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SOLUTIONS TO SEMILINEAR ELLIPTIC PDE’S WITH
BIHARMONIC OPERATOR AND SINGULAR POTENTIAL

MOUSOMI BHAKTA

ABSTRACT. We study the existence and nonexistence of positive solution to
the problem
A%y — pa(z)u = f(u) + Ab(z) in Q,
u>0 in Q,
u=0=Au on 99,

where Q is a smooth bounded domain in RY. We show the existence of a
value A* > 0 such that when 0 < A < \*, there is a solution and when
A > \* there is no solution in W?22(Q) N W01’2(Q). Moreover as A T A*, the
minimal positive solution converges to a solution. We also prove that there
exists A* < oo with A* < A*, and for A > A*, such that the above problem
does not have solution even in the distributional sense/very weak sense, and
there is a complete blow-up. Under an additional integrability condition on b,
we establish the uniqueness of positive solution.

1. INTRODUCTION

In this article we study the semilinear fourth-order elliptic problem with singular
potential,
A?u — pa(z)u = f(u) + \b(z) in €,
u>0 in Q, (1.1)
u=0=Au on 09,
where A%y = A(Au), © is a smooth bounded domain in RN, N > 5. a,b, f are
nonnegative functions. a € L{ (), b € L*(Q), b # 0. p, A are (small) positive
constants. We assume that

f:RT — RT is a convex C' function with f(0) = 0= f'(0) (1.2)
and satisfying the growth conditions:
lim 0 = 00, (1.3)
t—oo
/ g(s)ds < oo and sg(s) <1 fors>1, (1.4)
1
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where, for s > 1, we define

f(®)
g(s) = sup . 1.5
(s) 1D ) (1.5)
It is easy to see that ¢ is nonincreasing, nonnegative function. Since by convexity
t— @ is increasing and f(0) = 0, it follows that s — sg¢(s) is nonincreasing.

As in the literature, W*P(€2) has the usual norm ( [, 20<|al<k |D“u|PdJ:)1/p.
Thanks to interpolation theory, one can neglect intermediate derivatives and see

that
& 1/p
lullwr@y = ([ lurdz+ | |D*updz) ™, (1.6)
Q Q

defines a norm which is equivalent to the usual norm in W*?(Q) (see [1]). As Q
is a smooth bounded domain and W(f P(Q) is the closure of C§° () with respect to
the norm in W*?(Q), invoking [I1, Theorem 2.2] we find that

1/p
e AL (1.7

defines an equivalent norm to ([1.6)). Now onwards we will consider W(f P(Q) endowed
with the norm defined in (L.7). The inner product in W22(2) N W, *(Q) is defined
by

(u,v)Wg,z(Q)ﬂWJ,z(Q) = /QAuAvdx,
which induces the norm
||u||W2,2(Q)mW(}v2(Q) = |Aulpz(q), (1.8)
is equivalent to (1.7) with k = p = 2 (for details see [11], 12]).

We assume a € L{ () and there exists a positive constant v > 0 such that

/(|Au\2 —a(z)*u?)dx > 7/ u? Yu € C5P(Q). (1.9)
Q Q

Using Fatou’s lemma and the standard density argument, it is easy to check that
(T.9) holds for every u € W22 N W,*(Q). Therefore we write

/(\Au|2 — a(z)?u?®)dr > 'y/ u? Yue WH2NW, Q). (1.10)
Q Q

We note that if a(xz) = a/|z|?> where a < @ := W, applying the following
Rellich inequality [13| [14]:

/ |Au|*dx > 072/ 2| Hulde  Yu € C§°(RY), (1.11)
RN RN

and the Poincare inequality along with the norm equivalence established above, it
is not difficult to check that holds. When a(z) = ‘fiQ, is the improved
Hardy-Rellich inequality (see [10], [15]).

We also assume

0<p </ (1.12)
Using (1.9) and (1.12) it follows that

1/2 1/2
a(x)uldr < / a(x)?u’dz / uldx < £ Aul?, 1.13
p | atonde < [ ateaar) ([ tas) < Ljduag 013)
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for all u € C§°(2). Therefore,

lul = / 18> — pa(x)a?)dr,

is a norm in C§°(2) and completion of C§°(£2) with respect to this norm yields
the Hilbert space H. By (1.13)), (1.12)) and (1.7, it follows that ||u||z is equivalent
to Hu||W02,z(Q). Thanks to (1.13)), the norm equivalence established above and the

Poincare inequality, there exists 4 > 0 such that

/(|Au\2 — pa(z)u®)dz > ’y/ widr ¥V u € C(Q).
Q o

Using Fatou’s lemma and the standard density argument it is easy to check that

/(|Au\2 — pa(z)u®)dz > ’y/ wlder Yu e W2 nW,2 (). (1.14)
Q o

This inequality implies that the first eigenvalue of A% — pa(x) is strictly positive.

Definition 1.1. We say that u € W22(Q) N W, ?(Q) is a solution of (T.1)) if u > 0
a.e., f(u) € L*(Q) and u satisfies

/ (AuA¢ — pa(z)ug)dr = / (f(u) + Xb(x))pdz Vo € WH2(Q) N Wy 2(Q).
Q Q

Similarly u € W2(Q) N W, () is called a supersolution (subsolution) if f(u) €
L2(Q) and for all positive ¢ € W22(Q) N Wy*(),

[ (@uao— paeyud)ds = (2) [ () + No(a))s do.

