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MULTIPLE SOLUTIONS FOR SCHRODINGER-POISSON
SYSTEMS WITH SIGN-CHANGING POTENTIAL AND
CRITICAL NONLINEARITY

LIUYANG SHAO, HAIBO CHEN

ABSTRACT. In this article, we study the Schrédinger-Poisson system
—Au+ V(z)u+ k(z)p(x)u = hi (@) |u|*u + pho(z)u + ha(z), in R3,
—A¢(z) = k(z)u?, in R3,
where hi(z), ha(z), ha(z) and V(x) are allowed to be sign-changing and p > 0
is a parameter. Under some appropriate assumptions on V(z), we obtain

the existence of two different solutions for the above system via variational
methods.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article we consider the Schrodinger-Poisson system
—Au+V(2)u + k(z)p(x)u = hy(x)|u*u + phe(z)u + hz(x), in R3

~A¢(x) = k(z)u?, inR? (1.1)

where hq(x), ha(z), hs(z) and V(z) are allowed to be sign-changing and p > 0
is a parameter. Moreover, h3(z) is a perturbed term. System is a modified
version of the classical Schrodinger-Poisson system (also called Schrédinger-Maxwell
equation), which has a strong physical backgrounds because of its appearances in
quantum mechanical models and in semiconductor theory. For more details, we
refer the readers to [3], 4], 12] and the references therein.

In recent years, with the aid of variational methods, there have been many results
on existence, nonexistence and multiplicity of solutions for such system depending
on the assumptions of the potential V(z). According to the conditions imposed
on the potential V' (x), these results can be roughly classified into four cases. Case
1: Many articles deal with the case when V(z) is a positive constant or radially
symmetric function, see for example [T} 2, [5] [7, [15], 19, 25] and the references therein.
Case 2: There are also a great number of articles devoted to the case when V' (z)
is nonradial, see for instance [8, [0, 14, 20]. Case 3: Many articles deal with the
case when V' (z) possesses some kind of periodicity see [10, 6], 17, 18| 2T, 22 23].
Case 4: We know that [11l 22] treat the case when V(x) is sign-changing. Here
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we emphasize problem not only has sign-changing potential V' (x) but also
possesses critical nonlinearity.

Motivated by the above facts, the goal of this paper is to consider the multi-
plicity of nontrivial solutions for when V() is sign-changing. Under some
natural assumptions, by using Mountain Pass Theorem in combination with Eke-
land’s variational principle, the existence results of at least two nontrivial solutions
are obtained. Actually, one positive solution and one negative solution.

Before stating our main results, we give the following assumptions on V(x).

(A1) V € C(R3 R) and inf,eps V(z) > —oo. Moreover, there exists a constant
do such that

lim meas{z €R®: |z —y| <dy,V(z) <M} =0, VM >0.

ly|—+o0
where meas(-) denotes the Lebesgue measure in R3.
Inspired by Zhang and Xu [27], we can find a constant Vy > 0 such that V(z) :=
V(z) + Vo > a, where a > 0 is a constant, and let fiho(z) = Vo + phe(z), for all
r € R3.
Throughout this paper, instead of (A1) we make the following assumptions:

(A2) V € C(R3R) and inf,cps V(z) > a > 0, where a > 0 is a constant, and
there exists a constant dy > 0 such that

| |1im meas{z € R : [z —y| < do, V(z) <M} =0, YM >0.
Y|——+oo

Then it is easy to verify the following lemma.
Lemma 1.1. System (1.1) is equivalent to the problem
—Au+ V(z)u+ k(z)o(x)u = hy(z)|u|*u + gho(z)u + ha(z), in R,

1.2
—A¢(z) = k(z)u?, in R3. 12)
We also assume that
(A3) k€ L>°(R% R), and k(z) > 0 for any = € R®.
(A4) hi,hs € L’n CSO(RS,R) and hy € LSn CSO(RS,R)
(A5) 0 < i < po, where g is defined by
.f : 27 27, 7 29
fo = ueHll&g)\{o}{/Rqum +V(2)u?)de - /R hia () |ul?dz = 1}. (1.3)

Proposition 1.2 ([0, Lemma 2.5]). Assume that (A3) and (A4) hold. Then the
mfimum o is achieved.

Now we state our main results.

Theorem 1.3. Suppose that (A2)—(A5) hold. Then there exists mg > 0 such that
(1.2) admits at least two nontrivial weak solutions when ||hs|la < mo. Actually, one
solution is positive and one is negative.

