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EXISTENCE, UNIQUENESS AND EXPONENTIAL DECAY OF
SOLUTIONS TO KIRCHHOFF EQUATION IN R"

FLAVIO ROBERTO DIAS SILVA, JOAO MANOEL SORIANO PITOT, ANDRE VICENTE

ABSTRACT. We discuss the global well-posedness and uniform exponential sta-
bility for the Kirchhoff equation in R™

Uty — M(/ |Vu|2da:)Au+ Aug =0 in R"™ x (0, 00).
Rn

The global solvability is proved when the initial data are taken small enough
and the exponential decay of the energy is obtained in the strong topology
H2(R™) x H'(R™), which is a different feature of the present article when
compared with the prior literature. We also dedicate a section to discuss
a model with the frictional damping term Au¢, is replaced by a viscoelastic
damping term fg g(t — s)Au(s)ds.

1. INTRODUCTION

1.1. Description of the problem and main difficulties. This article addresses
the global well-posedness and uniform exponential stability to the Kirchhoff equa-
tion

u’ — M(/ |Vu\2da:>Au + X' =0 inR"” x (0,00),

u(z,0) = ug(z), eR", (1.1)
' (z,0) = ui(z), zeR",
where ' = 2, V. = (887;1, ce 8‘97'”) and A- =" g—; are the gradient and Laplace

operator on the spatial variable, respectively; M : Rt — R* with M(s) > mg > 0,
for all s > 0; ug, w1 : R™ — R are given functions and A is a real positive parameter.
In the simple case when M(s) = 1, for all s € R, the wave the equation

v —Au+ ' =0 inR"” x (0,00),
u(z,0) = up(x), =xe€R", (1.2)
u'(2,0) =uy(z), z€R™

The well-posedness to problem (1.2)) is well-known for all initial data (ug,u1)
€ H™ Y (R") x H™(R"), m = 0,1,2... and the exponential decay never holds for
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the topology
m+1

S IDIDI () | ey,
i=0

see, for instance [12] (13, 17, [30 B35, B6] and references therein. Instead, one has a
wide assortment of polynomial decay rate estimates, in some cases sharp estimates
as in the recent paper [9]. However, under some smallness on the initial data, Feireis]
[10] proved that for the semi-linear wave equation, (u(t),u’(t)) decays exponentially
to zero in the weak topology X := H!(R") x L?(R"), but, the semigroup S; :
(u,u')(0) — (u,u')(t) is not dissipative in X, because R™ is not compact. One
the main ingredients to recover the exponential stability to problem without
restrictions on the initial data is the existence of the Poincaré’s inequality which is
well-known to be true for bounded domains or unbounded ones with finite measure.
Nevertheless, this also holds for the specific case of R™, provided, roughly speaking,
that the Fourier transform of the initial data is zero in bounded sets of R", see, the
nice paper due to Bjorland and Schonbek [3], which will be clarified in section 2.
Inspired in the work [3], if we look for a nonlinear model such that it is invariant
under the flow of S; in light of the previous comments (namely, such that the
Poincaré’s inequality remains true under the flow), the first equation that comes
into our mind is precisely the Kirchhoff model given in . Nevertheless, due
to the nonlinear character of this type of equation, it is expected its solvability in
the strong topology Y := H?(R") x H'(R") provided the initial data are taken
small enough. From the above considerations the main task of the present article
is twofold: (i) to prove the existence and uniqueness of regular global solutions to
problem (L.1)); (ii) to show that these solutions decay exponentially to zero in the
natural strong topology Y, which is much more difficult that to prove that regular
solutions decay exponentially in the weak topology X. In order to achieve (i) we
need to define suitable Hilbert spaces V, H and an operator A = —A define by
the triple {V, H, a(u,v)}, where a(u,v) is a bilinear, continuous and coercive form
defined in V. All this spectral analysis necessary to development of the paper is
presented in section 2. Section 3 is devoted to the prove of existence and uniqueness
of regular solutions to . Indeed, the strategy is the following: First, we consider
the linear auxiliary problem

u' = pt)Au+ ' =0 in R” x (0,00),
u(z,0) = up(x), =xe€R", (1.3)
u'(2,0) =uy(z), z€R",

where
p€ W2H0,00);  p(t) >mo >0, forallt>0.

Thus, we prove that problem possesses a unique global regular solution
which implies, by employing the Banach contraction theorem combined with a
priori estimates for the linearized problem , and for a complete metric space
suitably chosen, that problem possesses a unique local regular solution for
a certain interval [0,7p], To > 0. By Zorn’s lemma we derive the existence of
a regular maximal solution on [0, Tyax), which can be be extended to the whole
interval [0, +00) by considering the initial data sufficiently small. All this will be
clarified in section 3. In Section 4 we prove the item (ii) above mentioned, namely,
the exponential stability to problem in its strong topology, which is also one
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the main novelties of the present article. For this purpose we employ Nakao’s
lemma twice: first to obtain the exponential stability for regular solutions in the
weak topology X and then, from the previous decay, to obtain the analogous one
now for the strong topology Y. It is know that the Nakao’s lemma is appropriate
to deal with decay properties of the Kirchhoff model, see [31} [32] B33] [34], B7] and
references therein. See, in particular, Nishihara [3I] and Ono [34, [37] where the
stability in strong topology was proved. We highlight [37] where this technique was
used and it was obtained polynomial decay to Kirchhoff equation in R™.

Finally, we dedicate the section 5 to discuss the problem when the frictional
damping term is replaced by a viscoelastic damping term, precisely, we study

t
u’ — M(/ |Vu|2dx> Au +/ g(t —s)Au(s)ds =0 in R™ x (0, 00),
R™ 0
u(z,0) = up(x), x€R",

W' (2,0) =ui(z), xR,

where ¢ is a know function. In this case, we only describe what are the technical
differences between the two cases (frictional or viscoelastic). The decay is obtained
by the same strategy of Messaoudi [22].

(1.4)

