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EXACT CONTROLLABILITY OF THE EULER-BERNOULLI
PLATE WITH VARIABLE COEFFICIENTS AND SIMPLY
SUPPORTED BOUNDARY CONDITION

FENGYAN YANG

ABSTRACT. This article studies the exact controllability of an Euler-Bernoulli
plate equation with variable coefficients, subject to the simply supported
boundary condition. By the Riemannian geometry approach, the duality
method, the multiplier technique, and the compactness-uniqueness argument,
we establish the corresponding observability inequality and obtain the exact
controllability results.

1. INTRODUCTION

Let A(z) = (a;(z)) be a symmetric, positive matrix for each x € R”, where
a;;(x) are C*° functions in R™ , such that
n

3 aij(@)6& >0, Vo eR", 0£E=(&,...,&)" €R™

ij=1
We introduce

g=A"Yz) forxeR",

as a Riemannian metric on R" and consider the couple (R",g) as a Riemannian
manifold. We denote by g = (-,-)4 the inner product. Then

(X,Y), = (A" (2)X,Y) for X,Y € R! z € R",

where (-, ) is the Euclidean product of R™.

Let Q C R™ be an open, bounded set with a sufficient smooth boundary I' =
IoyUT; and T'gN Ty = (), where I'; is nonempty. We consider the following Euler-
Bernoulli plate model

ug +*u=0 inQ=(0,T)xQ,

u=0 onXy=(0,T) x Ty,

u=¢ onX;=(0T)xTy,

Hu+ a(x)Bu=0 on Xy,

Gu+ a(x)Bu=1 on X,

u(0) = ug, us(0) =uy;  on Q.
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with two controls ¢ and v, where uy; stands for 9%u/ot?,

du = ..il % (a”(m)g;)

i,j=
and B is a boundary operator, defined by

n

Bu = — Zexei,vpgu)g + kuy,, .

=2

Here v is the outside normal along I', vy = A(z)v, and u,, = (Vyu,v) =
(A(z)Vu,v). For 2 < i < n, e; is the tangential vector fields on I' such that
€1 = Vg /|Ver|g, €2, ..., €, form a unit orthogonal basis of (R}, g(z)) for each z € T,
Vr, is the gradient of Riemannian manifold (I, g). k and a(z) are bounded positive
functions on I' and €2 respectively, which are related to the material. The boundary
condition we consider here is known as the simply supported boundary condition of
the plate (see [2] [§]), which arises from the physical models and includes moments
of inertia realistically present in the system.

In the case of constant coefficients where A(x) is the unit matrix and n = 2,
exact controllability results of problem have been obtained by Horn [6]. The
objective of this paper is to generalize the exact controllability results to the case
where A(x) is a non-constant, symmetric, positive n-order matrix and represents
some property of the materials, for example, the mass of the plate is not uniformly
distributed with respect to spatial position. The problem is of practical and theo-
retical importance. From the physical point of view, the variable-coefficient model
is more realistic. Meanwhile, this together with the simply supported boundary
condition also introduces additional non-trivial complications for the mathematical
analysis.

The high-dimensional Euler-Bernoulli equations (n > 2), as a kind of classi-
cal partial differential equation, are used to describe the vibration of elastic thin
plates. Stimulated by the extensive applications in the architectural structures,
automobile and aerospace industries, etc. (see [I7), [I8]), there have been a great
amount of research on the control problems of FEuler Bernoulli plates. We shall
only cite the literature closely related to this paper, the exact controllability of
the Euler Bernoulli plates with different choices of controls active in the vary-
ing boundary conditions. For the constant coeflicient case, we refer the reader to
[6, [7, B, M0, 0T, 14, 24], and the references therein. Particularly, in [I4], Lions
considered the exact controllability of the Euler-Bernoulli model with one control
acting through Neumann boundary condition. Later, Lasiecka and Triggiani [10]
studied the situation where control acts only on the Dirichlet boundary condition,
in which they also managed to get rid of some geometrical conditions by further
adding a Neumann control. And in [II], they discussed the exact controllability
problem with boundary controls for displacement v and moment Awu, which act in
the Dirichlet boundary conditions. Horn [6] derived the exact controllability of the
Euler-Bernoulli plate with a simply supported boundary condition only via bend-
ing moments on the space of optimal regularity. For the variable coefficient case,
Yao [22] used the Riemannian geometry approach to give checkable conditions for
the exact controllability of two Euler-Bernoulli models with clamped and hinged
boundary conditions respectively, which has been extended by many others like
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1 4, 5L 12, 13]. In particular, Guo and Zhang [4] showed that the exact control-
lability of an Euler-Bernoulli plate with variable coefficients and partial boundary
Neumann control is equivalent to the exponential stability of its closed-loop system
under proportional output feedback.

The Riemannian geometry is a useful tool for the controllability of variable —
coefficient systems mainly due to its two virtues: The Bochner technique can be
used to simplify computation to obtain the multiplier identities, and the curvature
theory provides the global information on the existence of an escape vector field
which guarantees the exact controllability. Given this, we shall use the Riemannian
geometry approach to study our problem.

Since the dynamics of system are time-reversible and it is well known that
exact controllability is equivalent to null controllability in that case, we attempt
to prove the following property: Given any (ug,u1) € HZ(Q) x H71(€), there
exist some T > 0 and controls (p,%) € H}(0,T;L?(I'1)) x L?(X;) such that the
corresponding solution of problem satisfies

u(T) = w(T) = 0.

