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MULTIPLE SOLUTIONS FOR BIHARMONIC ELLIPTIC
PROBLEMS WITH THE SECOND HESSIAN

FEI FANG, CHAO JI, BINLIN ZHANG

ABSTRACT. In this article, we study the biharmonic elliptic problem with the
secondnd Hessian

A%y = So(D?%u) + Af(z)|ulPu, in Q CR3,
u = % =0, on 09,
on
where f(x) € C(Q) is a sign-changing weight function. By using variational
methods and some properties of the Nehari manifold, we prove that the bihar-
monic elliptic problem has at least two nontrivial solutions.

1. INTRODUCTION

Let Q be a bounded domain in R3, 0 < p < 1. In this work, we consider the
problem
A?u = So(D*u) + Mf(x)|ulPtu, in Q,
U= @ =0, on 09, (1)
on
where f(z) € C(Q) is a sign-changing weight function,

So(D*u)(z) = Y Aiz)A(2),

1<i<j<N
Ai, (1 =1,--+, N) are the solutions of the equation
det(A — D*u(z)) = 0,

and A? the bi-Laplacian operator.

The case N = 2 appears as the stationary part of a model of epitaxial growth of
crystals (see [0, [15]) initially studied in [7]. In dimension N = 3 the model can be
seen as the stationary part of a 3-dimensional growth problem driven by the scalar
curvature.

For the case n = 2, the equation is expressed by the formula

A?u = det(D*u) + Af(z)u, in QC R (1.2)

In this case, (1.2)) was studied by Escudero and Peral [7]. For a Dirichlet bound-
ary condition, they used variational methods to prove that (1.2)) has at least two
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solutions. However under the Navier boundary condition, does not have a
variational characteristic, so the authors used fixed point arguments to obtain ex-
istence of solutions.

For the evolution formula of problem 7 Escudero, Gazzola, and Peral [9]
proved existence of local solutions for arbitrary data and existence of global so-
lutions for small data. Moreover, by exploiting the boundary conditions and the
variational structure of the equation, according to the size of the data the authors
proved finite time blow-up of the solution and (or) convergence to a stationary
solution for global solutions.

For problem (L.1]), Ferrari, Medina and Peral [12] obtained the following results
for f(x) =1:

(1) If p < 1 there exists a A9 > 0 such that if 0 < A < Ag, problem has at
least two nontrivial solutions.

(2) If p > 1 problem (l.1)) has at least one nontrivial solution for every A > 0.

(3) If p = 1 problem (1.1]) has at least one nontrivial solution whenever 0 <
A < A1, where \; denotes the first eigenvalue of A2 in Q with Dirichlet
boundary conditions.

In the high dimensional case, Escudero and Torres [I1] proved the existence of
radial solutions for the problem

A%y = (=1)*Sy[u] + Af(z), in B1(0) Cc RV,

provided either with Dirichlet boundary conditions or Navier boundary conditions,
where the k-Hessian Si[u] is the k-th elementary symmetric polynomial of eigen-
values of the Hessian matrix.

We can state now the following result.

Theorem 1.1. Let 0 < p < 1. There exists N\g > 0 such that for each A € (0, \g),
problem (L.1)) has at least two nontrivial solutions.

As in [12], we will use variational methods and some properties of the Nehari
manifold to obtain two nontrivial solutions. For a study on variational methods and
their applications, we refer the reader to [4l 177, 18] 20} 21]. The Nehari manifold
was introduced by Nehari in [I9] and has been widely used; see [11, 2, [3, 13| 14 [16]
99, 23, [24], [25).

The main idea for the proof or theorem [I.1]is dividing the Nehari manifold into
two parts and then considering the minimum of the functional on each part. This
article is organized as follows. In Section 2, we give some preliminary lemmas. In
Section 3, we present the proof of Theorem

2. PRELIMINARIES

To use variational methods and some properties of the Nehari manifold, we firstly
define the corresponding functional and Nehari manifold with respect to problem

(1.1). The energy functional for problem (1.1]) is

I(u):%/ﬂ\Au\zdzf/Q Z &ju@iuajudx—I%/Qf(zﬂuvﬂrldx, (2.1)

1<i<j<N
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u € Wi (Q). From [12], we know that

(I'(u),v) = /Q AuAvdx — /Q Z (0;ud;ud;;v 4+ 0;ud;jud;v + O;udj;ud;v) dx
1<i<j<N

- [ Af@lulo
J(u):([’(u),u):/Q|Au|2dx73/ﬂ > 31;u8ju3¢jud:17—/ M (2)|u|P T da,

1<i<j<N Q

(J'(u),u) 22‘/Q\Au\2dac—9/ﬂ Z Ojudjud;ju dr — (p+1)/ Af (@) |ulP+ da.