Remark 1.4. It is not difficult to find the functions V(x) satisfying the above
conditions. For example, let V(z) be a zig-zag function with respect to |x| defined

as
2njz| —2n(n—1)4+ag, n—1<|z| < (27127_1),
Vi(z) = 2 (2n—1)
—2n|z| 4+ 2n* + ag, T < x| <,
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where n € N and ap € R. Set Vp := sup,cp |V (2)], it is not difficult to verify that
V(z) satisfies the conditions (A1) and (A2).

Remark 1.5. The nonlinear growth of |u|*u reaches the Sobolev critical exponent
since the critical exponent 2* = 6 in three spatial dimensions, which is why we call
it critical nonlinearity in the title.

The remainder of this paper is organized as follows. In Section 2, some prelimi-
nary results are presented. In Section 3, we give the proofs of our main results.
Hereafter, we use the following notation.
e H'(R3) denotes the usual sobolev space endowed with the standard scalar product
and norm

(u,v):/ (VuVo + w)da, Hu||2:/ (Vul? + u?)daz.
R3 R3

e D12(R3) is the completion of C§°(R?) with respect to the norm |jul/pi2 :=
(fR3 \Vu|2dx)1/2.

e Denote the space E = {u € HY(R®) : [o,(|Vul? + V(2)[u|?)dz < oo}, with the
norm

iy = [ (0P + V@)

e * denotes the dual space of F.
e For any p > 0 and for any z € R3, B,(») denotes the ball of radius p centered at
z. |B,(2| denotes its lebesgue measure of the ball.

2. VARIATIONAL SETTING AND PRELIMINARIES

In this section, we recall some basic notation and preliminaries. From [3], we
know that under the assumption (A2), the embedding E — L*(R?) is compact for
s € [2,6).

It is easy to show that system can be reduced to a single equation with a
nonlocal term. For u € E, we define a linear functional L, in D12(R?) as follows:

L,:v— k(x)uvdz.
R3

One can check that the functional L, is continuous in D?(R3). Indeed, by using
the Holder’s inequality and Sobolev inequality, we obtain

|A¥M@fwﬂSHWWWWQW%=HWwWﬁQMMSQW%MMw% (2.1)

Given u € FE, by the Lax-Milgram Theorem, there exists a unique solution ¢, €
DY2(R3) of the equation
—Ad(r) = k(x)u®.
Moreover, ¢,, has the integral expression
1 u?
bu() = 3= [ ko Dy >
combining this with , we obtain

1811512 < CllullElpull pr2;
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that is, ||¢ul/pre < c|lul|%. And then we have

= |wwud@ [, wouteas (2.2)

< Cllulls-
Now we define a functional I on E by
1 ~ 1
I(w) :,/ (Va2 + 7 (@)02)de + = [ k(z)puude

2 R3 4 R3
1 1 ~

—— | hi(z)uldz — 7/ fihs (z)u?dz — hs(x)udz.
6 Jps 2 Jps R3

It is easy to verify that the functional I is of class C'(E,R). Moreover,

(I'(u),v) = /Rg(|Vu|Vv + V(z)uv)dz +/ k(x)pyuvdx

R3

—/ hl(m)u%dx—/ ﬂiLQ(.’Iﬁ)’U,’UdLL’—/ hs(z)vda.
R3 R3 R3

Hence, if u € E is a critical point of I, then the pair (u, ¢, ) is a solution of (1.2]).

Theorem 2.1 ([26, Mountain Pass Theorem]). Let X be a real Banach space,
suppose that I € C1(X,R) satisfies the (PS) condition with 1(0) = 0. In addition,
suppose that

(i) there are p,a > 0 such that I(u) > o when ||ul|x = p;
(ii) there ise € X, |ellx > p, such that I(e) <0

Define
L= {y € C'([0,1], X)|7(0) = 0,7(1) = e}.

Then c := inf,cr max;c(o,1) I(Y(t)) is a critical value of I.

3. PROOF OF THEOREM
Lemma 3.1. Assume that (A2)—(Ab5) hold. Then I satisfies the (PS) condition.
Proof. We first prove that {u,} is bounded in E. Then

1
C+1+||un||EZI(un)—EU'(un),un)
— gluallt + 55 [ K@it
gUnllE T g [, TR AT

1 ~ 1
- fﬂ/ ho(z)u?de — (1 — =) hs(z)updx
R3 6 ]R3

1 (3.1)
> Sl + 55 [ K@udds = L 3
5 9 /2 ) 1/2
- 6(/]1@ h3(:c)dx) </R& undx>
O
> 3= 1) funlly = Cllunlle

which implies that {u,} is bounded.
Next we show that {u,} possesses a strong convergent subsequence in E. In
fact, in view of the boundedness of {u,, }, without loss of generality, we assume that
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there exists ug € F such that u,, — up as n — oco. Since E — L*(R?) is compact

for s € [2,6), u, — up in L*(R?) for any s € [2,6). We obtain

=l = 200" () = Ity =) = [ (G 00 = Gu0) = )

[ o) e+ o)

3
+ [ hs(x)(u, —u)de.
R3
It is clear that
(I'(up) — I'(w), up — u) — 0.
By using the Holder’s inequality and Sobolev inequality, we obtain
’ /R3 G, Uun (Un, — u)dx’ < | Puy tin |2l tn — ull2

< Nu, ll6llunllsllun — ull2
< Cllou, [l pra2llunllsllun — ulls

< Cllun| 12 [Junllsllun — ullz — 0.