Remark 1.1. The above corresponding regularity results for problem can
be obtained by the cosine operator theory in a similar argument as in the case
of constant coefficients (see [9]), during which, however, some computations on
Riemannian manifold are needed to deal with the variable coefficients. Besides, it
is worth noting that the recent work by Wen et al. [19] gave the well-posedness and
regularity of two types of Euler—Bernoulli equations with variable coefficients and
Dirichlet boundary control, in which semigroup theory and the multiplier technique
with Riemannian geometry are utilized. This method can also apply to the same
question for our problem , because the operator A we define below is quite
similar to the operator A which is fundamentally used in [19].

This article is organized as follows: In Section 2, we will introduce the escape
vector field and state our primary results. In Section 3, we use the duality method
to find the observability inequality. The proofs of the results are given in the last
section.

2. MAIN RESULTS

We denote the Levi-Civita connection in the metric g by D. Let X be a vector
field on (R™, g). The covariant differential DX of X determines a bilinear form on
R? x R? for each z € R™ by

DX(Y,Z)=(DzX,Y),,VY,Z € R},

where Dz X is the covariant derivative of X with respect to Z.
Definition 2.1. A vector field H is said to be an escape vector field for the metric
g on £ if there exists a constant pg > 0 such that

DH(z) > pog(x) for all x € Q. (2.1)
Remark 2.2. Escape vector field was introduced by Yao [21] as a checkable as-
sumption for the exact controllability of the wave equation with variable coefficients.
Actually, the existence of such a vector field can also guarantee the exact controlla-

bility of an Euler-Bernoulli plate equation with variable coefficients and the simply
supported boundary condition (see our results below).
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If h is a strictly convex function in the metric g on €, then H = Dh is such
an escape vector field owing to D?h, i.e., the Hessian of h, is positive. It is well
known that the square of the distance function initiating from a given point zy € Q2
in the metric g is strictly convex in a neighborhood of z( (see, e.g.,[20]), then the
escape vector field certainly exists locally. Fortunately, the sectional curvature of
the Riemannian metric g can provide the global information on its existence. Here
are some relevant results from [21] and [23]:

Proposition 2.3. Let o € R™ be given. For any x € R™, k(x,II) denotes the
sectional curvature of a two-dimensional subspace II C RY in the metric g, set

k(Q)= sup k(z,1).
z€Q, ICR7

Let By(xo,7) be a geodesic ball in (R™,g) centered at xo with radius . Denote
by p(x) = dg(x, o) the distance function of the metric g from x to xo. If v > 0
satisfies 4v2K() < 7% and Q C By(zo,7), then H = pDp is an escape vector field
for the metric g on §) .

Proposition 2.4. Suppose (R™, g) is a Riemannian manifold, then

(a) If (R™, g) has non-positive sectional curvature, then there exists an escape
vector field for the metric g on the whole space R™.

(b) If (R™,g) is noncompact, complete, and its sectional curvature is positive
everywhere on R™, then there exists an escape vector field in the metric g on the
whole space R™.

Now we present the main results.

Theorem 2.5. Let H be an escape vector field for the metric g on Q and let T > 0
be given. Let ||k:|\%m(r) < ko, which will be given concretely in Section 4. Then

system (1.1) is exactly controllable on the space Hg(2) x H—1(Q2) with controls
(¢7¢) € H01(O7T7 LQ(Fl)) X L2(21)7 where

Iy ={«|(H,v) >0,z €T}.

3. OBSERVABILITY INEQUALITY
The dual problem of system can be readily derived as follows
wy +F*w=0 1inQ,
w=0 onX,
dw+a(x)Bw=0 on3,
w(0) = wo,w(0) =wy on .
Let A : L2(Q2) — L?(Q) be a linear operator defined by
Af=a?fD(A)={f € H'(Q): flr = 0,4 f +a(x)Bf|r = 0}

It is easy to check that A is a positive, self-adjoint operator. According to the
interpolation results in [I5], we have the following space identifications:

(3.1)

DA% =HY(Q), 0<6< 1,
B . (3.2)
D(A?) = {f € H¥(Q) : flr =0}, 5 <0< 2.
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In particular, A/2f = —o/ f and D(A/?) = H*(Q) N H}(Q).
We introduce the energy of system (3.1)) by

2E(t) = /Q[(Al/‘*w)2 (A=) da.

Differentiating the above identity with respect to ¢, we have
E'(t) = (AY 4wy, AY*0) + (A=Y 40y, A7 40,)
= (AY 4wy, AV w) — (A3 4w, A7 4,) = 0,

then E(t) = E(0) for all t > 0.
For (wo,w;) € H(Q) x H=(Q), we solve problem (3.1)) to obtain the solution
w. Then we solve the terminal value problem

Uy + Z*u=0 inQ,
u(T)=w(T)=0 onQ,
u|20 = 07u|21 = _('Q{w)yd7
Gu+ a(x)Bu=0 on Xy,
n
Fu+ a(x)Bu = —a(x) Zei<ei,vpgu>g —w,,, on Y.

i=2
Further, we define an operator A : H}(Q) x H=1(Q) — H~1(Q) x H}(Q) by
A(wo,wr) = (ug(0), —u(0)) on .
Using equations and , we obtain
(A(wo, w1), (wo, w1))L2(Q)xL2(Q)
= (ue(0), wo) — (u(0),w1) = [(u,we) — (ur, w)]lg

