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EXISTENCE OF POSITIVE ENTIRE RADIAL SOLUTIONS TO A
(k1,k2)-HESSIAN SYSTEMS WITH CONVECTION TERMS

DRAGOS-PATRU COVEI

ABSTRACT. In this article, we prove two new results on the existence of positive
entire large and bounded radial solutions for nonlinear system with gradient
terms

Sky M(D?u1)) + b1 ([2])|Vur [** = p1([2]) f1(u1,uz)  for z € RY,
Sky (M(D?u2)) + ba([2])|Vuz|* = pa(|2]) f2(u1, uz) for z € RY,

where Sg, (A(D?u;)) is the k;-Hessian operator, b1, p1, f1, b2, p2 and fz are
continuous functions satisfying certain properties. Our results expand those
by Zhang and Zhou [23]. The main difficulty in dealing with our system is the
presence of the convection term.

1. INTRODUCTION

The purpose of this article is to present new results concerning the nonlinear
Hessian system with convection terms

St MD*ur)) + b (|2) [V [** = pa(|a]) fr(ur, uz), & € RY,
S MD?uz)) + ba(|2])[Vuz|** = pa(|a]) fo(u, uz), & € RY,

where N > 3, by, p1, fi, b2, p2, fo are continuous functions satisfying certain
properties, k1, ke € {1,2,..., N} and

Sp,(A) = > Xip oo Aigs A=A, An) RN i=1,2,

1Si1<'“<i)€i <N

(1.1)

denotes the k;-th elementary symmetric function. In the literature Sy, (A(D?u;)) it
is called the k;-Hessian operator. For instance, the following well known operators
are included in this class: S;(A(D%u;)) = Zivzl A; = Au; the Laplacian operator
and Sy (A(D%u;)) = vazl i = det(D?u;) the Monge-Ampere.

In recent years equations of the type have been the subject of rather deep
investigations since appears from many branches of mathematics and applied math-
ematics. For more surveys on these questions we refer the paper to: Alves and
Holanda [I], Bao-Ji and Li [3], Bandle and Giarrusso [2], Clément-Mandsevich and
Mitidieri [4], De Figueiredo and Jianfu [6], Galaktionov and Vézquez [7], Jiang and
Lv [9], Salani [20], Ji and Bao [12], Jian [I1], Peterson and Wood [16], Pripoae

2010 Mathematics Subject Classification. 35J25, 35J47, 35J96.

Key words and phrases. Entire solution; large solution; elliptic system.
(©2016 Texas State University.

Submitted August 23, 2016. Published October 10, 2016.

1



2 D.-P. COVEI EJDE-2016/272

[I7], Quittner [I§], Li and Yang [13], Li-Zhang and Zhang [14], Viaclovsky [21] 22],
Zhang and Zhou [23] and not the last Zhang [24].
The motivation for studying (L.1)) comes from the work of Jiang and Lv [9] where
they study the system
Auy + |Vur| = pr(|z]) fi(ur,up)  for z € RY (N > 3),
Aug + |Vug| = pa(|z|) fo(ur, uz) for z € RY (N > 3),
and from the recently work of Zhang and Zhou [23] where the authors considered
the system
Sk(M(D?ur)) = pr(|a]) fi(uz) for € RY (N > 3),
Sp(A(D?*u2)) = pa(|z]) f2(u1) for z € RN (N > 3).
Our purpose is to expand and improve the results in [23] for the more general

system (1.1). By analogy with the work of Zhang and Zhou [23] we introduce the
following notations

Co = (N = DV/[ka'(N = k1)!], Coo = (N = 1)!/[k2!(N — k2)!],

ki—N €1
By (§) = : oy P ( - /0 a)fkl_llh(f)dt),
¢
B () =&V exp (/0 Ciot’“—lbl(t)dt)p1 €),
e gha—N ¢ -
B2 (5) = Coo exp ( _/0 Cfoot bQ(t)dt),

B = Lo ([ ot 0 )me),

0 00

Pi(r) = /O (B;(r) /0 Bf(t)dt)l/kldn
Po(r) = /0 ' (B;(r) /0 ' B;(t)dt)l/kzdn

T
1
Fio(r) =/ dt
arvas f17P () + £y "2 (8 )
forr>a;+as >0, a1 >0, a; >0,
Py(c0) = Tlg{)lo Pi(r), Pa(o0)= Tli)rglo Py(r), Fia(c0)= Sll)rgo Fy 5(s).

