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SURVEY AND NEW RESULTS ON BOUNDARY-VALUE
PROBLEMS OF SINGULAR FRACTIONAL DIFFERENTIAL

EQUATIONS WITH IMPULSE EFFECTS

YUJI LIU

Abstract. Firstly we prove existence and uniqueness of solutions of Cauchy

problems of linear fractional differential equations (LFDEs) with two variable
coefficients involving Caputo fractional derivative, Riemann-Liouville deriva-

tive, Caputo type Hadamard derivative and Riemann-Liouville type Hadamard
fractional derivatives with order q ∈ [n− 1, n) by using the iterative method.

Secondly we obtain exact expressions for piecewise continuous solutions of the

linear fractional differential equations with a constant coefficient and a variable
one. These results provide new methods to transform an impulsive fractional

differential equation (IFDE) to a fractional integral equation (FIE). Thirdly,

we propose four classes of boundary value problems of singular fractional dif-
ferential equations with impulse effects. Sufficient conditions are given for the

existence of solutions of these problems. We allow the nonlinearity p(t)f(t, x)

in fractional differential equations to be singular at t = 0, 1. Finally, we point
out some incorrect formulas of solutions in cited papers. A new Banach space

and the compact properties of subsets are proved. By establishing a new frame-

work to find the solutions for impulsive fractional boundary value problems,
the existence of solutions of three classes boundary value problems of impul-

sive fractional differential equations with multi-term fractional derivatives are
established.
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1. Introduction

One knows that the fractional derivatives (Riemann-Liouville fractional deriv-
ative, Caputo fractional derivative and Hadamard fractional derivative and other
type see [58]) are actually nonlocal operators because integrals are nonlocal op-
erators. Moreover, calculating time fractional derivatives of a function at some
time requires all the past history and hence fractional derivatives can be used for
modeling systems with memory.

Fractional order differential equations are generalizations of integer order differ-
ential equations. Using fractional order differential equations can help us to reduce
the errors arising from the neglected parameters in modeling real life phenomena.
Fractional differential equations have many applications see [88, Chapter 10], and
books [58, 57, 88, 94].

In recent years, there have been many results obtained on the existence and
uniqueness of solutions of initial value problems or boundary value problems for
nonlinear fractional differential equations, see [25, 27, 74, 81, 85, 86, 93, 108, 125,
138].

Dynamics of many evolutionary processes from various fields such as population
dynamics, control theory, physics, biology, and medicine. undergo abrupt changes
at certain moments of time like earthquake, harvesting, shock, and so forth. These
perturbations can be well approximated as instantaneous change of states or im-
pulses.These processes are modeled by impulsive differential equations. In 1960,
Milman and Myshkis introduced impulsive differential equations in their paper [82].
Based on their work, several monographs have been published by many authors like
Samoilenko and Perestyuk [95], Lakshmikantham et al. [60], Bainov and Simeonov
[20, 21], Bainov and Covachev [19], and Benchohra et al. [28].

Fractional differential equations were extended to impulsive fractional differential
equations, since Agarwal and Benchohra published the first paper on the topic [4]
in 2008. Since then many authors [16, 39, 42, 55, 72, 68, 66, 84, 93, 107, 108,
124, 73, 71] studied the existence or uniqueness of solutions of impulsive initial
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or boundary value problems for fractional differential equations. For examples,
impulsive anti-periodic boundary value problems see [5, 6, 4, 69, 101], impulsive
periodic boundary value problems see [105, 26, 115], impulsive initial value problems
see [30, 38, 83, 98], two-point, three-point or multi-point impulsive boundary value
problems see [12, 47, 116, 136, 106, 134], impulsive boundary value problems on
infinite intervals see [131].

Feckan and Zhou [43] pointed out that the formula of solutions for impulsive
fractional differential equations in [3, 11, 24, 29] is incorrect and gave their cor-
rect formula. In [116, 111], the authors established a general framework to find
the solutions for impulsive fractional boundary value problems and obtained some
sufficient conditions for the existence of the solutions to a kind of impulsive frac-
tional differential equations. In [103], the authors illustrated their comprehension
for the counterexample in [43] and criticized the viewpoint in [43, 116, 111]. Next,
in [44], Feckan et al. expanded for the counterexample in [43] and provided further
explanations in the paper.

In a fractional differential equation, there exist two cases concerning the deriva-
tives: the firs case is Dα = Dα

0+ , i.e., the fractional derivative has a single start
point t = 0. The other case is Dα = Dα

t+i
, i.e., the fractional derivative has a

multiple start points t = ti (i ∈ N [0,m]).
There have been many authors concerning the existence and uniqueness of solu-

tions of boundary value problems of impulsive fractional differential equations with
multiple start points t = ti (i ∈ N [0,m]).

Recently, Wang [100] consider the second case in which Dα has multiple start
points, i. e., Dα = Dα

t+i
. They studied the existence and uniqueness of solutions of

the following initial value problem of the impulsive fractional differential equation

CDα
t+i
u(t) = f(t, u(t)), t ∈ (ti, ti+1], i ∈ N[0, p],

u(j)(0) = uj , j ∈ N[0, n− 1],

∆u(j)(ti)] = Iji(u(ti)), i ∈ N[1, p], j ∈ N[0, n− 1],

(1.1)

where α ∈ (n− 1, n) with n being a positive integer, CDα
t+i

represents the standard

Caputo fractional derivatives of order α, N[a, b] = {a, a + 1, . . . , b} with a, b being
integers, 0 = t0 < t1 < · · · < tp < tp+1 = 1, Iji ∈ C(R,R) (i ∈ N[1, p], j ∈
N[0, n− 1]), f : [0, T ]× R→ R is a continuous function.

Henderson and Ouahab [50] studied the existence of solutions of the following
problems

CDα
t+i
u(t) = f(t, u(t)), t ∈ (ti, ti+1], i ∈ N[0, p],

u(j)(0) = uj , j ∈ N[0, 1],

u(j)(ti)] = Iji(u(ti)), i ∈ N[1, p], j ∈ N[0, 1],

and

CDα
t+i
u(t) = f(t, u(t)), t ∈ (ti, ti+1], i ∈ N[0, p],

u(j)(0) = u(j)(b), j ∈ N[0, 1],

u(j)(ti)] = Iji(u(ti)), i ∈ N[1, p], j ∈ N[0, 1],
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where α ∈ (1, 2], b > 0, 0 = t0 < t1 < · · · < tp < tp+1 = b, f : [0, b] × R → R,
Iji : R→ R are continuous functions. Readers should also refer [104].

Zhao and Gong [132] studied existence of positive solutions of the nonlinear
impulsive fractional differential equation with generalized periodic boundary value
conditions

CDq

t+i
u(t) = f(t, u(t)), t ∈ (0, T ] \ {t1, . . . , tp},

∆u(ti)] = Ii(u(ti)), ∆u′(ti)] = Jiu(ti)), i ∈ N[1, p],

αu(0)− βu(1) = 0, αu′(0)− βu′(1) = 0,

(1.2)

where q ∈ (1, 2), CDq

t+i
represents the standard Caputo fractional derivatives of

order q, α > β > 0, 0 = t0 < t1 < · · · < tp < tp+1 = 1, N[a, b] = {a, a +
1, . . . , b} with a, b being integers,Ii, Ji ∈ C([0,+∞), [0,+∞)) (i ∈ N[1, p], f : [0, 1]×
[0,+∞)→ [0,+∞) is a continuous function.

Wang, Ahmad and Zhang [102] studied the existence and uniqueness of solu-
tions of the periodic boundary value problems for nonlinear impulsive fractional
differential equation

CDα
t+i
u(t) = f(t, u(t)), t ∈ (0, T ] \ {t1, . . . , tp},

∆u(ti) = Ii(u(ti)), ∆u′(ti) = I∗i (u(ti)), i ∈ N[1, p],

u′(0) + (−1)θu(T ) = bu(T ), u(0) + (−1)θu(T ) = 0,

(1.3)

where α ∈ (1, 2), CDα
t+i

represents the standard Caputo fractional derivatives of

order α, θ = 1, 2, N[a, b] = {a, a + 1, . . . , b} with a, b being integers, 0 = t0 < t1 <
· · · < tp < tp+1 = T , Ii, I∗i ∈ C(R,R) (i ∈ N[1, p], f : [0, T ]×R→ R is a continuous
function.

Zou and Feng, Li and Shang [13, 64, 139] studied the existence of solutions of
the nonlinear boundary value problem of fractional impulsive differential equations

CDα
t+i
x(t) = w(t)f(t, x(t), x′(t)), t ∈ (0, 1] \ {t1, . . . , tp},

∆x(ti) = Ii(x(ti)), ∆x′(ti) = Ji(x(ti)), i ∈ N[1, p],

α1x(0)− β1u
′(0) = g1(x), α2x(1) + β2x

′(1) = g2(x),

(1.4)

where α ∈ (1, 2), CDα
t+i

represents the standard Caputo fractional derivatives of

order α, α1, α2, β1, β2 ∈ R with α1α2 + α1β2 + α2β1 6= 0, N[a, b] = {a, a+ 1, . . . , b}
with a, b being integers, 0 = t0 < t1 < · · · < tp < tp+1 = 1, Ii, Ji ∈ C(R,R)
(i ∈ N[1, p], f : [0, T ]× R2 → R is continuous, w : [0, 1] → [0,+∞) is a continuous
function, g1, g2 : PC(0, 1]→ R are two continuous functions.
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Liu and Li [71] investigated the existence and uniqueness of solutions for the
nonlinear impulsive fractional differential equations

CDα
t+i
u(t) = f(t, u(t), u′(t), u′′(t)), t ∈ (ti, ti+1], i ∈ N[0, p],

u(0) = λ1u(T ) + ξ1

∫ T

0

q1(s, u(s), u′(s), u′′(s))ds,

u′(0) = λ2u
′(T ) + ξ2

∫ T

0

q2(s, u(s), u′(s), u′′(s))ds,

u′′(0) = λ3u
′′(T ) + ξ3

∫ T

0

q3(s, u(s), u′(s), u′′(s))ds,

∆u(ti)] = Ai(u(ti)), ∆u′(ti)] = Bi(u(ti)), ∆u′′(ti)] = Ci(u(ti)),

(1.5)

for i ∈ N[1, p], where α ∈ (2, 3), CDα
t+i

represents the standard Caputo fractional

derivatives of order α, N[a, b] = {a, a + 1, . . . , b} with a, b being integers, 0 = t0 <
t1 < · · · < tp < tp+1 = T , λi, ξi ∈ R (i = 1, 2, 3) are constants, Ai, Bi, Ci ∈ C(R,R)
(i ∈ N[1, p], f : [0, T ]× R3 → R is continuous.

Recently, in [32], to extend the problem for impulsive differential equation u′′(t)−
λu(t) = f(t, u(t)), u(0) = u(T ) = 0,∆u′(ti) = Ii(u(t)i)), iN[1, p] to impulsive frac-
tional differential equation, the authors studied the existence and the multiplicity of
solutions for the Dirichlet’s boundary value problem for impulsive fractional order
differential equation

CDα
T−(CDα

0+x(t) + a(t)x(t) = λf(t, x(t)), t ∈ [0, T ], t 6= ti, i ∈ N[1,m],

∆CDα−1
T− (CDα

0+x(ti) = µIi(x(t−i )), i ∈ N[1,m], x(0) = x(T ) = 0,
(1.6)

where α ∈ (1/2, 1], λ, µ > 0 are constants, N[a, b] =: {a, a + 1, . . . , b] with a ≤
b, 0 = t0 < t1 < · · · < tm < tm+1 = T , f : [0, T ] × R → R is a continuous
function, Ii : R → R(i ∈ N[1,m]) are continuous functions, CDα

0+ (or CDα
T−) is

the standard left (or right) Caputo fractional derivative of order α, a ∈ C[0, T ]
and there exist constants a1, a2 > 0 such that a1 ≤ a(t) ≤ a2 for all t ∈ [0, T ],
∆x|t=ti = limt→t+i

x(t) − limt→t−i
x(t) = x(t+i ) − x(t−i ) and x(t+i ), x(t−i ) represent

the right and left limits of x(t) at t = ti respectively, a, b, x0 a constant with
a + b 6= 0. One knows that the boundary condition ax(0) + bx(T ) = x0 becomes
x(0)− x(T ) = x0

a when a+ b = 0, that is so called nonhomogeneous periodic type
boundary condition.

For impulsive fractional differential equations whose derivatives have single start
points t = 0, there has been few papers published. In [91], authors presented a
new method to converting the impulsive fractional differential equation (with the
Caputo fractional derivative) to an equivalent integral equation and established
existence and uniqueness results for some boundary value problems of impulsive
fractional differential equations involving the Caputo fractional derivatives with
single start point. The existence and uniqueness of solutions of the following initial
or boundary value problems were discussed in [91]:

CDα
0+x(t) = f(t, x(t)), t ∈ (0, 1] \ {t1, . . . , tp},

∆x(ti)] = Ii(x(ti)), ∆x′(ti)] = Ji(x(ti)), i ∈ N[1, p],

x(0) = x0, x′(0) = x1;
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CDα
0+x(t) = f(t, x(t)), t ∈ (0, 1] \ {t1, . . . , tp},

∆x(ti)] = Ii(x(ti)), ∆x′(ti)] = Ji(x(ti)), i ∈ N[1, p],

x(0) + φ(x) = x0, x′(0) = x1;

CDβ
0+x(t) = f(t, x(t)), t ∈ (0, 1] \ {t1, . . . , tp},

∆x(ti)] = Ii(x(ti)), i ∈ N[1, p], ax(0) + bx(1) = 0,

CDα
0+x(t) = f(t, x(t)), t ∈ (0, 1] \ {t1, . . . , tp},

∆x(ti)] = Ii(x(ti)), ∆x′(ti)] = Ji(x(ti)), i ∈ N[1, p],

ax(0)− bx′(0) = x0, cx(1) + dx′(1) = x1;

and
CDα

0+x(t) = f(t, x(t)), t ∈ (0, 1] \ {t1, . . . , tp},
∆x(ti)] = Ii(x(ti)), ∆x′(ti)] = Ji(x(ti)), i ∈ N[1, p],

x(0)− ax(ξ) = x(1)− bx(η) = 0,

where α ∈ (1, 2], β ∈ (0, 1], D∗0+ is the Caputo fractional derivative with order ∗ and
single start point t = 0, f : [0, 1]×R→ R, Ii, Ji : R→ R are continuous functions,
a, b, c, d, x0, x1 ∈ R are constants, φ : PC(0, 1]→ R is a functional.

We observed that in the above-mentioned work, the authors all require that the
fractional derivatives are the Caputo type derivatives, the nonlinear term f and
the impulse functions are continuous. It is easy to see that these conditions are
very restrictive and difficult to satisfy in applications. To the author’s knowledge,
there has been no paper published discussed the existence of solutions of boundary
value problems of impulsive fractional differential equations involving other frac-
tional derivatives such as the Riemann-Liouville fractional derivatives, Hadamard
fractional derivatives.

In this paper, we study the existence of solutions of four classes of impulsive
boundary value problems of singular fractional differential equations. The first
class is the impulsive Dirichlet type integral boundary value problem

RLDβ
0+x(t)− λx(t) = p(t)f(t, x(t)), a.e., t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→0+

t2−βx(t) =
∫ 1

0

φ(s)G(s, x(s))ds, x(1) =
∫ 1

0

ψ(s)H(s, x(s))ds,

lim
t→t+i

(t− ti)2−βx(t) = I(ti, x(ti)), ∆RLDβ−1
0+ x(ti) = J(ti, x(ti)),

(1.7)

for i ∈ N[1,m], where

(1.A1) 1 < β < 2, λ ∈ R, RLDβ
0+ is the Riemann-Liouville fractional derivative of

order β,
(1.A2) m is a positive integer, 0 = t0 < t1 < t2 < · · · < tm < tm+1 = 1,

N[a, b] = {a, a+ 1, a+ 2, . . . , a+ n} with a, b being integers and a ≤ b,
(1.A3) φ, ψ : (0, 1)→ R are measurable functions,
(1.A4) p : (0, 1) → R is continuous and there exist numbers k > −1 and l ∈

max{−β,−2− k, 0] such that |p(t)| ≤ tk(1− t)l for all t ∈ (0, 1),
(1.A5) f,G,H defined on (0, 1]×R are impulsive II-Carathéodory functions, I, J :

{ti : i ∈ N[1,m]} × R→ R is a discrete II-Carathéodory functions.
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The second class is the impulsive mixed type integral boundary value problem

CDβ
0+x(t)− λx(t) = p(t)f(t, x(t)), a.e., t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→0+

x(t) =
∫ 1

0

φ(s)G(s, x(s))ds, x′(1) =
∫ 1

0

ψ(s)H(s, x(s))ds,

∆x(ti) = I(ti, x(ti)), ∆x′(ti) = J(ti, x(ti)), i ∈ N[1,m],

(1.8)

where

(1.A6) 1 < β < 2, λ ∈ R, CDβ
0+ is the Caputo fractional derivative of order β,

m, ti,N[a, b] satisfies (1.A2), φ, ψ : (0, 1)→ R satisfy (1.A3),
(1.A7) p : (0, 1) → R is continuous and there exist numbers k > 1 − β and l ∈

max{−β,−β − k, 0] such that |p(t)| ≤ tk(1− t)l for all t ∈ (0, 1),
(1.A8) f,G,H defined on (0, 1]×R are impulsive I-Carathéodory functions, I, J :

{ti : i ∈ N[1,m]} × R→ R are discrete I-Carathéodory functions.

We emphasize that much work on fractional boundary value problems involves
either Riemann-Liouville or Caputo type fractional differential equations see [8, 9,
10, 6]. Another kind of fractional derivatives that appears side by side to Riemann-
Liouville and Caputo derivatives in the literature is the fractional derivative due
to Hadamard introduced in 1892 [48], which differs from the preceding ones in
the sense that the kernel of the integral (in the definition of Hadamard derivative)
contains logarithmic function of arbitrary exponent. Recent studies can be seen in
[33, 34, 35].

