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MULTIPLE SOLUTIONS FOR POSSIBLY DEGENERATE
EQUATIONS IN DIVERGENCE FORM

ANDREA PINAMONTI

ABSTRACT. Via variational methods, we establish the existence of at least
two distinct weak solutions for the Dirichlet problem associated to a possibly
degenerate equation in divergence form.

1. INTRODUCTION

Let © be a bounded open subset of R", 1 < m < n and X = (X3,...,X,n) be
a family of locally Lipschitz vector fields in R™. We prove a multiplicity result for
the problem
divy a(z, Xu) = Af(z,u) in
u=0 on O

where f: QxR — R and a : Q2 x R™ — R™ are continuous maps satisfying suitable
growth assumptions and A € R. We denote by divx u = — Y /", X u; the so-called
X-divergence where X/ denotes the operator formally adjoint to X, that is the
operator for which

(1.1)

vXipde = [ pXivdn Vb e CRE,

R
We prove that under suitable assumptions, there is an explicit interval of values for
A for which has at least two distinct weak solutions. This type of problem
has been studied when m = n and X is the standard Euclidean gradient, we refer
for instance to [2], B, [8, @ M0, 20, 2T, B3] and references therein. If m < n and
X is a general family of locally Lipschitz vector fields then equations of type (1.1))
have been studied from several perspectives, see for example [4, [7, [6] 1T, 12| 18]
23, 27, 30} [31]. For multiplicity results in the particular case 1 < m < n we refer
to [26, 17, 27] and references therein. In particular, in [27] the authors proved
a multiplicity result for the Kohn Laplacian in general Carnot groups using only
variational techniques and under the assumption that the nonlinear term f satisfies
the Ambrosetti-Rabinowitz condition (see (A11) below). In the present paper we
prove that using the approach developed in [28] and under suitable assumptions,
the result proved in [27] can be generalized to more general equations and more
general settings, see Section [} Our main assumptions are:
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(A1) a(z,€) = VeA(x, €) for some continuous A : 2 x R™ — R with continuous
gradient.

(A2) A(z,0) =0 for all x € Q.

(A3) There exist ¢ > 0 and p > 1 such that |a(x, &)

<c(1+[¢P7t) for all z € Q,

5 6 R/rn.
(A4) A is uniformly convex, i.e. there is k > 0 such that
£+ 1 1
ST « 2 - _ _nlp
Az, 257) < SA@. &) + () — kg — )

for all x € Q and £,n € R™. -
(A5) 0 < a(z, )¢ <pA(z,§) for all z € Q, £ € R™.
(A6) There are Cp,Cy > 0 such that

C1léP < A(z,6) < ColglP

for all z € Q and £ € R™.

(AT) The control distance d (see [4, Definition 5.2.2]) associated to the family
X is defined, moreover (R™,d) is complete and the topology generated by
d is equivalent to the one generated by the Euclidean distance. For every
compact set K of R™, there exists C' > 1 and Ry > 0 such that denoted
by B,(z) the d—ball centered at x € R™ with radius » > 0 the following
condition holds:

0 < |Bar(z)] < C|B.(x)] Vze K,0<r < Ry,

where |E| denotes the n—Lebesgue measure of E C R™.
(A8) For each compact set K C R" there are 6, > 0 such that

1 / or 1=
lu — uplde < | Xuldz Yue CH(§2)
‘Br| B, (x) |Bur| By, (z)

for every x € K and 0 < r < Ry. As usual, u, := ﬁ fB udzx.
(A9) There exist p* = p*(Q) > p and S, > 0 such that

lull o () < SpllXullzee)  Vu € Co(Q). (1.2)

(A10) There are aj,as > 0 and g € (p,p*) such that |f(z,t)| < a1 + as|t|?”! for
every x € Q and t € R.
(A11) There are a > %p and ro > 0 such that 0 < afg flz,7)dr < tf(z,t) for
every z € Q and [t| > 1. Here C; and Cy are as in [A6].
By (1.2), the function |[ufx := || Xul|rr(q) is a norm in C§(€2). Consequently, we
define

(RIS

WEP(0; X) = O (@) (13)

As pointed out in [23], if u € W, P(Q; X) then X;u exists in the sense of dis-
tributions and X;u € LP(Q) for j = 1,...,m. Consequently, the gradient Xu is
well-defined for any u € VVO1 P(Q; X). If follows from that for every 1 < ¢ < p*,
there exits ¢, > 0 such that

Jull Loy < eqllullx Vu € WyP (9 X). (1.4)

We are now in a position to state our main result.
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Theorem 1.1. Assume (A1)-(A1l) are satisfied. Let §2 be an open bounded subset
of R™. Then for every p > 0 and
0<A<Ap) = (alclcl_l/pp%_l + agcgqflc’;%p%_l)_lv
problem has at least two weak solutions one of which satisfies
lully < &

Ch

The plan of the paper is the following. In Section [2[ we introduce and describe
our variational framework. In Section [l we collect some results that we will use
in the proof of Theorem [I.I} Section [ is entirely devoted to the proof of Theo-
rem Finally, in Section [5] we provide some interesting examples satisfying our
assumptions.