1<i<j<N Q

As the energy functional I is not bounded on WO2 2(Q), it is useful to consider the
functional on the Nehari manifold

N ={u: (I'(u),u) = 0}.
Furthermore, we consider the minimization problem: for A > 0
a=inf{I(u):ue N}
The Nehari manifold A/ can be split three parts:
NT ={u: (J'(u),u) >0}, N°={u:(J(u),u)=0IN" = {u:(J (u),u) < 0}.
Lemma 2.1. There exists A\; > 0 such that for each A\ € (0, A1), N0 =0

Proof. We consider the following two cases.
Case 1. Assume that u € N and [, Af(z)|u[P*'dz = 0. This implies

(I'(u),u) = / |Au|*dx — 3/ Z O;udjud;judr = 0.
Q Q1<i<i<N
Hence,
(J'(u),u) = —/ |Au|?dz < 0
Q
and so u & N°

Case 2. u € N and [, \f(x)[u[PT1dx # 0. Assume that N0 # @ for all A > 0. If
u € N°, then

0= (J"(u),u) = 2/ |Aul?dx — 9/ Z 0iud;ul;judx
Q Q

1<i<j<N
) [ M@t (2.2)
Q
=(1 —p)/ |Au|?dz — (6 — 3p)/ Z O;ud;ud;jude.
Q Q1<icj<N
Therefore,
6 — 3p)

Aul?dz = ( / O;ud;ud;;u dx, 2.3
[ 1aupar = G257 vy, (23)

Q1<ici<N



4 F. FANG, C. JI, B. ZHANG EJDE-2016/289

/)\f \u|p+1da:—/ |Aul?dz — 3 / Z 0iud;jul;judr

1<i<j<N

(2.4)
/ Z Ojudjud;ju dx.
Q 1<i<j<N
Moreover, using Holder’s inequality, one has
1 / 2 2
— | |Ay] dx:/ | Al dx—3/ Z O;u0jud;ju dx
(2-p) Ja Q Qi<icj<N
= [ @t < Nl fuli (25)
p;rl
<Al s ( / Audr) T
where m = ;_ig (so the conjugate index m' = ;r{) g+1< 2. By 2.5), we
have -
([ 1aupar) ™ <@ plislensrs, (2.6)
or

(/Q Aupdr) < (M2 p)]|fll 577

Define the following functional on WO2 2(Q),
Au|*dx)? =
] = [ o
Jo Zlgz‘q'gN 0;judiud;ju dx Q

K(ZMI)Z%(GI__;;)F.

Then by (2.3) and (2.4)), we have A(u) =
On the other hand, for u € Wj*(Q2), w have

2 1/2
/ Z Oijudiudjudr < C(/ |Aul? dac / |Vu|4dx)
Q

1<i<j<N (27)

< C’(/Q|Au|2dx)3/2

Then using (2.5)), (2.6), the Holder inequality and Sobolev inequality, for u € NV,
we deduce

Au) = K(p.g)|

where

Jo |Aul?dz)* A
UnlBuldr) 175 ) )t
fQ 21§i<j§N azjuazuaju dx

ptl

(fo |Aul?dz)® 17 >
Sl rrarerd IR VACTD

Auas) [k Auds) T o
> - m
> ([ 1aupas) * Ko [ 18uPar) 1711
41 qg(1—p)+p—2
)

> (/QIAude)pz {K(p»Q)(()\(Q—p)||fHLm5p+l)%> T

Au) > K(p,q)|
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— Ol
Since
1-—- -2 2
gl-p)+p—2 <0,
2(¢—1) p—1
for A sufficiently small, we have A(u) > 0. This contradicts A(u) = 0. Hence we
can conclude that there exits A; > 0 such that for A € (0, A1), N0 = 0. O

Lemma 2.2. Ifu € N'*, then [, Af(x)[u[P* dz > 0.