= / (wpu — ugppw)dQ = / (we/*u — ue/*w)dQ
Q Q

= / [w(Hu),, —w,,Zu—u(Fw),, + u,,Fw|dE
)

— [ 1, + (rw 1az.
P

By the duality method given by Lions [14], the exact controllability of problem
(T.1)) on the space H}(Q) x H~1(Q) is equivalent to the following statement:
There is a Cr > 0 such that

[ Tk, + ()2, 102 > Ol o, 0) By s+ (3.4)

Using a result in [23], the norm
1 (wo, wi)lF = IIVg (e (& wo))lglZ2 ) + V(& wi)lgl T2
is equivalent norm on H}(Q) x H~1(Q). Then inequality (3.4) becomes

/ W2, + (o/w)?, 1S > CrE(0).
P

Let z = A~1/2y and define
Dé=(¢ f&¢=0inQ, and |r =¢&. (3.5)
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Elliptic regularity theory (see [I5]) gives
D e Z(L*(T) — HY?(Q)).
Clearly, z satisfies the boundary conditions
zlp = z|r = 0.
Moreover, we find that

Ztt — A_1/2U)tt = —A_1/2d2’w
= —A"V2AV2 (%2 — D(%2|p))
= —/%2 + D(%2|p).

Since w|r = 0, we obtain

A*2|r = —w|r = a(x)Bw = —ka(z)(H2),,,.

Consequently, z satisfies the equation

2t + 2 = —D(ka(x)(2),,,),
zlp = ' 2|r = 0,
2(0) = 20, 2.(0) = 21.

Then the observability inequality becomes
[ 122, + @292, )08 = orE()
P
where the energy is now represented as

2E(t) = /Q [(A3/42)% 4 (AY*2)?]du.

4. PROOFS OF THE RESULTS

We consider u as a regular solution to the problem
uge +/*u=f in (0,00) x Q,

where f is a given function.

EJDE-2016/257

(3.6)

(3.7)

(4.1)

The following lemma from [23] will play an important role in establishing our

multiplier identities.

Lemma 4.1. Let f, h be functions on R™ and let H be a vector field on R™. Then

(Vo Vo(H(R)))g + (Voh, Vo(H(f)))g

= div((Vy f, Voh)gH) — (Vo f, V), div H + DH(V 4h, Vo f) + DH(V,f, V4h),

where div H is the divergence of the vector field H in the Fuclidean metric.

Next are our main geometric multiplier identities.
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Lemma 4.2. Let H be a vector field on Q and let p be a function on Q, set
q =div H. Suppose that u is a solution to problem (4.1)). Then (1)

/E (2lque + H(u))(ur),, + 2H (efu)( )y, —u3(Vyq,)

— Quest s + Vgl + |V (/) )(H, v)} S

(4.2)
= / {2DH(V yut,Vgus) + 2DH(V 4 (e u), V 4(Hw))
Q
+ IV guel2 = [V (/) 2lg — e/ g + 20 H (o7 u)}Q — 2(ug, H(/))[T.
and (2)
/E {2lun (), — Su( )] + (1) — u]p,,, }AS
= 2(us, peru)|” + / {pl(u)? — 2] + 2[| Vg2 (4:3)
Q

— [Vy(eu)lg — fo/u]}dQ.

Proof. We multiply equation (4.1) by 2H(&/u) and 2p</u, respectively. Then in-
tegrating over @ by parts with Lemma yields these identities. O

Using these multiplier identities, we can derive the following estimates.

Lemma 4.3. Let T' > 0 be given and let H be an escape vector field for the metric
g on §). Assume z is the solution to (3.8). Then there is a Cr1 > 0 such that

1) v 1225, + 1(7 2)u 0 725,y = Cra E(0). (4.4)
Lemma 4.4. Let z be the solution to . Then there is a Cr o > 0 such that
120w 22y + 1 2)u 1225y < Cr2B(0). (4.5)
Proof of Lemma[{.3. Since H is escaping on ), there is pg > 0 such that
DH(X,X) > po|X|2 for X e R}, z € Q. (4.6)

By the boundary conditions, z = @z = 0 on I, we have

= Vs Ve (2t)v,,
Vo2t = Vzi,ei)gei = (Vg2 = V.
g~t Zz:;< g~t Z>g i < g~t |Vg¢|g>g|Vﬂ|g |Vd|£2]
Similarly, V,(e/z) = vt 1y Thus
» Vg V2 o - )
2 (Zt)lzfggf <H7V>
= H = Vs 4.
|ngt|g ‘Vﬂf‘?} ’ (Zt) ‘Vﬂf‘f} (Zt) o ( 7)
(2)? (H,v)
V(o 2)|? = Y H(dl ) = (A 2),,. 4.8
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Using the boundary conditions of problem (3.8]), the relations (4.7) and (4.8)) in
identity (4.2)) with f = —D(ka(z)(#/2),,,), we obtain

/E (202, + (72)2 ) (H, v) [ ves 25

_ /Q {[2DH(20, Vo) + 2DH(V (7 2), V(7 2)] wo)

+ [\ngtﬁ] - |Vg(szfz)|§] divH — 22e/q — 2D(ka(x)(szfz)ud)H(szfz)}dQ
= 2(z, H(/2))[g
Firstly,

/ (2002, + (2)2|(H, ) |ver |25 < © / ()2, + (2)2)dS. (4.10)
pI) 1

Next, we shall estimate all terms on the right-hand side of (4.9). For the first
term, by means of (4.6, we obtain

/ 2DH(V 20,V y2) + 2DH(V (%), V. (7))|dQ

@ (4.11)

> 20 /Q (V242 + V4 (72) 21dQ = 4p0 T E(0).