2. VARIATIONAL FRAMEWORK

For describing the variational framework, we need the following theorem that
has been proved in [I8] [16], see also [1I, 13, 22].

Theorem 2.1. Assume (AT)—(A9). If Q@ C R™ is a bounded open set and p > 1
then WyP(Q; X) is reflexive and the embedding

WyP(Q; X) — LI(Q)
is compact for every 1 < q < p*.

In the sequel we will use the following interesting result, see [32, Theorem 6] for
a proof.

Theorem 2.2. LetY be a reflexive real Banach space, and let , ¥ : Y — R be two
continuously Gateaux differentiable functionals such that ® is sequentially weakly
lower semicontinuous and coercive. Further, assume that ¥ is sequentially weakly
continuous. In addition, assume that, for each p > 0, the functional
Jyi=pd - v
satisfies the Palais-Smale condition. Then, for every p > infy ® and every
S inf SUPyed—1((—o0,p)) U (v) — ¥(u)

H 2 ee1((=s0.0)) p—®(u) ’

the following holds:

either the functional J,, has a strict global minimum in ®~1((—o0, p)), or J, has
at least two critical points one of which lies in ®~*((—o0, p)).

For the sake of completeness, we recall that given a Banach space Y with topo-
logical dual Y*, a C'-functional Z : ¥ — R is said to satisfy the Palais-Smale
condition if for every n € R, every sequence {x, }neny C Y such that

Z(l’n) — 1, ||I/(£Cn)||y* —0 asn — oo

admits a convergent subsequence in Y. As usual,

I1Z'(w)lly- = sup {|T"(w)[¢]] : ¢ € Y, [llly = 1}. (2.1)
Let us define the functional Zy: W, *(€; X) — R by
1

In(u) = X@(u) — U(u),
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where

D(u) ::/Q.A(x,Xu(x))dz and  U(u) ::/QF(a:,u(x))d:U

where A € R\ {0} and F(z,t) = [

o flx,7)dr. Tt is easy to see that T, €
CY(WyP(Q; X),R) and

Ziulel = 5 [ falo. Xu). Xphdo — [ flo.pds ¢ € WyP(:X).

We say that u € Wol’p(ﬂ; X) is a weak solution of (1.1f) if
Th(u)p] =0 Vo € WyP(Q; X).

3. STRUCTURAL PROPERTIES

In this section we collect some interesting consequences of (Al)—(All). The
following Lemma corresponds to [27, Remark 3.2].

Lemma 3.1. If f satisfies (A11) (also known as Ambrosetti-Rabinowitz condition)
then

F(z,t) > F(x,v)t*
for every x € Q and every (t,v) € R? with t > 1 and |v| > r.

Let Y be a Banach space and Y* its dual. We recall [5 @] that an operator
a:Y — Y™ verifies the (S )-condition if for any sequence (2, )neny C Y, 2, — @
and

lim sup(a(zy), xn, — ) <0
n—oo
it holds x,, — x strongly in Y. We also recall [9] that a convex functional A: Y — R
is uniformly convex if for any € > 0 there is § > 0 such that

A(x ;— y) < %A(m) + %A(y) -4

for all ,y € Y with || —y|| > e. If A is uniformly convex on every ball, A is called
locally uniformly convex.
The following result corresponds to [9, Proposition 2.1].

Proposition 3.2. Suppose A:Y — R is a Ct locally uniformly convex functional
that is locally bounded. Then a = DA :Y — Y™ verifies the (S+)— condition.

By [28, Remark 3.3], the functional ®(u) = [, A(z, Xu)dz is locally bounded
and locally uniformly convex. Proposition [3.2] gives that,

&' (u)[] = / (a(e, Xu), X o) dz

satisfies the (S )—condition.

