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IDENTIFICATION OF AN UNKNOWN SOURCE TERM FOR A
TIME FRACTIONAL FOURTH-ORDER PARABOLIC EQUATION

SARA AZ1Z, SALMAN A. MALIK

ABSTRACT. In this article, we considered two inverse source problems for
fourth-order parabolic differential equation with fractional derivative in time.
Determination of a space dependent source term from the data given at some
time ¢t = T is considered in one problem while other addresses the recovery of a
time dependent source term from the integral type over-determination condi-
tion. Existence and uniqueness of the solution of both inverse source problems
are proved. The stability results for the inverse problems are presented.

1. INTRODUCTION

We are concerned with the fourth-order parabolic equation

Dy (@, t) + uggaa (2, t) = F(z,t), (2,t) € Q:=[0,1] x (0, 7], (1.1)
with initial condition
I&:Ayu(x,t)hzo =o(z), =€]0,1], (1.2)
and nonlocal boundary conditions
uz(0,1) = ux(1,¢), u(0,t) =0, (1.3)
Uz (0,1) = Uzza (1,1),  uze(L,1) =0, t€ (0,7, (1.4)

where Dg”(+) stands for the generalized left sided fractional derivative of order
« and type v in the time variable (also known as Hilfer fractional derivative),
introduced by Hilfer [I2] and is given by

o, 70— 4 (1(1—7)
Dg 7 w(t) = {IM a(lm )}w(t)7 D<a<y<l. (1.5)
The left sided fractional integral is defined by
1 t
I’Bwt:7/t77ﬁ71w7'd7', t>0, (B3>0, 1.6
0, w(t) F(ﬁ)o( ) (1) (1.6)

where w € L}, [0,T],0 <t < T < oo, is a locally integrable real-valued function and
I'(+) is the Euler gamma function. The fractional derivative in interpolates the
Riemann-Liouville fractional derivative and Caputo fractional derivative for v = «
and v = 1, respectively. The Riemann-Liouville fractional derivative may has
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singularity at ¢ = 0 and usually has initial conditions in terms of fractional integral
whereas Caputo fractional derivative are used more frequently in the literature
because with Caputo derivative the initial conditions are more natural [24]. Both
Riemann-Liouville and Caputo fractional derivatives can be used in the modelling
of anomalous diffusion and the fractional derivative Dg:’( -) has the properties of
both of these fractional derivatives.

The nonlocal boundary conditions such as in — arise when we cannot
measure data directly at the boundary. Such type of boundary conditions usually
known as Samarskii-Ionkin boundary conditions which arise from particle diffu-
sion in turbulent plasma and in heat propagation where the law of variation of
total quantity of the heat is given [13]. For applications of more general nonlocal
boundary conditions see [7, [36], [35].

The direct problem for — is the unique determination of u(z,t) in £ such
that u(-,t) € C*0,1], Dy u(x,-) € C(0,T], when the initial condition ¢(z) and
the source term F'(x,t) are given and continuous. The direct problem with v =1
of homogenous equation , ie., F(x,t) = 0 with initial condition u(x,0) =
au(z,1) + ¢(z) and boundary conditions (1.3)-(1.4) was considered by Berdyshev
et al. in [3]. They proved existence and uniqueness of the regular solution of the
direct problem. The main concern of this paper are the following inverse problems

related to ([1.1))-(1.4)).

Inverse source problem I (ISP-I): For the first problem, we suppose the source
term F'(xz,t) depends only on the space variable, i.e., F(z,t) = f(z). The inverse
problem is to determine the source term f(z) and u(z,t) such that u(z,t) satisfies
the equation (L.I)-(L.4) from u(z,T) = ¢(z). Indeed, we are looking for the map

P(x) = {f(),u(z,t)}, ¢ <T.

By a regular solution of the ISP-I we mean a pair of functions {u(z,t), f(z)} such
that u(-,t) € C*[0,1], o, u(x,-) € C(0,T] and f(x) € C[0,1].

Inverse source problem II (ISP-II): For the second problem, we consider the
source term as F(z,t) = a(t)f(x,t). We are interested in recovering the time
dependent source term a(t) and w(z,t). The inverse source problems of determi-
nation of a time dependent source term was considered by many, for example see
[37, 28, [41]. Physically, such type of source; that is, a(t) f(x,t) arise in microwave
heating process, in which the external energy is supplied to a target at a controlled
level, represented by a(t) and f(z,t) is the local conversion rate of the microwave
energy.

For problem — the ISP-II is not uniquely solvable an over-determination
condition of integral type given by

/1 zu(z, t)dz = g(t), te0,T], (1.7)
0

is considered, where g(t) € AC[0,T1], the space of absolutely continuous functions.
The integral type condition arise naturally as over-determination condition for re-
covering the time dependent source term, in chemical engineering [6], fluid flow in
porous medium [§] and in some other applications see for example [32,[17]. A regular
solution for the ISP-II is a pair of functions {u(z,t), a(t)} such that u(-,t) € C*[0,1],
Dy u(x,-) € C(0,T] and a(t) € C[0,T].
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The spectral problem for (1.1)-(L.4) is not self-adjoint and a bi-orthogonal system
of functions is constructed from eigenfunctions of spectral and its adjoint problem.
We proved that both inverse problems are well posed in the sense of Hadamard (see
Section 3 and 4).