Proof. For u € N, we have

/ |Au|*dz — 3/ Z O;udjud;ju dr — / M (2)|u|PTdz =0,
Q Q

Q1<i<i<N
2/ |Aul|*dx — 9/ Z O;udjud;judr — (p+ 1)/ M (z)|u[P T dz > 0.
Q Q1<i<j<N Q

Combining the above two formulas, we have

@) [ M@hpar> [ (s> o
Q Q
This completes the proof. ([

According to Lemma[2.2] for A € (0, A1), we can write N' = N'* UN ™ and define

at = inf I(u), a = inf I(u).
ueEN+ ueEN

Next we show that the minimizers on N are the critical points for 7. We denote
the dual space of W¢%(Q) by (W022(Q))>k

Lemma 2.3. For A € (0,\1), if ug is a local minimizer for I(u) on N, then
I'(ug) = 0 in (W5 * ()"

Proof. If ug is a local minimizer for I(u) on N, then wug is a solution of the opti-
mization problem

minimize I(u) subject to J(u) = 0.
Hence, by the theory of Lagrange multipliers, there exists # € R such that

I'(ug) = 0 (ug) in (W*(Q))"

Thus,

(I'(uo), uo) = O(J' (uo), uo). (2.8)
Since ug € N, (I'(up),up) = 0. Moreover, since N = 0, (J'(ug),up) # 0 and by
(2.8), 8 = 0. This completes the proof. O

For u € W22 (Q), we write

I (e YA L
(6 — 3p) Jo Zl§i<j§N 0 judiudju dx

Lemma 2.4. (1) If [, Y i<icj<n Oijudiudjuder < 0 (= 0), then there exits a
unique t— > 0 (tt > 0) such that t u € N* (tTu € N7) and I(t"u) =
mingso I(tw) (I(t~u) = maxgso I(tu));

(2) t=(u) is a continuous function for nonzero u;
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3)
N = {u e W@\ {0} (i) o = 1)

Jull
Proof. (1) We firstly define
2
i(t) == I(tu) = %/ |Au|?dx —t / Z 0iu0;udju d
Q Q

1<i<j<N (29)

_tp+1/ L(x)|u|p+1dx_
ap+1

We easily compute

i'(t) == I'(tu) = t/ |Au|*dx — 3t2/ Z 0iu0;udju dx
Q

PisicjN (2.10)
—t”/ M (@) |ufP L
Q
and

(I'(tu), tu)

—t2/ |Au|2dx—3t3/ Z 0;u0; u(’?”udx—tpﬂ//\f(x)|u\p+1dx (2.11)
Qi<ici<N 2

=ti'(

We distinguish the following two cases.

Case i. [, cicjcn Oijudiudjudr < 0. In this case, i(t) is convex and achieves

its minimum at ¢t~ and t~ # 0. Thus, using and (| -, we obtain t~u € N’
and

I"t)y >0 fort=t".

Case ii. [, <;cjcn Oijudiudjudz > 0. Let
t) =t~ p/ |Aul?dx — 3t~ p/ 0i;ud;udjude.
Q1<i<j<N

It is easy to show that s(0) =0, s(t) — —oc as t — +00 is convex and achieves its
maximum at

. _ —p) fQ |Au|?dx
(6 — 3p) fQ Zl§i<j§N d;judiudjudr’
Then, using (2.7) we obtain
S(tmax)
= s(t)

_ (1—-p) [, |Aul?dz 1—p/ Aul?d
- ((6—3p)fQZlSKjSN@ijuBiuajudm) Q| 'LL| $

(1-p) fQ\Au\de 2—p/
-3 0;u0;udju d.
((6 — 3p) fQ Zl§i<j§N &-juaiuajudx) Q Z J

1<i<j<N
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(1—p) [, |Au*dx )1710

=(3p-2 / Aul?dz
( ) Jo 12 ((6—3p) Jo Xazicjen Oudiudiude

>C’1(/Q|Au|2dx>1§p.

From the above inequality, there exists a Ag such that for A € (0, \g) small,
s(0) = 0 < A/ F@)|uf da
Q

—) /Q @)l dz < Xl [l (2.12)

p+1

2

< $(tmax)-

< /\||f||LmSp+l</Q|Au|2dac)

where m = ;_ig (so the conjugate index m’ = %), g+1< 2.

