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WEIGHTED PSEUDO ALMOST AUTOMORPHIC SOLUTIONS
TO FUNCTIONAL DIFFERENTIAL EQUATIONS WITH
INFINITE DELAY

YONG-KUI CHANG, SHAN ZHENG

ABSTRACT. In this article, we first establish some results on composition of
Stepanov-like weighted pseudo almost automorphic functions so called class
r and class infinity under a uniform continuity condition with respect to LP-
norm. And then, we study the existence and uniqueness of weighted pseudo
almost automorphic solutions to an abstract partial neutral functional differ-
ential equation with infinite delay with a Stepanov-like nonlinear term.

1. INTRODUCTION

The concept of almost automorphy, which was introduced by Bochner [4], as a
generalization of the classical almost periodicity in the sense of Bohr; see for ex-
ample [I3] 23 25]. N’Guérékata and Pankov introduced the concept of Stepanov-
like almost automorphy in [24]. Diagana [I1] introduced the concept of Stepanov-
like pseudo almost automorphy as a natural generalization of the pseudo almost
automorphy and an implement of the Stepanov-like almost automorphy due to
N’Guérékata and Pankov [24]. Blot et al [5] introduced the notion of weighted
pseudo almost automorphic functions with values in a Banach space. Xia and Fan
presented the notion of Stepanov-like (or SP-) weighted pseudo almost automor-
phic function in [30]. To study differential equations with delay, Zhang, Chang
and N’Guérékata [33] further studied new types of functions so called Stepanov-
like weighted pseudo almost automorphic functions of class r, and Stepanov-like
weighted pseudo almost automorphic functions of class infinity. The above men-
tioned concepts have been considerably investigated and applied to various differ-
ential equations, see [, 2 B [7, @ [T0L 14} [I5] 17, [19] 27, 28] 29] and the references
therein.

The main purpose of this article is to study composition results for Stepanov-
like weighted pseudo almost automorphic functions of class r and Stepanov-like
weighted pseudo almost automorphic functions of class infinity [33]. Considering
the space of Stepanov-like weighted pseudo almost automorphic functions of class
r and Stepanov-like weighted pseudo almost automorphic functions of class infinity
with an integral norm coming from LP-norm, we first prove new composition the-
orems for Stepanov-like weighted pseudo almost automorphic functions of class r
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under a uniform continuity condition with respect to the LP-norm suggested by [16].
Similarly, we can arrive at new composition theorems for Stepanov-like weighted
pseudo almost automorphic functions of class infinity. And then, we apply the ob-
tained results to prove the existence and uniqueness of weighted pseudo almost au-
tomorphic solutions for the following abstract partial neutral functional-differential
equation with infinite delay under Stepanov-like nonlinear forcing term

() + F(tu) = A@(t) + gltu), ¢ € R, (1)
where A(t) : D(A(t)) € X — Xis a family of densely defined closed linear operators
on the domain D = D(A(¢)), which is independent of ¢, the history wu; : (0,00] —
X defined by u:(0) = u(t + ), belongs to some abstract phase space B defined
axiomatically, and f,g: R x 8 — X are some suitable functions.

The rest of this paper is organized as follows. In Section 2, we recall some basic
definitions, lemmas, and notation which will be used throughout this paper. In
Section 3, we establish some new results on composition of Stepanov-like weighted
pseudo almost automorphic functions of class r and Stepanov-like weighted pseudo
almost automorphic functions of class infinity under LP-norm uniform continuity
condition. In Section 4, we prove the existence and uniqueness of weighted pseudo
almost automorphic solutions to the equation under Stepanov-like nonlinear
forcing term. An example is also given to illustrate the main results.

2. PRELIMINARIES

Let (X, -]|) and (Y,]| - |ly) be two Banach spaces and N,R stand for sets of
natural numbers and real numbers, respectively. To facilitate discussions later, we
introduce the following notation:

o BC(R,X) (respectively, BC(R x Y,X)): The Banach spaces of bounded con-
tinuous function from R to X (respectively, from R x Y to X) with the sup norm.

e [P(R,X): The space of all classes of equivalence (with respect to the equality
almost everywhere on R) of measurable function f : R — X such that ||f] €
LP(R,R).

o LI (R,X): The space of all classes of equivalence of measurable function f :
R — X such that the restriction of f to every bounded subinterval of R is in
LP(R,X).

e £(X,Y): Stands for the Banach space of bounded linear operators from X to

Y equipped with its natural topology.

Definition 2.1 ([25]). A continuous function f : R — X is said to be almost auto-
morphic if for every sequence of real numbers {s/, },cn there exists a subsequence
{s8n}nen such that
g(t) = lim f(t+sn)
is well defined for each t € R, and
lim g(t —s,) = f(¢)

for each ¢t € R. The collection of all such functions will be denoted by AA(X).

Definition 2.2 (|22, 25]). A continuous function f : R x X — X is said to be
almost automorphic if f(¢,x) is almost automorphic for each ¢ € R uniformly for
all x € B, where B is any bounded subset of X. The collection of all such functions
will be denoted by AA(R x X, X).
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Definition 2.3 ([32]). A continuous function f(¢,x) : R x R — X is called bi-
almost automorphic if for every sequence of real numbers {s/, },¢cn, there exists a
subsequence {s,, }nen such that

g(t,s) := lim f(t+ sn,s+ Sn)
is well-defined for each t,s € R, and

lim g(t — 8p, 8 — 8p) = f(t78)

n—oo

for each t, s € R. The collection of all functions will be denoted by bAA(R x R, X).