We will always assume that the variable weights functions by, bs,p1,p2 and the
nonlinearities fy, fo satisfy:

(A1) by,by : [0,00) — [0,00) and p1,ps : [0,00) — [0,00) are spherically sym-
metric continuous functions (i.e., p;(x) = p;(|z|) and b;(z) = b;(Jz|) for
i=1,2);

(A2) f1, f2:]0,00) x [0,00) — [0,00) are continuous and increasing.

Here is a first result.

Theorem 1.1. We assume that Fy 3(00) = oo and (A1), hold. Furthermore, if
f1 and fo satisfy (A2), then system has at least one positive radial solution
(u1,u2) € C?([0,00)) x C%([0,00)) with central value in (a1,az). Moreover, the
following hold:
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(1) If Pi(00) + Py(00) < 00, then lim,_ o ui(r) < 0o and lim, o us(r) < co.
(2) If Pi(00) = 00 and Py(00) = oo, then

lim ui(r) =00 and lim uy(r) = oc.

In the same spirit we also have, our next result.

Theorem 1.2. Assume that the hypotheses (A1) and (A2) are satisfied. If Py(o0)+
P5(00) < Fy2(00) < 00, then system has one positive bounded radial solution
(u1,u2) € C%(]0,00)) x C%(]0,00)), with central value in (a1,az), such that

ar+ £ (a1,02) Po(r) < ua(r) < F3 (Po(r) + Pa(r)),

az + 5/ (a1,02) Po(r) < ua(r) < F 3 (Po(r) + Pa(r)).

2. PROOFS OF MAIN RESULTS

In this section we give the proof of Theorems and For the readers’
convenience, we recall the radial form of the k-Hessian operator.

Remark 2.1 (see [12,20]). Assume ¢ € C2[0, R) is radially symmetric with ¢/(0) =
0. Then, for k € {1,2,..., N} and u(x) = ¢(r) where r = |z| < R, we have that
u € C%(Bg), and

AD2u(ry) = J #1012 orr € (0,R),
(¢"(0),"(0),...,¢"(0)) forr=0;

— "(r)\k—1 — _ ()N k
S (A(D?u(r))) = LN D (5) T + OV AR (52)T, r e (0B,
CR(¢"(0)) for r =0,

where the prime denotes differentiation with respect to r = || and C% Y = (N —

D)1/[(k — DUN — k)1].

Proof of the Theorems and We start by showing that system (|1.1))
has positive radial solutions. For this purpose, we show that the system of ordinary
differential equations

ki—1 N—k
CN_1r Lo R (1) dt g \kq
NL L el s ()]
reT 1
T k11, (t)dt

:efo % 1) pl(r)fl(uhuQ)v 'f’>0,
ko—1 _
ONy ke
’I“N_1 kg

t*2 = 1by (t)dt

I C%mtkrlbz,(t)dt(ué)kg]/ (2.1)

_ ol s pa(r) falun, ) 7> 0,
w(r) >0 and u(r) >0 forr € [0,00),

u1(0) =a; and wu2(0) = as,

has a solution. Therefore, at least one solution of (2.1)) can be obtained using
successive approximation by defining the sequences {u]"},,>0 and {u%'}m,>0 on
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[0,00) in the following way
u(l):al, ug:ag forr >0
m ' - ! + m—1 m—1 1/k1
ul(s) = a1 + /0 B (1) /0 B (s) i ™ (s), g~ (s))ds| 22)

r/kzdt.