For the second term, using the boundary conditions of problem (3.8]) in identity
(4.3) with p = div H/2 and f = —D(ka(x)(«'2),,,), we obtain

| /Q V202 — 19, (72) 2] div HAQ| < £l[(/ 2oy [Bagsy + CoL(2),  (4.12)
where
L(z) = [0 By + 12D ey + 1212200y + 1Oy + 1T 220
Tzl + D2y Oy + D2y (T2 + NID2, 22y,

are the lower terms relative to the energy E(t).
For the third term, we have

/Q—zfszfqu > — sug |42fq||\zt||2L2(Q). (4.13)
e

For the fourth term, by (3.2) and (3.6), A’D € £(L*(T") — L?(Q)) for 6 < 1/8,

we have
|((D(ka(z)(P2)v,, ), H(H2))12(q)]
= [(A?A’D(ka(2)(2),,,), H( 2)) 2(@)|

B (4.14)
< el|A'D (ka(2)(F 2)u,,)|F2(q) + Cell(ATH (%) 72
<e|(F2).,, ||2L2(Z) + CETHA_QH(JZ{Z)H%[O,T;H(Q)]-
Applying Lemma [4.4], we obtain
el( T2 L) = ell( @ 2)us 122 (s, + el (@ 2Dy lli2s,) (4.15)

< ell(2)u 172s,) + €Cr2E(0).
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For the last term, we have

(21, H(e/2))| < sup |H], / (22| Vg (7 2)]pdz
e Q
ge/ |Vg(.;zfz)|3dm+Ce/ 22dx (4.16)
Q Q

< 2eE(0) + CE/ Z2dx.
Q
Thus
= 2(z, H('2))]g > =8¢B(0) = 2C([lz(0)[[ 2@ + 12t(T) 172 (). (417)
Combining (4.9)—(4.17), we have

C | (=)}, +(2); 1A%
P

€
> 4(poT = 2¢ = £Cra)B(0) — 20.L() — el (2, gy 1Y)
—26|[( 2)u, 1725,y — 2CTIAT H (A 2)[|20.7.12 (52
Then for € small enough, there are constants C; > 0 for 1 <4 < 3 such that
Cr [ (e, + (22, WE + GoL(E) = Cu(0), (4.19)
1

for all solutions z to (3.8)). Then inequality (4.4) follows by Lemma below. [

Lemma 4.5. Let inequality (4.19) hold for all solutions z of (3.8). Then there is
a C > 0 such that

(2002, + (/2)2, 148 > CE(0). (4.20)

To prove this lemma, we need the following uniqueness result from [16].

Proposition 4.6. Let I bea relatively open subset of I'. If w solves the problem
o*w = F(w, Dw, D*w, D3w) on Q,

w=w,, =dw=(Fw),, =0 onT, (4.21)

then w =0 on 2 .
Proof of Lemmal[].5. Step 1. Let Y = {z € H3}(Q) : z is a solution to problem
(3.8)) satisfying (z¢),, |2, = (#2).,_, |5, = 0}. Then
Y ={0}. (4.22)
Indeed, from inequality , we have
CyL(z) > C3E(0) for all z €,

which implies that any bounded closed set in Y N H?(Q) is compact in H3(Q).
Then Y is a finite-dimensional linear space. For any z € Y, we can readily obtain
that z; € Y. Then 0; : Y — Y is a linear operator. Let Y # {0}, then 0; has at
least one eigenvalue A. Assume that v # 0 is one of its eigenfunctions, then v; = Av.
Further, v is a nonzero solution to the problem

%= -\ — D(ka(z)(#v)y,,) onQ,

4.23
v=(v)y, =Av=(Fv),, =0 onTj. (423)
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However, by Proposition problem (4.23)) only has zero solution, this contradic-
tion shows that (4.22)) holds.

Step 2. Suppose that the estimate (4.20)) is not true. Then there are (z5,2F) €
H3(Q) x H(Q), whose solutions are denoted by z*, such that

for k > 1. (4.24)

T =

E(*.0)=1, / ()2, + (o7 25)2, ]S <
P

Then sz||%[3(Q) = 27T for all k¥ > 1. Thus there is a subsequence, still denoted by
2%, such that

2% converges in H?(Q) for each t € [0,T], and (4.25)
2 converges in H%(Q). (4.26)

It follows from relations (.19), (4.24)), (#.25) and (4.26) that z* converges in H3(Q).
Then there exists a solution z° to problem (3.8]) such that

2P = 2% ask— oo in H3(Q).