It is well known that the inverse problems for the parabolic equations are ill-
posed apart from this the inverse problems considered here are not easy to handle
due to the nonlocal boundary conditions — and the presence of generalized
fractional derivative in time. The fourth order parabolic differential equations have
been considered in applications to combustion theory [2], image smoothing and
denoising [25] [T0], incompressible elasticity problem, phase transition and surface
tension problem [B], thin film theory, lubrication theory [IJ.

The calculus of arbitrary order integrals and derivative usually known as frac-
tional calculus could be considered as old as integer order calculus. For the history
of the subject the interested readers are referred to [26]. Fractional calculus got con-
siderable attention in mathematics and other fields of science, because fractional
integrals and derivatives were used in the modeling of many physical, chemical,
biological process (see the monographs [27 [38]).

Let us dwell with some of the articles which considered the inverse problems re-
lated to time fractional parabolic equations. A stable algorithm using mollification
techniques has been proposed by Murio [30] for the inverse problem of boundary
function for time fractional diffusion equation from a given noisy temperature dis-
tribution.

Kirane et al [I9] considered two dimensional inverse source problem for time frac-
tional diffusion equation and prove the well posedness of the inverse source problem.
Jin and Rundell [16] consider the problem of recovering a spatially varying potential
for a one dimensional time fractional diffusion equation from the flux measurements
at a particular time. Li et al [2I] propose algorithms for simultaneous inversion of
order of fractional derivative and a space dependent diffusion coefficient for a one
dimensional time fractional diffusion equation. Li and Yamamoto [20] considered
the recovery of orders of fractional derivatives for a multi term time fractional diffu-
sion equation. The determination of orders of space and time fractional derivatives
for space-time fractional diffusion equation was considered by Tatar et al [39]. Fu-
rati et al [9] proved existence and uniqueness results for the solution of the inverse
source problem posed for the heat equation involving generalized fractional deriva-
tive given by . Direct and inverse problems for fourth order parabolic equation
with fractional derivative in time was considered in [4]. For time fractional diffusion
equation, determination of a time dependent source was considered in [I5]. Liu et
al [22] considered reconstruction of time dependent boundary sources for time frac-
tional diffusion equation. The inverse problems of recovering the space dependent
sources for time fractional diffusion equations were considered in [23], [40].

The rest of the paper is organized as follows: in Section [2] we recall some basic
definitions needed in the sequel and provide the statements of our main results.
Section [3] presents our results concerning the existence, uniqueness and continuous
dependence of the solution of ISP-I. In Section 4 we give the solution of ISP-II. In
the last section we provide some examples.
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2. PRELIMINARIES AND STATEMENTS OF THE MAIN RESULTS

In this section, we provide some basic definitions, notations from fractional cal-
culus (for more details see [34]) and statements of our main results.

The left sided Riemann-Liouville fractional derivative of order 0 < a < 1 is
defined by

«a . d 11—« _ 1 d K f(T)
Dgf(t) = 2 13" f(1) = F(l—a)%/o el (2.1)

The Riemann-Liouville fractional derivative of a constant is not equal to zero.
For f € AC[0,T] the left-hand sided Caputo fractional derivative of order 0 <
a < 1 is defined by

d 1 "f(n)
C na l1-a
D H):=1,""—f(t)= dr. 2.2
50 = B 50 = ey | o (22)
Notice that the generalized fractional derivative Dg;” reduces to the Riemann-
Liouville fractional derivative and Caputo fractional derivative for y = o and v = 1,
respectively,

Dy w(t) == D§, w(t), DG lw(t) == D w(t),

where Dg, w(t) and CD8‘+w(t) are the left sided Riemann-Liouville and Caputo
fractional derivatives of order 0 < v < 1 given by and ([2.2), respectively. The
Laplace transform of the generalized fractional derivative (1.5]) is given by [12],
L{DZTf(1)} = s"LLf (1)} — s I3 f(t)‘t:O7 O<a<y<l (2.3)
Let H be a Hilbert space with the inner product {-,-). A set of functions § in
‘H is called complete in the interval I if there exists no function f in H, essentially
different from zero, which is orthogonal to all the functions of the set § in the
interval I. Two sets S; and Sy of functions of H form a bi-orthogonal system of
functions if a one-to-one correspondence can be established between them such that
the scalar product of two corresponding functions is equal to unity and the scalar
product of two non-corresponding functions is equal to zero, i.e.,

1 i=j
0 i#j
where f; € S1, g; € So and d;; is the Kronecker symbol. The bi-orthogonal system
is complete in H if the sets S7 and S forming bi-orthogonal system are complete
in H.