Let U denote the set of all functions p : R — (0, 00), which are locally integrable
over R such that p > 0 almost everywhere. For a given T > 0 and for each p € U,

we set m(T, p) := f_TT p(t)dt.
Thus the space of weights Uy, is defined by

U :={p€U: Jim m(T, p) = co}.

For a given p € Uy, we define

1 T
PAAN(R.p) 1= {1 € BOR.X): Jim —z— [ 7®)lo(t)it = 0}

PAANY,X, p) = {f € C(RxY,X): f(-,y) is bounded for each y € Y and

1 T
lim ——— t t)dt = 0 uniformly f Yo
Jin s [ I lott)dt = 0 witorniy for y € )

To study the delay case, we introduce spaces of functions defined for each r > 0 by

W) = o [ (s 15O )ott)ar

m(T,p) — [t—rt
1 T
PAAKrp) = {f € BO®X): Jim s [ (s 170)])ott)it =0},

PAAO(Y7 Xa T, p)
= {f € CR xY,X): f(-,y) is bounded for each y € Y and

1 T
lim 7/ sup || f(8,y)|)p(t)dt = 0 uniformly for y € Y ;.
T—co m(T, p) J_7 (Ge[tfr,t] 5 )”) ) }

Definition 2.4 ([5]). Let p € Us. A function f € BC(R,X) (respectively, f €
BC(R x Y, X)) is called weighted pseudo almost automorphic if it can be expressed
as f = g+ ¢, where g € AA(X) (respectively, AA(R x Y,X)) and ¢ € PAA(X, p)
(respectively, PAAy(Y, X, p)). We denote by WPAA(X) (respectively, WPAA(R x
Y, X)) the set of all such functions.

Definition 2.5 ([33]). Let p € Us. A function f € BC(R,X) (respectively,
f € BC(R x Y,X)) is called weighted pseudo almost automorphic of class r if it
can be expressed as f = g + ¢, where g € AA(X) (respectively, AA(R x Y, X)) and
¢ € PAAY(X,r,p) (respectively, PAAo(Y,X,r,p)). We denote by WPAA(X,r)
(respectively, WPAA(R x Y, X, r)) the set of all such functions.
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Definition 2.6 ([I2Z, 24]). The Bochner transform f°(¢,s),t € R,s € [0,1], of a
function f : R — X is defined by

fb(t, s) = f(t+s).

Remark 2.7 ([12]). (i) A function ¢(t,s),t € R, s € [0, 1], is the Bochner transform
of a certain function f, p(t,s) = f°(t,s), if and only if p(t + 7,5 — 7) = (s, t) for
allt e R,s€[0,1] and 7 € [s — 1, s].

(ii) Note that if f = h + ¢, then f® = h® + *. Moreover, (Af)? = \f® for each
scalar .

Definition 2.8 ([12]). The Bochner transform f°(¢,s,u),t € R,s € [0,1], u € X of
a function f: R x X — X is defined by

fo(t,s,u) == f(t +s,u) for each u € X.
We always denote by || - ||, the norm of space L”(0,1;X) for p € [1,00).

Definition 2.9 ([2I, 24]). Let p € [1,00). The space BSP(X) of all Stepanov
bounded functions, with the exponent p, consists of all measurable functions f :
R — X such that f° € L* (R, LP(0,1;X)). This is a Banach space with the norm

e+l 1/p
Ise = 1 lawcezm =sup ([ 15@IPar) " = sup |+l
teR t teR

Lemma 2.10 ([33]). Let p € Us. Suppose that PAAy(X,r, p) is translation in-
variant. Then the decomposition of weighted pseudo almost automorphic functions
of class r is unique.

Lemma 2.11 ([33]). Let p € Uy, and PAAy(X,r, p) be translation invariant, then
WPAA(X,r) is a Banach space with norm || - | cc-

Definition 2.12 ([21,24]). The space ASP(X) of Stepanov-like almost automorphic
(or SP-almost automorphic) functions consists of all f € BSP(X) such that f° €
AA(LP(0,1;X)). In other words, a function f € LV (R,X) is said to be SP-almost

loc
automorphic if its Bochner transform f* : R — LP?(0, 1; X) is almost automorphic in
the sense that for every sequence of real numbers {s], },,en, there exist a subsequence
{8n}nen and a function g € L (R,X) such that

loc

t41 )
lim (/t Hf(s—i—sn)—g(S)deS)l p:()’

n—oo

1/p

s ([ o= s - spas) =0

Definition 2.13 ([21,24]). A function f : RxY — X, (¢,u) — f(¢,u) with f(-,u) €
L (R,X) for each u € Y, is said to be SP-almost automorphic in ¢ € R uniformly
inweYift— f(t,u) is SP-almost automorphic for each v € Y. That means, for
every sequence of real numbers {s] },en, there exist a subsequence {s,}nen and a

function g(-,u) € L (R,X) such that

loc

pointwise on R.

t+1 1/p
lim (/ £ (s+ sn,u) — g(s, u)deS) =0,
t

n—oo



EJDE-2016/286 BOUNDED SOLUTIONS 5

1/p

t+1
lim (/t llg(s — sp,u) — f(s,u)||pds> =0,

n—oo

pointwise on R and for each u € Y. We denote by ASP(R x Y, X) the set of all such
functions.

Definition 2.14 ([0]). Let p € Uy. A function f € BSP(X) is said to be
Stepanov-like weighted pseudo almost automorphic (or SP-weighted pseudo al-
most automorphic) if it can be expressed as f = g + ¢, where g € ASP(X) and
¢® € PAA, (LP(0,1;X), p). In other words, a function f € L? (R,X) is said to be
Stepanov-like weighted pseudo almost automorphic relatively to the weight p € U,
if its Bochner transform f*: R — L?(0,1;X) is weighted pseudo almost automor-
phic in the sense that there exist two functions g, ¢ : R — X such that f = g + ¢,
where g € ASP(X) and ¢* € PAAq (LP(0,1;X),p). We denote by WPAASP(X)
the set of all such functions.