Then
BG0) =1, [ (G2, + () Jas =0,
3
Thus
(Z?)Vg;/|21 = (%ZO)VgAEl =0.
Then 0 # 2° € Y, it contradicts the relation (4.22). O

Proof of Lemmal[{.4 We choose a vector field H on Q such that
H=A(z)v forxeT,
and let f = —D(ka(z)(«2),,_,). Then using the boundary conditions of problem
(3.8, relations (4.7) and (4.8) in identity (4.2), it gives
G2, + (@232 oz
_ / (2DH(V, 24,V y20) + 2DH(V (4 2), V(7 2)) (a2
Q
+(IVgzely = [Vg(2)[5) div H - 27/q
— 2D (ka(x)( 2),,, ) H(2)}dQ — 2(z, H(2))|T.
We shall estimate all terms on the right-hand side of (4.27)) separately. For the first
term, we have
/ 2DH(Vg2:,Vgz) + 2DH(V4(4/ ),V g(27 2))]dQ
@ (4.28)
< c/qugzt; + |V (2)1dQ = 20TE(0).

We have already estimated the second term in the proof of Lemma 4.3
For the third term, we have

- /Q 27/ qdQ < ngg | qll|zel| 20,7220 (4.29)
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For the fourth term, we have
| /Q D(ka(a) (=), ) H(/2)dQ)|
< (ka0 (). ) oy + sup IHEC Vo Dl (430)
< ell(2)uy 720m) + 2T sup |H|2CE(0).

For the last term, we have
— 2z, H( 2))[§

< 2/9[\Zt(0)l\H(~@72)(0)| + |z (T)[|H (o 2)(T)]]d

<z (0|72 0y + N26(D 720y + sup |H3 /Q[|Vg(dz)(0)|§ + V(e 2)(T)[3]da
< 2|22 0,712y + 4sup [H[SE(0).
e

Since z; = &z = 0 on I, according to the Poincare’s inequality, we have
12611* < CllIVgzelgll 22y 17 2° < CllIVo(2) |22 (4.31)
Combining (4.12)), (4.27)—(4.31), we obtain the desired estimate (4.5]). O

Using some ideas from [6], we can eliminate the term ||(z¢),,, ||%2(21) from the
inequality (4.4). Firstly, we have the following lemma.

Lemma 4.7. Let o > 0 be a given constant and define ¥* = [—a,T + o] x T
Assume z satisfies problem (3.8). Then for any e > 0, there is a Cr 3 > 0 such that

1(z)v 225,

\ka(x)(,;afz),,‘d||2L2(Ea) (4.32)

8
< (F2)s 72(s0y + €CraB(0) + (= +2)Ckpr

+ C(||20Hi2(9) + ”le%?(Q))'
Proof. We shall take four steps to prove it.

Step 1. Let z be a complex solution to problem (3.8)). By using the cosine operator
theory (see [3]), we obtain

t
. . 1 . )
Z(t) — euz{tgo _|_e—wz¢t21 +$Z(_1/ ¥ (ez,szf(t—-r) _ e_wﬂt_ﬂ)Df(T)dT, (433)
0

where

- Z T - 2 T
f=—ka(x)(e2),,,, 20:50—5437 Lo, 21250—1-5;27 L.

To simplify notation, we define

) 1 [t
A = (,Q{ez’dtéo),,ﬂ, B = 5(/ e_’d(t_T)Df(T)dT),,d,
0

e (4.34)
Ay = (e ™)), By= 5( / =D f(7)dr),,
0

Using these definitions, we have
(2t)v., = i(A1 — A2) + (B1 + Ba), (4.35)
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(2)v,, = (A1 + Az) +i(B1 — Ba). (4.36)
Thus, we obtain

|(Zt),jm,|2 — |(1Q72)1,‘Q¢|2 = 4R€(—A1A2 + iAlél — iAQBQ + BlBg). (437)
Step 2. Let ¢(t) € C5°(R) be such that 0 < ¢(t) < 1,¢(¢t) = 1 on [0,7], and
¢(t) =0 on (—oo, —a) U (T + a, 00). From (4.37)), we obtain
H(Zt)Vg{”%Q(Z )

<o gy 4] 00 [ a1tz

_ (4.38)
+4|/ / AlBldxdt\+4y/ / Ay Bydzdt|

oo
+4|/ ¢>(t)/ B1B,dadt|.
—00 1Y
Step 3.

Alleg = (% “Z{tN )y&{ X (ﬂeiﬂtzl),,ﬂ

Z/\ne At (20, 0n) (D)o ) Z Ame” 2 (21 ) (D) vy ) (4.39)

where A\; and ¢; denote the eigenvalues and eigenfunctions corresponding to the
operator —&/ with |¢;| = 1. Since

|(¢n)vg¢| < C‘d¢n| < C)‘n|¢n‘ = O)‘m

we have
|(<z>n)ug,||(¢m),,d|dr < ChAm (4.40)

Combining (4.39) and ( , we find

|/ ¢>(t)/ Ay Aydadt|

<OZZ)\2 2 1(Z0, én)|| (G, 6m) ||/ Bt CntAmt g

n=1m=1
Since ¢(t) € C§°(R), for any N, we have
iAnt+Am )
|/ (t) FAmtqe] < P (4.41)

Thus,

\/_Z¢(t / Ay Asdadt] < Cy Zlio’(b” lemm

n=1 n

o N N (4.42)
= Cy(||&" > ZO||L2(Q) + |2 % Zl||L2(Q))

< Clllzollfgs—n o) + 21l 72-v @)-
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Step 4. Before we complete the proof of Lemma [£.7} we shall need the following
result to estimate the remaining three terms on the right-hand side of inequality
(14.38).