Using (2.12)), we easily deduce that there are unique values t* and ¢~ such that
0 <tt <tmax <t

s(t™) = )‘/ F@)|ufP*de = s(t7),
Q
ST >0>8'(t).
We have ttu € N, t7u € N, and I(t"u) > I(tu) > I(t*u) for each t € [tT,t7]
and I(t*u) < I(tu) for each t € [0,¢T]. Thus

I(t~u) = I I(ttu) = min I(tu).
(t7u) nax (tu), I(t"u) o in (tu)

In this case, i(t) is concave and achieves its maximum at ¢+ and ¢* # 0. Thus,

using (2.9) and (2.11]), we obtain ttu € N~ and
I"(t) <0 fort=t".
(2) By the uniqueness of t~(u) and the external property of ¢t~ (u), we have that

t~(u) is a continuous function of u # 0.
(3) For u € N't, let v = ﬁ Using the discussion (1), there exists an t— >

0 such that t"v € AT, that is t*(m>m € N*t. Since u € N, we obtain
t(7%) 7ot = 1. This shows that

[l /- Jlel

N+ {ue W2AQ)\ {0} - t_<i>ﬁ —1).

[l
Tl

() e

[l 7 [l

Conversely, let u € Wg?(Q) \ {0} such that ¢~ (ﬁ) - =1, then

Hence,

Nt = {ue W2HQ)\ {0} : t’<l> L_.

luall / flll—
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Now we consider the degenerate equation
A?u = Sy(D%*u), in Q,
o (2.13)
u= 22 = 0, on 09.
on
The functional corresponding to (2.13)) is

H(u) = % 0 |Au|2d$ - / Z aijuaiuﬁjuda:.

Q1<icj<N
We consider the minimization problem
B =inf{H(u):ue N},
where N = {u: u € Wg*(Q) \ {0} : (H'(u),u) = 0}. Next we show that problem
has a nontrivial solution wy such that H(wp) = 3 > 0.

Lemma 2.5. For any u € Wg*(Q) \ {0}, there exits an unique t(u) > 0 such
t(u)u € N. The mazimum of H(tu) fort > 0 is achieved at t = t(u). The function

W2 (\{0} = (0,+00) = u — t(u)
is continuous and defines a homeomorphism of the unit sphere of I/VOQ"2 (Q) with N.

Proof. Let u € Wg*(Q)\{0} be fixed and define the function g(t) := H(tu) on
[0,00). Obviously, we obtain

Jgt)=0&tue N (2.14)

@/ |Au|?dx = 3t/ Z Ojudjud;judr = 0. (2.15)
Q Q1<i<j<N

If for all u € W*(Q), it holds Jo X i<icjen Oijudiudjudr < 0, then 0 is an
unique critical point of H(u). And if fQ il§;<j§N 0i;u0;udjudr > 0, using the
mountain pass theorem, we can show that H(u) has a nontrivial critical point. So
for each u € Wy *(Q)\{0}, it is easy to verify that g(0) = 0 and g(t) > 0 for
t > 0 small and g(t) < 0 for ¢ > 0 large. Therefore maxp ) g(t) is achieved at
an unique ¢ = t(u) such that ¢’(¢(u)) = 0 and t(u)u € N. To prove the continuity
of t(u), assume that u, — u in Wy (Q)\{0}. It is easy to verify that {¢(u,)} is
bounded. If a subsequence of {t(u,)} converges to tg, it follows from that
to = t(u), but then t(u,) — t(u). Finally the continuous map from the unit sphere

of W22 (Q)\{0} — N, u — t(u)u, is inverse of the retraction u — e O
Define
= inf H(tu), = inf H(v(tu)),
N e o BT gy O
where

T = {7 € C[0, 1], Wg"*(€2) : 7(0) = 0, H(y(1)) < 0}.
Lemma 2.6. ¢; =c= (>0 and c is a critical value of H(u).

Proof. From Lemma we easily know that § = ¢;. Since H(tu) < 0 for u €
W2()\{0} and t large, we have ¢ < ¢;. The manifold N separates W3 ()
into two components. The component containing the origin also contains a small
ball around the origin. Moreover H(u) > 0 for all w in this component, because
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(H(tu),u) > 0 for all 0 > ¢t > t(u). Thus every v € T" has to cross N and g8 < c.
Since the embedding Wy*(Q) «— L™ () (m < 2*) is compact, it is easy to prove
that ¢ > 0 is a critical value of H(u) and wg a nontrivial solution corresponding to
c. ]

Lemma 2.7. (1) There exist t > 0 such that

p—1 )
<at < ———#3 <0.
a=a 6p + 6 g

(2) I(u) is coercive and bounded below on N for \ sufficiently small.