Definition 2.15 ([6]). Let p € Uy. A function f: RxY — X, (t,u) — f(t,u)
with f(-,u) € LV (R,X) for each u € Y, is said to be Stepanov-like weighted
pseudo almost automorphic (or SP-weighted pseudo almost automorphic) if it can be
expressed as f = g+ ¢, where g € ASP(Rx Y, X) and ¢* € PAA, (Y, L?(0,1;X), p).
We denote by WPAASP(R x Y, X) the set of all such functions.

Definition 2.16 ([33]). Let p € Us. A function f € BSP(X) is said to be
Stepanov-like weighted pseudo almost automorphic of class r (or SP-weighted pseudo
almost automorphic of class r) if it can be expressed as f = g+¢, where g € ASP(X)
and ¢® € PAA, (LP(0,1;X),7, p). In other words, a function f € L} (R,X,r) is said
to be Stepanov-like weighted pseudo almost automorphic of class r relatively to the
weight p € Uy, if its Bochner transform f°: R — LP(0, 1;X) is weighted pseudo al-
most automorphic of class r in the sense that there exist two functions g, ¢ : R — X
such that f = g + ¢, where g € ASP(X) and ¢ € PAAy (LP(0,1;X),r,p). We
denote by WPAASP(X,r) the set of all such functions.

Definition 2.17 ([33]). Let p € Us. A function f: R xY — X, (¢t,u) — f(t,u)
with f(-,u) € LY (R,X) for each u € Y, is said to be Stepanov-like weighted

loc
pseudo almost automorphic of class r (or SP-weighted pseudo almost automorphic

of class r) if it can be expressed as f = g + ¢, where g € ASP(R x Y,X) and
#® € PAA, (Y, LP(0,1;X), 7, p). We denote by WPAASP(R x Y, X, r) the set of all
such functions.

Lemma 2.18 ([33]). Let p € Us. The space WPAASP(X,r) equipped with the
norm || - ||s» is a Banach space.

Concerning infinite delays, we introduce the following spaces of functions as in
[33):

PAAyX, 00, p) :

PAAYX,Y, 0, p) :=

PAA((LP(0,1;X), 00, p) :

PAAu(Y, LP(0,1;X), 00, p) :

Nr>0PAA(X, 7, p),
r>0PAAN(X, Y, 7, p),
r>0PAAo(LP(0,1;X), 7, p),
r>0PAAN(Y, LP(0,1;X), 7, p).

N
N
N

Obviously, PAAy (X, 0o, p) and PAA((X, Y, 0o, p) are, respectively, closed subspaces
of PAA)(X,r,p) and PAAG(X,Y,r, p), and hence both are Banach spaces. By
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the same way, PAAy(L?(0,1;X), 00, p) and PAAy(Y, LP(0,1;X), 00, p) are, respec-
tively, closed subspaces of PAAy (LP(0,1;X),r,p) and PAAy(Y,LP(0,1;X),r, p),
and thus both are Banach spaces.

Definition 2.19 ([33]). Let p € Uy. A function f € BC(R,X) (respectively,
f € BOC(RxY,X)) is called weighted pseudo almost automorphic of class infinity if
it can be expressed as f = g+ ¢, where g € AA(X) (respectively, AA(RxY,X)) and
¢ € PAAY(X, 00, p) (respectively, PAAy(Y,X, oo, p)). We denote by WPAA(X, 00)
(respectively, WPAA(R x Y, X, c0)) the set of all such functions.

Definition 2.20 ([33]). Let p € Us. A function f € BSP(X) is said to be
Stepanov-like weighted pseudo almost automorphic of class infinity (or SP-weighted
pseudo almost automorphic of class infinity) if it can be expressed as f = g + ¢,
where g € ASP(X) and ¢® € PAA (LP(0,1;X),00,p). In other words, a func-
tion f € LV (R,X) is said to be Stepanov-like weighted pseudo almost automor-
phic of class infinity relatively to the weight p € Uy, if its Bochner transform
f*: R — LP(0,1;X) is weighted pseudo almost automorphic of class infinity in
the sense that there exist two functions g,¢ : R — X such that f = g + ¢, where
g € ASP(X) and ¢* € PAAy (LP(0,1;X),00,p). We denote by WPAASP(X,c0)
the set of all such functions.

Definition 2.21 ([33]). Let p € Us. A function f: R xY — X, (t,u) — f(¢,u)
with f(-,u) € L} (R, X) for each u € Y, is said to be Stepanov-like weighted pseudo
almost automorphic of class infinity (or SP-weighted pseudo almost automorphic of
class infinity) if it can be expressed as f = g + ¢, where g € ASP(R x Y, X) and
#® € PAA, (Y, LP(0,1;X), 00, p). We denote by WPAASP(R x Y, X, 00) the set of

all such functions.

Using similar ideas to those in [I6, Lemma2.7], we can easily show the following
results.

Lemma 2.22. (i) Assume PAAo(LP(0,1,X),r, p) is translation invariant, then the
decomposition of an SP-weighted pseudo almost automorphic function of class r is
unique.

(ii) The space WPAASP(X,r) equipped with || - ||s» is a Banach space.

(1ii)) WPAA(X,r) is continuously embedded in WPAASP(X,r).