The Mittag-Leffler function for any z € C with parameter ¢ is given by

(firg;) = 6ij = {

00 k
Ee(z) = kZ:O ﬁ Re¢ > 0. (2.4)

Notice that for £ = 1, we have Fy(z) = e*.
The Mittag-Leffler type function of two parameters E¢ g(z) which is a general-
ization of ([2.4) is defined by

k

+oo
Bep(z) = ————, 2,8€C; Re&>0. (2.5)
¢ ;) T(¢k + B)
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The Mittag-Leffler type functions E¢(—put®) and t*~1E¢ 5(—put®) for >0, 0 <
& < B <1 are completely monotone functions, i.e.,

(D" [Be(—pt)]™ 20, (~)"[t" " Bep(—put)]™ 20, neNU{0}. (2.6)

The function E¢ g is an entire function [33] and thus is bounded in any finite
interval, that is
Eep(ut®) <M, te b, b>0,

for some positive constant M and furthermore, we have
t
/ P B¢ p(ur®)dr < 0o, for t € [b, ], (2.7)
0
(see [33, page 9]). The Mittag-Leffler type function t*~*E; 5(z) whose fractional
integral is
Iy P B (M) =17 Ee gy (MF), 0<y <1, & >0, AER, (28)

plays an important role in the forthcoming sections.
The Laplace transform of t*~1E, 5(\t?) is

§-B
B-1 - % —¢
L{t" " E¢ g(At°)} = Tl Res >0, |As™%| < 1, (2.9)
where £, 3, € C, Re{ > 0 and Re 8 > 0. Also from [31]], we have
M Eeg(—=ME)| <M, 0<E<2,B€C, t>0, >0, (2.10)

for some constant M > 0.
For ISP-I we have the following results:

Theorem 2.1. Suppose following conditions hold:
(1) p(x) € C5[0,1] be such that p(0) = 0, ¢'(0) = ¢'(1), ¢"(1) = 0 = ¢**(0)
and ¢"(0) = ¢"'(1).
(2) ¥(x) € C5[0,1] be such that ¥(0) = 0, '(0) = ¢'(1), ¥"(1) = 0 = ™(0)
and ¥"'(0) ="' (1).
Then, there exist a regular solution of the ISP-I.
Theorem 2.2. A regular solution of the ISP-I (if it exists) is unique.

Theorem 2.3. The solution of the ISP-I, under the assumptions of Theorem[2.1},
depends continuously on the given data.

For second inverse problem (ISP-II), we have the following results:

Theorem 2.4. Suppose the following conditions hold:
(1) p(x) € C*0,1] be such that p(0) = 0, ¢'(0) = ¢'(1), ¥"(1) = 0 and
2"(0) = ().
(2) f(,t) € C40,1] be such that f(0,t) = 0, f(0,t) = fu(1,1), fue(1,£) =0
and frzz(0,t) = frux(1,t). Furthermore fol xf(z,t)dx #0 and

1 1
0< §|/ xf(x,t)dx|, where M* > 0.
M+ 0
(3) g(t) € AC[0,T) and g(t) satisfies the consistency condition fol xp(x)de =

Ié:’yg(t)h:o. Then, the ISP-II has a regular solution, furthermore the reg-

ular solution of the ISP-II is unique.
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Theorem 2.5. A regular solution of the ISP-II (under the assumptions of Theorem
1S unique.

Theorem 2.6. The solution of the ISP-II, under the assumptions of Theorem
depends continuously on the given data.

3. INVERSE SOURCE PROBLEM I

In this section, we present proofs of our main results. Before we proceed further
let us construct a bi-orthogonal system of functions consisting of eigenfunctions of

the spectral problem (1.1)—(L.4)) and its adjoint problem.

3.1. Construction of two Riesz basis for the space L?(0,1). The spectral
problem for the initial boundary value problem ((1.1)—(1.4) given by

X%(z) = \X(2), z € (0,1), (3.1)
X(0)=X"(1)=0, X'(0)=X'(1), X"(0)=X"(1). (3.2)
is non-self-adjoint and the adjoint problem of the spectral problem f is
Y% (2) = \Y (2), r € (0,1), (3.3)
Y(0)=Y(1), Y"(0)=Y"(1), Y'(0)=Y"(1)=0. (3.4)

The set of eigenfunctions for the boundary value problem (3.1))—(3.2)), corre-
sponding to eigenvalues \g = 0 and \,, = (27n)*, is
e2mna _ 627\'n(17m)
e2mn _

{Xo(x) =22, Xop_1(x) = 2sin2mnx, Xop(zr) = + cos2mnx}

for n € N and is a complete set of functions in L?(0,1). Furthermore, this set forms
a Riesz basis for the space L%(0,1) (see [3, Lemma 2, and Proposition 1]). The set
of eigenfunctions is not orthogonal as

1
/ Xo(l‘)Xgn_ldLE 7& 0.
0

For the adjoint problem (3.3))—(3.4]), the eigenfunctions corresponding to eigenvalues
Ao = 0 and )\, = (27n)? are given by

e2mna =+ 6271'71(1 —x)

{Yo(z) =1, Yop_1(z) = + sin 27z, Yo, (z) = 2cos 2mna}.

e27rn —1

The set of functions form a bi-orthogonal system of functions under the following
one-to-one correspondence

{Xo(z), Xon-1(z), Xon(z)},
N~

——
1 l 1

{(Yo(x), Yon-1(z), Yan(2)},
ie., (X;,Y;) =6, for i,j =0,2n — 1,2n, for n € N, where
1
(91,92) == / 91(2)g2(x) dz.
0

We are in a position to present the proof of the Theorem
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Proof of Theorem[2.1 Expanding u(z,t) and f(x) using bi-orthogonal system of
functions, we have

U(J},t) = uO(t)XO + Z U2m— 1 X2n 1 + Z u2n X2n (35)
n=1
f(z) = foXo(x +Zf2n 1X2n-1( Jeranzn ), (3.6)

where ug(t), ugn—1(t), u2n(t), fo,fgn,l, and fy, for n € N, are unknowns to be
determined.