)=+ [ (B0 [ B 008 0

It is easy to see that {u]"},,>0 and {u5'},,>0 are non-decreasing on [0, 00). Indeed,

we consider
1/k1

iy =an+ [ [Br0) [ BRGS0
=ay + /OT :Bf (t) /075 Bf(s)fl(al,az)ds} 1/kldt
<ot [ (B0 [ B 5o a =i

This implies that u}(r) < u?(r) which further produces u?(r) < u}(r). Continuing,
an induction argument applied to (2.2) show that for any r» > 0 we have
u(r) <uTHr) and  ul(r) <ulT(r) for any m € N

ie., {ul"}m>0 and {us'},,>0 are non-decreasing on [0, 00). By their monotonicity,

we have the inequalities
N—ki ., _
O el & Oy < BE O A ), (23
ko—1 Nk [ Stk by (8)dE . ™1k \/ + m m
Oxvoid ks e’o oo [(ug )]} < By (r) fa(ui", uz). (2.4)

After integration from 0 to 7, an easy calculation yields

(uf"(r))’
1/k1

< (Br0) [ BrOAGE O 0))
1/k: (2.5)

< (Br0) [ BLOAGR®O +uf @.000) + 0 (0)ar)

< (4 1) @ )+l (), w () + ul () (B (r) / Bf (t)ydt)/™

/.

As before, exactly the same type of conclusion holds for (u3*(r))
1/k2

) < (B3 0) [ BERGEE).E ()iz) .
0 2.6

B r 1/ka
< A+ B+ gt + ) (B (1) / Bf () .

Summing the inequalities (2.5) and (2.6)), we obtain
m m !/
ki | ;1/ks UL 12). < Py(r) + Py(r).
(A7 L) @ () 4w (r), ui (1) + ugt (7))

(2.7)
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Integrating from 0 to r, we obtain

/ (r)+usz*(r) 1 - "
dt < Pi(r) + Py(r).
ay1+az 11/k1 (t, t) + f21/k2 (t, t)
We now have
Fra(ui*(r) +ug'(r)) < Pi(r) + Pa(r), (2.8)

which will play a basic role in the proof of our main results. The inequalities (2.8])
can be reformulated as

uf (r) +ug'(r) < Fiy (Pu(r) + Pa(r)). (2.9)
This can be easily seen from the fact that F} o is a bijection with the inverse function
F 1_21 strictly increasing on [0,00). So, we have found upper bounds for {uf*},,>0

and {u}"},,,>0 which are dependent of r. We are now ready to give a complete proof
of the Theorems [[.1] and

Proof of Theorem completed. When Fj o(c0) = oo it follows that the sequences
{uf*}m>0 and {uh'},,>0 are bounded and equicontinuous on [0, ¢g] for arbitrary
co > 0. By the Arzela-Ascoli theorem, {(u}",u3")}m>0 has a subsequence con-
verging uniformly to (u1,us) on [0, ¢o] X [0, co. Since {ul"}m>0 and {u},>0 are
non-decreasing on [0, 00) we see that {(u]*, u3") }m>o itself converges uniformly to
(u1,ug) on [0, o] X [0,¢o]. At the end of this process, we conclude by the arbitrari-
ness of ¢g > 0, that (uy, us) is positive entire solution of system . The solution
constructed in this way will be radially symmetric. Since the radial solutions of the
ordinary differential equations system are solutions it follows that the
radial solutions of (|1.1)) with u1(0) = a1, ua(0) = a9 satlsfy

uy (r) =a1+/ / By (£) f1 (un (£), ua(t ))dt)l/kldy, (2.10)
w)=axt [ (B0) [ B O R0 O0@w) e, @1

0
for all » > 0. Next, it is easy to verify that the Cases 1. and 2. occur.
Case 1. When P;(00) 4+ Py(00) < 00, it is not difficult to deduce from (2.10) and

(2.11)) that
up(r) +uz(r) < F1_21 (P1(00) + Py(o0)) < oo for all 7 >0,

and so (u1,uz) is bounded. We next consider:
Case 2. When P;(00) = P2(00) = 0o, we observe that

uy(r) =ay + /OT (Bf(t) /Ot Bfr(s)fl(ul(s)’uz(s))ds) 1/k1dt
> a1+ £, (a1, 0) / (Br () /t Bf(s)ds)l/kldt (2.12)
0 0

= a1 + fll/kl (al,az)P1(7").