1.2. Literature overview. There is a lot of literature in what concerns the well-
posedness and decay rate estimates for the Kirchhoff equation in a general setting.
However, our focus of interest are those models posed in the whole R™. It seems that
one the pioneers in establishing the local well-posedness in the absence of a damping
term v’ was Perla Menzala [21]. For the damped Kirchhoff model we would like to
quote the following ones: Yamada [39], whom seems to be the one the pioneers in
investigating the (polynomial) asymptotic stability for global solutions of equation
; Ikehata and Okazawa [I1] give a different treatment to the same equation by
employing the Yosida approximation method together with compactness argument,
which allow them to treat simultaneously the global solvability for Dirichlet and
Neumann cases. Finally we would like to quote the important contribution of
Manfrin [20] also in the context of damped Kirchhoff models. The author studies the
Cauchy problem for the damped Kirchhoff equation in the phase space H” x H" !,
with » > 3/2. The author proves global solvability and like polynomial decay of
solutions when the initial data belong to an open, dense subset B of the phase
space such that B+ B = H" x H"~!. From the above comments, a distinctive
feature of the present paper, as we have already mentioned before, is to establish
in what conditions the exponential stability holds for the Kirchhoff model posed in
R™. Definitely the source of the inspiration of the present article comes from the
work of Bjorland and Schonbek [3] which allows us to create appropriate spaces to
develop the associate spectral theory that is necessary to solve our problem. We
dedicate the section 2 to describe these ideas. In addition, we can not forget to
say that some of ideas contained here were previously nicely presented in Milla
Miranda and Jutuca [27] obviously adapted to the present context. Basically, they
combine the Faedo-Galerkin method to solve a linearized problem with a point fix
theorem. The Faedo-Galerkin method is a traditional method which have been
used to get existence of solution when the problem involves the Kirchhoff equation.
Proofs using Faedo-Galerkin method can be found in Lourédo, Oliveira and Clark
[24], Lourédo and Milla Miranda [25] 26], Lourédo, Milla Miranda and Medeiros
[28] and references therein.
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On the other hand, wave equation with viscoelastic damping has been studied
by many authors. When the domain is an open bounded of R" see, for instance,
[T, 2] 6} [7, [8, 19, 221 23] [38] and reference therein. We highlight the recent works
of Cavalcanti et al. [5] and Lasiecka, Messaoudi and Mustafa [I8] where very gen-
eral decay rates was obtained. When the domain is whole R" there are not many
papers in this direction. The difficulty is into deal with the problem without
the Poincaré’s inequality to hold in an appropriate space. Therefore, some authors
have used the finite-speed propagation to compensate for the lack of Poincaré’s
inequality, see the works of Kafini [14, [15] and Kafini and Messaoudi [16]; or they
have considered the solutions in spaces weighted by the introduction of an appro-
priate function to the equation, see the papers of Zennir [40, 41], this strategy also
compensates for the lack of Poincaré’s inequality.

2. PRELIMINARIES AND OVERVIEW ON SPECTRAL THEORY

Now, inspired on work of Bjorland and Schonbek [3], we will introduce the spaces
which will be necessary to prove our results.
When it is considered an initial and boundary value problem as

' —Au=0 inQ x (0,00),
u=0 on 9N x (0,00),

u(z,0) = up(z), u'(z,0)=ui(z), =z€Q,
where € is an open and bounded domain of R™ with boundary 0f2, the natural way
is take the Sobolev spaces L?(Q), Hg(2) and Hg(2) N H?(Q). Here, the main idea
is create appropriate Sobolev spaces H, V and W which work like L?(Q2), HZ ()
and H}(Q) N H?(Q), respectively. These space must have some essential properties
like Poincaré’s Inequality and Green’s Formula. After establishing the spaces, we
also will show an overview on spectral theory associated to our problem.

Let R > 0 be a fixed real number. Define

H = {uec L*R");u(¢) =0 a.e. in ||¢] < R},
where u denotes the Fourier Transform of u. We observe that H # ) follows from
[3L Lemma 5.1], for example, in the case n = 1 we can consider

u(z) =v(z) — (Hr xv)(z), z€R,

where v(z) = exp(r|z|?), Hr(z) = W and * denotes the convolution product.
We affirm that u € H, in fact, we see that u € L?(R™) and, moreover,

(€) = 0() — Hr(€)0(€) = 0() — xr(§)F(E), ae. R,
where xr(§) is the cut-off function such that xg(£) = 1 when |{] < Rand xr(§) =0
when |£] > R.
We endowed H with the inner product and norm given by

(u,v) = /n u(z)v(z)der and |ul|lg = (/Rn \u(x)|2dx)1/2.

It is not difficult to prove that H is a separate Hilbert space.
It is possible to prove that (see [3, Theorem 4.1]) for each u € H!(R") and any
A > 0, the following inequality holds

IValy = a7 [ Ja@Pds- [ (42— ePace) P
R7 {& 1g1<A}
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Defining

V ={uec H'(R"); 4(¢) =0 a.e. in ||£]| < R}
and taking, in particular, A = R we have, after use the Plancherel Identity, the
following version of Poincaré’s Inequality:

1
lulg < EHVUHV, forallu e V.

This allows us to consider the following inner product and norm in V:
1/2
(wv) = [ Vu(@) Vo(z)dz and |y = (/ Vu(x)|*dz)
R" R"
We observe that || - ||y is equivalent, in V, to usual norm gives by H!(R"). We
can prove that the couple (V, ((-,-))) is a separable Hilbert space and V is a dense
subspace of H.

Now, we describe the spectral theory associate with (1.1). We define the bilinear,
continuous and coercive form a(-,-) : V x V = R:

(u,v) — a(u,v) = ((u,v)).
We denote by D(A) the set of u € V such that the linear form g, : V — R:
9u(v) = ((u,v)) (2.1)

is continuous in V' with the topology gives by H. As V is dense in H, we can extend
this form to whole H, i.e., there exists g, : H — R: such that

gu(v) = ((u,v)), forallveV. (2.2)
By Riesz representation theorem, there exists a unique f, € H such that
gu(v) = (fu,v), forallve H. (2.3)

From (2.1)—(2.3)) we have
((u,v)) = (fu,v), forallveV.

This allow us to define the operator A: D(A) — H:
Au = f,.
We observe that D(A) has the following characterization
D(A) = {u € V; there exists f € H that satisfies
((u,v)) = (fu,v), forall v € V'}.

From this it follows that D(A) is a subspace of H and the operator A, which is
characterized by

(2.4)

(Au,v) = ((u,v)), forallu e D(A) andv e V.
In this case, we say that A is defined by the term{V, H, ((-,-))}.
The operator A has the following properties:
(a) A: D(A) — H is bijective;

)
) A is an unbounded operator of H;
(d) D(A) is dense in V;
) A: D(A) — H is self-adjoint operator and satisfies

(Au,v) = (u, Av), for all u,v € D(A).
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We introduce in D(A) the inner product:
((u,v)) pay = (u,v) + (Au, Av), for all v € D(A),

then, as A is closed, we have that D(A) is a Hilbert space. It is possible to prove
that there exists ¢ > 0 such that

llully < cllullpcay, for all u € D(A),

i.e,, D(A) — V continuously. Identifying H with its dual space we have the
sequence of continuous and dense embedding

D(A)—V —H=H <V < (D(A))".
Now, we define
W = {u € H*(R"); u(¢) = 0 a.e. in ||¢|| < R}.

Since, for all u € H2(R™), Au(¢) = ||€]/%0(¢), we infer: if u € W, then —Au € H.
Therefore, for all u € W we have

(-au) = = [ Ku@i©ds = - [ I6PaONQE foralveV  (25)
and
((u,0)) = - - Vu(z) - Vo(z)ds = —/Rn €% (€)v(€)de, (2.6)
for all v € V. Combining and we obtain
((u,v)) = (—Au,v), forallveV, (2.7)
observing , this gives us that u € D(A), i.e.,
W C D(A). (2.8)

We observe that (2.7 is a Green’s Formula.
On the other hand, from the definition of A, we have

(Au,v) = ((u,v)), forallue W andwv e V. (2.9)
From and and as V is dense in H we obtain
(Au,v) = (—Au,v), forallve H,
this gives
Au = —Au, forallu e W.