Thirdly we study the following impulsive periodic type integral boundary value
problems of singular fractional differential systems

RLHDβ
1+x(t)− λx(t) = p(t)f(t, x(t)), a.e., t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→1+

(log t)2−βx(t)− x(e) =
∫ e

1

φ(s)G(s, x(s))ds,

lim
t→1+

RLHDβ−1
1+ x(t)− RLHDβ−1

1+ x(e) =
∫ e

1

ψ(s)H(s, x(s))ds,

lim
t→t+i

(log t− log ti)2−βx(t) = I(ti, x(ti)), ∆RLHDβ−1
1+ x(ti) = J(ti, x(ti)),

(1.9)

for i ∈ N[1,m], where

(1.A9) 1 < β < 2, λ ∈ R, RLHDβ
1+ is the Hadamard fractional derivative of order

β,
(1.A10) m is a positive integer, 1 = t0 < t1 < t2 < · · · < tm < tm+1 = e,

φ, ψ : (1, e)→ R are measurable functions, p : (1, e)→ R is continuous and
satisfies |p(t)| ≤ (log t)k(1 − log t)l) with k > −1, l ≤ 0, 2 + k + l > 0,
N[a, b] = {a, a+ 1, a+ 2, . . . , a+ n} with a, b being integers and a ≤ b,

(1.A11) f,G,H defined on (1, e]×R are impulsive III-Carathéodory functions, I, J :
{ti : i ∈ N[1,m]} × R→ R are discrete III-Carathéodory functions.
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Finally we study the following impulsive Neumann type integral boundary value
problems of singular fractional differential systems

CHDβ
1+x(t)− λx(t) = p(t)f(t, x(t)), a.e., t ∈ (ti, ti+1], i ∈ N[0,m],

(t
d

dt
)x(t)

∣∣
t=1

=
∫ e

1

φ(s)G(s, x(s))ds,

(t
d

dt
)x(t)

∣∣
t=e

=
∫ e

1

ψ(s)H(s, x(s))ds,

lim
t→t+i

x(t)− x(ti) = I(ti, x(ti)),

lim
t→t+i

(t
d

dt
)x(t)− (t

d

dt
)x(t)

∣∣
t=ti

= J(ti, x(ti)),

(1.10)

for i ∈ N[1,m], where

(1.A12) 1 < β < 2, λ ∈ R, CHDβ
1+ is the Caputo type Hadamard fractional deriva-

tive of order β, (t ddt )
1x(t) = tx′(t),

(1.A13) m, ti,N[a, b] satisfy (1.A10), φ, ψ : (1, e) → R are measurable functions,
p : (1, e) → R is continuous and satisfies |p(t)| ≤ (log t)k(1 − log t)l) with
k > −1, l ≤ 0, β + k + l > 0,

(1.A14) f,G,H defined on (1, e]×R are impulsive I-Carathéodory functions, I, J :
{ti : i ∈ N[1,m]} × R→ R are discrete I-Carathéodory functions.

A function x : (0, 1] → R is called a solution of BVP (1.7) (or of BVP (1.8)) if
x|(ti,ti+1](i = 0, 1, j ∈ N[0,m]) is continuous, the limits below exist

lim
t→t+i

(t− ti)2−βx(t), i ∈ N[0,m], (or lim
t→t+i

x(t) i ∈ N[0,m])

and x satisfies (1.7) (or (1.8)).
A function x : (1, e]→ R is called a solution of BVP (1.9) (or of BVP (1.10)) if

x|(ti,ti+1](i ∈ N[0,m]) is continuous, the limits below exist

lim
t→t+i

(log
t

ti
)2−βx(t), i ∈ N[0,m], (or lim

t→t+i
x(t), i ∈ N[0,m])

and x satisfies (1.9) (or (1.10)).
To obtain solutions of a boundary value problem of fractional differential equa-

tions, we firstly define a Banach space X, then we transform the boundary value
problem into a integral equation and define a nonlinear operator T on X by using
the integral equation obtained, finally, we prove that T has fixed point in X. The
fixed points are just solutions of the boundary value problem. Three difficulties
occur in known papers: one is how to transform the boundary value problem into a
integral equation; the other one is how to define and prove a Banach space and the
completely continuous property of the nonlinear operator defined; the third one is
to choose a suitable fixed point theorem and impose suitable growth conditions on
functions to get the fixed points of the operator.

To the best of the authors knowledge, no one has studied the existence of strong
weak or weak solutions of BVPs (1.7)–(1.10). This paper fills this gap. Another
purpose of this paper is to illustrate the similarity and difference of these three kinds
of fractional differential equations. We obtain results on the existence of at least
one solution for BVPs (1.7)–(1.10). For simplicity we only consider the left-sided
operators here. The right-sided operators can be treated similarly. For clarity and
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brevity, we restrict our attention to BVPs with one impulse, the difference between
the theory of one or an arbitrary number of impulses is quite similar.

The remainder of this paper is organized as follows: in Section 2, we present
related definitions. In Section 3 some preliminary results are given (one purpose
is to establish existence and uniqueness of continuous solutions of linear fractional
differential equations (Subsection 3.1), the second purpose is to get exact expres-
sion of piecewise continuous solutions of the linear fractional differential equations
with a constant coefficient and a variable force term (Subsection 3.2), the third
purpose is to prove preliminary results for establishing existence results of solu-
tions of (1.7)–(1.10)in Subsections 3.3, 3.4, 3.5 and 3.6, respectively), we transform
them into corresponding integral equations and define completely continuous non-
linear operators. In Sections 4, the main theorems and their proof are given (we
establish existence results for solutions of BVP (1.7)–(1.10). In Section 5, we preset
applications of theorems obtained in Subsection 3.2, the solvability of multi-point
boundary value problem, Sturm-Liouville boundary value problem and anti-periodic
boundary value problem for fractional differential equations with impulse effects are
discussed, respectively. In Section 6, some mistakes happened in cited papers are
showed. Corrected expressions of solutions are given. Finally, in Section 7, we sur-
vey some examples and applications of fractional differential equations in various
fields: population dynamics, control theory, physics, biology, medicine.

2. Related definitions

For convenience of the readers, we firstly present the necessary definitions from
the fractional calculus theory. These definitions and results can be found in [58,
88, 94].

Let the Gamma function, Beta function and the classical Mittag-Leffler special
function be

Γ(α) =
∫ +∞

0

xα−1e−xdx, B(p, q) =
∫ 1

0

xp−1(1− x)q−1dx,

Eδ,σ(x) =
+∞∑
k=0

xk

Γ(δk + σ)

respectively for α > 0, p > 0, q > 0, δ > 0, σ > 0. We note that Eδ,δ(x) > 0
for all x ∈ R and Eδ,δ(x) is strictly increasing in x. Then for x > 0 we have
Eδ,σ(−x) < Eδ,σ(0) = 1

Γ(σ) < Eδ,σ(x).

Definition 2.1 ([58]). Let c ∈ R. The Riemann-Liouville fractional integral of
order α > 0 of a function g : (c,∞)→ R is

Iαc+g(t) =
1

Γ(α)

∫ t

c

(t− s)α−1g(s)ds,

provided that the right-hand side exists.

Definition 2.2 ([58]). Let c ∈ R. The Riemann-Liouville fractional derivative of
order α > 0 of a function g : (c,+∞)→ R is

RLDα
c+g(t) =

1
Γ(n− α)

dn

dtn

∫ t

c

g(s)
(t− s)α−n+1

ds,

where α < n < α+ 1, i.e., n = dαe, provided that the right-hand side exists.
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Definition 2.3 ([58]). Let c ∈ R. The Caputo fractional derivative of order α > 0
of a function g : (c,+∞)→ R is

CDα
c+g(t) =

1
Γ(n− α)

∫ t

c

g(n)(s)
(t− s)α−n+1

ds,

where α < n < α+ 1, i.e., n = dαe, provided that the right-hand side exists.

Definition 2.4 ([58]). Let c > 0. The Hadamard fractional integral of order α > 0
of a function g : [c,+∞)→ R is

HIαc+g(t) =
1

Γ(α)

∫ t

c

(log
t

s
)α−1g(s)

ds

s
,

provided that the right-hand side exists.

Definition 2.5 ([58]). Let c > 0. The Hadamard fractional derivative of order
α > 0 of a function g : [c,+∞)→ R is

RLHDα
c+g(t) =

1
Γ(n− α)

(t
d

dt
)n
∫ t

c

(log
t

s
)n−α−1g(s)

ds

s
,

where α < n < α+ 1, i.e., n = dαe, provided that the right-hand side exists.

Definition 2.6 ([53]). Let c > 0. The Caputo type Hadamard fractional derivative
of order α > 0 of a function g : [c,+∞)→ R is

CHDα
c+g(t) =

1
Γ(n− α)

∫ t

c

(log
t

s
)n−α−1(s

d

ds
)ng(s)

ds

s
,

where α < n ≤ α+ 1, i.e., n = dαe, provided that the right-hand side exists.

Definition 2.7. We call F : ∪mi=0(ti, ti+1) × R → R an impulsive I-Carathéodory
function if it satisfies

(i) t→ F (t, u) is measurable on (ti, ti+1) (i ∈ N[0,m]) for any u ∈ R,
(ii) u→ F (t, u) are continuous on R for almost all t ∈ (ti, ti+1) (i ∈ N[0,m]),

(iii) for each r > 0 there exists Mr > 0 such that

|F (t, u)| ≤Mr, t ∈ (ti, ti+1), |u| ≤ r, i ∈ N[0,m].

Definition 2.8. We call F : ∪mi=0(ti, ti+1)× R → R an impulsive II-Carathéodory
function if it satisfies

(i) t→ F (t, (t−ti)β−2u) is measurable on (ti, ti+1) (i ∈ N[0,m]) for any u ∈ R,
(ii) u → F (t, (t − ti)β−2u) are continuous on R for almost all t ∈ (ti, ti+1)

(i ∈ N[0,m]),
(iii) for each r > 0 there exists Mr > 0 such that

|F (t, (t− ti)β−2u)| ≤Mr, t ∈ (ti, ti+1), |u| ≤ r, i ∈ N[0,m].

Definition 2.9. We call F : ∪mi=0(ti, ti+1)×R→ R an impulsive III-Carathéodory
function if it satisfies

(i) t → F (t, (log t
ti

)β−2u) is measurable on (ti, ti+1) (i ∈ N[0,m]) for any
u ∈ R,

(ii) u→ F (t, (log t
ti

)β−2u) are continuous on R for all t ∈ (ti, ti+1) (i ∈ N[0,m]),
(iii) for each r > 0 there exists Mr > 0 such that

|F (t, (log
t

ti
)β−2u)| ≤Mr, t ∈ (ti, ti+1), |u| ≤ r, i ∈ N[0,m].
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Definition 2.10. We call I : {ti : i ∈ N[1,m]} × R→ R a discrete I-Carathéodory
function if it satisfies

(i) u→ I(ti, u) (i ∈ N[1,m]) are continuous on R,
(ii) for each r > 0 there exists Mr > 0 such that |I(ti, u)| ≤ Mr, |u| ≤ r for

i ∈ N[1,m].

Definition 2.11. We call I : {ti : i ∈ N[1,m]}×R→ R a discrete II-Carathéodory
function if it satisfies

(i) u→ I(ti, (ti − ti−1)β−2u) (i ∈ N[1,m]) are continuous on R,
(ii) for each r > 0 there exists Mr > 0 such that |I(ti, (ti−tβ−2

i−1 u)| ≤Mr, |u| ≤ r
for i ∈ N[1,m].

Definition 2.12. We call I : {ti : i ∈ N[1,m]}×R→ R a discrete III-Carathéodory
function if it satisfies

(i) u→ I(ti, (log ti − log ti−1)β−nu) (i ∈ N[1,m]) are continuous on R,
(ii) for each r > 0 there exists Mr > 0 such that |I(t1, (log ti

ti−1
)β−nu)| ≤

Mr, |u| ≤ r for i ∈ N[1,m].

Definition 2.13 ([79]). Let E and F be Banach spaces. A operator T : E → F is
called a completely continuous operator if T is continuous and maps any bounded
set into relatively compact set.

Suppose that n− 1 ≤ α < n. The following Banach spaces are used:
Let a < b be constants. C(a, b] denotes the set of continuous functions on (a, b]

with limt→a+ x(t) existing, and the norm

‖x‖ = sup
t∈(a,b]

|x(t)|.

Let a < b be constants. Cn−α(a, b] the set of continuous functions on (a, b] with
limt→a+(t− a)n−αx(t) existing, the norm ‖x‖n−α = supt∈(a,b](t− a)n−α|x(t)|.

Let 0 < a < b. LCn−α(a, b] denote the set of all continuous functions on (a, b]
with the limit limt→a+(log t

a )n−αx(t) existing, and the norm

‖x‖ = sup
t∈(a,b]

(log
t

a
)n−α|x(t)|.

For a positive integer m let N[0,m] = {0, 1, 2, . . . ,m}, with 0 = t0 < t1 < · · · <
tm < tm+1 = 1. The following Banach spaces are also used in this paper:

PmCn−α(0, 1] = {x : (0, 1]→ R : x
∣∣
(ti,ti+1]

∈ Cn−α(ti, ti+1] : i ∈ N[0,m]}

with the norm

‖x‖ = ‖x‖PmCn−α = max
{

sup
t∈(ti,ti+1]

(t− ti)n−α|x(t)| : i ∈ N[0,m]
}
.

PmC(0, 1] = {x : (0, 1]→ R : x|(ti,ti+1] ∈ C(ti, ti+1] : i ∈ N[0,m]}
with the norm

‖x‖ = ‖x‖PmC(0,1] = max
{

sup
t∈(ti,ti+1]

|x(t)| : i ∈ N[0.m]
}
.

For a positive integer m let N[0,m] = {0, 1, 2, . . . ,m}, with 1 = t0 < t1 < · · · <
tm < tm+1 = e. We also use the Banach spaces

LPmCn−α(1, e] =
{
x : (1, e]→ R : x

∣∣
(ti,ti+1]

∈ C(ti, ti+1], i ∈ N[0,m],
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and lim
t→t+i

(log
t

ti
)n−αx(t) exist for i ∈ N[0,m]

}
with the norm

‖x‖ = ‖x‖LPmCn−α = max
{

sup
t∈(ti,ti+1]

(log
t

ti
)n−α|x(t)|, i ∈ N[0,m]

}
.

PmC(1, e] =
{
x : (1, e]→ R : x

∣∣
(ti,ti+1]

∈ C(ti, ti+1], i ∈ N[0.m]
}

with the norm

‖x‖ = ‖x‖PmC = max
{

sup
t∈(ti,ti+1]

|x(t)|, i ∈ N[0,m]
}
.

3. Preliminaries

In this section, we present some preliminary results that can be used in next
sections for obtain solutions of (1.7)–(1.10).

3.1. Basic theory for linear fractional differential equations. Lakshmikan-
tham et al. [61, 62, 63, 59] investigated the basic theory of initial value problems
for fractional differential equations involving Riemann-Liouville differential opera-
tors of order q ∈ (0, 1). The existence and uniqueness of solutions of the following
initial value problems of fractional differential equations were discussed under the
assumption that f ∈ Cr[0, 1]. We will establish existence and uniqueness results
for these problems under more weaker assumptions see (3.A1)–(3.A4) below.

Suppose that n− 1 < α < n and ηj ∈ R(j ∈ N [0, n− 1]), F,A : (0, 1)→ R and
B,G : (1, e)→ R are continuous functions. We consider the following four classes of
initial value problems of non-homogeneous linear fractional differential equations:

CDα
0+x(t) = A(t)x(t) + F (t), a.e. t ∈ (0, 1),

lim
t→0+

x(j)(t) = ηj , j ∈ N[0, n− 1],
(3.1)

RLDα
0+x(t) = A(t)x(t) + F (t), a.e. t ∈ (0, 1),

lim
t→0+

tn−αx(t) =
ηn

Γ(α− n+ 1)
,

lim
t→0+

RLDα−j
0+ x(t) = ηj , j ∈ N[1, n− 1],

(3.2)

RLHDα
0+x(t) = B(t)x(t) +G(t), a.e. t ∈ (1, e),

lim
t→1+

(log t)n−αx(t) =
ηn

Γ(α− n+ 1)
,

lim
t→1+

RLHDα−j
1+ x(t) = ηj , j ∈ N[1, n− 1],

(3.3)

CHDα
0+x(t) = B(t)x(t) +G(t), a.e. t ∈ (1, e),

lim
t→1+

(t
d

dt
)jx(t) = ηj , j ∈ N[0, n− 1].

(3.4)

where (t ddt )
jx(t) = t

d(t ddt )j−1x(t)

dt for j = 2, 3, . . . .
To obtain solutions of (3.1), we need the following assumptions:

(3.A1) there exist constants ki > −α + n − 1, li ≤ 0 with li > max{−α,−α −
ki}(i = 1, 2), MA ≥ 0 and MF ≥ 0 such that |A(t)| ≤ MAt

k1(1 − t)l1 and
|F (t)| ≤MF t

k2(1− t)l2 for all t ∈ (0, 1).
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Choose the Picard function sequence as

φ0(t) =
n−1∑
j=0

ηjt
j

j!
, t ∈ [0, 1],

φi(t) =
n−1∑
j=0

ηjt
j

j!
+
∫ t

0

(t− s)α−1

Γ(α)
[A(s)φi−1(s) + F (s)]ds, t ∈ (0, 1], i = 1, 2, . . . .

Claim 1. φi ∈ C[0, 1].

Proof. One sees φ0 ∈ C[0, 1]. Then

|
∫ t

0

(t− s)α−1

Γ(α)
[A(s)φ0(s) + F (s)]ds|

≤
∫ t

0

(t− s)α−1

Γ(α)
[MA|φ0(s)|sk1(1− s)l1 +MF s

k2(1− s)l2 ]ds

≤MA‖φ0‖
∫ t

0

(t− s)α+l1−1

Γ(α)
sk1ds+MF

∫ t

0

(t− s)α+l2−1

Γ(α)
sk2ds

= MA‖φ0‖tα+k1+l1

∫ 1

0

(1− w)α+l1−1

Γ(α)
wk1dw

+MF t
α+k2+l2

∫ 1

0

(1− w)α+l2−1

Γ(α)
wk2dw

= MA‖φ0‖tα+k1+l1
B(α+ l1, k1 + 1)

Γ(α)
+MF t

α+k2+l2
B(α+ l2, k2 + 1)

Γ(α)
→ 0 as t→ 0+.

It follows that φ1 is continuous on (0, 1] and limt→0+ φ1(t) exists. So φ1 ∈ C[0, 1].
By mathematical induction, we can prove that φi ∈ C[0, 1]. �

Claim 2. {φi} is convergent uniformly on [0, 1].

Proof. For t ∈ [0, 1] we have

|φ1(t)− φ0(t)|

=
∣∣ ∫ t

0

(t− s)α−1

Γ(α)
[A(s)φ0(s) + F (s)]ds

∣∣
≤MA‖φ0‖

∫ t

0

(t− s)α−1

Γ(α)
sk1(1− s)l1ds+MF

∫ t

0

(t− s)α−1

Γ(α)
sk2(1− s)l2ds

≤MA‖φ0‖
∫ t

0

(t− s)α+l1−1

Γ(α)
sk1ds+MF

∫ t

0

(t− s)α+l2−1

Γ(α)
sk2ds

= MA‖φ0‖tα+k1+l1
B(α+ l1, k1 + 1)

Γ(α)
+MF t

α+k2+l2
B(α+ l2, k2 + 1)

Γ(α)
.