Proposition 4.8. Let y be a solution of the problem

y = iAY?y + DE,

44
y(0) = yo € D(AY/4). (143

Then
Yo ||%2(2) < CT,3||~Q{1/2y0||%2(Q) + CK,D,T||§H%2(2)- (4.44)

The above proposition will be proven later. Applying the result of Proposition
with £ = 0, we obtain

||A1H%2(z:a) + ||A2||2L2(2a) < CT,3(||=5273/250H2L2(Q) + Hd?’ﬂél“%z(m)

(4.45)
< CT,3(||$273/2ZOH%2(Q) + H%l”leI%z(m),

with yo = 0, we obtain
1B1l1Z:(se) + 1B2llZ2(se) < Cr,p.2llf72me) = Cr.prllka(@) (@ 2)u, 72 (50)-

Then

T+a B B B
/ (‘AlBl| + |A2B2‘ + |B1B2Ddl‘dt
Iy

—Q

1
< / [e(1 41 [ + [A2]*) + (Ce + ) (1B + [ Baf*))dS
ok

< eCrs(|| 7 20l[72(0) + 19?2112 (0))

(4.46)

1
+(Ce + 5)Ck.p,7ka(@) (7 2)uy |2 (50)-

Combining (4.38)), (4.42) and (4.46)), we obtain the desired inequality (4.32). O

Proof of Proposition[{.8 Let
. t .
w(t) =+ = o+ [ e IDE (4.47)
0

Clearly, y satisfies (4.43]). We shall do the proof by several steps.

Step 1. We firstly prove the estimate

||yl/a¢||%2(2) < CT,4(HD€||2Ll[O,T;L2(Q)] + ||v‘271/29”%00[07T;L2(Q)])- (4.48)
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Proof. We multiply (4.43) by h(y), where h|r = v, and integrate over @ by parts,

with Lemma [4.1] to obtain
[ uih(5)dQ
Q

(- /Q i/ yh(5) + DEh(7)dQ)

- / Re[— div h(5) A(2)Vy + (V,h(), Vou)}dQ + Im / Deh(p)dQ
Q Q

_ /Q {Re[— div h(§)A(z)Vy + Dh(V 3y, V,7)]

2

1 1
+ ) div((ng, vgg>gh) - *<vgya vgg>g divh}dQ + Im/Q D¢A(y)dQ

=tm [ DE@IQ 5 [ s

1 .
—I—/ [Re Dh(V 4y, V4y) — §|ng\§ div 1]dQ,
Q

(4.49)

where the notation “Im” and “Re” denote the imaginary part and the real part of

a complex number, respectively.
On the other hand, using the divergence theorem, we find

divyych = gy div h + v h(9) + [yh(y)]e — 5:h(y).

Thus,

Im/ yth(ﬂ)dQ:**/ gyt|’/,ﬂf|§d2+*/ gy div hd@
Q 2 Js 2 Jq

7

Combining (4.49) and (4.51)), we obtain

1 2
- v |“dX

:Im/QDgh(y)dQ— ;/nyt div hd@

7

i / [G(0)h(y)(0) — §(T)h(y)(T)]d
Q

1 .
+/Q[ReDh(vgy,vgg)—2|vgy|§dwh]dQ.

Next, we multiply (4.43) by ¢ and integrate over @ by parts to obtain

+5 [T - 5O ).

(4.50)

(4.51)

(4.52)

/ yegdQ = —i / JeydQ + / DEAQ =i | (V7. Vou)odQ + / yDEA.
Q Q Q Q Q
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Thus,
| / ydQ| < / IV,02dQ + / 7DELAQ
Q Q Q

2 1 772 2
< [, o+ [ 5"+ IDeaQ (453)

1
<€ [ 1930EdQ + STID o v

< Or([IVgylgllt=jor220) + IDEIT10,7;220)-
Furthermore, we can bound all terms of the right-hand side of (4.52)) as follows:

Im/ Deh(7)dQ
Q
<| [ Deniaq|
, @ . . (4.54)
< STIDE gy rignioy + 550 1 | IVl oyt
1 1 _
< §THD€”2L1[O,T;L2(Q)] + 9 21618 |h|3TH|ng|g|‘%°°[0,T;L2(Q)]§
i . 1 . _
| — 5/ yy div th| < 3 sup | div hH/ ytde|; (4.55)
Q €N Q
) _ _
5 | HORE)O) ~ G (7))l
1 _ _
<5 /QHZJ(O)(’% Vay)g(0)| + [5(T)(h, Vgy)o(T)|]dx
1 _ _
<7 sup |hlg /QHng(O)\g +50)* + [Vy(D)[; + |5(T)*)de (4.56)
1 _
< By Slelg ‘h|g(H|vgy|g|‘%°°[0,T;L2(Q)] + Hy”%w[O,T;L?(Q)])
< Csup [hlgll|Vylgl T oo 0712 ()5
€N
/Q Re DA(Y,9, Vy7)d@Q < Crll [Vl m 0115 e (4.57)
1 . .
—/Q §|ng|_<2; divhd@ < Cr sup | div Al [V glg 1 F < 0,722 02 (4.58)

Finally, by combining (4.52)), (4.53)) - (4.58)), we obtain the desired inequality (4.48]).
O

Step 2. Estimates for y;
\|d1/2y1(t)||%2(9) = Hﬂl/%_imyo\&%m = H"Q{UQ?JOH%?(Q) = constant.