Q Q

Definition 1.2. We say that v € L'(Q) is a distributional solution or very weak
solution of (L.1) if u > 0 a.e., pa(z)u + f(u) € LL () and u satisfies (1.1)) in the

loc
distributional sense, i.e.,

[ wla% - pa(e)o)ds = [ (1) + M@)o do o € CE@).
Q Q

Similar type of problem with the Laplace operator in much more generalized
sense was extensively studied by Dupaigne and Nedev in [§]. In [§], the authors
proved a necessary and sufficient condition for the existence of L' solution and they
have also established an estimate from above and below for the solution. We also
refer [, 5l [7] (and the references therein) for the related problems in the second
order case.

Higher order problems are quite different compared to the second order case.
In this case a possible failure of the maximum principle causes several technical
difficulties. Possibly because of this reason the knowledge on higher order nonlinear
problems is far from being reasonably complete, as it is in the second-order case.
In the case of fourth-order problem Navier boundary conditions play an important
role to prove existence results as under this boundary condition, equation with
biLaplacian operator can be rewritten as a second order system with Dirichlet
boundary value problems. Then using classical elliptic theory, one can easily prove
a Maximum Principle. As a consequence, one can deduce a Comparison Principle
which plays as one of the key factor in proving existence results. In a recent work
[12], an equation similar to ((1.1)) with a(x) = 1/|z|* and f(u) = uP has been
studied. More precisely, in [12] the authors have studied the optimal power p for
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existence/nonexistence of distributional solutions. In recent years there are many
papers dealing with W22(Q)N VVO1 () solution of semilinear elliptic and parabolic
problem with bilLaplacian operator and some specific nonlinearities. We quote a
few among them [2, B, [6] O] (also see the references therein). Semilinear elliptic
equations with biharmonic operator arise in continuum mechanics, bio- physics,
differential geometry. In particular in the modeling of thin elastic plates, clamped
plates and in the study of the Paneitz-Branson equation and the Willmore equation
(see [11] and the references therein for more details).

This article is organized as follows: In Section 2 we recall some useful lemmas
from [I2] and prove some important lemmas regarding existence. In Section 3
we prove our main existence result. More precisely, under some hypothesis on
f, we prove there exists A* > 0 such that if 0 < A < \*, problem has a
minimal solution uy in W22(Q) N Wy?(Q). Moreover, if A > A\*, then does
not have any solution which belongs to W22(€2) N W, (Q). Under an additional
mild growth condition on f at infinity, we also prove when A T A*, there exists
ut € W2(Q) N W,*(Q) such that minimal solution uy of converges to u*
in W22(Q) N W,*(Q) and u* happens to be a solution of with A = \*.
Section 4 deals with the case for which does not have any solution even in
the very weak sense. In this case we establish complete blow-up phenomenon (see
Definition . Section 5 is devoted to the stability result where the minimal
positive solution in W22(Q) N W, ?(Q) already exists. In this section, under some
better integrability condition on b, we also prove (|1.1) with A = A\* has a unique
solution in W22(2) N Wy2(Q).

2. PRELIMINARY LEMMAS
Definition 2.1. We say that u € L*(f2) is a weak supersolution (subsolution) to
A%y = g(z,u) inQ,

in the sense of distribution if g(z,u) € L'(2) and for all positive ¢ € C5°(2), we
have

[ usods = (<) [ gla.wod.

If u is a weak supersolution and as well a weak subsolution in the sense of distri-
bution, then we say that v is a distributional solution.

Next we recall three important lemmas from [I2] which we will use frequently in
this paper.

Lemma 2.2 (Strong Maximum Principle). Let u be a nontrivial supersolution of
A2u=0 inQ,
u=0=Au on N
Then —Au >0 and u > 0 in .

(2.1)

For a proof of the above lemma see [12, Lemma 3.2].

Lemma 2.3 (Comparison Principle). Let u and v satisfy the following:
A% > A% in Q,
u>v  on 0L, (2.2)
—Au > —Av  on 0f.
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Then, —Au > —Av and u > v in .
For a proof of the above lemma see [12, Lemma 3.3].

Lemma 2.4 (Weak Harnack Principle [I2, Lemma 3.4]). Let u be a positive distri-
butional supersolution to (2.1). Then for any Bgr(xg) € Q, there exists a positive
constant C = C(0,p,q,R), 0 < g < %, 0<60<p<1, such that

||u||Lq(BpR(z0)) < Cess infBeR(-To) u.

Lemma 2.5. Leta € L _(Q), b € L?>(Q) , a,b > 0 a.e., b £ 0, u be a positive

loc

constant satisfying (1.12) and a satisfy (L.10). Then the equation
A?u — pa(z)u =0 in Q,
u=0=Au on 99,
has a positive solution u € W22(Q) N Wy 2(£).

Proof. Givenb € L2(£2), we know there exists unique u; € W220Wy(Q) satisfying
the following:

(2.3)

A%y =b inQ,
u; = 0= Au; on 0.
Applying strong maximum principle (Lemma we obtain u; > 0. Now define
up (n > 2) as follows:
A?u, = pa(x)un,_1 +b in Q,
U, = 0= Au, on I.
By (1.10)), we have pa(z)u,_1 € L*(€2). This in turn implies the existence of unique

u, € W22n WO1 2(Q) which satisfies (2.4). Also by comparison principle we have
O<u <+ <up_1<u, < .o
Claim: {u,} is a Cauchy sequence in W22 N W,*(Q).