So

|φ2(t)− φ1(t)|

= |
∫ t

0

(t− s)α−1

Γ(α)
A(s)[φ1(s)− φ0(s)]ds|
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≤
∫ t

0

(t− s)α−1

Γ(α)
MAs

k1(1− s)l1(MA‖φ0‖sα+k1+l1
B(α+ l1, k1 + 1)

Γ(α)

+MF s
α+k2+l2

B(α+ l2, k2 + 1)
Γ(α)

)ds

≤ ‖φ0‖M2
A

∫ t

0

(t− s)α+l1−1

Γ(α)
sα+2k1+l1

B(α+ l1, k1 + 1)
Γ(α)

ds

+MAMF

∫ t

0

(t− s)α+l1−1

Γ(α)
sα+k1+k2+l2

B(α+ l2, k2 + 1)
Γ(α)

ds

= ‖φ0‖M2
At

2α+2k1+2l1
B(α+ l1, k1 + 1)

Γ(α)
B(α+ l1, α+ 2k1 + l1 + 1)

Γ(α)

+MAMF t
2α+k1+k2+l1+l2

B(α+ l2, k2 + 1)
Γ(α)

B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

.

Now suppose that

|φj(t)− φj−1(t)|

≤ ‖φ0‖M j
At
jα+jk1+jl1

j−1∏
i=0

B(α+ l1, iα+ (i+ 1)k1 + il1 + 1)
Γ(α)

+M j−1
A MF t

jα+(j−1)k1+k2+(j−1)l1+l2
B(α+ l2, k2 + 1)

Γ(α)

×
j−1∏
i=1

B(α+ l1, iα+ ik1 + k2 + (i− 1)l1 + l2 + 1)
Γ(α)

.

Then we have

|φj+1(t)− φj(t)|

=
∣∣ ∫ t

0

(t− s)α−1

Γ(α)
A(s)[φj(s)− φj−1(s)]ds

∣∣
≤
∫ t

0

(t− s)α−1

Γ(α)
MA

(
‖φ0‖M j

As
jα+jk1+jl1

j−1∏
i=0

B(α+ l1, iα+ (i+ 1)k1 + il1 + 1)
Γ(α)

+M j−1
A MF s

jα+(j−1)k1+k2+(j−1)l1+l2
B(α+ l2, k2 + 1)

Γ(α)

×
j−1∏
i=1

B(α+ l1, iα+ ik1 + k2 + (i− 1)l1 + l2 + 1)
Γ(α)

)sk1(1− s)l1ds

≤
∫ t

0

(t− s)α+l1−1

Γ(α)
MA

(
‖φ0‖M j

As
jα+jk1+jl1

j−1∏
i=0

B(α+ l1, iα+ (i+ 1)k1 + il1 + 1)
Γ(α)

+M j−1
A MF s

jα+(j−1)k1+k2+(j−1)l1+l2
B(α+ l2, k2 + 1)

Γ(α)

×
j−1∏
i=1

B(α+ l1, iα+ ik1 + k2 + (i− 1)l1 + l2 + 1)
Γ(α)

)
sk1ds
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≤ ‖φ0‖M j+1
A t(j+1)α+(j+1)k1+(j+1)l1

j∏
i=0

B(α+ l1, iα+ (i+ 1)k1 + il1 + 1)
Γ(α)

+M j
AMF t

(j+1)α+jk1+k2+jl1+l2
B(α+ l2, k2 + 1)

Γ(α)

×
j∏
i=1

B(α+ l1, iα+ ik1 + k2 + (i− 1)l1 + l2 + 1)
Γ(α)

.

Using mathematical induction, for every i = 1, 2, . . . we obtain

|φi+1(t)− φi(t)|

≤ ‖φ0‖M i+1
A t(i+1)α+(i+1)k1+(i+1)l1

i∏
j=0

B(α+ l1, jα+ (j + 1)k1 + jl1 + 1)
Γ(α)

+M i
AMF t

(i+1)α+ik1+k2+il1+l2
B(α+ l2, k2 + 1)

Γ(α)

×
i∏

j=1

B(α+ l1, jα+ jk1 + k2 + (j − 1)l1 + l2 + 1)
Γ(α)

≤ ‖φ0‖M i+1
A

i∏
j=0

B(α+ l1, jα+ (j + 1)k1 + jl1 + 1)
Γ(α)

+M i
AMF

B(α+ l2, k2 + 1)
Γ(α)

i∏
j=1

B(α+ l1, jα+ jk1 + k2 + (j − 1)l1 + l2 + 1)
Γ(α)

,

for t ∈ [0, 1]. Consider
+∞∑
i=1

ui =
+∞∑
i=1

‖φ0‖M i+1
A

i∏
i=0

B(α+ l1, iα+ (i+ 1)k1 + il1 + 1)
Γ(α)

,

+∞∑
i=1

vi =
+∞∑
i=1

M i
AMF

B(α+ l2, k2 + 1)
Γ(α)

×
i∏

j=1

B(α+ l1, jα+ jk1 + k2 + (j − 1)l1 + l2 + 1)
Γ(α)

.

One sees that for sufficiently large n with δ ∈ (0, 1
2 ),

ui+1

ui
= MA

B(α+ l1, (i+ 1)α+ (i+ 1)k1 + (i+ 1)l1)
Γ(α)

= MA

∫ 1

0

(1− x)α+l1−1x(i+1)α+(i+1)k1+(i+1)l1dx

≤MA

∫ δ

0

(1− x)α+l1−1x(i+1)α+(i+1)k1+(i+1)l1dx+MA

∫ 1

δ

(1− x)α+l1−1dx

≤MA

∫ δ

0

(1− x)α+l1−1dxδ(i+1)α+(i+1)k1+(i+1)l1 +
MA

α+ l1
δα+l1

≤ MA

α+ l1
δ(i+1)α+(i+1)k1+(i+1)l1 +

MA

α+ l1
δα+l1 .
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It is easy to see that for any ε > 0 there exists δ ∈ (0, 1
2 ) such that MA

α+l1
δα+l1 < ε

2 .
For this δ, there exists an integer N > 0 sufficiently large such that

MA

α+ l1
δ(i+1)α+(i+1)k1+(i+1)l1 <

ε

2
for all i > N . So 0 < ui+1

ui
< ε

2 + ε
2 = ε for all i > N . It follows that

limi→+∞ ui+1/ui = 0. Then
∑+∞
i=1 ui converges. Similarly we obtain

∑+∞
i=1 vi

converges. Hence

φ0(t) + [φ1(t)− φ0(t)] + [φ2(t)− φ1(t)] + · · ·+ [φi(t)− φi−1(t)] + . . . , t ∈ [0, 1]

is uniformly convergent. Then {φi(t)} is convergent uniformly on [0, 1]. �

Claim 3. φ(t) = limi→+∞ φi(t) defined on [0, 1] is a unique continuous solution of
the integral equation

x(t) =
n−1∑
j=0

ηj
j!

+
1

Γ(α)

∫ t

0

(t− s)α−1[A(s)x(s) + F (s)]ds, t ∈ [0, 1]. (3.5)

Proof. From φ(t) = limi→+∞ φi(t) and the uniformly convergence, we see that φ(t)
is continuous on [0, 1]. From∣∣∣ ∫ t

0

(t− s)α−1

Γ(α)
[A(s)φp−1(s) + F (s)]ds−

∫ t

0

(t− s)α−1

Γ(α)
[A(s)φq−1(s) + F (s)]ds

∣∣∣
≤MA‖φp−1 − φq−1‖

∫ t

0

(t− s)α−1

Γ(α)
sk1(1− s)l1ds

≤MA‖φp−1 − φq−1‖tα+k1+l1
B(α+ l1, k1 + 1)

Γ(α)

≤MA‖φp−1 − φq−1‖
B(α+ l1, k1 + 1)

Γ(α)
→ 0 as p, q → +∞,

we have

φ(t) = lim
i→+∞

φi(t)

= lim
i→+∞

[ n−1∑
j=0

ηjt
j

j!
+
∫ t

0

(t− s)α−1

Γ(α)
[A(s)φi−1(s) + F (s)]ds

]

=
n−1∑
j=0

ηjt
j

j!
+ lim
i→+∞

∫ t

0

(t− s)α−1

Γ(α)
[A(s)φi−1(s) + F (s)]ds

=
n−1∑
j=0

ηjt
j

j!
+
∫ t

0

(t− s)α−1

Γ(α)
[
A(s) lim

i→+∞
φi−1(s) + F (s)

]
ds

=
n−1∑
j=0

ηjt
j

j!
+
∫ t

0

(t− s)α−1

Γ(α)
[A(s)φ(s) + F (s)]ds.

Then φ is a continuous solution of (3.5) defined on [0, 1].
Suppose that ψ defined on [0, 1] is also a solution of (3.5). Then

ψ(t) =
n−1∑
j=0

ηj
j!

+
∫ t

0

(t− s)α−1

Γ(α)
[A(s)ψ(s) + F (s)]ds, t ∈ (0, 1].
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We need to prove that φ(t) ≡ ψ(t) on [0, 1]. Then

|ψ(t)− φ0(t)|

= |
∫ t

0

(t− s)α−1

Γ(α)
|A(s)ψ0(s) + F (s)|ds|

≤ ‖φ0‖MAt
α+k1+l1

B(α+ l1, k1 + 1)
Γ(α)

+MF t
α+k2+l2

B(α+ l2, k2 + 1)
Γ(α)

.

Furthermore,

|ψ(t)− φ1(t)|

= |
∫ t

0

(t− s)α−1

Γ(α)
A(s)[ψ(s)− φ0(s)]ds|

≤ ‖φ0‖M2
At

2α+2k1+2l1
B(α+ l1, k1 + 1)

Γ(α)
B(α+ l1, α+ 2k1 + l1 + 1)

Γ(α)

+MAMF t
2α+k1+k2+l1+l2

B(α+ l2, k2 + 1)
Γ(α)

B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

.

Now suppose that

|ψ(t)− φj−1(t)| ≤ ‖φ0‖M j
At
jα+jk1+jl1

j−1∏
i=0

B(α+ l1, iα+ (i+ 1)k1 + il1 + 1)
Γ(α)

+M j−1
A MF t

jα+(j−1)k1+k2+(j−1)l1+l2
B(α+ l2, k2 + 1)

Γ(α)

×
j−1∏
i=1

B(α+ l1, iα+ ik1 + k2 + (i− 1)l1 + l2 + 1)
Γ(α)

.

Then

|ψ(t)− φj(t)|

=
∣∣∣ ∫ t

0

(t− s)α−1

Γ(α)
A(s)[ψ(s)− φj−1(s)]ds

∣∣∣
≤ ‖φ0‖M j+1

A t(j+1)α+(j+1)k1+(j+1)l1

j∏
i=0

B(α+ l1, iα+ (i+ 1)k1 + il1 + 1)
Γ(α)

+M j
AMF t

(j+1)α+jk1+k2+jl1+l2
B(α+ l2, k2 + 1)

Γ(α)

×
j∏
i=1

B(α+ l1, iα+ ik1 + k2 + (i− 1)l1 + l2 + 1)
Γ(α)

.

Hence,

|ψ(t)− φi(t)|

≤ ‖φ0‖M i+1
A t(i+1)α+(i+1)k1+(i+1)l1

i∏
j=0

B(α+ l1, jα+ (j + 1)k1 + jl1 + 1)
Γ(α)

+M i
AMF t

(i+1)α+ik1+k2+il1+l2
B(α+ l2, k2 + 1)

Γ(α)
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×
i∏

j=1

B(α+ l1, jα+ jk1 + k2 + (j − 1)l1 + l2 + 1)
Γ(α)

≤ ‖φ0‖M i+1
A

i∏
j=0

B(α+ l1, jα+ (j + 1)k1 + jl1 + 1)
Γ(α)

+M i
AMF

B(α+ l2, k2 + 1)
Γ(α)

i∏
j=1

B(α+ l1, jα+ jk1 + k2 + (j − 1)l1 + l2 + 1)
Γ(α)

for i = 1, 2, . . . . Similarly we have

lim
i→+∞

‖φ0‖M i+1
A

i∏
j=0

B(α+ l1, jα+ (j + 1)k1 + jl1 + 1)
Γ(α)

= 0,

lim
i→+∞

M i
AMF

B(α+ l2, k2 + 1)
Γ(α)

i∏
j=1

B(α+ l1, jα+ jk1 + k2 + (j − 1)l1 + l2 + 1)
Γ(α)

= 0.

Then limi→+∞ φi(t) = ψ(t) uniformly on [0, 1]. Then φ(t) ≡ ψ(t). Then (3.5) has
a unique solution φ. The proof is complete. �

Theorem 3.1. Suppose that (3.A1) holds. Then x is a solution of IVP (3.1) if
and only if x is a solution of the integral equation (3.5).

Proof. Suppose that x is a solution of (3.1). Then limt→0+ x(t) = η and ‖x‖ = r <
+∞. From (3.A1), we have for t ∈ (0, 1)

∣∣∣ ∫ t

0

(t− s)α−n

Γ(α− n+ 1)
[A(s)x(s) + F (s)]ds

∣∣∣
≤ ‖x‖

∫ t

0

(t− s)α−n

Γ(α− n+ 1)
|A(s)|ds+

∫ t

0

(t− s)α−n

Γ(α− n+ 1)
|F (s)|ds

≤
∫ t

0

(t− s)α−n

Γ(α− n+ 1)
[MArs

k1(1− s)l1 +MF s
k2(1− s)l2 ]ds

≤
∫ t

0

(t− s)α−n

Γ(α− n+ 1)
[MArs

k1(1− t)l1 +MF s
k2(1− t)l2 ]ds by

s

t
= w

= MAr(1− t)l1tα+k1−n+1

∫ 1

0

(1− w)α−n

Γ(α− n+ 1)
wk1dw

+MF (1− t)l2tα+k2−n+1

∫ 1

0

(1− w)α−n

Γ(α− n+ 1)
wk2dw

= MAr(1− t)l1tα+k1−n+1 B(α− n+ 1, k1 + 1)
Γ(α)

+MF (1− t)l2tα+k2−n+1 B(α− n+ 1, k2 + 1)
Γ(α)

.
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So t→
∫ t

0
(t−s)α−n
Γ(α−n+1) [A(s)x(s)+F (s)]ds is defined on (0, 1). ki > −α+n−1 implies

that

lim
t→0+

∫ t

0

(t− s)α−n

Γ(α− n+ 1)
A(s)x(s)ds = lim

t→0+

∫ t

0

(t− s)α−n

Γ(α− n+ 1)
F (s)ds = 0. (3.6)

Furthermore, for t1, t2 ∈ (0, 1) with t1 < t2 we have∣∣∣ ∫ t1

0

(t1 − s)α−1

Γ(α)
[A(s)x(s) + F (s)]ds−

∫ t2

0

(t2 − s)α−1

Γ(α)
[A(s)x(s) + F (s)]ds

∣∣∣
≤
∫ t2

t1

(t2 − s)α−1

Γ(α)
|A(s)x(s) + F (s)|ds

+
∫ t1

0

|(t1 − s)α−1 − (t2 − s)α−1|
Γ(α)

|A(s)x(s) + F (s)|ds

≤MAr
[ ∫ t2

t1

(t2 − s)α−1

Γ(α)
sk1(1− s)l1ds

+
∫ t1

0

(t1 − s)α−1 − (t2 − s)α−1

Γ(α)
sk1(1− s)l1ds

]
+MF

[ ∫ t2

t1

(t2 − s)α−1

Γ(α)
sk2(1− s)l2ds

+
∫ t1

0

(t1 − s)α−1 − (t2 − s)α−1

Γ(α)
sk2(1− s)l2ds

]
≤MAr

[ ∫ t2

t1

(t2 − s)α+l1−1

Γ(α)
sk1ds

+
∫ t1

0

(t1 − s)α−1 − (t2 − s)α−1

Γ(α)
sk1(t2 − s)l1ds

]
+MF

[ ∫ t2

t1

(t2 − s)α+l2−1

Γ(α)
sk2ds

+
∫ t1

0

(t1 − s)α−1 − (t2 − s)α−1

Γ(α)
sk2(t2 − s)l2ds

]
= MAr

[
tα+k1+l1
2

∫ 1

t1
t2

(1− w)α+l1−1

Γ(α)
wk1dw

+
∫ t1

0

(t1 − s)α+l1−1

Γ(α)
sk1ds−

∫ t1

0

(t2 − s)α+l1−1

Γ(α)
sk1ds

]
+MF

[
tα+k2+l2
2

∫ 1

t1
t2

(1− w)α+l2−1

Γ(α)
wk2dw

+
∫ t1

0

(t1 − s)α+l2−1

Γ(α)
sk2ds−

∫ t1

0

(t2 − s)α+l2−1

Γ(α)
sk2ds

]
= MAr

[
tα+k1+l1
2

∫ 1

t1
t2

(1− w)α+l1−1

Γ(α)
wk1dw + tα+k1+l1

1

∫ 1

0

(1− w)α+l1−1

Γ(α)
wk1dw

− tα+k1+l1
2

∫ t1
t2

0

(1− w)α+l1−1

Γ(α)
wk1dw

]
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+MF

[
tα+k2+l2
2

∫ 1

t1
t2

(1− w)α+l2−1

Γ(α)
wk2dw

+ tα+k2+l2
1

∫ 1

0

(1− w)α+l2−1

Γ(α)
wk2dw − tα+k2+l2

2

∫ t1
t2

0

(1− w)α+l2−1

Γ(α)
wk2dw

]
= MAr

[
tα+k1+l1
2

∫ 1

t1
t2

(1− w)α+l1−1

Γ(α)
wk1dw

+ |tα+k1+l1
1 − tα+k1+l1

2 |B(α+ l1, k1 + 1)
Γ(α)

− tα+k1+l1
2

∫ 1

t1
t2

(1− w)α+l1−1

Γ(α)
wk1dw

]
+MF

[
tα+k2+l2
2

∫ 1

t1
t2

(1− w)α+l2−1

Γ(α)
wk2dw

+ |tα+k2+l2
1 − tα+k2+l2

2 |B(α+ l2, k2 + 1)
Γ(α)

− tα+k2+l2
2

∫ 1

t1
t2

(1− w)α+l2−1

Γ(α)
wk2dw

]
→ 0 as t1 → t2.

So t→
∫ t

0
(t−s)α−1

Γ(α) [A(s)x(s) + F (s)]ds is continuous on (0, 1], by defining

∫ t

0

(t− s)α−1

Γ(α)
[A(s)x(s) + F (s)]ds

∣∣∣
t=0

= lim
t→0+

∫ t

0

(t− s)α−1

Γ(α)
[A(s)x(s) + F (s)]ds.

We have Iα0+
CDα

0+x(t) = Iα0+ [A(t)x(t) + F (t)]. So

∫ t

0

(t− s)α−1

Γ(α)
[A(s)x(s) + F (s)]ds

= Iα0+ [A(t)x(t) + F (t)] = Iα0+
CDα

0+x(t)

=
∫ t

0

(t− s)α−1

Γ(α)
( 1

Γ(n− α)

∫ s

0

(s− w)−αx(n)(w)dw
)
ds

(interchange the order of integration)

=
1

Γ(α)Γ(n− α)

∫ t

0

∫ t

w

(t− s)α−1(s− w)n−α−1dsx(n)(w)dw using
s− w
t− w

= u

=
1

Γ(α)Γ(n− α)

∫ t

0

(t− u)n−1

∫ 1

0

(1− u)α−1un−α−1dux(n)(w)dw

(using B(α, 1− α) =
Γ(α)Γ(1− α)

Γ(1)
)

= − 1
(n− 1)!