We also can prove that W is a subspace dense and closed of D(A), this combined
with (2.8) give that W = D(A). Therefore, W is other characterization of D(A)
and A is the know operator —A.

3. EXISTENCE AND UNIQUENESS OF A SOLUTION

In this section we prove the existence and uniqueness of solution to . We
start by presenting two results concerned with existence of solution to an auxiliary
linear problem which will be necessary to prove the result of existence of local
solution in time. Therefore, associated to we consider the linear problem

u' —p®)Au+ ' =0  in R” x (0,00), (3.1)
u(z,0) =up(z), =eR", (3.2)
W' (2,0) = uy(z), =€R™ (3.3)
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We consider
RS I/Vlicl (0,00); u(t) >mg >0, forallt>0. (3.4)

Proposition 3.1. Suppose that assumption (3.4) holds. Then for each ug € W N
H3(R™) and u; € W there exists a unique solution u to (3.1))-(3.3)) satisfying

u € Lise(0,00; W N H*(R")), u' € Li5, (0,00, W),

3.5
u” € Lis (0,00, V), u" € LS.(0,00; H) . (3:5)

Proof. We employ the Faedo-Galerkin method. Let (w;);jen be an orthonormal
bases in W N H?(R"). For each m € N, we denote U,,, the m-dimensional subspaces
spanned by the first m vectors of (w;);jen. Let T' > 0 be any fixed positive number.
From Ordinary Differential Equations Theory for each m € N we can find 0 < T},, <
T, um : R™ x [0,T,,] — R of the form

U (2,t) = Z pim(t)w;(z),

satisfying the following approximate problem:

(um (£), w;) + p(8) ((wm (), wy)) + Mgy, (t), w5) = 05 (3.6)
U (0) = uom = Zugwl —ug in W N H3(R"); (3.7
i=1
m .
ul, (0) = Uy = Zuﬁwz — oy in W. (3.8)
i=1
Here 1 < 57 < m and ué,uﬁ, i =1,...,m, are known scalars. From (3.6) we have

the approximate equation

(ull (8), w) + p(t) ((um (), w)) + A(ul, (t),w) =0, forallveV. (3.9)

m

Estimate I: Setting w = /), (¢) in the approximate equations (3.9) we obtain
5 7l 17 + 1@Ollum@1F) + Mlur, Ol = 1/ @) lum @1
Integrating from 0 to t < T,,,, we obtain
t
e ()1 + () [ (D13 + QA/O ur (€)117,d€

= Youronl By + 10) o % + 2 / *; (<§>)u<e>||um<£>||2vds.

From (3.7)), (3.8]), (3.10) and Gronwall Inequality, we conclude that

(3.10)

t T
() + ) O 23 [ (Ol < RE e (2 [ r(€)ae). 311

for all T < T,,, where R? = |ju1 || + 1£(0)|juo||% and @1 (¢) = % This estimate
allow us to extend the approximate solution to the whole interval [0, 7] and (3.11)
holds for all T > 0.
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Estimate II: Differentiating (3.9) with respect to ¢ and putting w = u/, (t) we
obtain

2dt(ll O + 1O lur, OIF) + 1 () (wm (£, ur () + Alur, ()17

| (3.12)
= L O O]
Taking w = (t) in we have
" _ 1 " !/ 1
((um (8), um (8))) = *w[l\um(t)llﬂ + A, (8), i, (8))]- (3.13)

Substituting (3.13)) in (3.12)) and integrating the resultant equation from 0 to ¢ we
obtain

t
s, (N7 + @)l O + 2A/0 ()17

= O+ Ol + 20 [ ’j}fj(um),un(s»d& (3.14)

i /1*/(5) " 2 , 9
+/0 ) 2)|uim, ()13 + p(&) |, (O)1131dE

From elementary and the Poincaré inequalities, we have

2 / #1E) (0, 6. €)

Iu (3.15)
(28t (@I + €)1 )
From and (| we obtain
t
[ ()1 + 1), (D1 + 2A/ [, ()17 d€
0 (3.16)

<l O3 + (O urm | + / 2(6) (I ()13 + (@)l ()13 )

where

0o () = |’:L((§)) {2+>\(1+ Rleo)]'

"
m

Now we are going to estimate ]/, (0). Taking ¢t = 0 and w = u/),(0) in the approxi-

mate equation we obtain
et (0)117; = 12(0 )(Auom “ (0)) = Muam, U (0)),
from here and the convergence (3.7) and ( we conclude
[t (O] < M(O)HAUOHH + Mfua|ar- (3.17)

The estimates (3.16)), (3.17)), the convergence (3.8) and Gronwall’s inequality give
us

o () + i O +22 [ @l < B exo ([ ealepie). (319

for all ¢ € [0,T], where B3 = u(0) | Aol + Allur |11 + 1(0) s 2
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Estimate III: Differentiating (3.9)) twice with respect to ¢t and putting w = u///(t)
we obtain

1d

5 77 e O + n®llun @1F) + 20 () (w, (1), wir (1))
+ 1" () (g (t), 1y (1)) + Mg ()| (3.19)
= 0 .
Taking w = u//'(t) in we have
n . 1 " /// n
((um (t), up (£))) = *m[(um(t% m(£)) + Mg, (), up (£))]- (3:20)
Differentiating (3.9) with respect to t and putting w = )/ (t) we infer
((ua (£), um (£)))
=—£ﬂMWH@+M@«wﬁMWUD+M SORTI0) R
Substituting (3.20) in we have
/ n _ 1 " 2 " n
((ugn (1), us (1)) = 0] {H U (D)7 + At (2), 1 (2)) -
H,(t) " /// A n ( ' )
— L (W0, 00) + Ml (0, 0 )|

Using (3.20) and (3.22) in (3.19)) we obtain

1d " " ;ul(t) " " "
5 77 I Ol + p@ e @17) -2 ) {II MOIERXTHORIMO)

“Qaww wn(6)) + A, (0, (1))
= (0 00 20) 4 Al o), w200 + Al 0]
Wt

L2 g 1

Integrating from 0 to ¢, we obtain

s DN 7 + 1@, O + QA/O s (€) 177

Hu///( )||%,+u(0)||u/rln(0)“%/+4/ MI((g))H Zzl( )Hde

+/0 l::((gu(f)ﬂ ull, (€)|I3d¢ — 4/ (/;((g))) (W (€),u" (€))de (3.23)

i [ (B e wende + ax [ & .o
! //(6) " t,u”(g) ’ "
+2/0 ) (U (&), u (5))d5+2A/ © (u! (€),u™(€))dE.

o M
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‘We observe that
4 / (L) ), )
= 2/01 (,L(f)))Q(M(gllé’)nég)”V + Nl (€)% ) de
4>\/0t (//(5))2(1%(5),u;’;(g))df

<3 [ @l + o [ (2 pizieiae

tﬂl(g) " "
i / (& (1 (©),w(€))de
‘|

()

1 (] ) um (O3 p .