Lemma 2.23. (i) Assume that PAAy(LP(0,1,X),00,p) is translation invariant,
then the decomposition of an SP-weighted pseudo almost automorphic function of
class infinity is unique.
(i1) The space WPAAS?P(X, ) equipped with || - ||s» is a Banach space.
(i1i) WPAA(X, 00) is continuously embedded in W PAASP(X, 00).
In this work we use an axiomatic definition of the phase space 98, which is similar
to the one introduce in ([20]). B is a vector space of functions mapping (—oo, 0]
into X endowed with a seminorm || - || such that the next axioms hold by ([33]).
(Al) If z : (—o0,0 +a) — X, a > 0, 0 € R, is continuous on [o,0 + a) and
Zs € B, then for every t € [0, 0 + a) the following hold:
(i) x; is in %B;
(i) [lz@) < Hllz:/ls; ~
(ii) [lzells < K(t = o)sup{llz(s)[| : 0 <'s <t} + M(t — 0)[[zo s, where
H > 0is a constant; K, M : [0,00) — [1,00), K is continuous, M is
locally bounded and H, K , M are independent of x(-).
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(A1’) For the function z(-) appearing in (A1), the function t — ax; is continuous
from [o, 0 + a) into B.

(A2) The space B is complete.

(A3) If (¢")nen is a bounded sequence in BC((—o00,0],X) given by functions
with compact support and ¢™ — ¢ in the compact-open topology, then
p € B and ||p" — ¢|ls — 0 as n — oo.

Definition 2.24. [18] Let By = {¢ € B : ¢(0) = 0} and S(¢) : B — B be the
Cy-semigroup defined by S(t)p(0) = ©(0) on [—t,0] and S(¢)¢(0) = ¢(t + ) on
(—o0, —t]. The phase space B is called a fading memory space if [|S(t)p|ls — 0
as t — oo for every ¢ € By. We said that B is a uniform fading memory space if
1Sl eBo) — 0ast — oo.

Remark 2.25 ([I8]). In this article we assume ¢ > 0 and [[¢|ls < ssupy<q [l (0) ||
for each ¢ € B N BC((—00,0],X), see [20] for details. Moreover, if B is a fading
memory, we assume that max{K (t), M (t)} < R for all ¢ > 0, see[20].

Lemma 2.26 ([20]). The phase B is a uniform fading memory space if, and only
if, aziom (A3) holds, the function K is bounded and lim; ..o M(t) = 0.

3. RESULTS ON COMPOSITION THEOREMS

The aim of this section is to establish some new results on composition of
Stepanov-like weighted pseudo almost automorphic functions of class infinity. We
first list the following “uniform continuity condition” with respect to the LP-norm
for a function h : R x X — X with h(-,u) € L} (R,X) for each u € X, which was
initially adopted in [I6]:

(A4) For any € > 0, there exists ¢ > 0 such that =,y € L?(0,1,X) and ||z —y||, <

o imply that

1At + - 2() = At + - y()llp <& teR

In the sequel, we say that a function ¢ satisfies (A4) if ¢ replaces h in (A4).

Let f € ASP(R x X, X), then for a sequence {s,,} C R, there exist a subsequence
{7n} and a function g : R x X — X with g(-,z) € L} .(R,X), z € X such that for
each t € R,

i [[f(t+ 70+ 2) = g(t+ - 2)|lp = lim [lg(t =70 + - 2) = f(E+ - 2) [, =0
n—oo n—oo

(A5) f e ASP(R x X, X) satisfies (A4), and for a sequence {s,} C R, there exist
a subsequence {7,,} and a function g given above such that g satisfies (A4).

Lemma 3.1 ([I6]). Let h be the function in (Ad), and x: R — X with z(R)

compact. For e >0, there exist a finite set {x}7; C x(R) such that

|h(t+ - zt+ ), <e+m sup ||h(t+-xK)lp, tER.
1<k<m

Lemma 3.2 ([33]). Let p € Uy, and f € BSP(X), then f* € PAA(LP(0,1,X),7,p)
if and only if for any € > 0,

1
lim 7/ p(t)dt =0,
T—oo m(T7 p) Mt o)
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where

0+1 1/p
Mrag = {te (11 s ([ e)1rds) " 2 e).
oe(t—r,t] 0

Lemma 3.3 ([I6]). Assume that f satisfies (A5) and x € ASP(X) with T(R) com-
pact. Then f(-,z(-)) € ASP(X).

Next, we give results in the compositions of SP-weighted pseudo almost auto-
morphic functions of class r.

Theorem 3.4. Let p € Uy, f = g+ ¢ € WPAASP(R x X, X,1), u = w1 +
uy € WPAASP(X,r), g € ASP(R x X,X), ¢ € PAA(X,LP(0,1,X),7,p), u1 €
ASP(X),uy € PAAG(LP(0,1,X),7,p), Q = {ui(t) : t € R} compact and there exist
a continuous function £¢(-) : R — [0, 00) satisfying

t+1
([ 1) = s,
If €* € PAAW(R, LP(0,1,X), p), then

1/p
Pds) < £ (O)ller - @) (3.1)

1 T

lim su 7/ sup L£¢(0+ - t)dt < oo, 3.2

00 pm(Tvp) <ee[t—]§~,t] f( ))p() (3:2)
1 T

lim / sup L£¢(60+ - t)p(t)dt < oco. 3.3

Jim s | (Ge[t_m] £(0+))€®)p(t) (33)

If

(i) g(t,x) satisfies (A5) and

(ii) ¢ satisfies (A4),
Then f(-,u(-)) € WPAASP(X,r).
Proof. Tet G(t) = g (tur(1)), H(t) = f (u(t)) — £ (£, ur (D), A@) = & (t,ua(2)),
t € R. Then
ftu(t) =g (tu(t) + f (G u) — f(Ew(t) + 6 (L u(t) = G@E) + H(t) + At).
We have G(t) € ASP(X) by Lemma then it remains to show that H®, A’ is in
PAAG(LP(0,1,X),r, p).