To see this, we note that A2 (w11 —uy,) = pa(z)(u, —un_1). By taking (w41 —
up) as a test function and using (|1.10)), we obtain

(2.4)

AQungr — ) By = / (&) (ttn — 1) (i1 — tn)d

< il / ()2t — 1) 2d) % / (tns1 — un)?dac) /2

IN

%M(Un - un—1)|L2(Q)|A(un+1 - Un)|L2(Q)-

Therefore

%\A(un —Un—1)|r20) <+ < (\%)"_HA(UQ —u1)|r2Q)-
As < /7, from the above estimate we can conclude that {u,} is a Cauchy
sequence in W22(Q) N Wy *(€). Hence, there exists u € W2(Q) N W, ?(Q) such
that u, — u in W22(Q) N W, *(Q). Moreover, u > 0 since u,, > 0 for all n > 1.
As u, € W22(Q) N Wy (Q) solves (2.4), we have

/ Au,Apdr = u/ a(m)un_1¢dx+/ bodr Yo € WH2(Q) N W, 2 (Q).
Q Q Q

Taking the limit as n — oo, we obtain v is a solution to (2.3)). O

‘A(un—i-l - un)|L2(Q) S



6 M. BHAKTA EJDE-2016/261

Lemma 2.6. Leta € Li (Q), b€ L?(Q), f: Rt — RT (f convex) be nonnegative

loc

functions. Let u, A > 0, p < /7. Suppose there exists a mnonnegative supersolu-
tion @ € W22(Q) N Wy 2(Q) o (respectively for (2.3)). Then there emists
a unique solution u € W22(Q) N W,2(Q) to which satisfies 0 < u < W for
any supersolution w > 0 of (respectively for ) u is called the minimal

nonnegative solution of (L.1)) (respectively for (2.3)). By strong maximum principle
it also follows that u > 0 in Q.

Remark 2.7. We denote the minimal positive solution of (2.3) by ¢; and denote
G(b) = ¢1. The function 0 < u € W22(Q2) N Wy*(Q) solving (L) (respectively
(2.3)) also solves (1.1)) (2.3]) in the distributional sense (see definition (1.2))).

Proof. The proof is the same for both the equations (1.1) and (2.3), therefore
we present only the proof for (|1.1). First we will show that if minimal solution
exists then it is unique. To see this, let u; and us are two solutions which satisfy
0 < wu; <w,(i =1,2) for every nonnegative supersolution w. Thus u; < ug and
us < uy. Hence up = us.

Next, let @ > 0 be a supersolution to (1) and uy € W22(Q) N W,*(Q) be a
positive solution of

A%uy = Nb in Q,
ug = 0= Aug on IN.
By comparison principle we obtain 0 < ug < @ in 2. Next, using iteration we will
show that there exists u, € W22(Q)NWy*(2) for n =1,2,... such that u, solves
the problem
Azun = ,ua(x)un—l + f(un—l) + Ab(x) in ,
U, = 0= Au, on I.

Since @ is a weak supersolution to (1.1]), we have f(u) € L?(2). Thanks to the fact
that 0 < up < @ and f is convex (thus f is nondecreasing), we obtain f(ug) < f(a).
Thus f(ug) + Ab(z) € L*(Q). Also, by (1.10) it follows that pa(z)uy € L*(Q).
Therefore u; is well defined and by comparison principle 0 < ug < u; < @. Using
the induction method, similarly we can show that u,, is well defined and 0 < ug <
up < Sup < <
Claim: {u,} is uniformly bounded in W22(Q) N W, 2(Q).

To see this, let us note that from (2.5) we can write

|Aun|%z(m = /Q(,ua(x)un_l + fun—1) + Ab(z))u,dz

(2.5)

~2 o\~ ~
< /Q(,ua(:c)u + f(@)u + Aba)dx

< [pla(@)i|r2() + | f(@)|L20) + Alblr2@)] @l 12@) < C.

As a consequence there exists u € W22(Q)NW,"* () such that up to a subsequence
u, — uin W22(Q) N W, 2(Q) and u, — u in L2(€). From (2.5) we have,

/ Au, Addr = / [1a(x)un_1 + f(un_1) + Ab]pdz Vo € W2(Q) N Wy 2 ().
Q Q

Using Vitaly’s convergence theorem we can pass to the limit n — oo on the right-
hand side and obtain w is a solution to (l.1). Also w > 0 since u, > 0 for all
n>1.
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Let @ be another supersolution, then by comparison principle it follows that
ug < w and u, < w for every n > 1. Taking the limit n — oo, it gives us that
u < w. Hence the lemma follows. O

3. EXISTENCE AND NONEXISTENCE RESULTS

Theorem 3 1. Assume a € L1 (), 0£be L%Q), a,b, f are nonnegative func—

tions, , (L.12), (1.2), (1.3), (L.4) and (1.5 D are satisfied. Let G =

pa(x ))_ and Cl = G(b), as proved in Lemma (also see Remark.) Suppose
there exists constants € > 0 and C > 0 such that

f(e¢) € LA(Q) and G(f(e€1)) <C¢  ae. (3.1)
Then there exists 0 < X\* = X*(N,a(z),b(z), f, 1) such that if X < \*, then (1.1
has a minimal positive solution uy € W22(Q) N W 2(Q) and ux > A(;.
If A > \* then (L) has no positive solution in W22(Q) N W, 2().
Moreover, if A > 0 is small then
A < uy < 2X(.