Similarly, we obtain that fRS duu(t, —u)de — 0 as n — oo.
From the Brézis-Lieb Lemma [26], we have

[ b o) = ) = )t
< [l loo | /Rs(|“”|5 — [W®]) (un — u)dz|

< Uil [t = ul’da +o(1)

< Ol ool — ull; + o(1) — 0.
By using the Holder’s inequality, we obtain

/ ha(2) (tn — w)dz < hallallun — ullz — O,
R(i

[, @) = e < hallole, = s =0,

We obtain ||u, — ul|% — 0, which completes the proof.

u)?dz (3.2)

(3.4)

Lemma 3.2. Assume that (A2)—(A5) are satisfied. Then there exists mg > 0 such

that (1.2) has a positive solution when || hs|l2 < my.
Proof. It follows from Lemma [I.1] and the Sobolev inequality that

1 - 1 1

I(u) = 1/ |Vu|?dz + 7/ V(z)u?dz + —/ k(z) ¢y uids — 7/

2 R3 2 R3 4 R3 6 R3

- 1/ /]jlg(fb)’LLQdiC—/ hs(x)udx

2 R3 R3
1oy 1 , 1 ]
= Sllullz + 5 k(z)pyu-dr — — hi(z)u’dx
2 4 R3 6 R3

—%ﬁ/ ﬁg(x)qux—/ hs(x)udx
R3 R3

hy(z)uSda
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1 C 1. ~

> Slulld — =P lloollull% — *M/ |ho(x)|udz — ||hs|2]ull2
2 6 1l
1. h C

> 5(1 - %)HU”%E - €||h1||oo||u\|% — Chllhs|l2||ull &

1 fi C
= llulls (50 = )lulle = s = Callhslz).

Taking ||u||g = t, and letting

)= -(1— )t — =t
oft) = 51— £y Coe
we have ¢'(tp) = 0 when
_ B
to:(Ll “O))1/4.
5C

Hence, there exists
2) [ 3(1—£)\1/4
il < 21— (B Y
mo = || hsl|2 50 ( Mo) 50

such that

2 i 3(1—%) 1/4
5(1_%)(T) — C1l|hsl]2 > 0.

Let p = |Ju| g small enough, there exists @ > 0, such that I(u) > a. Thus, (i) in
Theorem 2.1] is true.
Choose 1y € C§°(R3), 19 > 0 and g # 0 in R®. Then

1 1 1
I(tyo) = St*|[voll* + *t4/ k(2) ¢y, ¥ida — *’56/ hi(z)gda
2 4 R3 6 R3
1,
— §t2ﬂ/ hz(l“)?/)gdx—t/ hs(z)podz,
R3 R3

so I(tthg) — —oo as t — 4o0o. Therefore, there exists ¢y large enough, such that
I(toyg) < 0. Taking e = tpthg such that |[tog] > p and I(e) < 0, and (ii) in
Theorem [2.1] is true. It is obvious that 1(0) = 0, by Theorem problem
has a positive solution. ([

Lemma 3.3. Assume that (A2)—(A4) hold. Then (1.2) has a negative solution.
Proof. Since hz € L*(R?)\ {0} and h3 # 0, we can choose a function ¢; € E such

that
R3

For ¢t > 0 small enough we have

I(tér) = ||¢1||E+ e / bud2ds —

(3.7)

t6

5 hl(x)¢?dx

it [
] (@) — ¢ / hsdrda
2 Jgs

t2 2 t4 4 6 [ 2
< Slonlls+ Sellonllh = 5 [ mwiotas = [ hawionda

— t/RB h3($)¢1dx < 0.
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Hence g := inf{I(u) : u € B,} < 0. By the Ekeland’s variational principle, there
exists a minimizing sequence {u,} C B,, such that I(u,) — 0 and I'(u,) — 0 as
n — oo. Because the functional I satisfies the (PS) condition, there exists ug € E

such that I'(up) = 0 and I(ug) = ¢; < 0. The proof is complete. O

Proof of Theorem[1.3 From Lemmas and we obtain the existence of at
least two nontrivial weak solutions for the problem (1.2)). Actually, one solution is
positive and the other negative. [
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