∫ t

0

(t− u)n−1x(n)(w)dw

=
1

(n− 1)!

[
(t− u)n−1x(n−1)(w)

∣∣t
0

+ (n− 1)
∫ t

0

(t− u)n−2x(n−1)(w)dw
]

= − ηn−1

(n− 1)!
+

1
(n− 2)!

∫ t

0

(t− u)n−2x(n−1)(w)dw

= . . .
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= −
n−1∑
j=1

ηj
j!

+
∫ t

0

x′(s)ds = x(t)−
n−1∑
j=0

ηj
j!
.

Then x ∈ C(0, 1] is a solution of (3.5).
On the other hand, if x is a solution of (3.5). From Cases 1, 2 and 3, we have

x ∈ C(0, 1] and limt→0+ x(j)(t) = ηj(j ∈ N [0, n− 1]). So x ∈ C[0, 1]. Furthermore,
from (3.6) we have

CDα
0+x(t)

=
1

Γ(n− α)

∫ t

0

(t− s)n−α−1x(n)(s)ds

=
1

Γ(n− α)

∫ t

0

(t− s)n−α−1
( n−1∑
j=0

ηjs
j

j!

+
∫ s

0

(s− w)α−1

Γ(α)
[A(w)x(w) + F (w)]dw

)(n)

ds

=
1

Γ(n− α)

∫ t

0

(t− s)n−α−1
(∫ s

0

(s− w)α−1

Γ(α)
[A(w)x(w) + F (w)]dw

)(n)

ds

=
1

Γ(n− α)

∫ t

0

(t− s)n−α−1 1
Γ(α− n+ 1)

×
(∫ s

0

(s− w)α−n[A(w)x(w) + F (w)]dw
)′
ds

=
1

Γ(α− n+ 1)
1

Γ(n+ 1− α)

[ ∫ t

0

(t− s)n−α

×
(∫ s

0

(s− w)α−n[A(w)x(w) + F (w)]dw
)′
ds
]′

=
1

Γ(α− n+ 1)
1

Γ(n+ 1− α)

[
(t− s)n−α

∫ s

0

(s− w)α−n[A(w)x(w) + F (w)]dw|t0

+ (n− α)
∫ t

0

(t− s)n−α−1

∫ s

0

(s− w)α−n[A(w)x(w) + F (w)] dw ds
]′

=
1

Γ(α− n+ 1)
1

Γ(n− α)

[ ∫ t

0

(t− s)n−α−1

×
∫ s

0

(s− w)α−n[A(w)x(w) + F (w)] dw ds
]′

by (3.6)

=
1

Γ(α− n+ 1)
1

Γ(n− α)
1

Γ(α)

[ ∫ t

0

∫ t

w

(t− s)n−α−1(s− w)α−nds

× [A(w)x(w) + F (w)]dw
]′

by changing the order of integration

=
1

Γ(α− n+ 1)
1

Γ(n− α)

[ ∫ t

0

∫ 1

0

(1− u)n−α−1uα−ndu[A(w)x(w) + F (w)]dw
]′

(because
s− w
t− w

= u)
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=
[ ∫ t

0

[A(w)x(w) + F (w)]dw
]′

by using B(n− α, α− n+ 1) = Γ(n− α)Γ(α− n+ 1) = A(t)x(t) + F (t) in the last
equality. So x ∈ C[0, 1] is a solution of (3.1). The proof is complete. �

Theorem 3.2. Suppose that (3.A1) holds. Then (3.1) has a unique solution. If
there exists constants k2 > −α+n−1, l2 ≤ 0 with l2 > max{−α,−α−k2}, MF ≥ 0
such that |F (t)| ≤MF t

k2(1− t)l2 for all t ∈ (0, 1), then the following problem
CDα

0+x(t) = λx(t) + F (t), a.e., t ∈ (0, 1],

lim
t→0+

x(j)(t) = ηj , j ∈ N[0, n− 1]
(3.7)

has a unique solution

x(t) =
n−1∑
j=0

ηjEα,j+1(λtα)tj+
∫ t

0

(t−s)α−1Eα,α(λ(t−s)α)F (s)ds, t ∈ (0, 1]. (3.8)

Proof. (i) From Claims 1, 2 and 3, Theorem 3.1 implies that (3.1) has a unique
solution.

(ii) From the assumption and A(t) ≡ λ, it is easy to see that (3.A1) holds with
k1 = l1 = 0 and k2, l2 mentioned. Thus (3.7) has a unique solution. From the
Picard function sequence we have

φi(t)

=
n−1∑
j=0

ηjt
j

j!
+ λ

∫ t

0

(t− s)α−1

Γ(α)
φi−1(s)ds+

∫ t

0

(t− s)α−1

Γ(α)
F (s)ds

=
n−1∑
j=0

ηjt
j

j!
+ λ

∫ t

0

(t− s)α−1

Γ(α)

( n−1∑
j=0

ηjs
j

j!
+ λ

∫ s

0

(s− u)α−1

Γ(α)
φi−2(u)du

+
∫ s

0

(s− u)α−1

Γ(α)
F (u)du

)
ds+

∫ t

0

(t− s)α−1

Γ(α)
F (s)ds

=
n−1∑
j=0

ηjt
j

j!
+ λ

n−1∑
j=0

ηj
Γ(α)j!

∫ t

0

(t− s)α−1sjds

+ λ2

∫ t

0

(t− s)α−1

Γ(α)

∫ s

0

(s− u)α−1

Γ(α)
φi−2(u) du ds

+ λ

∫ t

0

(t− s)α−1

Γ(α)

∫ s

0

(s− u)α−1

Γ(α)
F (u) du ds+

∫ t

0

(t− s)α−1

Γ(α)
F (s)ds

=
n−1∑
j=0

ηjt
j

j!
+ λ

n−1∑
j=0

ηj
Γ(α)j!

tα+j

∫ 1

0

(1− w)α−1wjdw

+
λ2

Γ(α)2

∫ t

0

∫ t

u

(t− s)α−1(s− u)α−1dsφi−2(u)du

+
λ

Γ(α)2

∫ t

0

∫ t

u

(t− s)α−1(s− u)α−1dsF (u)du

+
∫ t

0

(t− s)α−1

Γ(α)
F (s)ds
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=
n−1∑
j=0

ηjt
j

j!
+
n−1∑
j=0

ληjt
α+j

Γ(α+ j + 1)
+

λ2

Γ(2α)

∫ t

0

(t− u)2α−1φi−2(u)du

+
λ

Γ(2α)

∫ t

0

(t− u)2α−1F (u)du+
∫ t

0

(t− s)α−1

Γ(α)
F (s)ds

=
n−1∑
j=0

ηjt
j(

1
Γ(0α+ j + 1)

+
λtα

Γ(α+ j + 1)
) +

λ2

Γ(2α)

∫ t

0

(t− u)2α−1φi−2(u)du

+
∫ t

0

(t− s)α−1(
λ(t− s)α

Γ(2α)
+

1
Γ(α)

)F (s)ds

= . . .

=
n−1∑
j=0

ηjt
j(
i−1∑
v=0

λvtαv

Γ(vα+ j + 1)
) +

λi

Γ(iα)

∫ t

0

(t− u)iα−1φ0(u)du

+
∫ t

0

(t− s)α−1(
i∑

v=0

λv(t− s)αv

Γ((v + 1)α)
)F (s)ds

=
n−1∑
j=0

ηjt
j(
i−1∑
v=0

λvtαv

Γ(vα+ j + 1)
) +

λi

Γ(iα+ j + 1)

n−1∑
j=0

ηjt
αn+j

+
∫ t

0

(t− s)α−1(
i−1∑
v=0

λv(t− s)αv

Γ((v + 1)α)
)F (s)ds

=
n−1∑
j=0

ηjt
j
( i∑
v=0

λvtαv

Γ(vα+ j + 1)

)
+
∫ t

0

(t− s)α−1
( i−1∑
v=0

λv(t− s)αv

Γ((v + 1)α)

)
F (s)ds

→
n−1∑
j=0

ηjt
jEα,j+1(λtα) +

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)F (s)ds,

as m→ +∞. Then x(t) = limi→+∞ φi(t) is a unique solution of (3.7). So x satisfies
(3.8). The proof is complete. �

To obtain solutions of (3.2), we need the following assumption:

(3.A2) There exist constants ki > −1, li ≤ 0 with l1 > max{−α,−α − k1}, l2 >
max{−α,−n−k2}, MA ≥ 0 and MF ≥ 0 such that |A(t)| ≤MAt

k1(1− t)l1
and |F (t)| ≤MF t

k2(1− t)l2 for all t ∈ (0, 1).

We choose Picard function sequence as

φ0(t) =
n∑
v=1

ηv
Γ(α− v + 1)

tα−v, t ∈ (0, 1],

φi(t) =
n∑
v=1

ηv
Γ(α− v + 1)

tα−v +
∫ t

0

(t− s)α−1

Γ(α)
[A(s)φi−1(s) + F (s)]ds,

for t ∈ (0, 1], i = 1, 2, . . . .

Claim 1. φi ∈ Cn−α[0, 1].
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Proof. It is easy to see that φ0 ∈ Cn−α[0, 1]. We have

tn−α
∣∣∣ ∫ t

0

(t− s)α−1

Γ(α)
[A(s)φ0(s) + F (s)]ds

∣∣∣
≤ tn−α

∫ t

0

(t− s)α−1

Γ(α)
sk1(1− s)l1sα−n[sn−α|φn−1(s)|]ds

+MF t
n−α

∫ t

0

(t− s)α−1

Γ(α)
sk1(1− s)l1

≤ tn−α‖φ0‖
∫ t

0

(t− s)α+l1−1

Γ(α)
sα+k1−nds+MF t

n−α
∫ t

0

(t− s)α+l2−1

Γ(α)
sk2ds

= ‖φ0‖tα+k1+l1
B(α+ l1, α+ k1 − n+ 1)

Γ(α)
+MF t

n+k2+l2
B(α+ l2, k2 + 1)

Γ(α)
.

Then t→
∫ t

0
(t−s)α−1

Γ(α) [A(s)φn−1(s) + F (s)]ds is convergent on (0, 1] and

lim
t→0+

tn−α
∫ t

0

(t− s)α−1

Γ(α)
[A(s)φn−1(s) + F (s)]ds = 0.

We see that φ1 ∈ Cn−α[0, 1]. By mathematical induction, we can prove that φn ∈
Cn−α[0, 1]. �

Claim 2. {t→ tn−αφi(t)} converges uniformly on [0, 1].

Proof. As in Case 1, for t ∈ [0, 1] we have

tn−α|φ1(t)− φ0(t)|

=
∣∣∣ ∫ t

0

(t− s)α−1

Γ(α)
[A(s)φ0(s) + F (s)]ds

∣∣∣
≤ ‖φ0‖tα+k1+l1

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+ tn+k2+l2
B(α+ l2, k2 + 1)

Γ(α)
.

So

tn−α|φ2(t)− φ1(t)|

= |
∫ t

0

(t− s)α−1

Γ(α)
A(s)[φ1(s)− φ0(s)]ds|

≤ tn−α
∫ t

0

(t− s)α−1

Γ(α)
MAs

k1(1− s)l1sα−n

×
(
‖φ0‖sα+k1+l1

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+ sn+k2+l2
B(α+ l2, k2 + 1)

Γ(α)

)
ds

≤MA‖φ0‖tn−α
∫ t

0

(t− s)α+l1−1

Γ(α)
s2α−n+2k1+l1ds

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+MAMF t
n−α

∫ t

0

(t− s)α+l1−1

Γ(α)
sα+k1+k2+l2ds

B(α+ l2, k2 + 1)
Γ(α)

= MA‖φ0‖t2α+2k1+2l1
B(α+ l1, 2α− n+ 2k1 + l1 + 1)

Γ(α)
B(α+ l1, α+ k1 − n+ 1)

Γ(α)

+MAMF t
α+n+k1+l1+k2+l2

B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

B(α+ l2, k2 + 1)
Γ(α)

.
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Furthermore,

tn−α|φ3(t)− φ2(t)|

=
∣∣∣ ∫ t

0

(t− s)α−1

Γ(α)
A(s)[φ2(s)− φ1(s)]ds

∣∣∣
≤ tn−α

∫ t

0

(t− s)α−1

Γ(α)
MAs

k1(1− s)l1sα−n
(
MA‖φ0‖s2α+2k1+2l1

× B(α+ l1, 2α− n+ 2k1 + l1 + 1)
Γ(α)

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+MAMF s
α+n+k1+l1+k2+l2

B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

B(α+ l2, k2 + 1)
Γ(α)

)
ds

≤M2
A‖φ0‖tn−α

∫ t

0

(t− s)α+l1−1

Γ(α)
s3α−n+3k1+2l1ds

× B(α+ l1, 2α− n+ 2k1 + l1 + 1)
Γ(α)

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+M2
AMF t

n−α
∫ t

0

(t− s)α+l1−1

Γ(α)
s2α+2k1+l1+k2+l2ds

× B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

B(α+ l2, k2 + 1)
Γ(α)

= M2
A‖φ0‖t3α+3k1+3l1

B(α+ l1, 3α− n+ 3k1 + 2l1 + 1)
Γ(α)

× B(α+ l1, 2α− n+ 2k1 + l1 + 1)
Γ(α)

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+M2
AMF t

2α+n+2k1+2l1+k2+l2
B(α+ l1, 2α+ 2k1 + l1 + k2 + l2 + 1)

Γ(α)

× B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

B(α+ l2, k2 + 1)
Γ(α)

.

Similarly by the mathematical induction, for every i = 1, 2, . . . we obtain

tn−α|φi(t)− φi−1(t)|

≤M i
A‖φ0‖tiα+ik1+il1

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

×
i−2∏
j=0

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 − n+ 1)
Γ(α)

+Mm−1
A MF t

(i−1)α+n+(i−1)k1+(i−1)l1+k2+l2
B(α+ l2, k2 + 1)

Γ(α)

×
i−2∏
j=0

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 + k2 + l2 + 1)
Γ(α)

≤M i
A‖φ0‖

B(α+ l1, α+ k1 − n+ 1)
Γ(α)
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×
i−2∏
j=0

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 − n+ 1)
Γ(α)

+M i−1
A MF

B(α+ l2, k2 + 1)
Γ(α)

×
i−2∏
j=0

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 + k2 + l2 + 1)
Γ(α)

, t ∈ [0, 1].

Similarly we can prove that both
+∞∑
i=1

ui =
+∞∑
i=1

M i
A‖φ0‖

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

×
i−2∏
j=0

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 − n+ 1)
Γ(α)

,

+∞∑
i=1

vi =
+∞∑
i=1

M i−1
A MF

B(α+ l2, k2 + 1)
Γ(α)

×
i−2∏
j=0

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 + k2 + l2 + 1)
Γ(α)

are convergent. Hence,

tn−αφ0(t)+tn−α[φ1(t)−φ0(t)]+tn−α[φ2(t)−φ1(t)]+· · ·+tn−α[φi(t)−φi−1(t)]+. . . ,

for t ∈ [0, 1], is uniformly convergent. Then {t→ tn−αφi(t)} is convergent uniformly
on (0, 1]. �

Claim 3. φ(t) = tα−n limi→+∞ tn−αφi(t) defined on (0, 1] is a unique continuous
solution of the integral equation

x(t) =
n∑
v=1

ηv
Γ(α− v + 1)

tα−v+
∫ t

0

(t− s)α−1

Γ(α)
[A(s)x(s)+F (s)]ds, t ∈ (0, 1]. (3.9)

Proof. By limi→+∞ tn−αφi(t) = tn−αφ(t) and the uniformly convergence, we see
φ(t) is continuous on (0, 1]. From

tn−α
∣∣∣ ∫ t

0

(t− s)α−1

Γ(α)
[A(s)φp−1(s) + F (s)]ds∫ t

0

(t− s)α−1

Γ(α)
[A(s)φq−1(s) + F (s)]ds

∣∣∣
≤MA‖φp−1 − φq−1‖tn−α

∫ t

0

(t− s)α−1

Γ(α)
sk1(1− s)l1sα−nds

≤MA‖φp−1 − φq−1‖tn−α
∫ t

0

(t− s)α+l1−1

Γ(α)
sα+k1−nds

≤MA‖φp−1 − φq−1‖tα+k1+l1
B(α+ l1, α+ k1 − n+ 1)

Γ(α)

≤MA‖φp−1 − φq−1‖
B(α+ l1, α+ k1 − n+ 1)

Γ(α)
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→ 0 uniformly as p, q → +∞,

we know that

φ(t) = tα−n lim
i→∞

tn−αφi(t)

= tα−n lim
i→+∞

[
tn−α

n∑
v=1

ηv
Γ(α− v + 1)

tα−v

+ tn−α
∫ t

0

(t− s)α−1

Γ(α)
[A(s)φi−1(s) + F (s)]ds

]
=

n∑
v=1

ηv
Γ(α− v + 1)

tα−v + lim
i→+∞

∫ t

0

(t− s)α−1

Γ(α)
[A(s)φi−1(s) + F (s)]ds

=
n∑
v=1

ηv
Γ(α− v + 1)

tα−v +
∫ t

0

(t− s)α−1

Γ(α)
[A(s)φ(s) + F (s)]ds.

Then φ is a continuous solution of (3.9) defined on (0, 1].
Suppose that ψ defined on (0, 1] is also a solution of (3.9). Then

ψ(t) =
n∑
v=1

ηv
Γ(α− v + 1)

tα−v +
∫ t

0

(t− s)α−1

Γ(α)
[A(s)ψ(s) + F (s)]ds, t ∈ [0, 1].

We need to prove that φ(t) ≡ ψ(t) on (0, 1]. Then

tn−α|ψ(t)− φ0(t)|

= tn−α
∣∣ ∫ t

0

(t− s)α−1

Γ(α)
|A(s)ψ(s) + F (s)|ds

∣∣
≤ ‖ψ‖tα+k1+l1

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+ tn+k2+l2
B(α+ l2, k2 + 1)

Γ(α)
.

Furthermore, we have

tn−α|ψ(t)− φ1(t)|

= tn−α
∣∣ ∫ t

0

(t− s)α−1

Γ(α)
A(s)[ψ(s)− φ0(s)]ds

∣∣
≤MA‖φ0‖t2α+2k1+2l1

B(α+ l1, 2α− n+ 2k1 + l1 + 1)
Γ(α)

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+MAMF t
α+n+k1+l1+k2+l2

B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

B(α+ l2, k2 + 1)
Γ(α)

.