From the expansion of u(z,t) given by and using properties of the bi-
orthogonal system of functions, we have

uo(t) = (u(z,t), Yo(z)), u2n-1(t) = (u(x,t), Yon—1(2)),
Uy (1) = (u(z,1), Yan ().
Consider )
Uop—1(t) = (u(z,t), Yo,—1(x)) ::/0 u(z,t)Yon,—1 dz.

Taking the fractional derivative under the integral and using (1.1) with F(x,t) =
f(z), we have

DG g () = — /0 s Yo 1 (z) do + /0 @) Yan () do.
Integrating by parts and using the boundary conditions 7, we obtain
DG ugn—1(t) + Aptign—1(t) = fan—1. (3.7)
Similarly, we have the linear fractional differential equations
DEuo(t) = fo,
Dg‘:’ugn(t) + Anuan(t) = fon.
Taking Laplace transform of and using formula (2.3), we obtain

_ e Jon—1
Ln_tzllvn_t_(s ) nol
{u2n=a (0} = To, Tuena (Orle—o T ) + Sy
The solution of (3.7) is obtained by applying inverse Laplace transform, formula

and L1 (L{A(OIL{F2(1)}) = (fa * f2) 1),
w1 () = 15 "z 1 ()] 07 By (—2at?)

0+

t (3.10)
—|—f2n_1/ Ta_lEa@(—)\nTa)dT.
0
Similarly, the solutions of (3.8)) and (3.9)) are given by
wolt) = ()] Dy (3.11)
0 04 Uo +=0 F(’Y) OF(O[ + 1)7 .

t
Ugn(t) = Iéiwugn(t)‘ 7 g (= Ant®) + fzn/ T B a(= A 7¥)dT,  (3.12)
t=0 0
respectively. By the initial condition (1.2), we have

Iy Muo(B)rli=o = o, Iy, Yuzn—1(t)rli—o = pan_1, I(%:’yu2n(t)'r|t:0 = Pan,
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where ¢g, @an—1 and pa, are the coefficients of series expansion of ¢(z) when ex-
panded using the bi-orthogonal system and are given by

0 = / o()Yo(z) dz,  Pan_1 = / () Yan_1 (z) dz,

X (3.13)
pon = [ ol@)Yano) do.
0
Alike, using the condition u(z,T) = ¥(x), we have
ug(T) = o, u2n—1(T) = Yan-1, u2n(T) = Yan, (3.14)
where g, 12,—1 and 1, are the coefficients of series expansion of the function ()
in terms of the bi-orthogonal system of functions. d
Before we proceed further let us fix some notation
t
ED(t) = V7 By (= Ant®), EP(t) := / T By (=N T®)dr.
0
By using these notation and taking (3.10)—(3.12) into account we can write
=1 to
t) = + ,
wl) = 2orey a1
Usn—1(t) = P21 ENM () + fon—1EP (1),
Ugn (t) = 02, EW (1) + fon, matheal B (t).
Due to (3.14)—(3.1) the unknowns fo, fon—1, fon are determined as
T 71 ) I(l+a)
(e 1
fo (wo T Ta (3.15)
1 — Do 5(1) T
fany = 221 T @ (3.16)
En(T)
n - ngr(Ll) T
P 2 ) (3.17)
En(T)

The solution of the ISP-T is given by the series (3.5)) and (3.6]), where wug(¢), uan—1(¢),
won(t), for fon—1 and fo, given by (B.1)-(317), respectively.

Before proceeding further, we recall [I8, Lemma 5 on page 89].

Lemma 3.1. Let f € L*(0,1) and

1 1
Apn = / f(x)eun(xil)dx» bn = / f(x)eil”mdxa
0 0

where p is any complex number such that Re p > 0. Then the series

oo o0
> lanl® D 1bal?
n=1 n=1
are convergent.

Existence of the solution of the ISP-I: To show that the solution of the inverse
problem represented by the series (3.5) and (3.6]) is a regular solution we need to
show that
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e The series corresponding to u(x,t), Uy (x,t), Uee (X, ), Uggs (T, 1), Ugzre (T, 1),
and Dy u(x, t) represent continuous functions.
e The series corresponding to f(x) is continuous on [0, 1].

Let
U(fE,t) = WO + Z W2n71 + Z W2n; (318)

n=1 n=1
Where W() = UO(t)X()(fE), Wanl = Uanl(t)Xanl(l’), Wgn = u2n(t)X2n(m), and
uo(t), uzn—1(t) and usg, (t) are given by (3.1)—(3.1)).