S2A/o 1(8) ( (&) R? + I (Ol )dg’
tﬂl/(g) 1" "

2 / (). (€

)
¢ /JH<£ ’ "
Y A GRGIE:
)\ ! / ¢ MN(S) 2 n
<2 / (@l + 21 | M(@ ) I (©)Ide.
Adding (3.10) with ( and using the estimates , we infer
[ )7 + m(@) a1 + lur, (117
t t
+ u(®)Jum ()17 + 2>\/ [ ()17 d€ + 2/\/O a7, ()17 €

< [l (0 IIH+M( MmO + lusm 7 + 1(0)lluomlf5

)
WOl WO e O
/ 22+ u(@ T2 T ae T e

]Hu’” )

<>| 2 Ol L O o
v ( Rt R LR o ) PG DI

+2/0 'M'((g'u( )t (€) 3.

4
+8A“ ¢)]

‘We consider

_ 7 HEOR @, Q>
Pl6) =22+ N0 7 e TP ey

raa LN W@ AL 1n(©)]

@ oul&) R Ru(€)?  RPu(€)*

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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Therefore
g ()15 + (), ()1 + llun, (D117 + () [ (B)[I7

t t
o [ @l de +22 [t (©)de
0 0
< 2OV + 1O O + iy + (0 [uom

+ [ e (@ + m@ (@I + WEun©) ) e

Now we estimate ||u/”(0)||z and ||u”,(0)|y. Differentiating ([3.9) with respect to

t and putting ¢ = 0 and w = !/’ (0) we infer
[ (O) 17 < (12(0)[| A | + 1" (O) || At | 11+ Allaazy, (0) [ ) a7y (0) | 2

From this inequality, (3.7)), (3.8) and (3.17) we obtain

[ (Ol < p(0)|Aulla + [/ (O)[| Auo |1 + A(p(0) | Auoll i + Allur [ zr)- (3.30)
On the other hand, from the approximate equation we have

upr (0) — p(0) Ay, (0) + Aul, (0) =0 in V.
Thus, using the convergence (3.7) and (3.8)) we infer
[, (0)[lv = []2(0) At (0) — Auiz, (0) [l < p(0) | Aol + Muallv +n,  (3.31)

for some 1 > 0. From (3.29)—(3.31)) we conclude that

s O117 + O g, ONF + Nl (D117 + ()l (O],

t t
Lo / 2 (€)|13,dE + 27 / e (€) |2l

(3.29)

<ri+ [ "€ (I By + O + (@) e I ).
where
RS = p(0)|Au [ + [ ()] Auollar + A(p(0) | Auo]| 11 + N [|7r)
+ 11(0)? [ Auolly + Ap(0)|[uallv + llua|F + (0)l|uoll§, + 1.
The Gronwall Inequality allow us to infer that

e (V137 + p() [, (O1F + [, (O + 1) luam (8)[I
T
< Rjexp (/0 ws(é)df),

for all ¢ € [0,T].
Passage to the limit: Estimates (3.11), (3.18), and (3.32)) yield a subsequence

of (U )men, which we still denote in the same way, and function u in the space
L2 (0,005 V') such that

loc

(3.32)

* .

U —u  in L (0, 00; V),
¥ /A 00 .

Uy — U m Lloc(07 03 V)7

ull, S’ in L2.(0,00; V),
(

* .
ur =" in L2.(0,00; H).
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This convergence allow us to pass to limit in the approximate equation (3.9) and
infer that (3.6) holds a.e. in (0,7). Therefore, for a.e. ¢t € [0,T], we have

1 1 !/

Au(t) = D) (u"(t) + M/ (1)). (3.33)
We observe the right hand side of is in V which is a subset of H*(R"). As
u(t) € V. HY(R") it follows, by elliptic regularity, that u(t) € H3(R"), a.e. in

[0,T]. Differentiating we have
_ AW = _p(®) () + M (1)) — (u”(t) + A’ (2)) ' (E) 7

(u(2))?

As the right hand side of is in L2(R™), we conclude, by elliptic regularity, that
u’ € L2 (0, 00; W). The proof of , and the uniqueness are standard. [

loc

Proposition 3.2. Suppose that (3.4) holds. Then for each ug € W and up € V
Problem (3.1)) —(3.3) has a unique solution satifying

u € C([0,00); W) N CL([0,00); V) N C?([0, 00); H). (3.35)
Proof. Let (ug,u1) € W x V be the initial data. As W N H3(R") and W are dense
in W and V, respectively, then there exists two sequences (u,)men and (ul )men

in W N H3(R") and W, respectively, such that

0
m

(3.34)

ud —ugin W oand wul — u; in V, when m — oo. (3.36)

By Proposition for each pair of initial data (ul),, L ), there exists u,, solution

of (3.1)—(3.3) in the class (3.5). Therefore

up, — AUy, + Aup, =0 in LS (0,00; V), (3.37)
up — Ay, — pAul, + ulr, =0 in LS. (0, 00; H). (3.38)

Let 7, m be natural numbers. Define v, = uy — Up,, from we have
V), — Ay, + Avl, =0 in LS (0,00; V). (3.39)

Let T > 0 be a real number arbitrarily fixed. Multiplying (3.39)) by v/,, and inte-
grating in R™ x (0,7, we obtain

lom 1 + p@llom @17 < 107, (0) 7 + 1(0)[vm (O)]F- (3.40)
On the other hand, from ([3.38]) we obtain
ol — i Avy, — pAv), + Xl =0 in Lo (0,T; H). (3.41)

Multiplying (3.41]) by v/, integrating in R™ x (0,7) and taking the same way of
(3.16]), we infer that

t
[ ()13 + u()lIo (113 + 20 / o (€)% de

t
< OB + OO + [ o2& (I + w(E o O ).
This inequality, (3.39) and Gronwall’s inequality allow us to infer

t
[ ()17 + 1) lon, ()17 + 2A/ [ (&) 17 d€
0 (3.42)

< (201(0) [ A0y (0) 3 + 2705, (0) [ + o (0) 0, 0) 1) exp ( / #2(€)dg)



EJDE-2016/247 EXISTENCE, UNIQUENESS AND EXPONENTIAL DECAY 13

for all ¢t € [0,T).

Therefore, for all T > 0, the convergence (3.36) and the estimates (3.40) and
(3.42) give us that (u;,)men is a Cauchy sequence in C*([0,7; V) N C%([0,T); H).
Thus, there exists u € C([0,7]; V) N C?([0,T]; H) such that

Uy, — u  in CH[0,T); V)N C%([0,T); H).
The regularity u € C°([0,T]; W) is obtained by standard elliptic regularity argu-

ment (as the proof of Proposition . Passing to the limit in the equation ([3.37)
we conclude the proof. O

Remark 3.3. If (up,u1) € W x V, then it is possible to get an existence result
with the function p less regular than (3.4). In fact, we can consider u € I/Vﬁ)cl (0, 00)
and to prove that there exists a function v in the class

u € LS (0,00; W), v € LiS.(0,00; V), u" € Li%.(0,00; H)

which is the unique solution of (3.1)—(3.3). The proof is analogous to estimate I
and II of the Proposition We will use this regularity in our next result.