Using mathematical induction, we have

tn−α|ψ(t)− φi−1(t)|

= tn−α
∣∣ ∫ t

0

(t− s)α−1

Γ(α)
A(s)[ψ(s)− φi−2(s)]ds

∣∣
≤M i

A‖φ0‖tiα+ik1+il1
B(α+ l1, α+ k1 − n+ 1)

Γ(α)

×
i−2∏
j=0

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 − n+ 1)
Γ(α)
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+Mm−1
A MF t

(i−1)α+n+(i−1)k1+(i−1)l1+k2+l2
B(α+ l2, k2 + 1)

Γ(α)

×
i−2∏
j=0

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 + k2 + l2 + 1)
Γ(α)

≤M i
A‖φ0‖

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

×
i−2∏
j=0

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 − n+ 1)
Γ(α)

+M i−1
A MF

B(α+ l2, k2 + 1)
Γ(α)

×
i−2∏
j=0

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 + k2 + l2 + 1)
Γ(α)

, t ∈ [0, 1].

Hence,

tn−α|ψ(t)− φi−1(t)| ≤M i
A‖φ0‖

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

×
i−2∏
j=0

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 − n+ 1)
Γ(α)

+M i−1
A MF

B(α+ l2, k2 + 1)
Γ(α)

×
i−2∏
j=0

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 + k2 + l2 + 1)
Γ(α)

,

for i = 1, 2, . . . . Similarly we have limi→+∞ tn−αφi(t) = tn−αψ(t) uniformly on
(0, 1]. Then φ(t) ≡ ψ(t) on (0, 1]. Then (3.9) has a unique solution φ. The proof is
complete. �

Theorem 3.3. Suppose that (3.A2) holds. Then x ∈ Cn−α(0, 1] is a solution of
IVP (3.2) if and only if x ∈ Cn−α(0, 1] is a solution of the integral equation (3.9).

Proof. Suppose that x ∈ Cn−α(0, 1] is a solution of (3.2). Then t → tn−αx(t)is
continuous on (0, 1] by defining tn−αx(t)|t=0 = limt→0+ tn−αx(t) and ‖x‖ = r <
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+∞. So from w
s = u, we obtain

lim
s→0+

∫ s

0

(s− w)n−α−1x(w)dw

= lim
s→0+

∫ s

0

(s− w)n−α−1wα−nwn−αx(w)dw

= lim
s→0+

ξn−αx(ξ)
∫ s

0

(s− w)n−α−1wα−ndw

by mean value theorem with ξ ∈ (0, s)

= lim
s→0+

ξn−αx(ξ)
∫ 1

0

(1− u)n−α−1uα−ndu

=
ηn

Γ(α− n+ 1)
B(n− α, α− n+ 1).

(3.10)

From (3.A2), we have similarly to Case 1 that

tn−α
∣∣ ∫ t

0

(t− s)α−1

Γ(α)
[A(s)x(s) + F (s)]ds

∣∣
= tn−α|

∫ t

0

(t− s)α−1

Γ(α)
[A(s)sα−nsn−αx(s) + F (s)]ds|

≤ tn−α
∫ t

0

(t− s)α−1

Γ(α)
[MArs

α−nsk1(1− s)l1 +MF s
k2(1− s)l2 ]ds

≤ rMAt
α+k1+l1

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+MF t
n+k2+l2

B(α+ l2, k2 + 1)
Γ(α)

.

So t→ tn−α
∫ t

0
(t−s)α−1

Γ(α) [A(s)x(s) + F (s)]ds is defined on (0, 1] and

lim
t→0+

tn−α
∫ t

0

(t− s)α−1

Γ(α)
[A(s)x(s) + F (s)]ds = 0. (3.11)

Furthermore, we have similarly to Theorem 3.1 that t →
∫ t

0
(t−s)α−1

Γ(α) [A(s)x(s) +

F (s)]ds is continuous on (0, 1]. So t → tn−α
∫ t

0
(t−s)α−1

Γ(α) [A(s)x(s) + F (s)]ds is
continuous on [0, 1] by defining

tn−α
∫ t

0

(t− s)α−1

Γ(α)
[A(s)x(s) + F (s)]ds

∣∣∣
t=0

= lim
t→0+

tn−α
∫ t

0

(t− s)α−1

Γ(α)
[A(s)x(s) + F (s)]ds.

We have Iα0+
RLDα

0+x(t) = Iα0+ [A(t)x(t) + F (t)]. So∫ t

0

(t− s)α−1

Γ(α)
[A(s)x(s) + F (s)]ds

= Iα0+ [A(t)x(t) + F (t)] = Iα0+
RLDα

0+x(t)

=
∫ t

0

(t− s)α−1

Γ(α)

[ 1
Γ(n− α)

(
∫ s

0

(s− w)n−α−1x(w)dw)(n)
]
ds

=
1

Γ(α)

∫ t

0

(t− s)α−1d
(∫ s

0

(s− w)n−α−1

Γ(n− α)
x(w)dw

)(n−1)
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=
1

Γ(α)

∫ t

0

(t− s)α−1d
(
RLDα−1

0+ x(s)
)

=
1

Γ(α)
(t− s)α−1(RLDα−1

0+ x(s))
∣∣t
0

+
1

Γ(n− α)Γ(α− 1)

∫ t

0

(t− s)α−2

×
(∫ s

0

(s− w)n−α−1x(w)dw
)(n−1)

ds

=
1

Γ(n− α)Γ(α− 1)

∫ t

0

(t− s)α−2
(∫ s

0

(s− w)n−α−1x(w)dw
)(n−1)

ds− η1

Γ(α)
tα−1

=
1

Γ(n− α)Γ(α− 2)

∫ t

0

(t− s)α−3
(∫ s

0

(s− w)n−α−1x(w)dw
)(n−2)

ds

− η1

Γ(α)
tα−1 − η2

Γ(α− 1)
tα−2

= . . .

=
1

Γ(n− α)Γ(α− (n− 1))

∫ t

0

(t− s)α−n(
∫ s

0

(s− w)n−α−1x(w)dw)′ds

−
n−1∑
v=1

ηv
Γ(α− v + 1)

tα−v

=
1

Γ(n− α)Γ(α− (n− 2))

[ ∫ t

0

(t− s)α−n+1(
∫ s

0

(s− w)n−α−1x(w)dw)′ds
]′

−
n−1∑
v=1

ηv
Γ(α− v + 1)

tα−v

=
1

Γ(n− α)Γ(α− (n− 2))

[
(t− s)α−n+1

(∫ s

0

(s− w)n−α−1x(w)dw
)∣∣∣t

0

+ (α− n+ 1)
∫ t

0

(t− s)α−n
∫ s

0

(s− w)n−α−1x(w) dw ds
]′

−
n−1∑
v=1

ηv
Γ(α− v + 1)

tα−v (using (3.10))

=
1

Γ(n− α)Γ(α− (n− 1))

[ ∫ t

0

∫ t

u

(t− s)α−n(s− w)n−α−1dsx(w)dw
]′

− ηn
Γ(α− n+ 1)

tα−n −
n−1∑
v=1

ηv
Γ(α− v + 1)

tα−v

=
1

Γ(n− α)Γ(α− (n− 1))

[ ∫ t

0

∫ 1

0

(1− w)α−nwn−α−1dwx(w)dw
]′

−
n∑
v=1

ηv
Γ(α− v + 1)

tα−vtα−n

= x(t)−
n∑
v=1

ηv
Γ(α− v + 1)

tα−v.

Then x ∈ Cn−α(0, 1] is a solution of (3.9).
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On the other hand, if x ∈ Cn−α(0, 1] is a solution of (3.9). Then (3.10) implies
limt→0+ tn−αx(t) = ηn

Γ(α−n+1) . Furthermore, we have

RLDα
0+x(t) =

1
Γ(n− α)

(∫ t

0

(t− s)n−α−1x(s)ds
)(n)

=
1

Γ(n− α)

(∫ t

0

(t− s)n−α−1
( n∑
v=1

ηv
Γ(α− v + 1)

sα−v

+
∫ s

0

(s− u)α−1

Γ(α)
[A(u)x(u) + F (u)]du

)
ds
)(n)

=
1

Γ(n− α)

( n∑
v=1

ηv
Γ(α− v + 1)

∫ t

0

(t− s)n−α−1sα−vds

+
∫ t

0

(t− s)n−α−1

∫ s

0

(s− u)α−1

Γ(α)
[A(u)x(u) + F (u)] du ds

)(n)

=
1

Γ(n− α)

( n∑
v=1

ηv
Γ(α− v + 1)

tn−v
∫ 1

0

(1− w)n−α−1wα−vdw

+
∫ t

0

∫ t

u

(t− s)n−α−1 (s− u)α−1

Γ(α)
ds[A(u)x(u) + F (u)]du

)(n)

=
1

Γ(n− α)

( n∑
v=1

ηv
Γ(α− v + 1)

tn−v
∫ 1

0

(1− w)n−α−1wα−vdw

+
∫ t

0

(t− u)n−1

∫ 1

0

(1− w)n−α−1w
α−1

Γ(α)
dw[A(u)x(u) + F (u)]du

)(n)

= A(t)x(t) + F (t).

So x ∈ Cn−α(0, 1] is a solution of IVP(3.2). The proof is complete. �

Theorem 3.4. Suppose that (3.A2) holds. Then (3.2) has a unique solution. If
A(t) ≡ λ and there exists constants k2 > −1, l2 ≤ 0 with l2 > max{−α,−n − k2}
and MF ≥ 0 such that |F (t)| ≤MF t

k2(1− t)l2 for all t ∈ (0, 1), then the problem
RLDα

0+x(t) = λx(t) + F (t), a.e. t ∈ (0, 1],

lim
t→0+

tn−αx(t) =
ηn

Γ(α− n+ 1)
,

lim
t→0+

RLDα−j
0+ x(t) = ηj , j ∈ N[1, n− 1]

(3.12)

has a unique solution

x(t) =
n∑
v=1

ηvt
α−vEα,α−v+1(λtα) +

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)F (s)ds, (3.13)

for t ∈ (0, 1].

Proof. (i) From Claims 1, 2 and 3, and Theorem 3.3, we see that (3.2) has a unique
solution.

(ii) From the assumption and A(t) ≡ λ, one sees that (3.A2) holds with k1 =
l1 = 0 and k2, l2 mentioned. Thus (3.12) has a unique solution. From the Picard
function sequence we have

φi(t)
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=
n∑
v=1

ηv
Γ(α− v + 1)

tα−v + λ

∫ t

0

(t− s)α−1

Γ(α)
φi−1(s)ds+

∫ t

0

(t− s)α−1

Γ(α)
F (s)ds

=
n∑
v=1

ηv
Γ(α− v + 1)

tα−v + λ

∫ t

0

(t− s)α−1

Γ(α)

( n∑
v=1

ηv
Γ(α− v + 1)

sα−v

+ λ

∫ s

0

(s− u)α−1

Γ(α)
φi−2(u)du+

∫ s

0

(s− u)α−1

Γ(α)
F (u)du

)
ds

+
∫ t

0

(t− s)α−1

Γ(α)
F (s)ds

=
n∑
v=1

ηv
Γ(α− v + 1)

tα−v + λ

n∑
v=1

ηv
Γ(α− v + 1)

∫ t

0

(t− s)α−1

Γ(α)
sα−vds

+ λ2

∫ t

0

∫ t

u

(t− s)α−1

Γ(α)
(s− u)α−1

Γ(α)
dsφi−2(u)du

+ λ

∫ t

0

∫ t

u

(t− s)α−1

Γ(α)
(s− u)α−1

Γ(α)
dsF (u)du+

∫ t

0

(t− s)α−1

Γ(α)
F (s)ds

=
n∑
v=1

ηv
Γ(α− v + 1)

tα−v + λ

n∑
v=1

ηv
Γ(2α− v + 1)

t2α−v

+ λ2

∫ t

0

(t− u)2α−1

Γ(2α)
φi−2(u)du+ λ

∫ t

0

(t− u)2α−1

Γ(2α)
F (u)du

+
∫ t

0

(t− s)α−1

Γ(α)
F (s)ds

=
n∑
v=1

ηvt
α−v(

1
Γ(α− v + 1)

+
λtα

Γ(2α− v + 1)
) + λ2

∫ t

0

(t− u)2α−1

Γ(2α)
φi−2(u)du

+
∫ t

0

(t− s)α−1(
λ(t− s)α

Γ(2α)
+

1
Γ(α)

)F (s)ds

= . . .

=
n∑
v=1

ηvt
α−v

( i−1∑
j=0

λjtαj

Γ(jα+ α− v + 1)

)
+ λi

∫ t

0

(t− u)iα−1

Γ(mα)
φ0(u)du

+
∫ t

0

(t− s)α−1
(m−1∑
j=0

λj(t− s)αj

Γ((j + 1)α)

)
F (s)ds

=
n∑
v=1

ηvt
α−v(

i∑
j=0

λjtαj

Γ(jα+ α− v + 1)
) +

∫ t

0

(t− s)α−1
( i−1∑
j=0

λj(t− s)αj

Γ((j + 1)α)

)
F (s)ds

→
n∑
v=1

ηvt
α−vEα,α−v+1(λtα) +

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)F (s)ds.

Then we obtain x(t) = limi→+∞ φi(t) is a unique solution of (3.12). Then x satisfies
(3.13). The proof is complete. �

To obtain solutions of (3.3), we need the following assumption:
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(3.A3) There exist constants ki > −1, li ≤ 0 with l1 > max{−α,−α − k1}, l2 >
max{−α,−n−k2}, MB ≥ 0 andMG ≥ 0 such that |B(t)| ≤MB(log t)k1(1−
log t)l1 and |G(t)| ≤MG(log t)k2(1− log t)l2 for all t ∈ (1, e).

We choose Picard function sequence as

φ0(t) =
n∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v, t ∈ (1, e],

φi(t) =
n∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v +
1

Γ(α)

∫ t

1

(log
t

s
)α−1[B(s)φi−1(s) +G(s)]

ds

s
,

t ∈ (1, e], i = 1, 2, . . . .

Claim 1. φi ∈ LCn−α(1, e].

Proof. We have φ0 ∈ LCn−α[1, e] and

(log t)n−α
∣∣∣ ∫ t

1

(log
t

s
)α−1[B(s)φ0(s) +G(s)]

ds

s

∣∣∣
≤ (log t)n−α

∫ t

1

(log
t

s
)α−1

[
MB‖φ0‖(log s)α−n(log s)k1(1− log s)l1

+MG(log s)k2(1− log s)l2
]ds
s

≤ (log t)n−αMB‖φ0‖
∫ t

1

(log
t

s
)α+l1−1(log s)α+k1−n ds

s

+ (log t)n−αMG

∫ t

1

(log
t

s
)α+l2−1(log s)k2

ds

s

= MB‖φ0‖(log t)α+k1+l1B(α+ l1, α+ k1 − n+ 1)

+MG(log t)n+k1+l1B(α+ l2, k2 + 1)→ 0 as t→ 0+,

we know that t→ 1
Γ(α)

∫ t
1
(log t

s )α−1[B(s)φ0(s)+G(s)]dss is continuous on (1, e] and
limt→0+(log t)n−αφ1(t) exists. Then φ1 ∈ LCn−α[1, e]. By mathematical induction,
we can show φi ∈ LCn−α[1, e]. �

Claim 2. {t→ (log t)n−αφi(t)} is convergent uniformly on [1, e].

Proof. As above, for t ∈ [1, e] we have

(log t)n−α|φ1(t)− φ0(t)|

=
1

Γ(α)
(log t)n−α|

∫ t

1

(log
t

s
)α−1[B(s)φ0(s) +G(s)]

ds

s
|

≤ 1
Γ(α)

(log t)n−α
∫ t

1

(log
t

s
)α−1

[
‖φ0‖MB(log s)α−n+k1(1− log s)l1

+MG(log s)k2(1− log s)l2
]ds
s

≤MB‖φ0‖(log t)α+k1+l1
B(α+ l1, α+ k1 − n+ 1)

Γ(α)
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+MG(log t)n+k2+l2
B(α+ l2, k2 + 1)

Γ(α)
.

So

(log t)n−α|φ2(t)− φ1(t)|

=
1

Γ(α)
(log t)n−α

∣∣ ∫ t

1

(log
t

s
)α−1B(s)[φ1(s)− φ0(s)]

ds

s

∣∣
≤ 1

Γ(α)
(log t)n−α

∫ t

1

(log
t

s
)α+l1−1MB(log s)k1+α−n

×
(
MB‖φ0‖(log s)α+k1+l1

B(α+ l1, α− n+ k1 + 1)
Γ(α)

+MG(log s)n+k2+l2
B(α+ l2, k2 + 1)

Γ(α)

)ds
s

≤ ‖φ0‖M2
B(log t)2α+2k1+2l1

B(α+ l1, 2α+ 2k1 + l1 − n+ 1)
Γ(α)

× B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+MBMG(log t)α+n+k1+l1+k2+l2
B(α+ l1, α+ k1 + k2 + l2 + 1)

Γ(α)

× B(α+ l2, k2 + 1)
Γ(α)

.

Then

(log t)n−α|φ3(t)− φ2(t)|

=
1

Γ(α)
(log t)n−α

∣∣ ∫ t

1

(log
t

s
)α−1B(s)[φ2(s)− φ1(s)]ds

∣∣
≤ 1

Γ(α)
(log t)n−α intt1(log

t

s
)α+l1−1MB(log s)k1+α−n

×
(
‖φ0‖M2

B(log s)α+n+2k1+2l1
B(α+ l1, α+ 2k1 + l1 + 1)

Γ(α)

× B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+MBMG(log s)2n+k1+l1+k2+l2

× B(α+ l1, n+ k1 + k2 + l2 + 1)
Γ(α)

B(α+ l2, k2 + 1)
Γ(α)

)ds
s

≤ ‖φ0‖M3
B(log t)3α+3k1+3l1

B(α+ l1, 3α+ 3k1 + 2l1 − n+ 1)
Γ(α)

× B(α+ l1, 2α+ 2k1 + l1 − n+ 1)
Γ(α)

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+M2
BMG(log t)2α+n+2k1+2l1+k2+l2

B(α+ l1, 2α+ 2k1 + l1 + k2 + l2 + 1)
Γ(α)

× B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

B(α+ l2, k2 + 1)
Γ(α)

.
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Furthermore,

(log t)n−α|φ4(t)− φ3(t)|

=
1

Γ(α)
(log t)n−α

∣∣ ∫ t

1

(log
t

s
)α−1B(s)[φ3(s)− φ2(s)]ds

∣∣
≤ (log t)n−α

Γ(α)

∫ t

1

(log
t

s
)α+l1−1MB(log s)k1+α−n

(
‖φ0‖M3

B(log s)α+2n+3k1+3l1

× B(α+ l1, α+ n+ 3k1 + 2l1 + 1)
Γ(α)

B(α+ l1, α+ 2k1 + l1 + 1)
Γ(α)

× B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+M2
BMG(log s)3n+2k1+2l1+k2+l2

× B(α+ l1, 2n+ 2k1 + l1 + k2 + l2 + 1)
Γ(α)

× B(α+ l1, n+ k1 + k2 + l2 + 1)
Γ(α)

B(α+ l2, k2 + 1)
Γ(α)

)ds
s

≤ ‖φ0‖M4
B(log t)4α+4k1+4l1

B(α+ l1, 4α+ 4k1 + 3l1 − n+ 1)
Γ(α)

× B(α+ l1, 3α+ 3k1 + 2l1 − n+ 1)
Γ(α)

B(α+ l1, 2α+ 2k1 + l1 − n+ 1)
Γ(α)

× B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+M3
BMG(log t)3α+n+3k1+3l1+k2+l2

× B(α+ l1, 3α+ 3k1 + 2l1 + k2 + l2 + 1)
Γ(α)

B(α+ l1, 2α+ 2k1 + l1 + k2 + l2 + 1)
Γ(α)

× B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

B(α+ l2, k2 + 1)
Γ(α)

.