We shall show that all the series involved in (3.18)) represents a continuous func-
tion on Q. := [0,1] x [¢,T] for € > 0. By using (2.10) the bound for &(Ll)(t) is

obtained as
Cy

and using , we can have
D () < Oy, teleT),

where C; and Cy are constants. For some fixed time (say) T, using above estimates
together with (2.6))—(2.7]), we can choose M, and Ms, independent of n, such that

EDMD)| < My, |EP(T) P < Ma, neN.
From (3.13)) and integration by parts, we have

1 v ﬂ
lpan—1| = r(@ (), Yon—1(2)), |wan| =

(¢'(x), V2sin 2mna),

n (2mn)
using elementary inequality ab < 1/2(a? + b?) for all a,b € R, we obtain
11, 1,1 , , )
lpan—1] < 5()\*% +I17),  lp2n| < E{W + ((¢(x), V2sin2mnz))?},

where Z,, = (0" (1), Yan_1(2)). By Lemmawe conclude that the series Y > | 72
converges absolutely. The sequence {v/2sin2rnz}°2, is an orthonormal sequence
in L2(0,1), hence by Bessel’s inequality, we have

- 1 > 1 / 2
nz::l lpan| < E{; (@mn)? + " (@720, }-

Also, we have
lpol = (p(z), Yo(z)) < 2[lp()]L2(0,1)-
Similarly, the estimates for g, ¥2,—1 and 19, are obtained as

= 1/1
ol < 2@z, Y o] < 5 (55 +77):

n=1
> ol < 25{ 3 s + W @0
n=1 n=1

where J,, = (4" (), Yan_1(x)). Consequently, from (3.15)—(3.17), we obtained the

following estimates

T fol < 25 (@) o + @ o) (320)
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Z|f2n 1\_%{A—2+52+M1(A—2+I2)} (3.21)
S Ufonl < {Z 5 + 1%/ @320,
" :00 (3.22)
+M1(Z I @) |
where ( ) .
I'(l+« 1y +o tl 20—y
ngmax{wt I(l+a), I‘() F(l—i—a)}

for all t € [¢,T]. From estimates (3.20)—(3.22) the series expansion of f(z) given
by (3 represents a contlnuous functlon on €)..

Usmg and | X, (z)] < 2 for n € NU {0}, we have the following
estimates for the series involved in (3.18)),

T Wl < 4CB{|‘<P($)||L2(0 1+ Cs([[Y(2)[ 22(0,1) + (@) £2(0,1)) }

e <31 Pt

g (5 + 7))

n=1
fira- ”lezn\ <o[ GG WC"’MQ{Z

+ Hso’(x)u%a(ml))}],

7t ||¢/($)||%2(0,1)

o0

+ Ml(z (27m 2

where C4 and (5 are positive constants such that

o0 o0
Z lpon—1] < C4, and Z lp2n| < Cs.
n=1 n=1
Thus all the series in are bounded above by uniformly convergent numerical
series. Consequently, by Weierstrass M-test the series expansion of u(x,t) given by
(3.18) is uniformly convergent in Q..
Notice that

Xév(x) =0, X%Zil(x) = A Xan—1(7), Xéqv)z(x) = A Xon ().

Let us show that the series representation of tyyq.(z,t) obtained from (3.18) is
uniformly convergent series.
Integration by parts leads us to the following estimates

1 e2mne _ e27\'71(17m) T*
_1]l= N — 2 = n 2
|<p2n 1‘ (271_”)5 <(P (Z‘), e2mn _ Cos 7T7’l.13> (27‘('77,)5’ (3 3)
1 . V2
|pon| = W(gp“(m),?sm@nnx)) < @) " ()l 220,15 (3.24)
1 ; e2mnw _ e27rn(17:v) T*
W)anl‘ = (27_‘_”)5 <¢ (1’), e2mn _ — Cos 27T7”L£L’> = (27Tn)5’ (325)
1 v : \/§ v
[Yan| = (27m)5<1/) (z),2sin(2mnz)) < WH‘/’ (@)l z2(0,1) (3.26)
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where T = (¢¥(x), (e>™% — e2m(1=2)) /(2™ _ 1) — cos 27na) and

j,: _ <’(/)U(J?), (627rnz _ ean(lfz))/(e%rn _ 1) — cos 27Tnaj>,
Using (3.23)(3.26) in (3.15)([3.17) the estimates for fs,_1 and fa,, are

| fon— 1|<M2{( " =T +%I"} (3.27)
2M,
| fonl <M2{( >5||w (@)lL2(0,1) + o )5H<p (@)lL2(0,1)}- (3.28)
From f we have
l4+a— o W2n 1 l4+a— T MiI;
t VZ| |<Z2,\ { ) T Mt (2m)5)},
(3.29)

() C g@ L2(
t1+a ’YZ| W2n|<j:2)\ { 1” 2)”) (0,1) tl o 7M202

H‘P (@)l 200y . Mall¥® (@) L20,1)
X ( (27771)50 (2mn)? : )}

By using the inequality 2ab < (a?+b%) and Lemmathe series involved in ((3.29))—
are uniformly convergent. Moreover by the assumptions on ¢(z) and ¥ (z)
it can be concluded that the series expansion of gz, (z,t) is bounded above by
convergent series and represents a continuous function.

Next we show that the series corresponding to fractional derivative Dg:’u(x, t)
is uniformly convergent, i.e.,

Dy Z Wan—1(t), Dy}’ Z Wa, (1

are uniformly convergent. From (3.7)—(3.9)), we have

DgJ’:{WO = foXO(.T))7 (331)
Z D(O)I‘_;_’YWZn—l = Z [)\nUQn—l(t) + f2n—1] XZn—l(x)a (332)
n=1 n=1
> DG Wan = [Mnuan(t) + fan] Xon(). (3.33)
n=1 n=1

Using estimates ([3.23)—(3.28) and Weierstrass M-test, the series Y~ 1 Do Wan—1
and >, Dg‘szn are uniformly convergent on €.
At this stage let us recall the [34) Lemma 15.2, page 278].

