounded in L% (7, T; LY (£2)) with p + o 1, (4.11)
1
UpHV D ||LP ~1;:Lr(9) < Co, (4.12)

for some constant Cy > 0. Hence, there exist a function u® € L% (7,T;H) N
L? (7, T; V)NLY(7,T; L1(Q)) and a subsequence of {u®"}52 ; (relabeled as {u®"}22 ;)
such that

ut — u®  weak-star in L°°(7,T; H), (4.13)

ut — u®  weakly in LP(7,T;V) and L(7,T; LY(Q)), (4.14)
A(ur) — x1 weakly in LP (1, T; V"), (4.15)
flt,z,ut™) — x2  weakly in L9 (7, T; LY (§2)). (4.16)

Thanks to Lemma (4.8) and the compactness of embedding V' <— H, by the
Ascoli-Arzela theorem we deduce that there exists a subsequence of {u"}5° ; (de-
noted again {u}>2 ;) such that

u — u®  strongly in O([r,T]; H). (4.17)

Step 2. It remains to show that u® is a solution of (4.1)—(4.3) with u%(7) = u?.
Noticing that u®~ is a solution of (L.1)—(1.3) with u"(7) = us, i.e., u®r satisfies

ou®
YT e — div(|Vun P2 Vusn)
ot a o (4.18)
—endiv([ VOV 4 S ) = (o),
from (4.12)) and Holder’s mequahty, we obtain that for any £ € V' N L9(9),
T
( ) p—2 Jusr (t)
—<n \ 5 dt
o f ( e I I
o), (4.19)
< n”v HLP(TT Lp(Q))vanLP(T,T;LP(Q))
<e/PCh” 1||V€HLT’(T,T;LP(Q)) —0 asn — o0.
By (4.12)—(4.17) and (4.19)), one can show that
d
dt( 0.6) + Aw’, &) + (x1, &) (vev) + (X2, &) (par .1y = (9(1), €). (4.20)
Since V — H is compact, in view of (4.8]) and (4.9)), up to a subsequence we have
utr —u® in L*(1,T; L*()), (4.21)
which implies
u — u”  for almost every (¢,z) € [r,T] x Q. (4.22)

From this and the continuity of f, we obtain

fx, t,u"") — f(x,t,u’) for almost every (¢,x) € [1,T] x Q. (4.23)

By (4.16) and (4.23]), we have

Yz = fa,t,u0). (4.24)
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Finally, by the similar argument of (4.19)), in view of (4.8) and (4.12]), we find that

T U usm

(4.25)

( )
<l V2 a1 V8 Ol oo
< 5711/170 N 0

as n — o0o. By (4.13)—(4.17) and (4.25]), we can argue as in [I8] to show that

x1 = A(u”). (4.26)

It follows from (4.20)), (4.24)) and (4.26) that u° is a solution of problem (4.1] .,
and thus the proof of this theorem is complete.

We obtain the upper semicontinuity of pullback attractors under singular per-
turbations.

Theorem 4.5. Suppose (H1)-(H3) hold, and let A5, = {AS,(t)}ier and A° =
{A%(t)}ser be the pullback attractors for the multi-valued processes {U¢(t,T)} and

{U°%t,7)} in @ and Py generated by li and (4.1)—(4.3), respectively.

Then for any T € R,
lim H* (A3, (), A%7)) =0, (4.27)

where H*(-,-) is the Hausdorff semidistance between two nonempty subsets of H.

Proof. We will use the argument of contradiction. Indeed, assume that (4.27) is
not true, then there exist a 7 € R, a positive constant 7, a sequence of positive
numbers &, converging to zero, and a corresponding sequence u:r € A" (1) such
that

disty (usr, A°(7)) > n >0, Vn € N. (4.28)

Let u" be a solution of ([({.I)—(4.3) with initial condition u®" (7) = us. It is clear
that u®~ (t) belongs to A~ (t) for all t > 7. Note that A5, = {AZ (¢) }+er is invariant,
hence there exists uS" ; € A" (7 — 1) such that usr € U (7,7 — 1)us" ;. If we now
take un(s) € U (s,7 — Du" | for s € [t — 1, 7], then we have u"(s) € A" (s)
for all s > 7 — 1. Applying the above procedure several times we can construct
un(s) € A (s) for all s > 7 —m, m € N. Letting m — oo, we obtain a 2-
complete orbit of u"(s), s € R, of the multi-valued process U®"(t,7) such that
utn(s) € A~ (s) for all s € R.

For any ¢ € R, since {u®"(t)}22, is a bounded subset of V' NL7(2), there exists a
subsequence of {u"(t)}°5°, (relabeled as {u®"(¢)}°°,) such that u®»(t) — u°(¢) in
H as n — oo. Then, using Theorem and the diagonal method, one can choose
a subsequence of {u®" ()} and a Zy-complete orbit u® of (&.I)—(4.3) such that

u (t) — u'(t) in C(J;H) (4.29)

for any compact interval J C R. Theorem implies that u®(t) € A%() for
all ¢ € R, this and (4.29)) lead to a contradiction with (4.28)), hence the proof is
completed. ([
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