The same computations as in (2.12)) yields

us(r) > ag + f2'% (ay, a2) Pa(r).
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and passing to the limit as r — oo in (2.12)) and in the above inequality we conclude
that
lim uq(r) = lim wus(r) = oo,

T—00 T—00

which yields the result. O

Proof of Theorem[I-3 completed. In view of the above analysis, the proof can be
easily deduced from

Fia(ui*(r) +uy'(r)) < Pi(c0) + P2(00) < Fi2(00) < o0,
Indeed, since F1_21 is strictly increasing on [0, c0), we find that
u (r) + uz(r) < Fy 5 (Pi(00) + Pa(00)) < oo,

and then the non-decreasing sequences {uf” }>0 and {u5’ },,>0 are bounded above
for all » > 0 and all m. The final step, is to conclude that

(u*(r), ug'(r)) = (ur(r),uz(r)) asm — oo
and the limit functions u; and wuo are positive entire bounded radial solutions of
system ((1.1)). O
Remark 2.2. Make the same assumptions as in Theorem or Theorem on
b17 b1, f17 b27 b2, f2' If7 in addition,

N — lz] (N-1
pi(|z]) > (Ckrl ki ballz]) )/0 i pi(s)ds, xeRY, (2.13)

NIRRT RN ) G
N —ky o by(z]) y [lE sV
palle) 2 (NS ow — o) | g (s w €Y, @19)

then the solution (u1,us) is convex.
Proof. 1t is clear that

ont VN —k1

7“N71 kl

and integrating from 0 to r yields

T _1 1— ! = -
oJo a5t" 1b1(t>dt(ul1)’“1} — oo Z5t" lbl(t)dtpl(r)fl(ulaW)’ (2.15)

TN_kl efor %Otkl_lbl(t)dt(ua (T))kl

-1 [ Atk (t)dt
:/ elo To P1(8) f1(ui(s),uz(s))ds
0

Co
TN=1
< fl(u1(T),U2(T))/O sCO oI5 2t 1b1(t)dtp1(s)ds7
which yields
)y A0 a) 7 s
r T pNelo gt Tin®ade fo o Gy (2.16)
filur(r), ua(r)) [N '
< ds.
< N . o p1(s)ds
On the other hand inequality (2.15]) can be written in the form
Ckl—lu//(r)(uill)klfl + Ckl—l N — kl (ﬁ)kl +b (T)(Ul )kl
N-1T T N=b gy T ! ! (2.17)

= p1(r) f1(ua, ug).
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Using inequality (2.16) in ([2.17)) we obtain
_ [T N -k T g1
p1(r) fi(ur,uz) < Cz’izl_llu'f(jl)kl L+ C?_llilfl(ul»uz)/ pi(s)ds
0

’I“Nk‘l C()
bi(r) fi(ur,ug) [T sN7!
N—k1 s Co b1

+

(s)ds,
from which we have

—k bi(r rgN-1
fr(ur, us)[pr(r) — (O ]\];1,,1\/1 - r]\lf(_k)l)/o o p1(s)ds]

!
ki—1_1 UL\ —1
< CN71U1(7) T

which completes the proof of v (r) > 0. A similar argument produces uj(r) > 0.
We also remark that, in the simple case by = by = 0, sV "1p;(s) and sV~ 1py(s) are

increasing then (2.13)) and ([2.14) hold. O
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