The assumption (3.1]) is motivated from the work of Dupaigne and Nedev (see
[8, Theorem 1]). To prove this theorem, first we need to prove a lemma and a
proposition.

Lemma 3.2. Let the functions a,b and the constant p satisfy the assumptions in
Theorem [3.1] (1 = G(b) as in theorem[3.1] and assume that (L.2)) is satisfied. If

f(2¢0) € L*(Q)  and G(f(2Q1)) < 1,
then with A = 1 admits a solution u € W>2(Q) N W, *(Q).

Proof. Let f(2¢1) € L?(R2) and G(f(2¢1)) < ¢1. We define, v := G(f(2¢1)) + (1.
Clearly v > 0 and v € W22(Q) N W,"*(Q) since ¢; and G(f(2¢1)) are in W22(Q) N
Wol’Q(Q) by Lemma Also,

v—=C=G(f(20), v<2, f(v) e LXQ).
Thus we have
A*(v—G) — pa()(v = G) = f(2¢) in Q,
i.e.,
A%y — pa(z)v = f(2¢) +b> f(v)+b inQ
and v = 0 = Av on 992. As a result, v is a positive supersolution of with

A = 1. Finally, by applying Lemma@ we obtain the existence of minimal positive
solution u € W22(Q) N W, *(Q) of (L) with A = 1. O

Proposition 3.3. Suppose there exists X > 0 such that (P5) has a positive solution
u; € W23(Q)n Wy 2(Q). Then for every 0 < A < X, has a solution in
W22(Q) N Wy (Q).

Proof. Let us € W22 (Q)NWy(€2) denote a positive solution corresponding to
with X instead of A. Therefore by definition (see Definition f(us) € L*(Q).
Define, v = 5(1. Note that,

f) — na(z)(

>

A2(

)=

>
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This implies, UTA is a positive supersolution to (2.3). Therefore by minimality of

(1 it follows, ¢; < u%, which in turn implies v < uz. Let 0 < A < X and define,

w = u; — v+ A(;. Clearly w > 0. Using the definition of v and A we also get
f(t)

w < uy. By convexity of f, it follows =5~ is increasing and thus f is nondecreasing.

As a consequence, f(w) < f(us) and hence f(w) € L?(€2). Also,

A%w — pa(x)w = fluz) +Ab— (A= \)b = fluz) + b > f(w) + Ab.
As a result, w € W22(Q) N WOI’Q(Q) is a positive supersolution to (1.1). Hence by
Lemma there exists minimal positive solution of (L.1J). O

Proof of Theorem[5.1. We assume ({3.1)) holds.
Step 1: We show that if A > 0 is small then (1.1)) has a positive a solution
uy € W22(Q) N W, (). We will prove this step in the spirit of [§]. By Lemma
it follows that (1.1) has a solution as long as it holds

F@2XG) € L2(Q) and  G(f(2X\(1)) < A (3.2)

From the definition of g (see definition (L.5))), it follows that g(55) > f{t(t%) for
2

all £ > 0. Choosing t = 2A(y, we obtain f(2A(1) < f(eC1)g(55). Applying (3.1)),

we have f(2A(1) € L*(Q) and G(f(2A(1)) is well defined. Also by minimality of

G(f(2X¢1)) and by assumption (B.I)), we obtain
€ €
G(f(2X(1)) < g(ﬁ)G(f(eQ)) < OQ(ﬁ)Cl-
To show (3.2)) holds for A > 0 small, it is enough to prove that

;ii% Xg(i) =0 or equivalently Klgnoo Kg(K) =0.
Since s — sg(s) is nonincreasing, the above limit is well defined, i.e. there exists

C’ > 0 such that limg_.o Kg(K) = C'. If C’ > 0, then g(K) ~ < near oo and

this contradicts ((1.4]). Hence C' = 0 and (3.2)) holds for A > 0 small.
Step 2: Define,

A ={A>0:(Py) has a minimal positive solution w, },
By Step 1 and Proposition [3.3] it follows that A is a non-empty interval. We define,

A" =supA.

Then it is easy to see that, if A < A*, (1.1)) has a minimal positive solution and for
A > \*, (1) does not have any positive solution in W22(£2) N W, (Q).
Step 3: From G(b) = (1, it is easy to see that G(Ab) = A(z. If A < A* and uy
denotes the corresponding minimal positive solution of (1.1}, then it is not difficult
to check that u) is a supersolution to the equation satisfied by A(;. Therefore by

minimality of A(1, we obtain
ux > A1 (3.3)

Step 4: We show that if A > 0 is small, then
MG < uy < 2XG.
By Step 1, holds since A > 0 is small. Define, w = G(f(2A{1))+ 1. Therefore
w <20 and w — AG = G(f(2A)).
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As in the proof of Lemma [3.2) we can establish that w € W22(Q) N Wy*(Q) is a
positive supersolution of (1.1)). Thus uy < w < 2A¢;. Combining this with (3.3]),
we have A\(1 < uy < 2A(;. O

Define

u*(z) = ilTr)r\l* ux(z), = e (3.4)

Theorem 3.4. Assume the assumptions in Theorem[3.1] are satisfied, uy denotes
the minimal positive solution of (1.1]) for 0 < X < A* and u* is as defined in (3.4)).
In addition suppose f satisfies the condition

lim s/'(5)

s—oo f(s)
Then u* € W>2(Q) N Wy () and u* is a solution to (L)) with \* instead of \.
Moreover, uy — u* in W22(Q2) N Wy(Q).