Indeed, for T' > 0, using , we see that

i [ G ([ imoeas) oo

(% p) / T( Sup ( / " ||f(t7u(t))_f(t.u1(t))||pds)1/p)p(t)dt

0e(t—r,t]

1 / (aes[tugﬂﬂf Mz ( )Il)p(t)dt
(ees[tupr ; ) (ee?tu_g ; ( /6 " Iqu(s)des)l/p)p(t)dt
(m 210) gm0+ 9)

0
This implies that Hb( ) € PAAG(LP(0,1,X),r, p) by (3.3).
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Next, we prove A® € PAAy(LP(0,1,X),r,p). For € > 0, let o be given by (A4)
with ¢ in the place of h, by Lemma there is a finite set {zx}}; C {ui(t),t € R}
such that for t € R,

ot + - ui(t+))llp <e+m sup ||+ zx)p-
1<k<m

Since ¢* € PAA(X, LP(0,1,X),7,p), for each z € X, there is T > Tp, 1 < k < m,

L s ot ol )t < £

W(T7¢b(.’$k)a/rap) = m oeft t]

Then for T > Ty,
W(T7 Ab7 r, P) = W<Ta Ab(" ul('))’ Ty P)

T
:ﬁ/ (s o0+t ) oty

- oct—r,t]
1 T
<e+m sup 7/ ( sup ||é(0 + -,z )ptdt
1<k<m m(T,p) -T 0€[t7r,t]H ( )”p (t)

=e+mW(T, qzﬁb(-,a:k),r, )
€

=e+m— = 2e.
m

This yields limr_,o W(T, A, r,p) = 0. That is A®> € PAA(L?(0,1,X),7,p). The
proof is complete. O

Theorem 3.5. Let p € Uy, F = Fy + F», € WPAASP(R x X,X,r), ¢ =
¢1+ 2 € WPAASP(X,r) with Q = {¢1(t) : t € R} compact, F; € ASP(R x X, X)),
F} € PAAy(X,LP(0,1,X),7,p), ¢1 € ASP(X), ¢4 € PAAG(LP(0,1,X),7,p). As-
sume that Fy satisfies (A5), F» satisfies (A4) and {F(-,2) : z € J} is bounded in
WPAAS?(X,r) for any bounded J C X, then ¢t — F(¢,¢(-)) € WPAASP(X,r).

Proof. Let Y(t) = Fy (t,1(t)), U(t) = F (t,¢(t)) = F (¢, $1(2)), ®(t) = F2 (¢, 1(1)),
t € R. Then

F(t,¢(t)) = Fi (8, ¢1(8))+F (£, ¢(t)) = F (£, ¢1.(£)) +F2 (¢, ¢1(2)) = T(£)+ V(1) +2(2).
We have Y (t) € ASP(X) by Lemma so we need only to prove W, ®* € PAAq(LP
(07 1’X)7T7 p)'

It is easy to see that ¥ € BSP(X) since ¢ and ¢; are bounded and {F (-, z) : z € J}
is bounded in WPAASP(X,r) for any bounded J C X. Noticing that F satisfies
(A4) since Fy and F; satisfies (A4), for € > 0, let o > 0 be given by (A4), then

W+ )y = [1F(E+ -0t +-) = F(t 4 ¢1(t+ )y <,

for ||p2(t+-)||, < o, where ¢a(s) = ¢(s)—¢1(s). Hence, for each t € R, ||¢2(s)|| < o,
s € [t,t + 1] implies that

([ 1wowas)” = ([ 1ot - Fs ntspiras)

=[FE 40 +) = F(t+- o1t +-))[p <e

We can obtain

0+1 l/p
sup / () 7ds)
oe[t—r,t] 0
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— sup (/:H IF (s, b(s)) fF(s,qSl(s))desy/p <e.

oct—r,t]

Let
6+1 1/p
Mrggon = {te 110 s ([ Joats)pas) " 2 o).
0

oet—r,t]
So we obtain
M.e(62) = Mre(P(6()=F(.61()) © MT,0(02)-
Since ¢4 € PAAy(L?(0,1,X), 7, p) by Lemma we obtain
lim p(t)dt = 0.
T=e0 I Mr04y)

Thus

lim / p(t)dt = 0.
T—oo Mt c(v)

This shows that ¥* € PAAy(LP(0,1,X),7, p).
For € > 0, let o be given by (A4) with F» in the place of h, by Lemma there
is a finite set {ax}7r, C {¢1(t) : t € R} such that for t € R

[t A+ ot +))llp <et+m sup [[Fa(t + - zp)|lp-
1<k<m
Since F¥ € PAAy(X, L (0, 1,X) ) for each z € X, there is T' > Tp, 1 < k < m,

W(T, (-, xp), 7, p)

€
sup ||F2(9+~,wk)llp>/)(t)dt <—.
ee t—r,t] m

Then for T > Ty,
W(T7 (I)b7r7 p) = W(T7 F2b(7 (;51(-)),7“, p)

T
- ﬁ /—T (ees[;u_p . [F2(6 + -, o1 (t + '))”p)/)(t)dt

1 T
setm sup 7/ ( sup ||¢(0+ -, xp )ptdt
1k Lo (5 p) oz gy [l Ny ) p(t)
=c+ mW(T, sz(7 xk),r, p)
€
=e+m— = 2.
m

This implies limz_. .. W(T, ®°,r, p) = 0. That is ®* € PAAy(L?(0,1,X),r, p). The
proof is complete. O

Lemma 3.6 ([33]). Let u € WPAA(X, 00) where p € Us. Assume that B is a
uniform fading memory space. Then the function t — u; belongs to WPAA(B, o).