Lemma 3.2. Let the fractional derivative Dg‘jfn exists for all n € N and the

series Y o\ fn and Y07, Dg‘ffn are uniformly convergent on every subinterval
[e,D] for € > 0 then

D(”(an ) ZD“fn(), O<a<y<1,0<z<b

n=1
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By the estimates (3.23)—(3.28) and Lemmas[3.2and[3.3]it can be deduced that the
series involved in Dg‘ju(:c, t) are bounded above by uniformly convergent numerical

series and hence by Weierstrass M-test Dgfu(a:, t) is uniformly convergent.

Proof of Theorem[2.4 (Uniqueness of the solution of the ISP-T)
Suppose {u1(z,t), f1(x)} and {ua(x,t), fo(x)} are two solution sets of the ISP-I,

then @(z,t) = u;(z,t) — uz(w,t) and f(z) = fi(z) — fo(x) satisfy
)=

Dy u(w, 1) + tggpa (v, t f(z), (z,t) € Q, (3.34)
Iy "u(a, t) =0 al@T) =0, ze01], (3.35)
U, (0,8) = 4y (1,8), @(0,6)=0, tel0,T], (3.36)
Uprs(0,1) = Upae (1,1),  TUwe(1,8) =0, t€][0,T], (3.37)
Following the strategy in [29], we consider the functions
1
to(t) = / u(x, t)Yo(z)dx,
0
1
im 1 (f) = / (@, 1) Y1 (2)de, (3.38)
0
1
020(t) = [l t)Yan(o)d,
0
and
— 1 —
0= / f(@)Yo(x)de,
0
— 1 —
Jon—1= f(x)an—l(m)d% (3.39)

Applying the time fractional derlvatlve DS‘J() to both sides of each equation in

(3.38)), we obtain
1
Dy Mo (t) = / Dz, t)Yo(x)da,
0
Dy u2n 1( / DOW (2,t)Yop_1(x)dz, (3.40)

DY iz () = /0 D (e, £) Yau (x)da.

Let us take the third equation in (3.40). Using (3.34) together with the conditions
(3-36)-(3.37), we obtain the fractional differential equation

Dgé_;_’ya%t(t) + Antlon (t) = f2n~ (3.41)
By using Laplace transform technique the solution of (3.41]) is

i
lon (1) = Iy "tign (t)],_ot" ™ Ban (= Ant®) + fon /0 T B a(—=Aa7®)d7.  (3.42)
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Since

1

= [ Iy "u(x,t
t=0 A 0+ U(gj7 )
and by using the initial condition from ({3.35)) the solution (3.42) takes the form

Tgn (t) = /O (a, t) Yo (v)de = Iy, Mgn(t)

0Y2n ({E)dZE

t=

t
on(t) = Fon / PO, (AT dr. (3.43)
0

By using the final temperature condition from (3.35)), we obtain f, = 0 and con-
sequently @g, (t) =0 for all ¢t € [0, 7.
Similarly, we can shaow that for all t € [0, T7,
Uo(t) =0, Uon1(t) =0, fo=0, fan_1=0. (3.44)

The uniqueness of the regular solution of the ISP-I follows from the completeness
of the set {Yo(x), Yan—1(x), Yan(x)}, n € N (see [3| Lemma 2]).

It remains to show that u(z,t) given by agrees with the initial and final
data. We have

t1+a7'y

I(}I’YWO = {0+ mfo}X0($)7

ISIWWQn—l{Ea,l(—/\nta)%n—l + T By ppaeny (= Ant®) fon—1 } Xon—1(2),
101-:’YW2?’L = {Ea,l(_Anta)‘PZn + t1+a7’yEa,2+a—’y(_>\nta)f2n}X2n(33)'
The term by term fractional integral of (3.18)) converges to Ié:vu(x,t) and it is
uniformly convergent on [e, T']. For t = 0 we have,
ISI’YWOh:O = o Xo(2), I(%va%*l‘t:o = pan—1X2n-1(2),
1—
I()Jr 7W2n|t:0 = panXan.
Therefore,
I "u(z, t)],_y = voXo+ Y pon-1Xon-1+ Y 020 Xon,
n=1 n=1

which is the series expansion of ¢(z), when expanded using bi-orthogonal system.
Similarly, we can show that for u(z,t) given by (3.18) the over-determination is
also satisfied, that is, u(x,T) = ¢ (x). O

Before providing the proof of our stability result, i.e., Theorem [2:3]let us mention
the following result from [14].