Remark 3.5. Since f is convex and C!, (3.5)) is a mild assumption. It is easy to
see that if f € C2 and strictly convex, then (3.5) is obvious.

Proof of Theorem[3]] wy begin a solution of (L.1)) implies

/ AuyAv = ,u/ a(x)uyv +/ flux)v + )\/ b(z)v Vo e W22(Q) N W2 (Q).
Q Q Q Q

(3.6)
By Theorem [5.2} it follows that uy is a stable solution of (L.1)) (see Definition [5.1)).
Therefore [, (|Aux|* — pa(z)u3 — f'(ur)u3 )dz > 0. Hence by taking v = uy in (3.6)
we have

/Qf'(uA)uidx < /Q(|Au,\|2 — pa(x)ul)ds :/(f(u,\)uA + Abo(z)up)dx.  (3.7)

Q

> 1. (3.5)

Moreover, using (3.5) we can write, for every € > 0 there exists C' > 0 such that
(1+e)f(s)s < fl(s)s* +C Vs> 0. (3.8)
Hence combining (3.7)) and (3.8]) we obtain
(1+¢) / (f'(ux)u3 — Ab(2)uy)dz < (1 4+ e)/ fluy)undr < /(f'(u)\)ui + C)dz.
Q Q Q
As a result,
e/ fluy)uidde < Q|+ (1 + e))\/ burdz.
Q Q
Consequently,
/ flun)updz < Cy + C’g)\/ buydz, (3.9)
Q Q

for some constants C7, Cy > 0. Since A < \*, by taking v = u, in (3.6 and applying
Holder inequality and (3.9 we have

/Q|Aw|2dgg:u/ﬂa(x)ui+/Qf(m)w+A/QbuA

< ,LL|(Z(:C)U>\|L2(Q)|U)\‘L2(Q) + )\*(1 + 02)/ buydx + Cy.
Q
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Applying (|1.10) and Cauchy-Schwartz inequality with § > 0 on the above estimate,
we obtain

/Q |Auy [2da < %mwim) + Csb| 20y [ur| 120 + C

3
|b‘L2(Q)|AUA‘L2(Q) +
=7 Vel

< 7|AUA|L2(Q) + 0| Auz |72y + ¢(8)[bl72(q) + Cr-

|Au>\|L2 ot —F=

Since p < /7 (by (1.12))), we can choose § > 0 such that f + 6 < 1. Hence from
the above estimate we have

/ |AUA|2dJE < C4|b‘%2(9) + Cl < Cla
Q

for some constant C’ > 0. This implies {uy} is uniformly bounded in W?22(Q) N
Wy2() for A < A*. Consequently, by we conclude that uy — u* in W2(Q)N
WO1 2(Q) Passing to the limit A — A* in , via Lebesgue monotone convergence
theorem, it is easy to check that u* is a solution to with \* instead of A\. When
A — \*, using monotone convergence theorem we also have

||u>\H[2/V2,2(Q)nW01,2(Q) :/QlAu)\|2d.T

ZM/a(x)U§+/f(U,\)UA+/\ bu
u/ x)u* +/f Ju +/\*/bu

= [ 18w e = 1 g

Hence HuAHWm(Q)mWOl,z(Q) [luw* ||W212(Q)HW01.2(Q). Combining this along with the

weak convergence, we conclude uy — u* in W22(Q) N W, 2(9). O
We denote by wuy«, the minimal positive solution of (1.1)) with A\* instead of A.

4. NONEXISTENCE OF VERY WEAK SOLUTION AND COMPLETE BLOW-UP
Define
A* = sup{\ > 0: (T.1) has a very weak solution/distributional solution }.

It is not difficult to check that if u € W22(Q)NW,*(Q) is a solution to (T.1) in the
sense of Definition then u is a very weak solution of (1.1]) as well. Therefore
AF >

Lemma 4.1. \* < o0o.

Proof. Assume (1.1]) has a very weak solution u € L'(£2). Therefore
[ 0@~ wa@o)de = [ (fw) + M@)o do voe CF@). (@)
Q Q
Let Q € Q and ¢ € C5°(Q2) be a nonnegative function such that supp(v)) C Q. We
choose ¢ as follows:

A%2p =1 inQ,
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p=0=A¢ on ON.
Clearly ¢ € C*°(Q2) and by strong maximum principle ¢ > 0 in €. Thus there
exists ¢ > 0 such that ¢ > ¢ > 0 in §. Substituting this ¢ in (4.1]), we have
,u/ a(x)ud dx—|—/ fu)o da:—|—/\/ b(x)p dx = / wp dx = / up de.  (4.2)
Q Q Q Q

Q
Since f satisfies , it is easy to check that, for ¢ > 0 there exists a constant
C. > 0 such that
u < Ce+ef(u).
Therefore from the right-hand side of we obtain

/uw dx < Ce/ ¢dx+e/ flw)pdx < Ce/ wdx+e|ﬁ|Lm(Q~)/ f(u)odx
Q Q Q Q ¢ Q
Now choose € > 0 such that 6%\“{,(@ < 1/2. Thus from (4.2)) we have

1 !
,u/ﬂa(x)u(bdx—l—g‘/ﬂf(u)(ﬁdm—i—)\/gb(x)(bdxSC/Qz/deSC.