Now, we prove the local existence result. We consider the assumption
M e C*RT;RY); M(s) >mg >0, forallscl0,00). (3.43)

Theorem 3.4 (Local existence). Suppose that (3.43)) holds. Then for each ug € W
anduy € V there exists a value Tinax > 0 and a unique solution u : RX [0, Tpax) — R

of satisfying
u € C[0, Trnax); W) N CH([0, Tinax); V) N C*([0, Trna); H) - (3.44)
Proof. We will use the Banach contraction theorem. For each 7" > 0 and p > 0 we
define the space
X,r ={ue L>®0,T;W); u' € L®(0,T;V); u" € L*(0,T; H);
[ull Lo 0,7y + 14| Lo 0,750y < ps w(0) = o, ' (0) = us }
endowed with the distance
A, 0) = llu = vz o + 1 = ¥/l 7580,

We have that X, r with d(u,v) is a complete metric space. Given v € X, p, we
have that u(t) := M(|jv(¢)||?,) € W1(0,T). Let 2 be the unique solution of

2= M(|v@®)|2)Az + X2 =0 inR" x (0,7), (3.45)
z(z,0) = up(x), x€R", (3.46)
2(2,0) = ui(z), xeR™ (3.47)

Define S': X, 7 — H by
S(v) =z,
where H is the set of solutions of f associated with v. Now we will
proof that S maps X, r into itself. In fact, we observe that
' ()] = [2M' (o)1) (0(2), ' (1)) < 2k[o@) v V' (t)llv < 2kp%,  (3.48)
where k = maxg<s<,2 |M’'(s)|. Using the same arguments of we have

mollzm (1)} < R} exp (2/0 f(f)”

dg). (3.49)
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Combining (3.48)) with (3.49)) we obtain
2k p?
m?zm @)y < Ry exp (m—”:r) for all ¢ € [0, T). (3.50)
0

On the other hand, taking the same way of (3.18]) we have

moll ' (8)]1% < RZexp (/OT '*/‘;8' 21+ R;m())}dg), (3.51)

for all t € [0, T]. The estimates (3.48) and (3.51) allow us to infer

) e

kp*T
my 12 (0l < Reexp (T |24 A1+

for all ¢ € [0,T]. Since (3.50) and (3.52) hold, we have

ten (T g )])

0
ml/2 1
for all t € [0,7]. Choosing p > 2% and T < In (Wﬂé))m where Kk =

kp? {3 + /\(1 + R%)], we conclude that
mo mo

Iz ()llv + 12" @)]lv <2

Iz @)l + 112/ Ol < p, for all ¢ € [0,T],

therefore S(X, 1) C X, 7.
Now we prove that S is a contraction. We consider v1,v2 € X, 7 and define
z1 = S(v1), 22 = S(v2) and w = 21 — 2. Therefore,

2 = M(lor(t)||F)Az + A2y =0 in R™ x (0,7T), (3.53)
2y — M(|Jva(t)||3)Az + Az =0  in R™ x (0,7T), (3.54)
w(z,0) = (2,0) =0, ze€R"™ (3.55)

Then equations (3.53)) and (3.54)) give us
W = Mo ()F)Aw + dw’ = [M(|[v1 ()]3) = M([[v2(t)][3)] Az (3.56)
in R™ x (0,7). Multiplying (3.56) by w’ and integrating over R™ we obtain

%%(Ilw’(t)lliz + M(Jor O3 lw@)1Z) + W' ()1
= M (s () 13) (01 (8), v ()l (B) ]I} (3.57)
+ Mo (0)]1F) — M(J|loa(t)|2)](Aza(t), W' (1))

Now, we are going to estimate the right hand side of (3.57)). Since vq,vs € X, 7 we
have

M (lor ()17 (vi (8), vy () lw (O] < kp*lw ()] (3.58)
From the mean value theorem, there exists s* € RT between |lv1(¢)[|3 and ||v2(2)||3
such that

IM (o (@)117) = M(Jlo2(O17)] < 1M () (loa (0] — lo2(D]F).
As vy,v2 € X, 1, we have that s* < p? and this implies that |M’(s*)| < k. Thus
M (o (®)I7) = M(lv2(D]17)] < 2kpd(v, va)- (3.59)
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As M(|lva(t)]12)Aza(t) = 25 (t) + A25(t), the estimate (3.11)) and (3.18) give us
my'* | Az ()ln < 125 (1)l + Mz50)

kp2T 1 (360)
2Ry + R ( {2 )\(1 )])
( LT 2) P mo + + R2m0
Integrating (3.57)) from 0 to ¢ < T and using (|3.58))—(3.60) we obtain
1 t
*(Ilw'(t)lli +mo|lw(®)[F) + /\/ o’ (€)1 7€
_onp? 0 (3.61)
anp” 2
d t
< || ©Ivdg + g(t),
where
R+ R kp*T
o(0) = k(o) (T e (L [ 3 (14 1)) [ @l
my mo
As g is increasing function, the Gronwall inequality and (3.61)) allow us to infer
m Ri+ R
RO < Ahpdoy, v2)(FE12)
. o (3.62)
xexp( £ [4+)\(1+ / [w' (€[ dE.
mo

Putting (3.62) in and using the Brezis Lemma (see [4, page 157]) in the
resultant equatlon we have

o' (D)l < k1 (T)Td(v1,v2) (3.63)

where
2

k(T) = si2ppr (Tt 2 +RZ)exp (kp T[‘HA(l + R21mO)D

™o
mg

Ri+ R, kp?T 1
+ 2kl i e ( ™o 2eA(i+ RZmO)D'
Since (3.62)) and (3.63]) hold we obtain

o0l < | 2 (DT, ), (3.64)

Combining (3.63)) and - we have
2
A(z1,22) = @)y + &/ Ol < (14 Yl (DT dr, ), (3.65)

choosing T' > 0 small enough we conclude that S is a contraction. This gives us
the existence of a positive real number Tj and a function u : R™ x [0, Ty] — R local
solution of .

The next step will be to prove the existence of a maximal interval of existence.
We consider the problem

U’ = M(|JU®)|Z)AU + XU’ =0 in R" x (0,7), (3.66)
U(z,0) = u(z,Tp), x€R", (3.67)
U'(x,0) =/ (z,Tp), =€R™ (3.68)
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Therefore, the calculus above gives a real number 77 > 0 and a unique solution, U,

of (3.66)—(3.68) in the interval [0,77]. Define

Vi) = u(t) if 0 <t <Typ,
C\U-To) T <t<Ty+T,

then V is a solution of (1.1)) in whole [0, T, + 71] with initial data ug and us.
On the other hand, if w; and wy are two solutions of (|1.1) in any interval, [0, T],
of existence of solution, then defining w = w; — we and taking the same way of

(13-53)—(3.65) we can infer that
[w®llv + ' @®)lla < Clllw)]v + [’ (0)] 4] =0,

which shows us that the local solution of is unique.