Proof. (1) Let wp be a nontrivial solution of problem (2.13])) such that H(wy) =
B > 0. Then

/ |Awo|2dx — / Z Oiwo0jwo0;jwodz = 0.
Q Q

1<i<j<N

Set ¢ = t*(Q) as defined by Lemma Hence twy € Nt and

I(twp) / | Awo|?dx 7t3/ Z 0iwoOiwoOjwodx
Q

1<i<j<N
_ t“erl/ Af(x) |wo [P+ da
sz +1
1
_ (5_7 “2/ | Awo|?dz (2.16)
+ 71 — 1 £ Z 0wo0iwoOjwodx
P Q1<ici<N
—1
P~ 25
6p +6
This yields
a<a+<7p_1525<0
- 6p+6 '

(2) For uw € N, we have
J(u) = (I'(u), w)
:/ |Au|*dx — / Z O;udjud;judr — )\/ f(@)|u|PTdx = 0.
Q Q Q

1<i<j<N

Then by Holder and Young inequalities,

/\Au|2dx / Z 0iud;udju dx — A /f(x)|u|p+1dx
-‘rl Q

1<z<]<N
:1/ \Au|2dx— _— /f |u\p+1dx
(2.17)
>\ =
> 5 [ 18uPde = (55 = DIl 577 [ |Aups)
1 2\2-p) —p)
> = — m QPT1
> (5~ 30510 /|Au| dr— 5oy (s 7
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In (2.17)), since p < 1, for A small, we have I(u) > 0 on N. So we easily know that
I(u) is coercive and bounded below on N for A sufficiently small. O
3. PROOF OF THEOREM [L1]

We need the following lemmas.

Lemma 3.1. For each u € N, there exist ¢ > 0 and a differentiable function
£:B(0,e) C W) — R such that £(0) = 1, the function £(v)(u —v) € N and

(€(0),v)
QfQ |Au|2dx -9/, Y oi<icj<n Oiudjudijudr — N(p + 1) ) Jo f(@)|ulPTda
p) [ |Au|?2dz — (6 — 3p) [, Y oi<icj<n Oiudjudijuds ’

for all v € WOQ’Q(Q)
Proof. For u € N, define a function by F': R x WOQ’Q(Q) — R by

Fu (&, )
= (I(¢(u = w), {(u — w)))

=¢2 /\A (u — w)2dx — 353/Q Z 0i(u — w)0;(u — w)0;j(u —w)dx (3.1)

1<i<j<N

—M“*Afwmu—wP“Mx
(r

Then F,(1,0) = (I'(u),u) = 0 and
diFu(l,O) = 2/ |Au|*dx — 9/ Z O;ud;ul;ju dx
t Q Q1<i<i<N
A+ 1) [ @i (3.2)
Q

:(1—p)/Q\Au\2dx—(6—3p)/Q Z 0yudjud;;udx # 0.

1<i<j<N

According to the implicit function theorem, there exist ¢ > 0 and a differentiable
function ¢ : B(0,¢) € W*(€2) — R* such that £(0) = 1 and

(€(0),v)
2fQ |Au|2d1' -9/, Yi<icjen Oudjudijudre — A(p + 1 ) Jo f(@)|ulPd
) Jo |Aul?dz — (6 — 3p) [o 201 <icj<n Qiudjudijudr

and
F,(&(v),v) =0 for all v e B(0,¢);
that is, £(v)(u —v) € N O

Similarity, we have the following result.

Lemma 3.2. For each u € N, there exist ¢ > 0 and a differentiable function
£ : B(0,e) € W2 (Q) — RT such that €~ (0) = 1, the function £~ (v)(u—v) € N~
and

(€(0),v)
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QfQ |Au|2dx -9 /5 Y i<cicjen Oiudjudijude — A(p + 1) ) Jo f(@)|ulPTda
p) Jo |Aul?dz — (6 — 3p) [, ZlSz<JSN dyud;ud;ju dx ’
forallv e WOQ’Q(Q).