We conclude this section with some comments about assumptions (A7)-(A9). In
[16], it is proved that (A7) and (A8) imply (A9) for every Q with sufficiently small
diameter, Q C K° and p* = pQ/(Q — p) with Q = log,(C). Moreover, as pointed
out in [23], if the family X has the additional property
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(A12) Let ai,...,a, € Nand R > 0 we define the map dgz: R” — R" as
(5R(JJ) = (R“lxl, ceey Ra"a?n)
Then
X;(0ru)(z) = R(X,u)(0pz) Yue C(R")

where drpu(z) = u(dr(x)).
Then holds for every open bounded subset of R™. As proved in [24, Remark
9] the same conclusion holds if (A7) and (A8) are satisfied for every r > 0. We also
point out that in general (A9) does not imply (A7), [23] Section 6.2].

4. MAIN THEOREM
In this Section we prove Theorem We start with two preliminary lemmas.
Lemma 4.1. Every Palais-Smale sequence {u; }ien C Wy P(Q; X) for Ty is bounded.

Proof. We proceed by contradiction. Possibly passing to a subsequence we can
assume ||u;||x — oo as i — co. Let @ > pg—f, by definition

In(u;) — W = i Az, Xu;)dx — al)\ (a(z, Xu;), Xu;)dx
(4.1)
/ f o uil@))uilz) — F(z,u;(x))dx.
Recalling that f is continuous and denotlng
{| ft)|:§€§,|t|§r0}<oo,
we obtain
1o usle)uil®) _ gy o))z > —I0fo (42)
[ui(2)|<ro @
and by (A1l),
/ flo u@)uiz) F(x,u;(z))dx > 0. (4.3)
[ui(@)|>ro o

Assumptions (A5) and (A6) give
1 Cgp p
(0= 2l < 5 / Az, Xug)da — 7/ a(z, Xu), Xug)dz.  (4.4)

Using (T1), (), @3) and (T3

1 C 7 U; )| U
2 - CEY i < 7y - B oy,
a a
note that a > p— implies C7 — % > 0. Therefore,
1 Cap (23 (i) | = [l |
(0= 2B ully < Tn(uy) + 1222 + 9.
Let ip € N be such that ||u;||x > 1 for every ¢ > ip. Since p > 1 then for every
)

C To(w) 1T ()|l Q
(Cl_ AP CATPE

a [Juil| a il x
Letting ¢ — oo in and recalling that {u;};en is a Palais-Smale sequence we
obtain a Contradiction. O

(4.5)
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Lemma 4.2. The functional Iy satisfies the Palais-Smale condition.

Proof. Let {u;}ien C Wol’p(ﬂ; X) be a Palais-Smale sequence for Z). By Lemma
{u;}ien is bounded and since VVO1 P(Q; X) is reflexive, there is a subsequence,
that we still denote by {u; }sen, and @ € WP (Q; X) such that u; — @ in Wy P(Q; X).
We have to prove that u; — @ in Wol’p(Q; X). By definition,

/(a(x, Xug), X (ui(x) —a(x)))dx
@ (4.6)
= AT ) 0 [ o) () = o))
Since ||Z4 (ui)||x—1 — 0, and {u; — @}ien is bounded in WyP(Q; X), and recalling
that
T3 (ui) [wi — a]| < T3 (ua) a2 Jus — @] x,
we obtain
I8 (ug)[u; — 4] — 0 asi— oo. (4.7)
By Theorem [2.1} u; — @ in L9(2). By (A10),

0< /Qf(x,uz(x))(uz(m) —d(x))dx
<a /Q |u;(x) — a(x)|dz + ag/Q Jug ()9 i (x) — a(z)|dx

< Cail|lu — ;| page) + azlluill o) llu — willLa(a)
hence
/ flzyui(z))(u(x) —a(x))de — 0 as i — oo. (4.8)
Q
Putting together (4.6]), (4.7) and (4.8) we conclude that
&' (uy)[u; — 4] = / (a(x, Xu;), X (u;(z) — @(z)))de — 0 asi— oo. (4.9)
Q

Since @’ has the (S; )-property, u; — @ in Wol’p(Q; X). O

Proof of Theorem[I.1. By Lemma T, satisfies the Palais-Smale condition and
by (A4) and (A6), ® is coercive and sequentially weakly lower semicontinuous. Since
f is continuous and using Theorem then ¥ is sequentially weakly continuous.
We claim that for every p > 0 and 0 < A < A(p)

1 SUDyed—1((—co. o)) Y (V) — ¥(u
—>0(p) = inf Poe@ 1 (=00 .0)) ©) ( )
A u€®=1((~00,p)) p—®(u)

By (A2) we obtain ®(0) = 0 and by definition ¥(0) = 0. Hence,

Supvefli'*l((—oo,p)) \IJ(U)
p

O(p) <

By (A6),
_ — 1
! ((—o00,p)) C{ve X | o]y <CpPpr); (4.10)
therefore
L0
SUP e x | ullvzort/?pdy L)