Now, for each i, we define I; = [0,T;] C R, where T; is characterized has the
positive real number such that u; : R™ x [0, 7;] — R is the local solution of . By
the uniqueness proved above, we conclude that if T; < T}, then u; = u; in [0, T;].

We will denote by J any index set. Define C = {I;; i € J} U {U;c;I;} endowed
with the order relation A < B <= A C Bor A = B. We observe that, if © is a
subset of C, which is totally ordered set with the order induced by C, then the set
T = UjeysI; € C is an upper bound of ©. Thus, by Zorn’s Lemma there exists a
maximal element, Iy, of C. By C definition this element is given by

Irnax = [Oa Tmax} = UiEJ[Oa n]
Now, we conclude that the local solution has the regularity (3.44). Let v € X, r

the local solution of (1.1)) obtained above. We define u(t) = M(||u(t)|?) and
consider v the unique solution of the linear problem

v — M(||lu(t)||})Av+ M =0 in R" x (0,T), (3.69)
v(z,0) =up(z), =eR", (3.70)
v'(z,0) = ui(z), xe€R" (3.71)

given by Proposition Then v as the regularity (3.35)). Since the solution v is
unique and w is a solution of (3.69)—(3.71f), then u = v. Therefore u also has the

regularity (3.35]). O

To prove our global existence result we need the following additional assumption

on M:
C ifs<1
Ms)y<{ b Te= (3.72)
Cys ifs>1.

For each pair (ug,u1) € W x V we set

6
a=1-—llug3(C1 +3Ch),
mo

8
b= = (C1+6Clluolli) (3llunl +2M (fuoly) | Auoll)
320,
CcC =

2
(3l I + 2M ([luoll3) | Auo 1)

Theorem 3.5 (Global existence). Suppose that M satisfies (3.43|) and (3.72)). Let
ug € W be such that
mo

LA Qs — 3.73
uolly, < 6(Cr +303)’ (3.73)
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up €V, A >0 and
b+ Vb2 + 4ac\1/2
As (LY
2a
Then, (L.1) has a unique solution with
u € CP([0,00); W), ' €CP(0,00);V), u" € CY[0,00); H).

Remark 3.6. From (3.73) we conclude that a > 0. Define

(3.74)

3., B2 , 2

It is not difficult to see that the inequality

801 6402 2 )\mo
Two t s vy < 5 (3.75)
is equivalent to

aX* —bA\? —c > 0. (3.76)
We know that (3.76]) holds when (3.74)) holds.

To prove our result of global existence we will start considering regular initial
data ug and uq, precisely,

ug € WNH*(R™) and uy € W. (3.77)

Therefore, Theorem gives us the existence of a unique function u solution of
(T-1). We consider u(t) = M([lu(t)||?,), then € W2} (0, 00). Thus, the Proposition
gives us w, in the class (3.5)), solution of 7 with p defined above. But
u also is a solution of (3.1)—(3.3). Then, by the uniqueness of solution, we conclude
that u = w. Therefore u has the following regularity, which is gives by Proposition
B.1

u € Liz,(0,00;W N H*(R™)), u' € L. (0,00, W), (378)
u”" € L2 (0,00; V), u" € L2.(0,00; H). '

Proof of Theorem with regular data. To extend the local solution given by The-
orem it is sufficient to prove that there exists a constant C' such that

I @) + 1Au@) 7 + u@®]F < C, (3.79)
for all ¢ > 0. Multiplying (1.1)) by —Aw’ and integrating over R™ we obtain
1d
5 7 W @I + M (@) [ Au®)lIZ) + Al (4115 (3.80)

= 2| Au(t)[|F M (Ju(@®) 7)) ((u(t), o' (t))).
On the other hand, multiplying (1.1) by —Au, integrating over R™ and multi-
plying the resultant equation by A/2 we have

L (o) + S IR )~ @R+ M) ()] = 0. (3.81)

Combining (3.80) and (3.81]) and using the assumption (3.72)) (which implies that
M'(s) < Cy + Csys, for all s > 0) we infer
)\’ITL()

S0+ ST @I + 222 w3
< 23+ ol ) (o)l o Ol 1A
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where
0e) = e ()1 + M) ) Ae®) + 5 (' (1), (e))) + - u(t) -
From here,
S+ SO + (P52 — o)) 1Auo) [ <0, (3.82)
where

¢(t) = 2(C1 + Collu®)[[7) [u@®) v [« ®)llv-
Now, we prove that

A
p(t) < %, for all ¢t > 0. (3.83)
In fact, we observe the inequality
A 1 A2
S (@' (@), u() = =5 llW' O — = u@®)
2 2 8
implies
L2 2 2 N 2
¥(t) 2 5l @Ol + M@y ) Au®)z + 5 lu@)lv- (3.84)
The estimate ((3.84) gives us
81 (1)
@Iy < =5~ and W'} < 2¢:).
Using this estimate on ¢ definition, we have
8C 64C
p(t) < FUt) + =5 v (1), (3.85)
Since ¥(0) < v from (3.85) and (3.75)) we obtain
8C 64C: Amy
¢(0) < leo + 721% < TO-

Suppose that (3.83) is not true. As the function ¢ — ¢(t) is continuous, there
exists t* > 0 such that

A A
olt) < % for all ¢ € [0,), and @(t*) = % (3.86)
Integrating (3.82) from 0 to t* we obtain
Y(t") < vo. (3.87)
From (3.75)), (3.85) and (3.87) we conclude that ¢(t*) < 270 which is a contraction
with (3.86]). Combining ([3.82)—(3.84) we can conclude (3.79)). O

Now, we prove the theorem with ug and u; less regular than (3.77).

Proof of Theorem[3.5. Let ug € W and u; € V be a couple of initial data. It is
sufficient to prove that there exists a positive constant C' such that

I @I + 1Au®) 7 + u®]F < C, (3.88)

for all t > 0. As W N H3(R™) and W are dense in W and V, respectively, we can
use the same arguments of the proof of the Proposition [3.2]and conclude that there
exists a sequence (U, )men of regular solutions (in the class (3.78))) such that

Uy, — u in CH[0,T); V)N C?([0,T); H) and Au,, — Au in C°([0,T]; H).
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This gives us
[ O + 1A Ol 77 + lum (O — ' OF + | Au®)lF + lu@)F,  (3.89)

as m — oo.
On the other hand, from the proof with regular data, for all m € N, we have

[um Y + [Aum @7 + [lum @) < C. (3.90)

Combining (3.89) with (3.90) we conclude (3.88]). O

4. EXPONENTIAL DECAY
To state our stability result we will use the know lemma due Nakao (see [29]).

Lemma 4.1 (Nakao). Let o(t) be a bounded non negative function on [0,00) sat-
isfying
sup (1) < Clp(t) — @t +1)) + h(t)
t<r<t+1
where C' > 0 is a constant and h is a non negative function satisfying h(t) <
roexp(—sot), for all t > 0, o, so are positive constants. Then there exist positive
constants r1 and s1 such that
o(t) < rexp(—sit).