Proof. As in the proof in Lemma[3.1] there exist £ > 0 and a differentiable function
€ : B(0,e) € W2?(Q) — RT such that £ = 1 and £ (v)(u — v) € N for all
v € B(0,¢). Since

(J' (u),u) =(1 —p)/ |Aul?dz — (6 — 3p)/ Z Oiudjud;judr < 0.
Q Q1<ici<N
Thus, by the continuity of the function J’(u) and £~, we have
('€ (0)(u—=)),& (v)(u—0))

(1-p / |A (& (v)(u—v)) |*dx
(3.3)
(6 — 3p) /Q () (u— v)) 0; (f‘(v)(u - v))

1<i<j<N
x ;5 (€ (v)(u —v)) dz < 0.
For ¢ sufficiently small, this implies £~ (v)(u —v) € N ™. O
Lemma 3.3. Let A\g = inf{\, A2}.

(1) There exists a minimizing sequences {un} C N such that

I(up) = a+o(1), I'(uy)=o(1) for (W) (3.4)
(2) There exists a minimizing sequences {u,} C N~ such that
I(un) = a” +o(1), I'(un)=o0(1) for (Wg*(Q))" (3.5)

Proof. Using Lemma and Ekeland variational principle [5], there exists a mini-
mizing sequence {u, } C N such that

Im@<a+%, (3.6)
1
I(uy) < I(w)+g|\w—un\| for each w € . (3.7)

By taking n enough large, from Lemma [2.7] - (1), we have

24 —p))\ p+1
/|A [ | @l o

p—
t < 0.
6p+6 “f

(3.8)

<« + <
n
This implies

Hf”LmS”H(/QMun\de /f Vg [P da > 6>\( )

Consequently u, # 0 and combining the above two estimates and the Holder in-
equality, we obtain

1—p P
/Q'A“”'QC’“ [Wf%nﬂlms b1 7 (3.10)

7P pg o (39



12 F. FANG, C. JI, B. ZHANG EJDE-2016/289

4—2p)A =
/Q|Aun\2dx< ((]H_I;)Hfh;mSp“} : (3.11)

)
Next we show that

||I,(un)||(w§*2(sz))* —0 asn— +oo.

Applying Lemmawith u, to obtain the function &, : B(0,¢,) C Wg?() — R
for some &,, > 0, such that &, (w)(u, —w) € N. Choose 0 < p < &,. Let u € W3*(Q)
with u # 0 and let w, = ﬁ. We set 1, = &,(£,)(u—w,). Since n, € N, we deduce

that from (3.7) that
1
101,) = 1) 2 =~y =
and by the mean value theorem, we have
-1
(" (un)smp = un) + o1, = unll = — 1, = unll). (3.12)

Thus
(I/(un), _wp) + (gn(wp) - 1)(Il(un)7 (un —wp))

3.13
Z*%Wb*%M+0m%*UMU (319
It follows from (&, (w)))(un —w,) € N and that
—mwwmﬁw+@w»—mm%wfwu%—%»
) (3.14)
> ==l = unll + o(lIn, = wall).
Thus
(Hw»ﬁps“wﬁ”umman%%»
. (3.15)
_|_i||77p_un”_~_ o(llm, n”)
np p

Since H77p —up || < |€n(wp = Dflunll + p|§n(‘-‘)p)| and

: |£n(w - 1)' !
tiy 22— 2 < g ).

If we let p — 0 in (3.15) for a fixed n, then by (3.11) we can find a constant C' > 0,
independent of p, such that
u
7) <

() ) <

We are done once we show that ||£/,(0)|| is uniformly bounded in n. By (3.11)) and
Lemma [3.1] and Holder inequality, we have

(£'(0),v) = |

Ca ol (3.16)

blvll
(1-p) fQ |Aul?dx — (6 — 3p) fQ Zl§i<j§N 6iu8ju6ijudx’ ’
for some b > 0. We only need to show that

‘(1 fp)/ |Auf?dz — (6 — 3p)/ Z 0;u0;ul; ju dx’ >0, (3.17)
Q

Q1<i<j<N
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for some ¢ > 0 and n large enough. We argue by contradiction. Assume that there
exists a subsequence {u, } such that

(1-p) /Q |Au|?dz — (6 — 3p) /Q Z Oiud;ud;judr = o(1). (3.18)

1<i<j<N

Using (2.7 and -, we can find a constant d > 0 such that
Q

1<z<]<N

for n sufficiently large. In addition , and the fact {u,} C N also give
)\/ f(@)|un|PT de = / |Auy, |2dx — / Z Oiun0jundijundr  (3.20)
Q