Lemma 3.7 ([33]). Let p € Uoo, u € WPAASP (X, 00) and assume that B is a uni-
form fading memory space. Then the function t — u; belongs to WPAASP(9B, o).

One of the consequence of Lemma [3.7] is the following modified version of The-

orems [3.4] and [3.51
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Corollary 3.8. Letp € Uy, f € WPAASP(RxX, X, 00) andu € WPAASP(X, 00).
Assume that the condition of (i) and (ii) in the Theorem is satisfied and there
exists a continuous function £(-) : R — [0,00), such that holds. If conditions
and hold for every r > 0, then the function f(t,u(t)) € WPAASP(X, c0).

Corollary 3.9. Let p € Uy, F = F) + F, € WPAASP(R x X, X,00), ¢ = ¢1 +
¢p2 € WPAASP(X,00) with @ = {¢1(t) : t € R} compact, F; € ASP(R x X, X),
FbY € PAAy(X,LP(0,1,X),00,p), ¢ € ASP(X), ¢4 € PAA(LP(0,1,X),00,p).
Assume that Fy satisfies (AD), Fy satisfies (A4) and {F(-,2) : z € J} is bounded in
WPAAS?(X,00) for any bounded J C X, then t — F(t,¢(-)) € WPAASP(X,0).

By Lemma [2.22] (iii) and Theorem Lemma [2.23] (iii) and Corollary we
have the following corollaries:

Corollary 3.10. Let p € Uy, F = F1 + F» € WPAASP(R x X,X,7) and ¢ €
WPAA(X,r). Assume that Fy satisfies (A5), Fy satisfies (A4) and {F(-,z) : z €
J} is bounded in WPAASP(X,r) for any bounded J C X, then t — F(t,¢(-)) €
WPAASP(X,r).

Corollary 3.11. Let p € Uy, FF = F1 + F» € WPAASP(R x X, X,00) and ¢ €
WPAA(X,00). Assume that Fy satisfies (AD), Fy satisfies (Ad) and {F(-,2):z €
J} is bounded in WPAASP(X,00) for any bounded J C X, then t — F(t,¢(-)) €
WPAASP (X, 00).

Corollary 3.12 ([33]). Let p € Us, f € WPAA(R XX, X, 00) and u € WPAA(X,
00). Assume that the following conditions are satisfied

(i) There exist a constant L > 0 such that || f(t,x) — f(t,y)|| < L||z — y|| for
all z,y € X and t € R.

(ii) g(¢,z) is uniformly continuous in any bounded subset K' C X uniformly for
teR.

Then the function t — f(t,u(t)) belongs to WPAA(X, 00).

4. WEIGHTED PSEUDO ALMOST AUTOMORPHIC MILD SOLUTION

In this section, we study weighted pseudo almost automorphic mild solutions to
the neutral equation (1.1). We list the following basic assumptions:

(A6) The system
u'(t) = At)u(t), t>s, u(s)=¢eX

has an associated evolution family of operators {U(¢,s) : t > s with ¢, s €
R}. Further, we assume that the domains of operators A(t) are constant
in ¢, that is, D(A(t)) = D = )Y for all ¢ € R and that the evolution family
U(t, s) is asymptotically stable in the sense that there exist some constants
M, § > 0 such that

Ut )] < Mem®¢=)

for all £,s € R with t > s.

(AT) The function s — A(s)U(t, s) defined from (—o0, t) into £(Rx ) is strongly
measurable and there exist a nonincreasing function H : [0,00) — [0, 00)
and ¢ > 0 with e % H(s) € L([0,00)) such that

IAS)U )l ez S e H(t—s), t>s.
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(A8) g € WPAASP(R, X, 00) and there exist a positive constant L, such that

for wl S %al = 1327 ||9(t71/)1) - g(tan)HP S Lgle - ¢2||%'
(A9) f e WPAA(R,X, 00) and there exist a positive constant L such that for

¢i S %72 = 1727 ||f(t7w1) - f(t7¢2)|| S Lf”d’l - ’(/JQH%‘

(A10) The series
>(/

k=1 —k

t—k+1 1/q
e0at=s)pra(s — s)ds)

1/q
converges, ¢ > 1, and let K = (fioo e dat=s) fa(t — s)ds) .
Let g > 1 such that % + % = 1. Denote

e?-1\1/q > sk
aofM( q5) , afa()];e .
(A11) The function R x R— X, (¢,5) — U(t, s)x € bAA(R x R, Y) uniformly for
z eX.
(A12) The function R xR — X, (¢, s) — A(s)U(t, s)z € bAA(R x R, X) uniformly
for x € Y.

Definition 4.1 ([9]). A continuous function v : [o,0 + a) — X,a > 0, is a mild
solution of neutral system (1.1)) on [0, 0 +a), if the function s — A(s)U(t, s) f (s, us)
is integrable on [o,t) for every 0 <t < o + a, uy, = @, and

U(t)=U(taa)(¢(0)+f(0,<ﬂ))—f(t,Ut)—/ A($)U (L, 5) [ (s, us)ds

t
+/ U(t,s)g(s,us)ds, t€lo,0+a).

Under assumptions (A6) and (A7), it can be easily shown that the function

ult) = — f (b ur) + / U(t, 5)g(s, us)ds — / AS)U(t,8) (5, us)ds,

for each t € R is a mild solution of (1.1)).