Therefore,
197 Y112 0,7:2200y) = 19 *90l172 (- (4.59)
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Step 3. Estimates for y2. We shall prove
||y2||2L°°[0,T;Hé(Q)] < CK”fH%Z(Z)'

Proof. We define a closed and dense operator L : L?(X) — L?(Q) by

t
(Lf)(t) = o / e D f(7)dr.
0
Then we can obtain
t
(L*®)(t) = D*,;z%/ e @ (1)dr,
0

where ® =D f .
Let n = fot e~ (=T)®(1)dr, then n satisfies the equation
e = iAY + @,
1(0) = 0.
As in the proof of Step 1, we can show that
([ \\%2(2) < CT75(||(I)H%1[O,T;L2(Q)] + |\4271/277||2Loo[0,T;L2(Q)])-

Moreover.

t
12 2y < / 120 (1) | 2 dr < 19728 1 0.1 25(c0)-
0

Combining and yields
||77ugf||2L2(2) < CT,5H<I)||%1[O}T;H3(Q)]'
In addition,
(D*an, f)r2y = (0, Df)r2q)
— [0.Df = n(Df), Jds + [ nes (s
= (Muws [z

EJDE-2016/257

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

the last equality holds because of the definition of the operator D and 7 € D(A'/?).

Therefore, 1,,, = D*o/n = L*®. It tell us that
L* € (L0, T; Hy (Q)] — L*(%)).
And then, we have
Le L(LA(%) — L®0,T; H1(Q)]).
Let K be defined by
Kf=a "Lf;
then K € Z(L*(X) — L*[0,T; H}(2)]). Since K& = y2, we obtain
Y2117 o7 113 2y < Crell€NZ2 ()

Thus, inequality (4.60) holds.

(4.68)

(4.69)

(4.70)

(4.71)



EJDE-2016/257 EXACT CONTROLLABILITY OF THE EULER-BERNOULLI PLATE 17

Step 4. Combining and , we find
12 2yl 0.2 ) = 197291 + 9y F oo 0,112 )
< 2”"2{1/291H%°°[O,T;L2(Q)] + 2||y2||2L°°[O,T;H01(Q)] (4.72)
< 2||5271/290H%2(Q) +2Ck [|€]172 5y
By substituting inequality into and recalling that D € Z(L*(T") —
L?(Q)), the desired result of Proposition 4.8|is found.

Now, we are ready to complete the proof of the observability inequality (3.9).

Combining the results of Lemmas and E with € = 2%7;1%, we obtain

CriE(0) <4(2)u,72(s0) + 2C([20]1 220y + 211 72(2))
8Cr3
4 k)
+ (C’

T,1

(4.73)

+1)Cxk.p.rllka(@) (o 2)u, |12 (5e)-

From Lemma [£.4] we find
T+ao
L eyt < e e D sy
< a|lk|| 7 Cr2E(0).
Thus, if
Cta
4aCr2Ck,pr(8Cr3+ Cr1)’
where a = sup,r |a(z)[?, by combining ([£.73)) and (4.74)), we obtain
CrE(0) < ||(MZ)V9{||%2(E‘11) +C(llz0llZ2 (0 + 2101720
< 2w F20mg) + 10 22)0 0 |I72 5y + CL(2).-

Again, the lower terms in the right-hand side of inequality (4.75)) can be absorbed
by using the following compactness-uniqueness argument:

Step 1. Let U = {z € H3(Q) : z is a solution to problem (3.8) satisfying
(72)0, 5 = (#22),,,|ze = 0}. Then

U=o. (4.76)
Indeed, from inequality (4.75]), we have
CL(z) > CrE(0) forall z €U,

which implies that any bounded closed set in U N H?(Q) is compact in H3(Q).
Then U is a finite-dimensional linear space.

For any z € U, we have z; € U. Then 0; : U — U is a linear operator. Let
U # 0, then 0; has at least one eigenvalue A. Assume that v # 0 is one of its
eigenfunctions, then v; = \v. Further, v is a nonzero solution to the problem

v = —\?v — D(ka(z)(v),,) onQ,
v=av= (), =(F*v),, =0 onT;.

Let ¥ = A'/2y, using relations (3.5) and (4.77), it is easy to find that W satisfies
the problem

1Bl 7 0 ry < ko =

(4.75)

(4.77)

U =-)\2U on Q,

(4.78)
V=9, =4V =(«V),, =0 onlj.
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By Proposition [£:6] the above problem only has zero solution, thus ¥ = 0 in QUT,
ie, @v =0 in QUT;. Moreover, v|r = 0, therefore we can obtain v = 0, this
contradiction shows that holds.

Since the subsequent proof is basically the same as that in Step 2 of Lemma [£.5]
we omit it.

Finally, we obtain

/ (@2, + (#72)2,148 > CrE(0). (4.79)
Introducing the new variable Z = z(t — «) into (4.79)) yields
TH2a
/ : (%), + («/?2) ]dE > C7E(0). (4.80)

Since both Z and z are solutions to the same problem (3.8 7 the inequality .
holds with T replaced by T + 2a.

Acknowledgements. The author would like to thank the anonymous referee for
careful reading of the manuscript, and for the constructive comments.

This work is supported by National Natural Science Foundation (NNSF) of China
under Grant nos 61573342 and 61473126.

This article is a modified and extended version of an Invited session paper at the
34th Chinese Control Conference held in 2015.