1<i<j<N

= / Z 0iun0jun0;jundx + o(1) (3.21)
Q

1<i<j<N

2 (4—2p)A
[ 18w e < [0

and
2
L SPT TP 4 0(1). (3.22)

This implies

_ (IQ |AU|2dx)q =1 p+1
Afw) = K(p.q)] (P S T T —]7 - /Q Af (@)l L da,

<2 T2y [(61_—?3) Jo Xrcicizn 3iuajuaijde)q} T (32
- 1—p 6—3p fQZISi<j§N8ijuaiu8judx
_ 3 Z 0iy, 0jun 0 jundz + o(1) = o(1).
1=pJa 1<i<j<N
However, from (3.19) and (3.22)), for A small, we have
(fQ |AU|2d$)q =T 11
A(u) > K — M fllpm|wllf
) 2 Xl Q)[fn d1<ici<N &juauaudx} £z g
|Aul?dz)? 2
> Kip o[ 2P oo ([ 1)
C( Jq |Aul?dz)

= (/Q |A”|2dx)pTﬂ {K(ILQ)(/Q |Au|2dx)%7ﬁ>p _ C)‘Hf”Lm} (3.24)
a—p)tp-2

2
L SPFL) m) 2(a-1

2

> ([ 18upa) ™ [0 (62 -l

- 0A||f||Lm]
This contradicts . We deduce that
u C
I’(un),—) <=, (3.25)
( [ull 7~ n
The proof is complete.
(2) Similar to the proof of (1), we may prove (2). d

Now we establish the existence of a local minimum for 7 on N't.
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Lemma 3.4. For A small, the functional I has a minimizer uf € N+t and it

satisfies

(1) I(uf) = a =a*;

(2) ug is a nontrivial nonnegative solution of problem (1.1));

(3) I(ug) — 0 as A — 0.
Proof. Let {u,} C N be a minimizing sequence for I on A such that

I(up) = a+o(1), I'(u,)=o0(1), for (WSQ(Q))* (3.26)
Then by Lemma and the compact embedding theorem, there exists a subse-
quence {u,} and ui € W2*(2) such that
u, —ug  in We(Q),

u, —ug in LM(Q),

where 1 < h < 2*. We now show that [, f(z)|uo[P* da # 0. If not, by (3.26), we
can conclude that

/ F@)[un|PTdz =0,

Q

/ f(@)|upPTdz — 0 as n — oo.
Q

Thus,
/ |Au, 2dz = 3/ Z 0iun 0jup0;jundz + o(1),
Q Q1<i<j<N
and
1
[(un) = */ |Aun\2dz */ Z &junaiunajundg:
2 Ja Q. =
1<i<j<N
A

-2 [ @t

1 (3.27)

Q1<i<j<N

— %/Q Z 0iju0O;up0jupdxr  as n — 400,
1<i<j<N

Similar to Lemma we can see that f921<i<j<N 0i;uo0;upOjupdr > 0. So
contradicts I(u,) — a < 0 as n — +oco. In particular, uf € Nt is a
nontrivial solution of problem and I(ug) > a. Similar to the proof of [12,
Lemma 3.1], we can prove that u,, — uar strongly in WOQ’QQ). In fact, if uar eN,
by Lemma [2.4] there are unique tj and t; such that tful € N and t;uf € N,
we have tg <ty = 1. Since

d d?
al(tguar) =0 and ﬁl(tguar) >0,
there exists t§ <t < t; such that I(tJud) < I(tud). By
)

Itgug) < I(tug) < I(tgug) = I(ug),
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which is a contradiction. By Lemma we know that uar is a nontrivial solution.
Moreover, from (2.17)), we know that

A2 -p) %
S (s )™

It is clear that I(ug) — 0 as A — 0. O

0> I(ug) > —

As in the proof of Lemma [3.4] we establish the existence of a local minimum for

ITon N—.

Lemma 3.5. For \ small, the functional I has a minimizer uqg € N~ and it
satisfies

(1) I(ug) = a~;
(2) g is a nontrivial nonnegative solution of problem (1.1)).

Combining Lemma and for problem ([L.1]), there exist two nontrivial
solutions ug and u® such that uy € N, uy € N~. Since N* NN~ = (), this
shows that ug and u® are different.
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