This implies M < oo, In particular there are no solutions of (1.1f) for A > N*, even
in the very weak sense. (I

Definition 4.2. Let {a,(x)}, {bn(2)} and {f,} be increasing sequence of bounded
functions converging pointwise respectively to a(x), b(z) and f. (Since f € C1(R™T),
without loss of generality we can also assume f, € C(RT)). Let u, € W22(Q) N
W,y(€2) be the minimal nonnegative solution of

AUy, — puay, ()t = fr(tn) + Aby(x)  in Q,

Uy, =0 = Au, on JQ.

We say that there is a complete blow-up in (|L.1)), if given any such {a,(x)}, {b,(2)},
{f’ﬂ} a’nd un,

(4.3)

Up(z) 00 Vaze

We remark that the existence of u,, follows from Theorem The next theorem
is proved in the spirit of [12].

Theorem 4.3. Fiz A > 0. Suppose (1.1) does not have any solution, even in the
very weak sense. Then there is complete blow up.

Proof. Let u, € W22(Q) N W, ?(Q) be the minimal nonnegative solution of [@©3).
Using the monotonicity property of a,, b, and f,,, we obtain u,,41 is a supersolution
of the equation satisfied by u,. Thus u, < u,4+1. Therefore to establish the blow-
up result, it is sufficient to show the complete blow-up for the family of minimal
solutions u,,.

We prove this by the method of contradiction. Assume there exists o € 2 and a
positive constant C' such that u,(xg) < C. Thus applying weak Harnack inequality
(Lemma we have

‘un‘Ll(BpR(IO)) < Cess infBe/R(fo) un, < Cup(zo) < ,

where 0 < 6 < p < 1. Then following the same argument as in [12], we can show
that there exists > 0 and a positive constant C' = C(r) such that

/ updr < C, uniformly for n € N.
B,(0)
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Therefore, applying the monotone convergence theorem we see that, there exists
u > 0 such that u, — u in L1(B,(0)).
Let ¢ be the solution to the problem

A’¢ =xp. (o) inQ,
¢=0=A¢ on 0.

Clearly ¢ € W4P(Q) since XB,(0) € LP(Q2) for all p > 1. Taking ¢ as a test function
in (4.3]), we have

/(an(w)unqb + foltn)d + Abpo)dr = / updr < C.
Q

B.(0)
By monotone convergence theorem and Fatou’s lemma, it follows that
an(2)un T a(z)u in Liy.(B.(0)),
falun) = f(u) i Lie(Br(0)) and  by(z) 1 b(x) in Lig.(B(0)).

Hence as in [I2, Theorem 5.1], we can conclude that u is a very weak solution to
(1.1) in B,,(0) € B,(0) and this contradicts the assumption of this theorem. O

Combining Lemma [£.1] and Theorem we obtain the following corollary.
Corollary 4.4. If A > X\*, then there is complete blow-up.

5. STABILITY RESULTS

Definition 5.1. We say that u € W22(2) N W, *(Q2) is a stable solution, if the
first eigenvalue of the linearized operator of the equation (1.1]) is nonnegative, i.e.,

if
JoABI? — pa(x)d® — f'(u)p?)dx
HeCE (D\(0) Jq ¢*dx =0

Theorem 5.2. Suppose all the assumptions in Theorem [3.1] are satisfied and for
0 < A< A, let uy denote the minimal positive solution of (1.1). Then uy is stable.

Proof. Following the idea of Dupaigne and Nedev [§], we prove this theorem. Let
an(x) = min(a(z),n), b, = min(b(z),n) and u, € W22(Q) N W, *(Q) denote the
minimal positive solution of the problem
A?uy, — pay (2w, = f(un) + Abp(z)  in Q,
U, = 0= Au, on .

By Lemma uy, is well defined since u, is a supersolution of (5.1). Let AT(A? —
pan (z) — f'(uy)) denote the 1st eigenvalue of the linearized operator A2 — pa,, (x) —
' (un).
Claim: \}(A? — pan(x) — f'(un)) > 0.

To prove this claim, we choose p > N. Define, I : R x W*P(Q) — LP(Q) as
follows

(5.1)

I\ u) = A%u — pay (z)u — f(u) — Aby,.

An easy computation using (|1.14) and implicit function theorem, (see [§]) it follows
that there exists a unique maximal curve A € [0, \#) — u(\) such that

I u(N) =0 and I,(\u(N) € Iso(W*P.LP).
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If 0 < A < A#, then u, < u()), since u,, is the minimal positive solution of (5.1)).
Thus f(u,) < f(u(N). Moreover, I(\,u()\)) = 0 implies f(u())) = A2u()\) —
pap, (z)u(X) — Aby (x) € LP(2), which in turn implies f(uy,) € LP(Q2). Therefore by
elliptic regularity theory, u, is in the domain of I and hence u,, = u()).