Lemma 3.3. For any function f € L*(0,1) the inequality

rill £13200) < D F2 < Rall 320 (3.45)

n=0

is valid, where r1 and Ry are constants and f, are coefficients of the bi-orthogonal
expansion of the function f in any Riesz basis {Rn(x)} given by

fn:<faWn>a nGNU{O},
where {W,,(z)} is corresponding bi-orthogonal set of Riesz basis {R,(z)}.
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Proof of Theorem [2.9. Let {u(x,t), f(x)}, {@(z, ), f f(x)} be two solution sets of the
ISP-I corresponding to the data {¢, ¢}, {@, 1} respectively. By Lemma we have

o}

~ 2 1 ~
Hf - f||L2(O,1) < E Z(fn - .fn)Z'
n=0
Consider
~ I'(14 a)\2 TY—1 - Tl (42
— 2 — - @7 J— —_ N —
(fo — fo) ( Ta ) {(% ) @0) (wo ) @o)} (3.46)
<203 [(%bo —10)? + C3(po — @0)2},
where we have used (a + b)? < 2a? + 2b%. Similarly, we have
Z(an—l - f~2n—1)2
= ) (3.47)
Z [( -1 — 7/12n—1) + (M1)?(p2n-1— ¢2n—1)2:|7
o) oo ~ 2
Do = o < 32 2AMa)? [ (0 = )+ M0 = 0. (39
Setting
N = max {2C3, 203, 2(M1)*(M2)?, 2(M2)*},
and using the estimates ([3.46])-(3.48) we have
Z(fn - an)2
n=0
< 3N[ vo — $0)” Z P2n-1 — Pan—1) Z Pon — Pan)’
oy = (3.49)
+ (o — 0)* + Z(¢2n—1 — o)’ + Z(wn - 17;2n)2:|
n=1 n=1
< 3NBy (llp = Bli3a0 + 19 = PliEzo))-
By Lemma [3:3] we have
l & . 3NR
I1F = a0y < 7= Do = £ < 522 (e = @l + 10 = Bl
n=0
~ 3NR . ~
1 = Az <4/ = (le = Bllzzon + 18 = Pllen)-
1
Similarly we can obtain a stability result for u(x,t). O

4. INVERSE SOURCE PROBLEM II

In this section, we shall deal with ISP-IT for (1.1)—(1.4), with F(x,t) = a(t) f(z,t),
where f(z,t) is known and a pair of functions {u(z,t),a(t)} is to be determined.
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Proof of Theorem[2.]]. To determine the solution of ISP-IL, i.e., the pair of functions
{u(z,t),a(t)}, we expand u(x,t) and f(x,t) using bi-orthogonal system functions

Zuo )X o(z +Zu2n 1(t) Xon—1( +Zu2n ) Xon(x (4.1)

n=1

Zfo )Xo(x +Zf2n 1(t) X2n—1( )+Zf2n(t)X2n($), (4.2)

n=1 n=1

where ug(t), uan—1(t) and us, (t) are to be determined, fo(¢), fon—1(t) and fo, () are
coefficients of f(x,t), when expanded by using bi-orthogonal system. The following
linear fractional differential equations are obtained

Dy uo(t) = a(t) fo(t), (4.3)
DS::YUQn_l(t) = —)\nu2n_1(t) + a(t)fgn_l(t), (44)
DT ugn(t) = —Anuzn(t) + a(t) f2n(t), neN. (4.5)

The solutions of the fractional differential equations (4.3)—(4.5) are

t'y—l a—1
wo(t) = oy + alt)folt) * oy (4.6)
Uon—1(t) = @201 EV () + al(t) fan—1 (t) x E (1), (4.7)
Uz (t) = 2, EM () + alt) fon(t) * EP) (1), (4.8)

where * is the integral convolution operator and
EB () =t Eq a(—Ant®).

Taking the generalized fractional derivative D7, under the integral sign of the

over-determination condition (1.7]) and using (1.1)) along with F'(x,t) = a(t) f(z,t),
we obtain

1

alt) = ( /01 xf(x,t)dx)*l(ngg(t)Jr /O P (2, 1)) (4.9)

From the conditions of Theorem we have fol xf(z,t)dx # 0 and is given by

/01 o f(z,t)dz

oo 00 (4.10)
2 1 -1 1+ 2™
- ng(t) B 7;1 %f%_l(t) + r; (27r2n2 + 2 (e2 ™ — 1))f2"(t)’
and
/1 TUggze AT = i An{ L (5(1)( )‘an 1( ) + a(t)f2n—1(t) * 51(13)(75))
0 ot ™
( -1 1+ e*™ ) (4.11)
2r2n2  2mwn(e?™ — 1)

X (ED(E)p2n(t) + ald) fon(t) + D)) }.
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By (4.10)—(4.11), we have the following linear Volterra type integral equation of
second kind

at) = ([ Cofetds) (D879l + T + / Kt re(mdr),  (412)

where
- 1
TW=) /\n{ — &N O pan1(t)
= 2 (4.13)
_1 1 + e ™ (1)
+ (271’277,2 27‘(77,(627”1 _ 1))571 (t)(p2n( )}7
and

Let us consider the space of continuous functions C[0,7], equipped with the
Chebyshev norm

Il fllcior == max [f(t)].