Let u the solution of (|1.1)) given by the Theorem Define the weak energy by
1 _
By(t) = 5 (W Ol + M([u®)]) (4.1)
where

M(s) = / M€,

Theorem 4.2 (Weak energy decay). Under the assumptions of Theorem sup-
pose that M'(s) > 0, for all s > 0. There exist positive constants ro and sg such
that

E,(t) < roexp(—sat), forallt > 0. (4.2)
Proof. Multiplying (3.6) by «’ and integrating over R™ we have
E,,(t) = =l ()3 <0, (4.3)

thus F,, is a decreasing function. Integrating (4.2)) from ¢ to ¢ + 1 we obtain

t+1
A / [ (€)|34dE = Eu(t) — Eu(t + 1) := F2(¢). (4.4)

By the mean value theorem for integrals, there exist t1 € [t, t—i—%] and to € [t—«—%, t+1]
such that

/ 2 t+4 ! 2 41
P — [ s ana 102 /Hi W ©)l3ds.  (45)

From (4.4) and (4.5) we obtain

4
Il @0)l1Z + [l ()l < S F2(0)- (4.6)
From the definition (4.1]) we infer
2
lu(®)If < Eu(t). (4.7)

mo R2
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On the other hand, multiplying (1.1]) by « and integrating over R™ x (¢1,t2) we
have

/ MO ()12 € = (! (1), u(tr)) — (' (1), ult))
t . . (4.8)
+ / o/ (€) 3,d€ — 22 / ((€), u(€))de.

Now, we estimate each term of the right hand side of (4.8). Let ¢ > 0 be an
arbitrary real number fixed. From (4.4)), (4.6) and (4.7) we have

WE )] < PO+ —ZnBu®), fori=12%  (49)
| s < 5P (4.10)

2\ / WO, ueNE < 0 +

Combining (4.8 we obtain
[ @i e >||vd£_( FTH D) PO + s (L VB, (412)

t1

Eu(t). (4.11)

Since
Ey(t) < %(IIU'(t)H?I + M([lu®)][) [u®)]17),

and allow us to infer
f2 31\ 2
/ e G B L DR (R VA O}

t1

From this and by the mean value theorem for integrals, there exists t* € [t1, o]
such that
to 3

4 1
E,t") <2 E,(&)dE <2 — F?
(=2 | Bu@de <2(5 +2A+ ) (1) +

Integrating (4.3 from ¢ to t* and using (4.13)), we have
8 3 1 2¢e

Byt <2( 2 )F2 14+ N Ey(),

(t) < otz (t) + moR2(+) (t)

taking £ > 0 small enough, we conclude that there exist a positive constant C' > 0
such that

2e
RQ

(1+ N Ey(t). (4.13)

B, (t) < CF*(1),
this and Nakao’s Lemma give . O
To prove our result of exponential decay of strong energy we start by considering
(as in Theorem regular initial data ug and uq, precisely,
ug € WNH*(R™) and u; € W. (4.14)
Therefore, the solution w is in the class
u € LS, (0,00, W N H*(R™), o' € LS (0,00; W),

4.15
' € LS. (0,00; V), " € Lis.(0,00; H). (4.15)
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Let uy and u; with the regularity (4.14) and u the solution of (I.1)), given by
Theorem with the regularity (4.15). We define the strong energy associated to

([L.1) by

1
Ey(t) = 5 (IW' 0I5 + M(Ju@ )| Au®)F)-
Now we can establish our second decay result:

Theorem 4.3 (Strong energy decay). Under the assumptions of Theorem sup-
pose that(4.14) holds. Then there exist positive constants rs3 and s3 such that

E(t) <rsgexp(—sst), forallt>0. (4.16)
Proof. Multiplying (1.1) by —Aw’ and integrating over R™ we obtain

1
S B + Ml (D15 = 2[| Au@) |7 M ([u(@)[5) ((ul), o' (1))- (4.17)
From here and using the assumption (3.72)), we obtain

%E;(t)HIIU’(t)IIQv < 2(Ci+Collu@® V) [u®)llv v/ Olv [Au@®)|F = I(t). (4.18)

Integrating over [t,t + 1] we have
t+1
/\/ W/ (©)|2de < E(t) — Es(t+1)+ sup I(r)i= D(t).  (4.19)
t t<r<t+1

This and by mean value theorem we obtain t; € [t,t+ 1] and ¢, € [t+ 2, ¢+1] such
that

I/ (t)llv < %Dm, fori=1,2. (4.20)

Moreover, the mean value theorem gives us a t* € [t1,?2] such that

B(t)<2 [ " B (€)de. (4.21)

1

Multiplying the equation (1.1) by —Aw and integrating over R™ we have

%((U'(t)ﬂ(t))) + (' (1), u(t) = [lv' @5 + M([u@®) ;) Au®)||F = 0. (4.22)
From and we obtain

(W' (t:),u(t;))) < CD(t) sup |lu(r)|ly, fori=1,2 (4.23)
t<r<t+
ta
A/ (('(t),u(t))dt < CD*(t) +  sup |lu(7)|[3; (4.24)
t1 t<r<t+1
ta
[ Il < o), (4.25)
ty
Integrating over the interval [t1, ] and using (4.23)-(4.25)), we obtain
to
M([[u(€) )| Au(€) |1 dE
t (4.26)

<CD*(t)+CD(t) sup u(r)llv+ sup [Ju(7)[f}
t<r<t+1 t<r<t+1
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Integrating from ¢ to t* and observing and (4.21)), we have
t £
Ey(t) = Es(t") + A/t [’ (€)]I5-d¢ — Q/t [Aw()[I7 M (|u(€)7) (u(€), ' (€))dE
t+1 to ta
C "OlIvde+2 | M »lA 4d I(¢)d¢.
< /t [’ (E)Iv-dE + /t1 (w1 Au(E) )7 §+/ (&)dg

t1
This, (4.19) and (4.26) give us

Ey(t) <C(D*(t) +D(t) sup Ju(r)|lv + sup |lu(7)[[}, + sup I(7)).
t<r<t+1 t<r<t+1 t<r<t+1

F‘I'Om ‘hiS lnequah‘y and as
t V mo w t I

we have

E (t) < C(DA(t) + Ey,(t) + S I(1)). (4.27)

‘We observe that
2C 2 1
c1(m) < [C(Cr+ 22 B,0) EO)] Tu)l + 71 (7)1} .
4.28

< CE,(t) + iEs(t).