O(p) < P
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Using (A10), (4.10) and (1.4) we easily obtain
aicy 1_ azsed o
1;p117 1y 211[)3 1
cy qCY
and the conclusion follows. Now we prove that Jy cannot have a strict global
minimum in ®~!((—o0, p)). By Lemma and (A6) it follows

O(p) <

1
J)\(tuO) = X@(tuo) — \If(tuo)
C
< —21?”/ |Xu0\pdx—t°‘/ F(z,uo(x))dr + v|Q],
A Ja {669 | [uo(2)| 270}
for every ug € Wy *(9; X), where v = sup{|F(z,t)|, € Q,|t| < ro}. Choosing ug

such that [{x € Q: Jug(x)| > ro}| > 0, recalling that o > %p >pand F(z,t) >0
for |t| > o we obtain

, ligrn I (tug) = —oo.
Applying Theorem [2.2] we complete the proof. O

5. EXAMPLES

In this section we collect some interesting examples of vector fields satisfying
(AT), (A8) and (A9).

5.1. Euclidean space. Let m = n and X be the standard Euclidean gradient.
It is well known that (A7) and (AS8) are satisfied for every r > 0, therefore also
(A9) holds. In this case a result similar to Theorem has been proved in [28].
We invite the reader to have also a look at [3] where the case A(z,&) = [€]? is
investigated and [9, [8] 10 20, [33] for the case A(z, &) = [¢|P.

5.2. Carnot Groups. We recall that a Carnot group G is a connected Lie groups
whose Lie algebra G is finite dimensional and stratified of step s € N. Precisely,
there exist linear subspaces Vi,...,V; of G such that

Gg=Vie---aV,
with
Vi,Vie] =V;if2<i<s, and [V4,Vi]={0}.
Here [V1,V;] := span{[a,b] : a € V1, b € V;}. Since G is stratified then every element
in G is the linear combination of commutators of elements V3. We refer to [4] for
a complete introduction to the subject. Let dim(V;) = m and X = (Xy,...,Xn)
be a basis of V5. In [1§], it is proved that (A7) and (A8) are satisfied for every

r > 0 therefore also (A9) holds. We point out that when p = 2 and A(z, &) = |¢|?,
Theorem [1.1] boils down to [27, Theorem 3.1].

5.3. Hormander vector fields. Let X = (X3,...,X,,) be a family of smooth
vector fields in R™. We say that X satisfies the Hormander condition if
rank (Lie{X1,..., Xn})(z) =n Vo eR"

where Lie{X},...,X,,} denotes the Lie algebra generated by X. Clearly, Carnot
groups satisfy the Hormander condition, on the other hand there are plenty of
examples of vector fields satisfying the Hormander condition whose generated Lie
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algebra is not stratified. For instance, we can consider in R? the family X =
(X1, X5) where

X1 :8;5, ngx28y
then rank (Lie{X1, Xo})(z,y) = 2 for every (z,y) € R? and Lie{X;, X5} is not
stratified. In [29] and [19] it is proved that (A7) and (A8) hold respectively with
Ry > 0.

5.4. Vector fields not satisfying the Hérmander condition but satisfying
(A7) and (A8). The following example is contained in [23]. Let us consider the
family X = (X1, X) in R where

X1 =0, Xo=|z|"0y+0,, me]ll, 00),

in [23] is it proved that X satisfies (A7) and (A8). The family X satisfies (A12)
with dg(z,y, 2) = (Rz, R™ "y, Rz), therefore it also satisfies (A9).
The following family of vector fields has been studied in [14], [T5],

Xj:)\jazj jzl,...,m

where each )\; is a real-valued function and the family (\;) satisfies suitable con-
ditions, see [14] [15]. As proved in [14], 15], these conditions ensure the validity of
(A7) and (AS).

We conclude with an explicit application of Theorem [I.1]to Carnot groups, note
that the following result generalizes [27], Theorem 3.1]. Let X = (X1,...,X,,) be
a basis of V; and p > 1. We define

Apu = divy (| Xu|P~? Xu).

Theorem 5.1. Let G be a Carnot group, Q2 be a bounded open subset of G and
p>2 If f: QxR — R satisfies (A10) and (A11) for some q € (p,p*) then, for
every p > 0 and each

0 < )\ < A(p) = (01C1P%_1 _|_ azcgqflp%—l)*l

the problem
Apu = Af(z,u) inQ
u=0 on N

has at least two distinct weak solutions in Wol’p(Q;X) one of which is such that
[ullx < p-
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