Lemma 4.2 ([33]). Assume that conditions (A6), (A7), (A11) hold. Let p € Uy
and u € WPAASP (X, 00), and

o(t) := /t U(t,s)u(s)ds, teR.

— 00

Then v € WPAA(X, 00).

Lemma 4.3. Assume that conditions (A6), (A7), (A12) hold. Let p € Uy and
u € WPAASP(X, o), and

v(t) ::/ A(s)U(t,s)u(s)ds, teR.

—0Q0

Then v € WPAA(X, 00).
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Proof. Since u € WPAASP(X, 00), there exist functions ¢ in ASP(X) and @° in
PAA(LP(0,1;X), 00, p) such that u =1 + .

v(t) := / A(s)U(t,8)1(s)ds + / A(s)U(t, s)w(s)ds = T(t) + H(1).

To prove that v is a weighted pseudo almost automorphic function of class infinity,
we only need to verify T(t) € AA(X) and y(t) € PAA((X, oo, p).

First, let us prove that Z(t) € AA(X). We consider for each n = 1,2,-- -, the
integrals

t—n+1
Fa(t) = /t A(0)U(t, 0)B(0)do.

—n
Now, let us show that each T, (t) € AA(X). Using the Holder inequality and the
exponential dissipation property of the evolution family U(t, s), it follows that

t—n—+1
[Zn ()] < /t [A(@)U(t,0)(o)||do

—n

t—nm—+1
< /t IA(@)U (t, o) |l[¥ () |do

t—n+1

([ eseoma o) ([T ) i

t—n+l 1/q _
<( / e H(t — 0)da) (o) 5
t—n
Using the fact the series
0 t—m+1 1/q

Z (/ e_‘s‘I(t_")Hq(t — o)da)

n=1 -n

converges, we deduce from the well-known Weierstrass test that the series Y -
Ty (t) is uniformly convergent on R. Let

e}
T(t) = Z T, (t) for each t € R.
n=1

Observe that ,
(t) = / A(S)U(t, $)0(s)ds ¢ € R,

— 00
Clearly, Z(t) € C(R,X) and
o0 o0 t—n+1 Solt 1/q _
Bl <> w0l <> ([ et m - o) wo)s
n=1 n=1 t—n
Since ¢ € ASP(X) and A(s)U(t,s)z € bAA(R,X), then for every sequence of
real numbers {s, }nen there exist a subsequence {s,,}men and a function ¢(-) €

LP (R,X) such that for each t € R,

loc

lim (/tt+1 [9(s + sm) — {/I(s)”Pds)l/p —0, (4.1)

m—00
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t+1 B 1/p
lim (/ [5(s = su) = B(s)[Pds) " =0, (4.2)
m— 00 t
lim A(s+ 8,)U(t + sp, s+ sp)x =U'(t,5)x, t,seR, xeX, (4.3)
lim U'(t — 8y,8— sp)x = A(S)U(t,8)x, t,s€R, xeX. (4.4)
Let Z,, = :::H A(a)U (¢, U)J(U)da. Then using Holder inequality, we have
[Zn(t + sm) — Zn(t)]]
t—n—+1

- ” . [A(0 + 5m)U(t + 8, 0 + 8)0(0 + 8m) — A(0)U (2, U)J(U)]da”
t—n—+1 B N
< H/t, A(a+sm)U(t+sm,U+sm)(w(a+sm)—¢(g))H

t—n+1 - -
/t (Ao + 5n)U(t+ 50,0 + 502)0(0) — Al0)U (1, 0)(o)]do]|

—n

+|

= In(t) + Jn(t),

where

I

t—nm+1 .
Jn(t):H/t ) [A(a+sm)U(t+sm,a+sm)fA(o—)U(t,a)dz(a)]doH.

no=| [ tnn+1A<a+sm>U<t+ 11,0+ 5) (B0 + 511) = 0(0)

Then using the Holder inequality, we obtain

t—n+1 .
In(t) < /t eI H(t = 0) [0 + sm) — (o) | do

—n

. (/tthrl 6—5’1(t—0)H’1(t B o')dO’) 1/q (/t

— ~ /P
_ . Hw(a+sm)—¢(a)||1’da)1 .

Now using (4.1)) it follows that I,,(t) — 0 as m — oo for each ¢ € R. Similarly, using
the Lebesgue Dominated convergence Theorem and (4.3)) it follows that J,,(t) — 0
as m — oo for each t € R. Now,

t—n—+1

|Zn(t + sm) — Zp(t)]] — 0, asm — oo.
Similarly, using (4.2) and (4.4), it can be shown that

H%n(t - Sm) - fn(t)H — 0, asm — oo.

Thus, we can conclude that each Z,, € AA(X) and consequently their uniform limit
Z(t) € AA(X).
Next we verify that 5(t) € PAAy(X, oo, p). For each n=1,2---, we consider the

integral
t—n—+1

Yu(t) = /t_ [A(, )U (L, 5)|| [[oo(s)|ds.