Since

D?(t) = Fy(t) — Es(t + 1)+ sup I(7)
t<r<t+1

we can combine (4.27)) and (4.28) and we conclude that
Ei(t) < C(Es(t) — Es(t+ 1) + E, (1)),
this inequality, (4.2) and Nakao’s lemma imply (4.16]). O

Remark 4.4. Theorem can be proved for less regular initial data. In fact, let
(ug,u1) € W x V be a couple of initial data. As WNH?(R") and W are dense in W
and V, respectively, we can use the same arguments of the proof of the Proposition
and conclude that there exists a sequence (U, )men of regular solutions (in the
class (4.15)) such that

Up, — u in CH[0,T; V)N C?([0,T); H) and Au, — Au in C°([0,T]; H).
This gives us that

%(Huﬁn(t)lli + M (|| ()} | A (t)117)

) (4.29)

= U@ + M(lu@ ) Au®)[F) = Es(?),

when m — oo. The convergence (4.29)) and (4.16]) allow us to infer that

Es(t) < rsexp(—sst), forallt>0.
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5. VISCOELASTIC DISSIPATION

In this section we give an overview on the proof of viscoelastic damping case, i.e.,
we will describe results concerning and we show what are the main differences
when the proofs are compared with the ones give in previews sections. When we
compare with the frictional case, the main problem is into estimate III of proposition
[B] If we try to take the same way, it will be necessary to differentiate p three
times, but to prove the local existence result we do not have regularity enough on
solution to impose some assumption on . Therefore, the strategy was change
the estimate III. Below, we describe what was our way to overcome the difficulties.

Suppose that the assumption holds and let g : Rt — R* be differentiable
function such that ¢’ € L?(0,00), g(0) > 0 and co :=mo — [~ g(s)ds > 0. Suppose
that there exists a differentiable function, [, such that

g'(t) < —l(t)g(t), forallt>0, (5.1)

!
!lz((tt))kk, [(t) >0, U(t)<0, forallt>0. (5:2)

Proposition 5.1. Suppose (3.4)), (5.1) and (5.2)) hold. Then for each ug € W N
H3(R™) and u; € W there exists a unique function u satisfying

u € L (0,00; W N H3(R™)), u' € L2.(0,00; W),

loc loc

u” € L (0,00; V), w'" € L2 (0, 00; H),

loc loc

and that is a solution of

t
u’ — p(t)Au + / g(t — s)Au(s)ds =0 in R"™ x (0, 00),
0
u(z,0) = up(z), zeR",
' (z,0) = ui(z), xeR",

Proof. Let (w;)jen be an orthonormal bases in W N H3(R™). For each m € N, we
denote Uy, the m-dimensional subspaces spanned by the first m vectors of (w;);en.
Let T > 0 be any fixed positive number. From Ordinary Differential Equations
Theory for each m € N we can find 0 < T;,, < T, ty, : R” X [0,T},] — R of the form

U (,8) = D pjm (t)w;(2),
j=1

satisfying the approximate problem

(i, (8), w;) + () (i (2), w5)) — / 9(t = 8)((um(s), w;))ds = 0;
. ’ . (5.3)
U (0) = Zuéwi — g in WA H3RY), u,0)= ZUllwl — uy in W.

=1 =1

Estimate I and II: Taking the same way of estimate I and II of Proposition [3.1
and making usual calculus it is possible to prove that

1 t
IO+ cllum O < Reesp (5 [ /9] ac).
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for all ¢ € [0,7], where Ry = ||u1]|% + p(0)|luo||?, and

I ) + LI+ LI < Faexo ([ ar© de). (54

for all ¢t € [0,T], where ¢; is a function that depends only of u, p/, ¢/ and g, and
the constant Rs depends only on the initial data, (0), ¢ and g.

Estimate III: From ([5.3) we have

(i, (), w)) + p(t) (un (8), w)) — /0 9(t = 5)((um(s), w))ds = 0

for all w € V and a.e. in (0,T). Denoting by D’(Q), where Q@ = R™ x (0,T), the
space of distribution, we obtain

: T
{ — () Aup () —|—/ g(- — S)AUm(S)’0>D’(Q)><D(Q) = /0 / w6 dx dt,

0
for all € D(Q). As u!!, € L*(Q), we obtain

A( — p()um (t) + /Ot g(t — s)um(s) ds) € L*(R™) (5.5)

a.e. in (0,7). Therefore,

up — pu(t) Ay, + A g(t — 8)Auy,(s) ds =0, (5.6)

a.e. in R™ x (0, 7). For each t € (0,T) fixed, we consider the elliptic operator, A,
defined by

t
Ay () = A= 1)+ [ glt =) () ds).
Then, from (5.5) and (5.6]), for each ¢ € (0,7) and m € N, we obtain
A(t) (um(t)) = ’U,I/n(t) S LQ(Rn).
From this and using elliptic regularity, we conclude that wu,,(t) € H*(R") and
[wm ()| 2y < g, ()l 2(n) (5.7)
a.e. in (0,7T). Since u € H, then 4(§) = 0 a.e. in ||¢|| < R, thus (5.4) and (5.7)
allow us to conclude that
t
Jun (01 < Rsexp ([ 6ue) de). (58)
0

for all ¢t € [0, 7.

Estimate I'V: Now, we can take the derivative of (5.3) twice. In fact, we can use
the same arguments used in estimate III of Proposition [3.1] It will generate the
term

/0 HE) (1 (€), u (€)))de

which can be estimate by as follows

/ 1) (tm (£), w7 (£)))dE = — / 1 E) Dt (€, " (€))

0 0

t
<c / | At (€)1 (€) sl
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t
<)+ / (€121 de,

here ¢ is a positive constant which will be choose posteriorly. We observe that in
last inequality we used the estimate (5.8]). Therefore, choosing € > 0 small enough,
we can conclude that

t
et ()% + e () + i () + e (1) < R exp ( / 6() de),

for all t € [0,T], where ¢2 is a function that depends only on u, ¢/, ¢/ and g, and
the constant Rg depends only on the initial data, u(0), ¢o and g. These estimate
are sufficient for concluding Proposition [5.1 O

Remark 5.2. (a) Proposition allows us to prove an existence result to linear
problem analogous to Proposition (b) It is possible to get a local existence
result analogous to Theorem [3.4] For the proof it is necessary change the metric
space by

X7 = {u € L0, T;W); o' € L®(0,T;V); «" € L=(0,T; H);
l[ull Loe 0, 73wy + 10| o< 0,730y + [0 o< 0,70y < s
u(0) = ug, u'(0) = ul}
endowed with the distance
d(u,v) = |lu — | g 0,7;v) + | — U/”LQO(O,T;H)-
(c) It is not difficult to prove that ||u(t)||v + ||u/(t)[|z < C a.e. t > 0. This allows

to extend the local solution as an element of {v € C([0,00); V) N CY([0,00); H)}
and define the energy by

Prnlt) = 510 Ol + 537(u(l) = 5 [ atoas) Ivuto)y

2

for all t > 0. Using the same methodology of [22] it is possible to get general decay
rates to the problem, i.e.;, Epem(t) < ¢1 exp(—ca fti I(s)ds), for all t > tg.

+1 / o(t — 8)|ut) — u(s)||%ds,
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