Similarly by mathematical induction, for every i = 1, 2, . . . we obtain

(log t)n−α|φi(t)− φi−1(t)|

≤ ‖φ0‖M i
B(log t)iα+ik1+il1

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

×
i−1∏
j=1

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 − n+ 1)
Γ(α)

+M i−1
B MG(log t)(i−1)α+n+(i−1)k1+(i−1)l1+k2+l2

B(α+ l2, k2 + 1)
Γ(α)

×
i−1∏
j=1

B(α+ l1, jn+ jk1 + (j − 1)l1 + k2 + l2 + 1)
Γ(α)

≤ ‖φ0‖M i
B

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

×
i−1∏
j=1

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 − n+ 1)
Γ(α)
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+M i−1
B MG

B(α+ l2, k2 + 1)
Γ(α)

×
i−1∏
j=1

B(α+ l1, jn+ jk1 + (j − 1)l1 + k2 + l2 + 1)
Γ(α)

, t ∈ (1, e].

Similarly we can prove that both
+∞∑
i=1

ui =
+∞∑
i=1

‖φ0‖M i
B

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

×
i−1∏
j=1

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 − n+ 1)
Γ(α)

,

+∞∑
i=1

vi =
+∞∑
i=1

Mm−1
B MG

B(α+ l2, k2 + 1)
Γ(α)

×
i−1∏
j=1

B(α+ l1, jn+ jk1 + (j − 1)l1 + k2 + l2 + 1)
Γ(α)

converge. Hence,

(log t)n−αφ0(t) + (log t)n−α[φ1(t)− φ0(t)] + · · ·+ (log t)n−α[φi(t)− φi−1(t)] + . . . ,

for t ∈ (1, e] converges uniformly. Then {t → (log t)n−αφi(t)} converges uniformly
on [1, e]. �

Claim 3. φ(t) = (log t)α−n limi→+∞(log t)n−αφi(t) defined on [1, e] is a unique
continuous solution of the integral equation

x(t) =
n∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v +
1

Γ(α)

∫ t

1

(log
t

s
)α−1[B(s)x(s) +G(s)]

ds

s
,

(3.14)
for t ∈ (1, e].

Proof. From limi→+∞(log t)n−αφi(t) = (log t)n−αφ(t) and the uniformly conver-
gence, we see that φ(t) is continuous on [1, e]. From

(log t)n−α|
∫ t

1

(log
t

s
)α−1[A(s)φp−1(s) + F (s)]

ds

s

−
∫ t

1

(log
t

s
)α−1[B(s)φq−1(s) +G(s)]

ds

s
|

≤MB‖φp−1 − φq−1‖(log t)n−α
∫ t

1

(log
t

s
)α+l1−1(log s)k1(log s)α−n

ds

s

≤MB‖φp−1 − φq−1‖(log t)n−α
∫ t

1

(log
t

s
)α+l1−1(log s)α+k1−n ds

s

≤MB‖φp−1 − φq−1‖(log t)n+k1+l1B(α+ l1, α+ k1)

≤MB‖φp−1 − φq−1‖B(α+ l1, α+ k1 − n+ 1)
→ 0 uniformly as p, q → +∞,
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we know that

φ(t) = (log t)α−n lim
i→+∞

(log t)n−αφi(t)

= lim
i→+∞

[ n∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v

+
1

Γ(α)

∫ t

1

(log
t

s
)α−1[B(s)φi−1(s) +G(s)]

ds

s

]
=

n∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v + lim
i→+∞

∫ t

1

(log
t

s
)α−1[B(s)φi−1(s) +G(s)]

ds

s

=
n∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v +
1

Γ(α)

∫ t

1

(log
t

s
)α−1 [B(s)φ(s) +G(s)]

ds

s
.

Then φ is a continuous solution of (3.14) defined on (1, e].
Suppose that ψ defined on (1, e] is also a solution of (3.14). Then

ψ(t) =
n∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v +
1

Γ(α)

∫ t

1

(log
t

s
)α−1[B(s)ψ(s) +G(s)]

ds

s
,

for t ∈ (1, e]. We need to prove that φ(t) ≡ ψ(t) on (1, e]. Then

(log t)n−α|ψ(t)− φ0(t)|

= (log t)n−α
∣∣∣ ∫ t

1

(log
t

s
)α−1|B(s)ψ(s) +G(s)|ds

s

∣∣∣
≤MB‖φ0‖(log t)α+k1+l1

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+MG(log t)n+k2+l2
B(α+ l2, k2 + 1)

Γ(α)
.

Furthermore,

(log t)n−α|ψ(t)− φ1(t)|

= (log t)n−α
1

Γ(α)

∣∣∣ ∫ t

1

(log
t

s
)α−1B(s)[ψ(s)− φ0(s)]

ds

s

∣∣∣
≤ ‖φ0‖M2

B(log t)2α+2k1+2l1
B(α+ l1, 2α+ 2k1 + l1 − n+ 1)

Γ(α)

× B(α+ l1, α+ k1 − n+ 1)
Γ(α)

+MBMG(log t)α+n+k1+l1+k2+l2

× B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

B(α+ l2, k2 + 1)
Γ(α)

.

By mathematical induction, we obtain

(log t)1−α|ψ(t)− φi−1(t)|

= (log t)n−α
1

Γ(α)

∣∣ ∫ t

1

(log
t

s
)α−1B(s)[ψ(s)− φi−1(s)]ds

∣∣
≤ ‖φ0‖M i

B(log t)iα+ik1+il1
B(α+ l1, α+ k1 − n+ 1)

Γ(α)



38 Y. LIU EJDE-2016/296

×
i−1∏
j=1

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 − n+ 1)
Γ(α)

+M i−1
B MG(log t)(i−1)α+n+(i−1)k1+(i−1)l1+k2+l2

B(α+ l2, k2 + 1)
Γ(α)

×
i−1∏
j=1

B(α+ l1, jn+ jk1 + (j − 1)l1 + k2 + l2 + 1)
Γ(α)

≤ ‖φ0‖M i
B

B(α+ l1, α+ k1 − n+ 1)
Γ(α)

×
i−1∏
j=1

B(α+ l1, (j + 1)α+ (j + 1)k1 + jl1 − n+ 1)
Γ(α)

+M i−1
B MG

B(α+ l2, k2 + 1)
Γ(α)

i−1∏
j=1

B(α+ l1, jn+ jk1 + (j − 1)l1 + k2 + l2 + 1)
Γ(α)

,

for t ∈ (1, e], i = 1, 2, . . . . Similarly we have limi→+∞(log t)n−αφi(t) = (log t)n−αψ(t)
uniformly on (1, e]. Then φ(t) ≡ ψ(t) on (1, e]. Then (3.14) has a unique solution
φ. The proof is complete. �

Theorem 3.5. Suppose that (3.A3) holds. Then x is a solution of IVP (3.3) if
and only if x ∈ LCn−α(1, e] is a solution of the integral equation (3.14).

Proof. Suppose that x is a solution of (3.3). Then t→ (log t)n−αx(t)is continuous
on (1, e] by defining (log t)n−αx(t)|t=1 = limt→1+(log t)n−αx(t) and ‖x‖ = r < +∞.
So

lim
s→1+

∫ s

1

(log
s

w
)n−α−1x(w)

dw

w

= lim
s→1+

∫ s

1

(log
s

w
)n−α−1(logw)α−n(logw)n−αx(w)

dw

w

= lim
s→1+

(log ξ)n−αx(ξ)
∫ s

1

(log
s

w
)n−α−1(logw)α−n

dw

w

(by the mean value theorem with ξ ∈ (1, s))

= lim
s→1+

(log ξ)n−αx(ξ)
∫ 1

0

(1− u)n−α−1uα−ndu (because
logw
log s

= u)

=
ηn

Γ(α− n+ 1)
B(n− α, α− n+ 1).

and for v ∈ N [1, n− 1] we have

lim
t→1+

(s
d

ds
)n−v

(∫ s

1

(log
s

w
)n−α−1x(w)

dw

w

)
= Γ(n− v − (α− v)) lim

t→1+

RLHDα−v
0+ x(t) = Γ(n− α)ηv.

From (3.A3), we have

(log t)n−α
∣∣ ∫ t

1

(log
t

s
)α−1[B(s)x(s) +G(s)]

ds

s

∣∣
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≤ (log t)n−α
∫ t

1

(log
t

s
)α−1[MBr(log s)α−n(log s)k1(1− log s)l1

+MG(log s)k2(1− log s)l2 ]
ds

s

≤ (log t)n−αMBr

∫ t

1

(log
t

s
)α+l1−1(log s)α+k1−n ds

s

+ (log t)n−αMG

∫ t

1

(log
t

s
)α+l2−1(log s)k2

ds

s

= MBr(log t)α+k1+l1B(α+ l1, k1 + α) +MG(log t)n+k1+l1B(α+ l2, k2 + 1).

So t→ (log t)n−α
∫ t

1
(log t

s )α−1[B(s)x(s) +G(s)]dss is defined on (1, e] and

lim
t→1+

(log t)n−α
∫ t

1

(log
t

s
)α−1[B(s)x(s) +G(s)]

ds

s
= 0. (3.15)

Furthermore, similarly to Theorem 3.1 we have t→
∫ t

1
(log t

s )α−1[B(s)x(s)+G(s)]dss
is continuous on (1, e]. So t → (log t)n−α

∫ t
1
(log t

s )α−1[B(s)x(s) + G(s)]dss is con-
tinuous on [1, e] by defining

(log t)n−α
∫ t

1

(log
t

s
)α−1[B(s)x(s) +G(s)]

ds

s
|t=1 = 0. (3.16)

We have HIα1+
RLHDα

1+x(t) = HIα1+ [B(t)x(t) +G(t)]. So

1
Γ(α)

∫ t

1

(log
t

s
)α−1[B(s)x(s) +G(s)]

ds

s

= HIα1+ [B(t)x(t) +G(t)] = HIα1+
RLHDα

1+x(t)

=
1

Γ(α)
1

Γ(n− α)

∫ t

1

(log
t

s
)α−1(s

d

ds
)n
(∫ s

1

(log
s

w
)n−α−1x(w)

dw

w

)ds
s

=
1

Γ(α)
1

Γ(n− α)

∫ t

1

(log
t

s
)α−1d

[
(s
d

ds
)n−1

(∫ s

1

(log
s

w
)n−α−1x(w)

dw

w

)]
=

1
Γ(α)

1
Γ(n− α)

[
(log

t

s
)α−1(s

d

ds
)n−1

(∫ s

1

(log
s

w
)n−α−1x(w)

dw

w

)∣∣∣t
1

+ (α− 1)
∫ t

1

(log
t

s
)α−2(s

d

ds
)n−1

(∫ s

1

(log
s

w
)n−α−1x(w)

dw

w

)ds
s

]
= − 1

Γ(α)
1

Γ(n− α)
(log t)α−1 lim

t→1+
(s
d

ds
)n−1(

∫ s

1

(log
s

w
)n−α−1x(w)

dw

w
)

+
1

Γ(α− 1)
1

Γ(n− α)

∫ t

1

(log
t

s
)α−2(s

d

ds
)n−1

(∫ s

1

(log
s

w
)n−α−1x(w)

dw

w

)ds
s

= − η1

Γ(α)
(log t)α−1 +

1
Γ(α− 1)

1
Γ(n− α)

∫ t

1

(log
t

s
)α−2(s

d

ds
)n−1

×
(∫ s

1

(log
s

w
)n−α−1x(w)

dw

w

)ds
s

= . . .

= −
n−1∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v +
1

Γ(α− n+ 1)
1

Γ(n− α)

∫ t

1

(log
t

s
)α−n
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×
(∫ s

1

(log
s

w
)−αx(w)

dw

w

)′
ds

= −
n−1∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v +
1

Γ(α− n+ 2)
1

Γ(n− α)
t

×
[ ∫ t

1

(log
t

s
)α−n+1

(∫ s

1

(log
s

w
)−αx(w)

dw

w
Big)′ds

]′
= −

n−1∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v +
1

Γ(n− α)Γ(α− n+ 2)
t

×
[
(log

t

s
)α−n+1

∫ s

1

(log
s

w
)n−α−1x(w)

dw

w
|t1

+ (α− n+ 1)
∫ t

1

(log
t

s
)α−n

∫ s

1

(log
s

w
)n−α−1x(w)

dw

w

ds

s

]′
= −

n−1∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v +
1

Γ(n− α)Γ(α− n+ 2)
t

×
[

lim
t→1+

(log t)α−n+1

∫ s

1

(log
s

w
)n−α−1x(w)

dw

w

+ (α− n+ 1)
∫ t

1

∫ t

u

(log
t

s
)α−n(log

s

w
)n−α−1 ds

s
x(w)

dw

w

]′
= −

n−1∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v +
1

Γ(n− α)Γ(α− n+ 2)
t

×
[ ηn

Γ(α− n+ 1)
B(n− α, α− n+ 1)(log t)α−n+1

+ (α− n+ 1)
∫ t

1

∫ 1

0

(1− u)α−nun−α−1dux(w)
dw

w

]′
= x(t)−

n∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v.

Then x ∈ LCn−α(1, e] is a solution of (3.14).
On the other hand, if x is a solution of (3.14), Cases 1, 2, 3 and (3.15) im-

ply limt→1+(log t)n−αx(t) = ηn
Γ(α−n+1) . Then x ∈ LCn−α(1, e]. Furthermore, by

Definition 2.5 we have
RLHDα

1+x(t)

=
1

Γ(n− α)
(t
d

dt
)n
(∫ t

1

(log
t

s
)n−α−1x(s)

ds

s

)
=

1
Γ(n− α)

(t
d

dt
)n
[ ∫ t

1

(log
t

s
)n−α−1

( n∑
v=1

ηv
Γ(α− v + 1)

(log s)α−v

+
1

Γ(α)

∫ s

1

(log
s

w
)α−1[A(w)x(w) + F (w)]

dw

w

)ds
s

]
=

1
Γ(n− α)

n∑
v=1

ηv
Γ(α− v + 1)

(t
d

dt
)n
∫ t

1

(log
t

s
)n−α−1(log s)α−v

ds

s
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+
1

Γ(α)
1

Γ(n− α)
(t
d

dt
)n
∫ t

1

(log
t

s
)n−α−1

∫ s

1

(log
s

w
)α−1[B(w)x(w) +G(w)]

dw

w

ds

s

=
1

Γ(n− α)

n∑
v=1

ηv
Γ(α− v + 1)

(t
d

dt
)n(log t)n−v

∫ 1

0

(1− w)n−α−1wα−vdw

+
1

Γ(α)
1

Γ(n− α)
(t
d

dt
)n
∫ t

1

(log
t

s
)n−α−1

∫ s

1

(log
s

w
)α−1[B(w)x(w) +G(w)]

dw

w

ds

s

=
1

Γ(α)
1

Γ(n− α)
(t
d

dt
)n
∫ t

1

∫ t

u

(log
t

s
)n−α−1(log

s

w
)α−1 ds

s
[B(w)x(w) +G(w)]

dw

w

=
1

Γ(α)
1

Γ(n− α)
(t
d

dt
)n
∫ t

1

(log
t

w
)n−1

∫ 1

0

(1− w)n−α−1wα−1dw

× [B(w)x(w) +G(w)]
dw

w

=
1

Γ(n)
(t
d

dt
)n
∫ t

1

(log
t

w
)n−1[B(w)x(w) +G(w)]

dw

w

= B(t)x(t) +G(t).

So x ∈ LCn−α(1, e] is a solution of IVP(3.3). The proof is complete. �

Theorem 3.6. Suppose that (3.A3) holds. Then (3.14) has a unique solution. If
B(t) ≡ λ and there exists constants k2 > −1, l2 ≤ 0 with l2 > max{−α,−n − k2}
and MG ≥ 0 such that |G(t)| ≤ MGt

k2(1 − t)l2 for all t ∈ (1, e), then following
problem

RLHDα
1+x(t) = λx(t) +G(t), a.e., t ∈ (1, e],

lim
t→1+

(log t)n−αx(t) =
ηn

Γ(α− n+ 1)
,

lim
t→1+

RLHDα−j
1+ x(t) = ηj , j ∈ N[1, n− 1]

(3.17)

has a unique solution

x(t) =
n∑
v=1

ηv(log t)α−vEα,α−v+1(λ(log t)α)

+
∫ t

1

(log
t

u
)α−1Eα,α(λ(log

t

u
)α)G(s)

ds

s
, t ∈ (1, e].

(3.18)

Proof. (i) From Claims 1, 2 and 3, (3.14) has a unique solution.
(ii) From the assumption and B(t) ≡ λ, one sees that (3.A3) holds with k1 =

l1 = 0 and k2, l2 mentioned in assumption. Thus (3.17) has a unique solution. From
the Picard function sequence we obtain

φi(t)

=
n∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v + λ
1

Γ(α)

∫ t

1

(log
t

s
)α−1φi−1(s)

ds

s

+
1

Γ(α)

∫ t

1

(log
t

s
)α−1G(s)

ds

s

=
n∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v + λ

n∑
v=1

ηv
Γ(α− v + 1)

1
Γ(α)

∫ t

1

(log
t

s
)α−1(log s)α−v

ds

s
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+ λ2 1
Γ(α)

∫ t

1

(log
t

s
)α−1 1

Γ(α)

∫ s

1

(log
s

u
)α−1φi−2(u)

du

u

ds

s

+
1

Γ(α)
λ

1
Γ(α)

∫ t

1

(log
t

s
)α−1

∫ s

1

(log
s

u
)α−1G(u)

du

u

ds

s
+

1
Γ(α)

∫ t

1

(log
t

s
)α−1G(s)

ds

s

=
n∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v + λ

n∑
v=1

ηv
Γ(α− v + 1)

1
Γ(α)

(log t)2α−v

×
∫ 1

0

(1− w)α−1wα−vdw + λ2 1
Γ(α)

∫ t

1

∫ t

u

(log
t

s
)α−1 1

Γ(α)
(log

s

u
)α−1 ds

s
φi−2(u)

du

u

+
1

Γ(α)
λ

1
Γ(α)

∫ t

1

∫ t

u

(log
t

s
)α−1(log

s

u
)α−1 ds

s
G(u)

du

u
+

1
Γ(α)

∫ t

1

(log
t

s
)α−1G(s)

ds

s

=
n∑
v=1

ηv
Γ(α− v + 1)

(log t)α−v + λ
n∑
v=1

ηv
Γ(2α− v + 1)

(log t)2α−v

+
λ2

Γ(2α)

∫ t

1

(log
t

u
)2α−1φi−2(u)

du

u

+
λ

Γ(2α)

∫ t

1

(log
t

u
)2α−1G(u)

du

u
+

1
Γ(α)

∫ t

1

(log
t

s
)α−1G(s)

ds

s

=
n∑
v=1

ηv(log t)α−v
( 1

Γ(α− v + 1)
+

λ(log t)α

Γ(2α− v + 1)

)
+

λ2

Γ(2α)

∫ t

1

(log
t

u
)2α−1φi−2(u)

du

u

+
∫ t

1

(log
t

u
)α−1

( λ

Γ(2α)
(log

t

u
)α +

1
Γ(α)

)
G(s)

ds

s

= . . .