0<t<T
Define an operator B(a(t)) := a(t), where the operator B is

Bla(t)) = ( /0 1xf(x,t)dac)71(ngg(t)+T(t)+ /0 "K(t, ra(r) dr).  (4.15)

To show that the mapping B: C[0,T] — C10,T] is a contraction map. First of all,
we shall show that a(t) € C[0,T] implies that B(a(t)) € C[0,T].
By using ([2.10) there exists a constant Cg such that
Cs
An
Using (3.13)), integration by parts and Bessel’s inequality, we obtained the in-
equalities

tEB3) (1) < t € [¢,T). (4.16)

1 \/i [
lo2n—1] < )\*Im and  |p2n| < TH@ (@) 22(0,1)-

Similarly we obtain

1 \/§ 1z
|fon—1| < an, and | fa,| < T”f (@) 20,1)s

where H,, = (f*,Ya,_1). From estimates (3.19), (4.16) and using above relations
we have

oo« 30 { B+ (s + ) Eotin),
n=1

™m\y, m™n?2  mn/ \,

)fnf”(x)nm(o,l)}.

t|K(t,T)\§§:C6{ (o
n=1

1
™A, m™n2  mn



EJDE-2016/293 IDENTIFICATION OF AN UNKNOWN SOURCE TERM 17

Hence, the series (4.13)) and (4.14) are uniformly convergent by Weierstrass M-test.
The uniform convergence of the series (4.14)) allow us to write

Kt m)llcpr < K1, t€(0,T],

where K7 is a constant, consequently B(a(t)) € C[0, T.

Without loss of generality we set T such that T < 1/K;M*.

Let us show that the mapping B : C[0, T] — C]0, T] is contraction, for this we
take

|B(a) — B(c)| < M*/O la(T) — e(7)|| K (t, T)|dT < TKlM*OI%l%XT\a(T) —c(7)|,

1B(a) — B(c)llcor < TK1M*|la — ¢llcpo, 1,

(4.17)
thus, the mapping B(-) is a contraction which assures the unique determination of
a € C[0,T] by Banach fixed point theorem.

The solution u(z,t) is formally given by the series ; the uniform conver-
gence of the series involved in u(x,t),uy(x,t), Uze (2, 1), Uzrr (X, 1), Urzzs (2, y) and
gfu(x, t) directly follows from the estimates obtained in the previous section.
Proof of Theorem[2.5. (Uniqueness of the solution of the ISP-II) We have already
proved uniqueness of the source term a(t) in Theorem [2.4] it remains to prove

uniqueness of u(x,t).
Let u(x,t) and v(z,t) be two solutions, and let @(z,t) = u(x,t) — v(x,t). Then
u(z,t) satisfy the equation

Dy u(x,t) = tUggan(z,t),  (7,t) € Q, (4.18)
with initial condition
Iy "z, )= = 0, x € [0,1], (4.19)
and nonlocal boundary conditions
u.(0,t) = u.(1,t), w(0,8)=0 ¢te€l0,7], (4.20)
Ugrr(0,1) =0 = Ugee(1,t)  Ure(1,8) =0, t€]0,7T]. (4.21)

Consider the functions

io(t) = / Az, )Y (2)de,
om_1(£) = /0 (@, 1) Yan_1 (2)da,

1
Uan(t) = / a(z,t) Yo, (z)dz.
0
Following the same steps as in the proof of Theorem we can show that
’l]o(t) =0, ’Ugnfl(t) =0, ﬂgn(t) =0, te [O,T]

Consequently, the uniqueness of the solution follows from the completeness of the
set of function {Yy(x), Yan—1(x), Yo, (z)}, n € N. O

The proof of Theorem [2.6] the stability result is similar to the proof of Theorem
2.3l Theefore, we omit it.
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5. EXAMPLES
In this section, we provide some examples for ISP-I and ISP-II.

Example 5.1. Consider the ISP-I with initial and final temperatures
o(z) =sin2rz, P(x) = (1+T)sin2wx.
The coefficients of the series expansions of ¢(z) and 1(x) using bi-orthogonal system
of functions are
1/2, n=1,
= 07 n = 0; n—1 =
%o P2 Pon—1 { 0, ——

and
A+72)/2, n=1,
= 07 n — 07 n—1 =
Yo P2 Yan—1 {07 N1
Using (3.15)—(3.17)), we have
1) £V (T)
fO = 07 f2n = Oa f2n—1 = 25£2)(T) '
0, n # 1.
Substituting the series coefficient of f(z) in (3.1)—(3.1) we obtain

ug =0, w2, =0,

n=1,

e | A+T*)-EM(T) o(2)
! 2 25{4’) (,11—‘) 51 (t)7 n= 17

0, n # 1.
Hence the solution of ISP-I is

7@ = (

Ugp—1 =

(1+7%) - &(T)
(1)
(L1 = &7(T) ;

£(1) &% (t)> sin(27).

Example 5.2. Consider the ISP-IT with given the data

oa) =0 o(t) = 3(F+ mors).

) sin(2mx),

u(z,t) = (Sl(l)(t) +

3\T'(7) ' D(a+
- POy +2) o, Dla+3)
flet) = 2(F(7)F(’y—a+2)t mt)

By using the bi-orthogonal system, the coeflicients of the series expansion are

wo=0, @2, =0, 2,1=0,

and
I'(y+2) y—a I+ 3)
- ——t =0, fanq=0.
o= TG —a+y Tt n: =0 Jfea=0
The solution is " »
Y o
u(x,t) = 2<F('y) + T(a+ 1)>x,

which satisfies the initial condition (1.2]) and the over-determination condition (1.7]).
By using the value of u(z,t) in (4.9), we obtained the source term as a(t) = t.
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Hence {u(x,t),a(t)} forms the solution set for the ISP-II.
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