For this we have the following estimates:

sup |7, (0)]|
oelt—r,t]

0—n-+1
< sup / A0, s)U (0, s)|[|(s) | ds
ocit—rt] Jo

—n
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0—n-+1
< sup / e OO H (0 — s5)||w(s)||ds

n oc(t—r,t] JO—n

t—n+1 1/ 0—n+1
<( / oo — )ds) " (sup / [B(s)]7ds)7).
t s %

—n [t—rt] JO—n

Then for » > 0, we see that

: /TT( sup ||?n((9)||)9(t)dt

m(T,p) J_ o€t—rt]

1 /T /9n+1 - 1/17
<Z—— sup w(s)||Pds t)dt,
m(T,p) J_r (Ge[tfr,t] ( 0 (el ) )p( )

- —n

—n 1/q
where Z = ( tt_n He=dalt=s) fra(t — s)ds)

Since @’ € PAAq(LP(0,1,X), 00, p), we have 7,,(t) € PAAy(X, oo, p) from above
inequality. Then we deduce from the Weierstrass test that the series > - | 7, (f) is
uniformly convergent on R, Moreover,

() = / At Ut s)ds = 3 Ga(t):

- n=1

and clearly 7(t) € C(R,X) and

IO < D 17,01 < D Z[@se-

Applying 7,, € PAA(X, 00, p) and the inequality
1 T
—_— sup ||g(@ )p t)dt
w7 ] (o 1O

< [ (s 50 - Ym0
k=1

m(T,p) J_r 0€t—r,t]
oo 1 T
+ 7/ (sup y@)ptdt.
2t ) S L, O et?
We deduce that the uniformly limit 5(-) = Y2 | 7, (t) € PAA(X, 00, p). Therefore
v(t) = Z(t) + y(¢) is weighted pseudo almost automorphic of class infinity. O

Theorem 4.4. If conditions (A6)—(A12) hold, then (L.1) admits a unique weighted
pseudo almost automorphic mild solution of class infinity provided that

t 1/a
0= c(Lf + sup (/ e 09t ra(¢ — s)ds) Ly+ aLg> <1,
teR —00

where ¢ is defined as in Remark (2.25).
Proof. Define F: WPAA(X,00) — WPAA(X, 00) as

(Fu)(t) = —f(t,ur) + /

—00

t t

Ult, s)g(s,us)ds — / A(s)U(t,3)f(s,us)ds.

—00
Ifu € WPAA(X, 00) by Lemma/|3.6|and Corollary[3.11} g(s,us) € WPAASP(X, 00).
By Lemma[3.6]and Corollary f(s,us) € WPAA(X, 00). Owing to Lemma
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and Lemma [4.3] it is not difficult to see that F(WPAA(X,00)) C WPAA(X, 00).
For any u,v € WPAA(X, o0), we have

[[(Fu)(t) — (Fo)@)|
:Hff(t,ut)Jr/i U(t,s)g(s,us)dsf[ A(8)U(t, 8) (s, us)ds

44mm—/ WwM@m@+/ AU (t, ) f (5, 0)ds

— 00 — 00

o0
< Ly|lvg — uel|os + H / Ut t—s)(g(t —s,us—s) — gt — s,vt,s))dsH
0
t 1/
+ (/ eI H(t — s5)ds) Lyl — s

b salt-s) 1/a
<Ll —uilw + ([ 1O = 9ds) Lo - w

s k - g, [k 1/p
—éqs _ p
+ Mng (/k_l e ds) (/k_l llg(s,us) — g(s,vs)]l ds)

b st a
= Lyl|lvy — uel|s + (/ e%4( _S)Hq(t — s)ds) L¢llve — ut||s
sk
+ ao Ze lg(t +k =2+ wpqp—2t.) — gt + k=24 vigp—2v)|p
h=1
! Sq(t—s 1a
:Lvat—utH%—i-(/ e q( —.s)Hq(t—S)dS) Lf”/Ut_utH%
+algllugsk—o+. — Vitr—2+ ||
b 1/q
<o(tyrsup ([ e Im - s)ds) Ly 4oLy ) fu- vl
teR —0o0
= Ollu — v|c-

Consequently,
|[Fu — Folleo <Ot — v||oo-

Then F is a contraction since © < 1. By the Banach contraction mapping principle,
F has a unique fixed point in WPAA(X, occ0), which is the unique WPAA mild
solution to the problem. O

We end this paper with a simple example. Consider the first-order boundary-
value problem which was used in [§],

9 0 g
o ) b(s,n, ,m)dnd
gi[ue e+ [ [ b ule+ s.mns

2 0
= St + ao©ult.€) + / a(s)ult + 5, £)ds. (4.5)

— 00

u(0,t) = u(m,t) =0,
fort e Rand £ € I =[0,n].
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Note that equations of type arise in control systems described by abstract
retarded functional-differential equations with feedback control governed by pro-
portional integro-diffential law, see [I§] for details.

To analize ([L.F]), we let X = L?([0,7]) and B = C((—o0,0],X). In addition, we
suppose that the function a, ag,a; are continuous and satisfy the following condi-
tions:

(i) The function b(-), 5- 1b(7' 1,6),i=1,2, are (Lebesgue) measurable, b(1,n, 7) =
0,b(r, n,0) = 0 for every (r,7) and

N1 = max // / 81 b(r,m,¢ )) dndrds : 1—012}

Define f, g : C((—00,0],X) by

0 T
6) = /_ ) /0 b(s, m, Eyb(s, m)dnds,
0
9t 6)(€) = an(©u(t,€) + / a(s)(s, €)ds.

In view of above arguments, it is clear that can be rewritten in the abstract
form of . By direct estimation from (i), we can show that f takes values in
D(A) and that f(¢, ) C((=00,0] : X) — [D(A)] is a bounded linear operator with
|Af(t,-)]| < (Nyp)z for each ¢ € R. Furthermore, g is a bounded linear operator

on X with
o, 1/2
g(t,) < llaolle + (p(/ a (s)ds)) ,
for every t € R.

As a consequence of Theorem system (4.5) has a unique weighted pseudo
almost automorphic mild solution of class infinity whenever

2v/Nip + |Jao o + (p(/_ooo a2(s)ds))l/2 <1
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