Following the same method as in [§], we can show that if 0 < A < A*, u,, is
in the domain of I. Thus A\* = \* (otherwise we could extend the curve u(\)
beyond A\# contradicting its maximality). We also claim that the first eigenvalue
of I,(A, u,) does not vanish for any A < A*. To see this, assume ¢ is an the
eigenfunction corresponding to this first eigenvalue. If the first eigenvalue vanishes
for some \g < A\*, then we have A2¢ — pa(x)p — f'(un)¢ = 0, i.e., L,(Ao,un) =0
but we know that I, (\,u) can not vanish for any A\ < A\# (otherwise u()\) will not
be the maximal curve). Consequently, since A* = \*, we can say that the first
eigenvalue of I, (A, u,) does not vanish for any A < A*. Moreover, by we
know first eigenvalue of I,,(0,0) is strictly positive. Therefore we conclude that
AH(A? — pay(x) — f'(un)) > 0 for every A € [0, \%).

Also, {u,} is a nondecreasing sequence and converges to a solution of in
W22(Q) N Wol’z(Q). Since u, < wuy, lim, oo U, has to be the minimal solution
u). Therefore by monotone convergence theorem we conclude the first eigenvalue
A1 (A% — pa(x) — f/(uy)) > 0 which completes the proof. O

Theorem 5.3. Suppose the assumptions in Theorem[31 hold and uy is the minimal
positive solution of . Also assume is satisfied. If A\ = \* and b € LP(Q)
for some p > %, then uy~ is the only positive solution of , with \* instead of
X, which belongs to € W22(Q) N W, 2(Q).

Proof. Suppose the theorem does not hold and v and v are two distinct positive
solutions of (L.I), with A\* instead of A, where u,v € W22(Q) N Wy*(Q). Let
u be the minimal positive solution. Therefore © < v. Applying strong maximal
principle we can easily check that u < v in . Since w and v are solution, by
Definition we have f(u), f(v) € L*(Q). Thus applying (L.10), we obtain
pa(x)u+ f(u)+A*b € L*(Q). This together with the elliptic regularity theory gives
uw e WH2(Q) N W, 2(Q). Similarly same result holds for v as well. Define w = iy,
Then w € W42(Q) N Wy2(€2) and by convexity of f, we have

Thus,
A?w — pa(z)w = M + A > f(w) + A*D.

Thus w is a supersolution of with \* instead of A\. By Lemma it follows
that w is a solution to (Py+). As a consequence, inequality on the above expression
becomes equality and by convexity of f we conclude that f is linear on [u(x), v(z)]
for almost every z € Q. For € € (0,1), define 6 = eu + (1 — €)v. Therefore f”(6(z))
exists for a.e z € Q and f"(0(z)) = 0 a.e. x € Q. This implies V(f/(0)) =0 a.e. in
Q, which in turn implies f/(§) = C a.e. in Q and f(0) = CO+ D a.e. in Q for some
constant C' and D. Moreover, using convexity of f, this implies f(¢t) = Ct + D
for t € [ess inf 0, esssupf]. Applying Lemma we have essinff = 0. Since
f(0) = 0 = f/(0), we obtain f = 0 on [0,esssupf]. As e > 0 arbitrary, we can
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conclude f =0 on [0, esssupv]. Therefore u and v both satisfy
A?u — pa(x)u = Nb(z) in Q,
u=0=Au on 0.
This in turn implies, v — u satisfies
A%(v —u) — pa(z)(v —u) =0 in Q,
v—u=0=—-A(v—u) on Q.
This contradicts since v — u € W22(Q) N W,"*(Q). Hence u = v. O

6. APPENDIX

Lemma 6.1. Ifb € LP(Q) for some p > max{2, ¥} and w € W*2(Q) N Wy2(Q)
is a supersolution of (1.1)) with \* instead of A\, then w is a solution of (1.1|) with
A* instead of A.

Proof. Let w be a supersolution of ([1.1)) with A* instead of A and not a solution.
Define, v € D'(§2) by

v($) = /Q w(A2) — (pa(z)w + f(w) + XD)g Vo € C(Q).

Since w is a supersolution, by Definition we have f(w) € L?(Q). Therefore
thanks to (1.10]), we obtain v € L?(Q)). Moreover, w is a supersolution implies
v > 0. w is not a solution implies v # 0. Consider the problem

A%y =v inQ,
Y =0=Ay on .
We can break this problem into system of second-order Dirichlet problem by defining
—“AYp=1 inQ, =0 ondQ,
~AYp=v inQ, =0 on N
Then by the weak maximum principle it is easy to check that ¢ > ed(z) for some
€ > 0, where é(x) = dist(x, 9Q). Next we consider the problem
A’n=b inQ,
n=0=An on 0.
As before we break this problem into system of equations as follows:
—An=7n in§, n=0 ondQY,
—Af=b in, =0 on .
Since b € LP(Q)) for some p > %, using theory of elliptic regularity and Soblev

embedding theorem, we obtain 77 € LP (Q) where p* = N]Xgp > N. Therefore

n € CH*(Q) for some a € (0,1). Hence n < Cé(z) in Q for some C € (0,00).
Define, v = w4 eC ' — 1. Clearly v < w in Q and v € W22(Q) N W, *(Q). Also,

A% = A*w+eC—v
= pa(x)w + f(w) + Nb+v+eC b —v
> pa(z)v+ f(v) + (A +eC™Hb.
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As a result, v is a supersolution to (1.1)) with A* + eC~! instead of A\. Hence (.1]),
with A* +eC~! instead of A, has a solution contradicting the extremality of \*. [

The next lemma is in the spirit of [8] Lemma 3.2].