REFERENCES

[1] S. G. Chai, B. Z. Guo; Analyticity of a thermoelastic plate with variable coefficients, J. Math.
Anal. Appl., 354 (2009) 330-338.

[2] M. Eller, D. Toundykov; Semiglobal exact controllability of nonlinear plates, SIAM J. Control
Optim., 53 (2015) 2480-2513.

[3] H. O. Fattorini; Second Order Linear Differential Equations in Banach Spaces, North-
Holland Mathematics Studies, vol. 108, North-Holland Publishing Co, Amsterdam, 1985.

[4] B. Z. Guo, Z. X. Zhang; Well-posedness and regularity for an Euler-Bernoulli plate with
variable coefficients and boundary control and observation, Math. Control Signals Systems,
19 (2007) 337-360.

[5] Y. X. Guo, P. F. Yao; Stabilization of Euler-Bernoulli plate equation with variable coefficients
by nonlinear boundary feedback, J. Math. Anal. Appl., 317 (2006) 50-70.

[6] M. A. Horn; Ezact controllability of the Euler-Bernoulli plate via bending moments only on
the space of optimal regularity, J. Math. Anal. Appl., 167 (1992) 557-581.

[7] V. Komornik; Ezact controllability and Stabilization. The multiplier method, Masson, Paris,
1994.

[8] J. E. Lagnese, J. L. Lions; Modeling, Analysis and Control of Thin Plates, Masson, Paris,
1988.

[9] L. Lasiecka, R. Triggiani; Regularity theory for a class of nonhomogeneous Euler-Bernoulli
equations: A cosine operator approach, Boll. Un. Mat. Ital. B (7) 3 (1989) 199-228.

[10] I. Lasiecka, R. Triggiani; Ezact controllability of the Euler-Bernoulli equation with controls in
the Dirichlet and Neumann boundary conditions: A mon-conservative case, SIAM J. Control
Optim., 27 (1989) 330-373.

[11] I. Lasiecka, R. Triggiani; Ezact controllability of the Euler-Bernoulli equation with boundary
controls for displacement and moment, J. Math. Anal. Appl., 146 (1990) 1-33.

[12] J. Li, S. G. Chai; Ezistence and energy decay rates of solutions to the variable-coefficient
Euler-Bernoulli plate with a delay in localized nonlinear internal feedback, J. Math. Anal.
Appl., 443 (2016) 981-1006.

[13] S. Li, P. F. Yao; Stabilization of the Euler-Bernoulli plate with variable coefficients by non-
linear internal feedback, Automatica, 50 (2014) 2225-2233.



EJDE-2016/257 EXACT CONTROLLABILITY OF THE EULER-BERNOULLI PLATE 19

14]
[15]
[16]
(17)
18]

(19]

20]
(21]

(22]

23]

J. L. Lions; Ezact controllability, stabilization and perturbations for distributed system, SIAM
Rev., 30 (1988) 1-68.

J. L. Lions, E. Magenes; Non-homogeneous Boundary Value Problems and Applications, vol.
1, Springer Verlag, New York, 1972.

R. N. Pederson; On the unique continuation theorem for certain second and fourth order
elliptic equations, Comm. Pure Appl. Math., 11 (1958) 67-80.

R. Szilard; Theories and Applications of Plate Analysis: Classical Numerical and Engineer-
ing Methods, John Wiley&Sons, Inc., Hoboken, New Jersey, 2004.

E. Ventsel, T. Krauthammer; Thin Plates and Shells: Theory, Analysis, and Applications,
Marcel Dekker, Inc., New York, 2001.

R. L. Wen, S. G. Chai, B. Z. Guo; Well-posedness and reqularity of Euler-Bernoulli equation
with variable coefficient and Dirichlet boundary control and collocated observation, Math.
Methods Appl. Sci., 37 (2014) 2889-2905.

H. Wu, C. L. Shen, Y. L. Yu; An Introduction to Riemannian Geometry, Beijing University
Press, Beijing, 1989 (in Chinese).

P. F. Yao; On the observability inequalities for exact controllability of wave equations with
variable coefficients, SIAM J. Control Optim., 37 (1999) 1568-1599.

P. F. Yao; Observability inequalities for the Euler-Bernoulli plate with variable coefficients, in:
Differential geometric methods in the control of partial differential equations, in: Contemp.
Math., vol. 268, Amer. Math. Soc., Providence, RI, 2000, pp. 383-406.

P. F. Yao; Modeling and Control in Vibrational and Structual Dynamics. A Differential
Geometric Approach, Chapman and Hall/CRC Applied Mathematics and Nonlinear Science
Series, CRC Press, Boca Raton, FL, 2011.

[24] E. Zuazua; Controlabilite exzacte d’un modele de plaques vibrantes en un temps arbitrairement

petit, C. R. Acad. Sci. Paris Ser. I Math., 304 (1987) 173-176.

FENGYAN YANG

KEY LABORATORY OF SYSTEMS AND CONTROL, INSTITUTE OF SYSTEMS SCIENCE, ACADEMY OF
MATHEMATICS AND SYSTEMS SCIENCE, CHINESE ACADEMY OF SCIENCES, BEIJING 100190, CHINA

E-mail address: yangfengyan12@mails.ucas.ac.cn



	1. Introduction
	2. Main results
	3. Observability inequality
	4. Proofs of the results
	Acknowledgements

	References