=
n∑
v=1

ηv(log t)α−v
( i−1∑
j=0

λj(log t)jα

Γ(jα+ α− v + 1)

)
+

λi

Γ(iα)

∫ t

1

(log
t

u
)iα−1φ0(u)

du

u

+
∫ t

1

(log
t

u
)α−1

( i−1∑
j=0

λj

Γ((j + 1)α)
(log

t

u
)jα
)
G(s)

ds

s

=
n∑
v=1

ηv(log t)α−v
( i∑
j=0

λj(log t)jα

Γ(jα+ α− v + 1)

)

+
∫ t

1

(log
t

u
)α−1

( i−1∑
j=0

λj

Γ((j + 1)α)
(log

t

u
)jα
)
G(s)

ds

s

→
n∑
v=1

ηv(log t)α−vEα,α−v+1(λ(log t)α) +
∫ t

1

(log
t

u
)α−1Eα,α(λ(log

t

u
)α)G(s)

ds

s
.

Then x(t) = limi→+∞ φi(t) is the unique solution of (3.17). x is just as in (3.18).
The proof is complete. �

To obtain solutions of (3.4), we need the following assumption:

(3.A4) there exist constants ki > −α+ n− 1, li ≤ 0 with li > max{−α,−α− ki},
MB ≥ 0 and MG ≥ 0 such that |B(t)| ≤ MB(log t)k1(1 − log t)l1 and
|G(t)| ≤MG(log t)k2(1− log t)l2 for all t ∈ (1, e).
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We choose the Picard function sequence as

φ0(t) =
n−1∑
j=0

ηj
j!

(log t)j , t ∈ (1, e],

φi(t) =
n−1∑
j=0

ηj
j!

(log t)j +
1

Γ(α)

∫ t

1

(log
t

s
)α−1[B(s)φi−1(s) +G(s)]

ds

s
,

for t ∈ (1, e], i = 1, 2, . . . .
Claim 1. φi ∈ C(1, e].

Proof. On sees that φ0 ∈ C[1, e]. From∣∣ ∫ t

1

(log
t

s
)α−1[B(s)φ0(s) +G(s)]

ds

s

∣∣
≤
∫ t

1

(log
t

s
)α−1[MB‖φ0‖(log s)k1(1− log s)l1

+MG(log s)k2(1− log s)l2 ]
ds

s

≤MB‖φ0‖
∫ t

1

(log
t

s
)α−1(log s)k1(1− log s)l1

ds

s

+MG

∫ t

1

(log
t

s
)α−1(log s)k2(1− log s)l2

ds

s

= MB‖φ0‖(log t)α+k1+l1B(α+ l1, k1 + 1) +MG(log t)α+k2+l2B(α+ l2, k2 + 1)

→ 0 as t→ 1+,

we obtain that limt→1+ φ1(s) exists and φ1 is continuous on (1, e]. Then φ1 ∈ C[1, e].
By mathematical induction, we see that φi ∈ C[1, e]. �

Claim 2. φi converges uniformly on [1, e].

Proof. For t ∈ [1, e] we have

|φ1(t)− φ0(t)|

=
∣∣ 1
Γ(α)

∫ t

1

(log
t

s
)α−1[B(s)φ0(s) +G(s)]

ds

s

∣∣
≤ 1

Γ(α)

∫ t

1

(log
t

s
)α−1[MB‖φ0‖(log s)k1(1− log s)l1 +MG(log s)k2(1− log s)l2 ]

ds

s

≤ ‖φ0‖MB
1

Γ(α)

∫ t

1

(log
t

s
)α+l1−1(log s)k1

ds

s
+MG

1
Γ(α)

∫ t

1

(log
t

s
)α+l2−1(log s)k2

ds

s

= ‖φ0‖MB(log t)α+k1+l1
B(α+ l1, k1 + 1)

Γ(α)

+MG(log t)α+k2+l2
B(α+ l2, k2 + 1)

Γ(α)
.

So

|φ2(t)− φ1(t)|
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=
∣∣ 1
Γ(α)

∫ t

1

(log
t

s
)α−1B(s)[φ1(s)− φ0(s)]

ds

s

∣∣
≤ 1

Γ(α)

∫ t

1

(log
t

s
)α−1MB(log s)k1(1− log s)l1

×
(
‖φ0‖MB(log s)α+k1+l1

B(α+ l1, k1 + 1)
Γ(α)

+MG(log s)α+k2+l2
B(α+ l2, k2 + 1)

Γ(α)

)ds
s

≤ 1
Γ(α)

‖φ0‖M2
B

∫ t

1

(log
t

s
)α+l1−1(log s)α+2k1+l1

B(α+ l1, k1 + 1)
Γ(α)

ds

s

+MBMG ≤
1

Γ(α)

∫ t

1

(log
t

s
)α+l1−1(log s)α+k1+k2+l2

B(α+ l2, k2 + 1)
Γ(α)

ds

s

= ‖φ0‖M2
B(log t)2k1+2l1+2 B(α+ l1, k1 + 1)

Γ(α)
B(α+ l1, α+ 2k1 + l1 + 1)

Γ(α)

+MBMG(log t)2α+k1+k2+l1+l2
B(α+ l2, k2 + 1)

Γ(α)

× B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

,

and

|φ3(t)− φ2(t)|

=
∣∣ 1
Γ(α)

∫ t

1

(log
t

s
)α−1B(s)[φ2(s)− φ1(s)]

ds

s

∣∣
≤ 1

Γ(α)

∫ t

1

(log
t

s
)α−1MB(log s)k1(1− log s)l1

×
(
‖φ0‖M2

B(log s)2k1+2l1+2 B(α+ l1, k1 + 1)
Γ(α)

B(α+ l1, α+ 2k1 + l1 + 1)
Γ(α)

+MBMG(log s)2α+k1+k2+l1+l2
B(α+ l2, k2 + 1)

Γ(α)

× B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

)ds
s

≤ ‖φ0‖M3
B

1
Γ(α)

∫ t

1

(log
t

s
)α+l1−1(log)s2α+3k1+2l1

B(α+ l1, k1 + 1)
Γ(α)

× B(α+ l1, α+ 2k1 + l1 + 1)
Γ(α)

ds

s

+M2
BMG

1
Γ(α)

∫ t

1

(log
t

s
)α+l1−1(log s)2α+2k1+k2+l1+l2

× B(α+ l2, k2 + 1)
Γ(α)

B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

ds

s

= ‖φ0‖M3
B(log t)3α+3k1+3l1

B(α+ l1, k1 + 1)
Γ(α)

B(α+ l1, α+ 2k1 + l1 + 1)
Γ(α)
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× B(α+ l1, 2α+ 3k1 + 2l1 + 1)
Γ(α)

+M2
BMG(log t)3α+2k1+k2+2l1+l2

B(α+ l2, k2 + 1)
Γ(α)

B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

× B(α+ l1, 2α+ 2k1 + k2 + l1 + l2 + 1)
Γ(α)

.

|φ4(t)− φ3(t)|

=
∣∣ 1
Γ(α)

∫ t

1

(log
t

s
)α−1B(s)[φ3(s)− φ2(s)]

ds

s

∣∣
+
‖φ0‖M4

B

Γ(α)

∫ t

1

(log
t

s
)α+l1−1(log s)3α+4k1+3l1

B(α+ l1, k1 + 1)
Γ(α)

× B(α+ l1, α+ 2k1 + l1 + 1)
Γ(α)

B(α+ l1, 2α+ 3k1 + 2l1 + 1)
Γ(α)

ds

s

+
M3
BMG

Γ(α)

∫ t

1

(log
t

s
)α+l1−1(log s)3α+3k1+k2+2l1+l2

× B(α+ l2, k2 + 1)
Γ(α)

B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

× B(α+ l1, 2α+ 2k1 + k2 + l1 + l2 + 1)
Γ(α)

ds

s

≤ ‖φ0‖M4
B(log t)4α+4k1+4l1

B(α+ l1, k1 + 1)
Γ(α)

B(α+ l1, α+ 2k1 + l1 + 1)
Γ(α)

× B(α+ l1, 2α+ 3k1 + 2l1 + 1)
Γ(α)

ds

s

B(α+ l1, 3α+ 4k1 + 3l1 + 1)
Γ(α)

+M3
BMG(log t)4α+3k1+k2+3l1+l2

B(α+ l2, k2 + 1)
Γ(α)

× B(α+ l1, α+ k1 + k2 + l2 + 1)
Γ(α)

B(α+ l1, 2α+ 2k1 + k2 + l1 + l2 + 1)
Γ(α)

× B(α+ l1, 3α+ 3k1 + k2 + 2l1 + l2 + 1)
Γ(α)

.

Similarly by mathematical induction, for every i = 1, 2, . . . we obtain

|φi(t)− φi−1(t)|

≤ ‖φ0‖M i
B(log t)iα+ik1+il1

i−1∏
j=0

B(α+ l1, jα+ (j + 1)k1 + jl1 + 1
Γ(α)

+M i−1
B MG(log t)iα+(i−1)k1+k2+(i−1)l1+l2

B(α+ l2, k2 + 1)
Γ(α)

×
i−1∏
j=1

B(α+ l, jα+ jk1 + k2 + (j − 1)l1 + l2 + 1)
Γ(α)

≤ ‖φ0‖M i
B

i−1∏
j=0

B(α+ l1, jα+ (j + 1)k1 + jl1 + 1
Γ(α)



46 Y. LIU EJDE-2016/296

+M i−1
B MG

B(α+ l2, k2 + 1)
Γ(α)

i−1∏
j=1

B(α+ l, jα+ jk1 + k2 + (j − 1)l1 + l2 + 1)
Γ(α)

,

for t ∈ [1, e]. Similarly we can prove that both
+∞∑
i=1

ui =
+∞∑
i=1

M i−1
B MG

B(α+ l2, k2 + 1)
Γ(α)

×
i−1∏
j=1

B(α+ l, jα+ jk1 + k2 + (j − 1)l1 + l2 + 1)
Γ(α)

,

+∞∑
i=1

vi =
+∞∑
i=1

M i−1
B MG

B(α+ l2, k2 + 1)
Γ(α)

×
i−1∏
j=1

B(α+ l, jα+ jk1 + k2 + (j − 1)l1 + l2 + 1)
Γ(α)

are convergent. Hence,

φ0(t) + [φ1(t)− φ0(t)] + [φ2(t)− φ1(t)] + · · ·+ [φi(t)− φi−1(t)] + . . . , t ∈ [1, e]

is uniformly convergent. Then {φi(t)} is convergent uniformly on [1, e]. �

Claim 3. φ(t) = limi→+∞ φi(t) defined on (1, e] is a unique continuous solution of
the integral equation

x(t) =
n−1∑
j=0

ηj
j!

(log t)j +
1

Γ(α)

∫ t

1

(log
t

s
)α−1[B(s)x(s) +G(s)]

ds

s
.

Proof. From limi→+∞ φi(t) = φ(t) and the uniformly convergence, we see that φ(t)
is continuous on [1, e]. From∣∣ ∫ t

1

(log
t

s
)α−1[B(s)φp−1(s) +G(s)]

ds

s
−
∫ t

1

(log
t

s
)α−1[B(s)φq−1(s) +G(s)]

ds

s

∣∣
≤MB‖φp−1 − φq−1‖

∫ t

1

(log
t

s
)α−1(log s)k1(1− log s)l1

ds

s

≤MB‖φp−1 − φq−1‖
∫ t

1

(log
t

s
)α+l1−1(log s)k1

ds

s

≤MB‖φp−1 − φq−1‖(log t)α+k1+l1
B(α+ l1, k1 + 1)

Γ(α)

≤MB‖φp−1 − φq−1‖
B(α+ l1, k1 + 1)

Γ(α)
→ 0 uniformly as p, q → +∞,

we know that

φ(t) = lim
i→∞

φi(t)

= lim
i→+∞

[ n−1∑
j=0

ηj
j!

(log t)j +
1

Γ(α)

∫ t

1

(log
t

s
)α−1[B(s)φi−1(s) +G(s)]

ds

s

]
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=
n−1∑
j=0

ηj
j!

(log t)j +
1

Γ(α)

∫ t

1

(log
t

s
)α−1[B(s)φ(s) +G(s)]

ds

s
.

Then φ is a continuous solution of (3.1) defined on (1, e].
Suppose that ψ defined on (1, e] is also a solution of (3.1). Then

ψ(t) =
n−1∑
j=0

ηj
j!

(log t)j +
1

Γ(α)

∫ t

1

(log
t

s
)α−1[B(s)φ(s) +G(s)]

ds

s
, t ∈ (1, e].

We need to prove that φ(t) ≡ ψ(t) on (0, 1]. Now we have

|ψ(t)− φ0(t)|

=
1

Γ(α)
|
∫ t

1

(log
t

s
)α−1[B(s)φ0(s) +G(s)]

ds

s
|

≤ ‖φ0‖MB(log t)α+k1+l1
B(α+ l1, k1 + 1)

Γ(α)
+MG(log t)α+k2+l2

B(α+ l2, k2 + 1)
Γ(α)

.

Furthermore,

|ψ(t)− φ1(t)|

=
1

Γ(α)
|
∫ t

1

(log
t

s
)α−1B(s)[ψ(s)− φ0(s)]

ds

s
|

≤ ‖φ0‖M2
B(log t)2k1+2l1+2 B(α+ l1, k1 + 1)

Γ(α)
B(α+ l1, α+ 2k1 + l1 + 1)

Γ(α)

+MBMG(log t)2α+k1+k2+l1+l2
B(α+ l2, k2 + 1)

Γ(α)
B(α+ l1, α+ k1 + k2 + l2 + 1)

Γ(α)
.

By mathematical induction, we obtain

|ψ(t)− φi−1(t)|

=
1

Γ(α)
|
∫ t

1

(log
t

s
)α−1B(s)[ψ(s)− φm−2(s)]

ds

s
|

≤ ‖φ0‖M i
B(log t)iα+ik1+il1

i−1∏
j=0

B(α+ l1, jα+ (j + 1)k1 + jl1 + 1
Γ(α)

+M i−1
B MG(log t)iα+(i−1)k1+k2+(i−1)l1+l2

B(α+ l2, k2 + 1)
Γ(α)

×
i−1∏
j=1

B(α+ l, jα+ jk1 + k2 + (j − 1)l1 + l2 + 1)
Γ(α)

≤ ‖φ0‖M i
B

i−1∏
j=0

B(α+ l1, jα+ (j + 1)k1 + jl1 + 1
Γ(α)

+M i−1
B MG

B(α+ l2, k2 + 1)
Γ(α)

i−1∏
j=1

B(α+ l, jα+ jk1 + k2 + (j − 1)l1 + l2 + 1)
Γ(α)

,

for t ∈ [1, e]. Similarly we have limi→+∞ φi(t) = ψ(t) uniformly on [1, e]. Then
φ(t) ≡ ψ(t) on (1, e]. Then (3.1) has a unique solution φ. The proof is complete. �
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Theorem 3.7. Suppose that (3.A4) holds. Then x ∈ C(1, e] is a solution of IVP
(3.4) if and only if x ∈ C(1, e] is a solution of the integral equation (3.1).

Proof. Suppose that x ∈ C(1, e] is a solution of (3.4). Then t→ x(t) is continuous
on [1, e] by defining x(t)|t=1 = limt→1+ x(t) and ‖x‖ = r < +∞. One can see that∫ t

1

(log
t

s
)α−1(log s)k1(1− log s)l1

ds

s

≤
∫ t

1

(log
t

s
)α+l1−1(log s)k1

ds

s
(because

log s
log t

= u)

= (log t)α+k1+l1

∫ 1

0

(1− u)α+l1−1uk1du

≤ (log t)α+k1+l1

∫ 1

0

(1− u)α+l1−1uk1du

= (log t)α+k1+l1B(α+ l1, k1 + 1).

From (3.A4), for t ∈ (1, e] we have∣∣ ∫ t

1

(log
t

s
)α−1[B(s)x(s) +G(s)]

ds

s

∣∣
≤
∫ t

1

(log
t

s
)α−1[MBr(log s)k1(1− log s)l1 +MG(log s)k2(1− log s)l2 ]

ds

s

≤MBr

∫ t

1

(log
t

s
)α−1(log s)k1(1− log s)l1

ds

s

+MG

∫ t

1

(log
t

s
)α−1(log s)k2(1− log s)l2

ds

s

= MBr(log t)α+k1+l1B(α+ l1, k1 + 1) +MG(log t)α+k2+l2B(α+ l2, k2 + 1).

So t→
∫ t

1
(log t

s )α−1[B(s)x(s) +G(s)]dss is defined on (1, e] and

lim
t→1+

∫ t

1

(log
t

s
)α−1[B(s)x(s) +G(s)]

ds

s
= 0. (3.19)

Furthermore, similarly to Theorem 3.1 we have t→
∫ t

1
(log t

s )α−1[B(s)x(s)+G(s)]dss
is continuous on (1, e]. So t →

∫ t
1
(log t

s )α−1[B(s)x(s) + G(s)]dss is continuous on
[1, e] by defining ∫ t

1

(log
t

s
)α−1[B(s)x(s) +G(s)]

ds

s

∣∣
t=1

= 0. (3.20)

One sees that∫ t

w

(log
t

s
)α−1(log

s

w
)−α

ds

s
=
∫ 1

0

(1− u)α−1u−αdu = Γ(1− α)Γ(α),

because log s−logw
log t−logw = u. By Definition 2.6 and HIα1+

CHDα
1+x(t) = HIα1+ [B(t)x(t) +

G(t)] We have

1
Γ(α)

∫ t

1

(log
t

s
)α−1[A(s)x(s) + F (s)]

ds

s

= HIα1+ [B(t)x(t) +G(t)]
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= HIα1+
CHDα

1+x(t)

=
1

Γ(α)

∫ t

1

(log
t

s
)α−1

[ 1
Γ(n− α)

∫ s

1

(log
s

w
)n−α−1(w

d

dw
)nx(w)

dw

w

]ds
s

=
1

Γ(α)
1

Γ(n− α)

∫ t

1

∫ t

u

(log
t

s
)α−1(log

s

w
)n−α−1 ds

s
(w

d

dw
)nx(w)

dw

w

=
1

Γ(α)
1

Γ(n− α)

∫ t

1

(log
t

w
)n−1

∫ 1

0

(1− u)α−1un−α−1du(w
d

dw
)nx(w)

dw

w

=
1

(n− 1)!