Lemma 6.2. If u € L*(Q) is an nonnegative distributional solution of A%u = h in
Q, where h € L*(2), then essinfu = 0.

Proof. Assume the lemma does not hold, that is, there exists ¢ > 0 such that
u>e>0a.e. in Q. We extend u and h by 0 in RV \ Q. Let p,, denote the standard
molifier. Define u,, = u  p, and h,, = h % p,,. Following the same argument as
in [8, Lemma 3.2], we can show that, there exists a > 0 such that for n large
enough u,, > ae everywhere in  and given w € Q and n large enough, A%u,, = h,
everywhere in w. Let ¢ solve the following problem

A2 =1 inw,
p=0=A¢ on dw.
Integrating by parts we obtain

/undx:/unA2¢dx

:/Au,A(bd;H—/ i(Aqb)unds
w ow on

(6.1)

0
= A .
/whnqbdm—&— . 8n( @)unds
Thus,
/ hn¢dx — / Updr = — E(A(;S)unals < —ae|wl,
w w ow on

since [, (%(Agb)ds = |w| (follows from (6.1)) after integrating by parts). Since
Up — u in LY(Q), hy, — h in L}(2) we obtain

/hd)dxf/ud:r < —ae|wl.

Next we choose w = wy, := {x € Q : dist(x,09) > 1}, n — co. Let ¢, denote the
corresponding solution to (6.1)) in w,. Then ¢, 1 ¢ where ¢ solves

A2 =1 inQ,
¢=0=A¢ on 0.
Taking the limit » — oo in fwn hopdx — fwn udr < —aelw,| and using A%u =
h in Q, we have 0 < —ae|€2|. This gives a contradiction. O

Theorem 6.3. Assume (1.12) is satisfied. Then problem (4.3|) has a nonnegative
minimal solution for every A > 0.

Proof. Step 1: Assume a € Li _(2) which satisfies (1.10). Let b € L>°(Q) and

loc

f € L=¥(R*") N C(R') be nonnegative functions, b # 0 and A > 0. Then there
exists u € W22(Q) N W,y () such that u solves (L.1)) for all X > 0.
To prove step 1, let ug € W22(Q) N Wy *(2) be a positive solution to
A%yy =Mb in Q,
ug = 0= Aug on IN.
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Since \b € L>®(Q) C L*(Q) we obtain ug € W22(Q) N W,?(Q). Next, using
iteration we will show that there exists u,, € W22(Q) N W, (Q) for n = 1,2,...
such that wu,, solves the problem

A?uy, = pa(x)tun_1 + f(un_1) + Ab(x) in Q,

U, = 0= Au, on 9.
Thanks to (1.10) and the assumptions that f,b € L>®(Q), it follows that pa(z)ug +
fug) + Ab(x) € L*(Q). Therefore u; is well defined. Moreover, by comparison

principle 0 < ug < wuy. Using the induction method, similarly we can show wu,, is
well defined and 0 < ug <wup <---<wu, <....

Claim: {u,} is uniformly bounded in W?22(Q) N W, *(Q).
To see this, note that from (6.2]) we can write

Bty = [ (e s + Flaa-1) + (o) (6.3)

(6.2)

Using Holder inequality, (1.10)) and Young’s inequality, the terms on the right-hand
side can be simplified as follows

)\/Qbunda: S /\‘b|Lm(Q)|Q|1/2‘un|L2(Q)

C
< ﬁ|b|L°°(Q)|Aun|L2(Q)
< €|Aun|i2(§z) + C(€)|b|%oo(n) )

/Q Pt )und < ||| un] 2o

C
< 7|f|L°°(Q)|AUn|L2(Q)

< el A2y + (|70 »
,u/ a(2)up_1upde < u/ a(z)u%dx
Q Q
< pla(@)un| L2 Q) [unlL2 @)

H 2
< Auy, .
V7 | |z (2

Since pu/\/7 < 1, we can choose € > 0 such that 2e + % < 1. Substituting this € in
above three inequalities and combining them with (6.3)), we have

|Aun|F20) < C(IblL (@) + | flre@)-

This proves the claim. As a consequence there exists u € W22(Q) N Wy () such
that up to a subsequence u, — u in W22(Q) N Wy*(Q) and u, — u in L(Q).
Therefore we can conclude the theorem as we did in Lemma

Step 2: Let {b,(x)} and {f,,} be increasing sequence of bounded functions converg-
ing pointwise respectively to b(z) and f (f, is continuous for n =1,2,... ). Then
by Step 1, there exists a nonnegative minimal solution v,, € W?22(Q) N Wol’Q(Q) of
the problem

A?v, — pa(z)v, = fn(vn) + Abp(x) in Q,

6.4
v, = 0= Av, on . (6:4)
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Clearly v,, is a nonnegative supersolution to (4.3). Therefore the theorem follows
from Lemma 2.6l O

Final Remark. The results of this article can be easily extended to the equations
of the form

A2y — pa(x)u = c(z) f(u) + \b(z) in Q,
where c € Llloc(Q) is a nonnegative function. In particular, will be changed to

cf(e¢) € L*(Q) and G(c(z)f(e€1)) < CG.
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