∫ t

1

(log
t

w
)n−1(w

d

dw
)nx(w)

dw

w

=
∫ t

1

(log
t

w
)n−1d

[
(w

d

dw
)n−1x(w)

]
=

1
(n− 1)!

(log
t

w
)n−1

[
(w

d

dw
)n−1x(w)

]
|t1

+
1

(n− 2)!

∫ t

1

(log
t

w
)n−2

[
(w

d

dw
)n−1x(w)

]dw
w

= − ηn−1

(n− 1)!
(log t)n−1 +

1
(n− 2)!

∫ t

1

(log
t

w
)n−2

[
(w

d

dw
)n−1x(w)

]dw
w

= . . .

= −
n−2∑
j=1

ηn−j
(n− j)!

(log t)n−j +
∫ t

1

x′(w)dw

= x(t)−
n−1∑
j=0

ηj
j!

(log t)j .

Then x ∈ C(1, e] is a solution of (3.1).
On the other hand, if x ∈ C(1, e] is a solution of (3.1), then (3.19) implies

limt→1+(t) = η0. Furthermore, for t ∈ (1, e) we have∣∣ ∫ t

1

(log
t

s
)α−n[B(s)x(s) +G(s)]

ds

s

∣∣
≤
∫ t

1

(log
t

s
)α−n[MBr(log s)k1(1− log s)l1 +MG(log s)k2(1− log s)l2 ]

ds

s

≤MBr

∫ t

1

(log
t

s
)α−n(log s)k1(1− log t)l1

ds

s

+MG

∫ t

1

(log
t

s
)α−n(log s)k2(1− log t)l2

ds

s

= MBr(1− log t)l1
∫ t

1

(log
t

s
)α−n(log s)k1

ds

s

+MG(1− log t)l2
∫ t

1

(log
t

s
)α−n(log s)k2

ds

s

= MBr(1− log t)l1(log t)α−n+k1+1B(α− n+ 1, k1 + 1)

+MG(1− log t)l2(log t)α−n+k2+1B(α− n+ 1, k2 + 1)→ 0 as t→ 1+.
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Then
CHDα

1+x(t)

=
1

Γ(n− α)

∫ t

1

(log
t

s
)n−α−1(s

d

ds
)nx(s)

ds

s

=
1

Γ(n− α)

∫ t

1

(log
t

s
)n−α−1(s

d

ds
)n
( n−1∑
j=0

ηj
j!

(log s)j

+
1

Γ(α)

∫ s

1

(log
s

u
)α−1[B(u)x(u) +G(u)]

du

u

)ds
s

=
1

Γ(n− α)

∫ t

1

(log
t

s
)n−α−1(s

d

ds
)n

n−1∑
j=0

ηj
j!

(log s)j
ds

s

+
1

Γ(α)
1

Γ(n− α)

∫ t

1

(log
t

s
)n−α−1(s

d

ds
)n
(∫ s

1

(log
s

u
)α−1[B(u)x(u) +G(u)]

du

u

)ds
s

=
1

Γ(α)
1

Γ(n− α)

∫ t

1

(log
t

s
)n−α−1(s

d

ds
)n
(∫ s

1

(log
s

u
)α−1[B(u)x(u) +G(u)]

du

u

)ds
s

=
1

Γ(α)
1

Γ(n− α)

∫ t

1

(log
t

s
)n−α−1(s

d

ds
)n−1

(∫ s

1

(log
s

u
)α−2[B(u)x(u) +G(u)]

du

u

)ds
s

= . . .

=
1

Γ(α)
1

Γ(n− α)

∫ t

1

(log
t

s
)n−α−1

(∫ s

1

(log
s

u
)α−n[B(u)x(u) +G(u)]

du

u

)′
ds

=
1

Γ(α)
1

Γ(n− α+ 1)
t
[ ∫ t

1

(log
t

s
)n−α(

∫ s

1

(log
s

u
)α−1[B(u)x(u) +G(u)]

du

u
)′ds

]′
=

1
Γ(α)

1
Γ(n− α+ 1)

t
[
(log

t

s
)n−α

∫ s

1

(log
s

w
)α−n[B(w)x(w) +G(w)]

dw

w

∣∣t
1

+ (n− α)
1
s

∫ t

1

(log
t

s
)n−α−1

∫ s

1

(log
s

w
)α−n[B(w)x(w) +G(w)]

dw

w
ds
]′

=
1

Γ(α)
1

Γ(n− α)
t
[ ∫ t

1

∫ t

u

(log
t

s
)n−α−1(log

s

w
)α−n

ds

s
[B(w)x(w) +G(w)]

dw

w

]′
=

1
Γ(α)

1
Γ(n− α)

t
[ ∫ t

1

∫ t

u

(log
t

s
)n−α−1(log

s

w
)α−n

ds

s
[B(w)x(w) +G(w)]

dw

w

]′
=

1
Γ(α)

1
Γ(n− α)

t
[ ∫ t

1

∫ 1

0

(1− u)n−α−1uα−ndu[B(w)x(w) +G(w)]
dw

w

]′
= B(t)x(t) +G(t).

So x ∈ C(1, e] is a solution of (3.4). The proof is complete. �

Theorem 3.8. Suppose that (3.A4) holds. Then (3.4) has a unique solution. If
B(t) ≡ λ and there exists constants k2 > −α+n−1, l2 ≤ 0 with l2 > max{−α,−α−
k2} and MG ≥ 0 such that |G(t)| ≤MGt

k2(1−t)l2 for all t ∈ (1, e), then the problem
CHDα

0+x(t) = λx(t) +G(t), a.e. t ∈ (1, e],

lim
t→1+

(t
d

dt
)jx(t) = ηj , j ∈ N[0, n− 1]

(3.21)
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has a unique solution

x(t) =
n−1∑
j=0

ηj(log t)jEα,j+1(λ(log t)α)

+
∫ t

1

(log
t

s
)α−1Eα,α(λ(log t− log s)α)G(s)

ds

s
, t ∈ (1, e].

(3.22)

Proof. From Claims 1, 2 and 3, Theorem 3.7, (3.4) has a unique solution. From the
assumption and A(t) ≡ λ, one sees that (3.A4) holds with k1 = l1 = 0 and k2, l2
mentioned. Thus (3.21) has a unique solution. From the Picard function sequence
we obtain

φi(t)

=
n−1∑
j=0

ηj
j!

(log t)j + λ
1

Γ(α)

∫ t

1

(log
t

s
)α−1φi−1(s)

ds

s
+

1
Γ(α)

∫ t

1

(log
t

s
)α−1G(s)

ds

s

=
n−1∑
j=0

ηj
j!

(log t)j +
λ

Γ(α)

n−1∑
j=0

ηj
j!

∫ t

1

(log
t

s
)α−1(log s)j

ds

s

+
λ

Γ(α)
λ

Γ(α)

∫ t

1

(log
t

s
)α−1

∫ s

1

(log
s

u
)α−1φi−2(u)

du

u

ds

s

+
1

Γ(α)
λ

Γ(α)

∫ t

1

(log
t

s
)α−1

∫ s

1

(log
s

u
)α−1G(u)

du

u

ds

s
+

1
Γ(α)

∫ t

1

(log
t

s
)α−1G(s)

ds

s

=
n−1∑
j=0

ηj
j!

(log t)j +
λ

Γ(α)

n−1∑
j=0

ηj
j!

(log t)α+j

∫ 1

0

(1− w)α−1wjdw

+
λ

Γ(α)
λ

Γ(α)

∫ t

1

∫ t

u

(log
t

s
)α−1(log

s

u
)α−1 ds

s
φi−2(u)

du

u

+
1

Γ(α)
λ

Γ(α)

∫ t

1

∫ t

u

(log
t

s
)α−1(log

s

u
)α−1 ds

s
G(u)

du

u
+

1
Γ(α)

∫ t

1

(log
t

s
)α−1G(s)

ds

s

=
n−1∑
j=0

ηj
Γ(j + 1)

(log t)j +
n−1∑
j=0

ληj
Γ(α+ j + 1)

(log t)α+j

+
λ

Γ(α)
λ

Γ(α)

∫ t

1

(log
t

u
)2α−1

∫ 1

0

(1− w)α−1wα−1dwφi−2(u)
du

u

+
1

Γ(α)
λ

Γ(α)

∫ t

1

(log
t

u
)2α−1

∫ 1

0

(1− w)α−1wα−1dwG(u)
du

u

+
1

Γ(α)

∫ t

1

(log
t

s
)α−1G(s)

ds

s

=
n−1∑
j=0

ηj(log t)j
( 1

Γ(j + 1)
+

λ(log t)α

Γ(α+ j + 1)
)

+
λ2

Γ(2α)

∫ t

1

(log
t

u
)2α−1φi−2(u)

du

u

+
∫ t

1

(log
t

s
)α−1

(λ(log t log s)α

Γ(2α)
+

1
Γ(α)

)
G(s)

ds

s

= . . .
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=
n−1∑
j=0

ηj(log t)j(
i−1∑
v=0

λv(log t)vα

Γ(vα+ j + 1)
) +

λi

Γ(iα)

∫ t

1

(log
t

u
)mα−1φ0(u)

du

u

+
∫ t

1

(log
t

s
)α−1(

i−1∑
v=0

λv(log t log s)vα

Γ((v + 1)α)
)G(s)

ds

s

=
n−1∑
j=0

ηj(log t)j
( i∑
v=0

λv(log t)vα

Γ(vα+ j + 1)

)
+
∫ t

1

(log
t

s
)α−1

( i−1∑
v=0

λv(log t log s)vα

Γ((v + 1)α)

)
G(s)

ds

s

→
n−1∑
j=0

ηj(log t)jEα,j+1(λ(log t)α) +
∫ t

1

(log
t

s
)α−1Eα,α(λ(log t− log s)α)G(s)

ds

s
.

Then x(t) = limi→+∞ φi(t) is the unique solution of (3.21). x is just as in (3.22).
The proof is complete. �

We list the following two fixed point theorems which will be used in Section 4.

Theorem 3.9 (Schaefer’s fixed point theorem [79]). Let E be a Banach spaces and
T : E → E be a completely continuous operator. If the set E(T ) = {x = θ(Tx) :
for some θ ∈ [0, 1), x ∈ E} is bounded, then T has at least a fixed point in E.

Theorem 3.10 ([97]). Let X be a Banach space. Assume that Ω is an open bounded
subset of X with 0 ∈ Ω and let T : X → X be a completely continuous operator
such that ‖Tx‖ ≤ ‖x‖ for all x ∈ ∂Ω. Then T has a fixed point in Ω.

3.2. Exact piecewise continuous solutions of LFDEs. In this section, we
present exact piecewise continuous solutions of the linear fractional differential
equations (LFDEs)

CDα
0+x(t) = λx(t) + F (t), a.e., t ∈ (ti, ti+1], i ∈ N[0,m], (3.23)

RLDα
0+x(t) = λx(t) + F (t), a.e., t ∈ (ti, ti+1], i ∈ N[0,m], (3.24)

RLHDα
0+x(t) = λx(t) +G(t), a.e., t ∈ (si, si+1], i ∈ N[0,m], (3.25)

CHDα
0+x(t) = λx(t) +G(t), a.e., t ∈ (si, si+1], i ∈ N[0,m], (3.26)

where n − 1 < α < n, λ ∈ R, 0 = s0 < t1 < · · · < sm < sm+1 = 1 in (3.23) and
(3.24) and 1 = t0 < t1 < · · · < tm < tm+1 = e in (3.25) and (3.26).

We say that x : (0, 1] → R is a piecewise solution of (3.23) (or (3.24) if x ∈
PmC(0, 1] (or PmCn−α(0, 1] and satisfies (3.23) or (3.24). We say that x : (1, e]→ R
is a piecewise continuous solutions of (3.25) (or (3.26)) if x ∈ LPmCn−α(1, e], (or
LPmC(1, e]) and x satisfies all equations in (3.25) (or (3.26)).

Theorem 3.11. Suppose that F is continuous on (0, 1) and there exist constants
k > −α + n − 1 and l ∈ (−α,−α − k, 0] such that |F (t)| ≤ tk(1 − t)l for all
t ∈ (0, 1). Then x is a piecewise solution of (3.23) if and only if there exist constants
civ ∈ R(i ∈ N[0,m], v ∈ N[0, n− 1]) such that

x(t) =
i∑

σ=0

n−1∑
v=0

cσvEα,v+1(λ(t− tσ)α)(t− tσ)v

+
∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)F (s)ds, t ∈ (ti, ti+1], i ∈ N [0,m].

(3.27)
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Proof. Firstly, for t ∈ (ti, ti+1] we have∣∣ ∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)F (s)ds
∣∣

≤
∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)|F (s)|ds

≤
∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)sk(1− s)lds

=
+∞∑
j=0

λj

Γ((j + 1)α)

∫ t

0

(t− s)α−1(t− s)αjsk(1− s)lds

≤
+∞∑
j=0

λj

Γ((j + 1)α)

∫ t

0

(t− s)α+l−1(t− s)αjskds

=
+∞∑
j=0

λj

Γ((j + 1)α)
tα+αj+k+l

∫ 1

0

(1− w)α+αj+l−1wkdw

≤
+∞∑
j=0

λjtαj

Γ((j + 1)α)
tα+k+l

∫ 1

0

(1− w)α+l−1wkdw

= tα+k+lEα,α(λtα)B(α+ l, k + 1).

Then
∫ t

0
(t− s)α−1Eα,α(λ(t− s)α)F (s)ds is convergent and is continuous on [0, 1].

If x is a solution of (3.27), then we know that limt→t+i
x(t) (i ∈ N0) exist and

x ∈ PmC(0, 1]. From∣∣ ∫ s

0

λτ (s− u)τα+α−n

Γ((τ + 1)α− n+ 1)
F (u)du| ≤

∫ s

0

λτ (s− u)τα+α−n+l

Γ((τ + 1)α− n+ 1)
ukdu

= sτα+α−n+k+l+1

∫ 1

0

λτ (1− w)τα+α−n+l

Γ((τ + 1)α− n+ 1)
wkdw

≤ sα−n+k+l+1

∫ 1

0

(1− w)α−n+lwkdw

= sα−n+k+l+1 λτ

Γ((τ + 1)α− n+ 1)
,

we know that

lim
s→0+

+∞∑
τ=0

∫ s

0

λτ (s− u)τα+α−n

Γ((τ + 1)α− n+ 1)
F (u)du = 0.

Now we prove that x satisfies differential equation in (3.23). In fact, for t ∈ (t0, t1]
we have by Theorem 3.2 that CDα

0+x(t) = λx(t) + F (t). For t ∈ (ti, ti+1](i ∈
N [1,m]), we have by Definition 2.3 that
CDα

0+x(t)

=
1

Γ(n− α)

∫ t

0

(t− s)n−α−1x(n)(s)ds

=
1

Γ(n− α)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)n−α−1x(n)(s)ds+
∫ t

ti

(t− s)n−α−1x(n)(s)ds
]
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=
1

Γ(n− α)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)n−α−1
( j∑
σ=0

n−1∑
v=0

cσvEα,v+1(λ(s− tσ)α)(s− tσ)v

+
∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)F (u)du
)(n)

ds

+
∫ t

ti

(t− s)n−α−1
( i∑
σ=0

n−1∑
v=0

cσvEα,v+1(λ(s− tσ)α)(s− tσ)v

+
∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)F (u)du)(n)ds
]

=
1

Γ(n− α)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)n−α−1
( j∑
σ=0

n−1∑
v=0

cσv
(s− tσ)v

Γ(v + 1)

+
j∑

σ=0

n−1∑
v=0

cσv

+∞∑
τ=1

λτ (s− tσ)τα+v

Γ(τα+ v + 1)

)(n)

ds

+
∫ t

ti

(t− s)n−α−1
( i∑
σ=0

n−1∑
v=0

cσv
(s− tσ)v

Γ(v + 1)
+

i∑
σ=1

n−1∑
v=0

cσv

+∞∑
τ=0

λτ (s− tσ)τα+v

Γ(τα+ v + 1)

)(n)

ds

+
∫ t

0

(t− s)n−α−1Big(
+∞∑
τ=0

∫ s

0

λτ (s− u)τα+α−1

Γ((τ + 1)α)
F (u)du

)(n)

ds
]

=
1

Γ(n− α)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)n−α−1
( j∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=1

λτ (s− tσ)τα+v

Γ(τα+ v + 1)

)(n)

ds

+
∫ t

ti

(t− s)n−α−1
( i∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=0

λτ (s− tσ)τα+v

Γ(τα+ v + 1)

)(n)

ds

+
∫ t

0

(t− s)n−α−1
( +∞∑
τ=0

∫ s

0

λτ (s− u)τα+α−n

Γ((τ + 1)α− n+ 1)
F (u)du

)′
ds
]

=
1

Γ(n− α)

i−1∑
j=0

j∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τα+ v + 1− n)

×
∫ tj+1

tj

(t− s)n−α−1(s− tσ)τα+v−nds

+
1

Γ(n− α)

i∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=0

λτ

Γ(τα+ v + 1− n)

×
∫ t

ti

(t− s)n−α−1(s− tσ)τα+v−nds

+
1

Γ(n− α+ 1)

[ ∫ t

0

(t− s)n−α(
+∞∑
τ=0

∫ s

0

λτ (s− u)τα+α−n

Γ((τ + 1)α− n+ 1)
F (u)du)′ds

]′
=

1
Γ(n− α)

i−1∑
j=0

j∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τα+ v + 1− n)
(t− tσ)τα−α+v
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×
∫ tj+1−tσ

t−tσ

tj−tσ
t−tσ

(1− w)n−α−1wτα+v−ndw

+
1

Γ(n− α)

i∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=0

λτ

Γ(τα+ v + 1− n)
(t− tσ)τα−α+v

×
∫ 1

ti−tσ
t−tσ

(1− w)n−α−1wτα+v−ndw

+
1

Γ(n− α+ 1)

[
(t− s)n−α(

+∞∑
τ=0

∫ s

0

λτ (s− u)τα+α−n

Γ((τ + 1)α− n+ 1)
F (u)du)|t0

+ (n− α)
∫ t

0

(t− s)n−α−1(
+∞∑
τ=0

∫ s

0

λτ (s− u)τα+α−n

Γ((τ + 1)α− n+ 1)
F (u)du)ds

]′
=

1
Γ(n− α)

i−1∑
σ=0

i−1∑
j=σ

n−1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τα+ v + 1− n)
(t− tσ)τα−α+v

×
∫ tj+1−tσ

t−tσ

tj−tσ
t−tσ

(1− w)n−α−1wτα+v−ndw

+
1

Γ(n− α)

i∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=0

λτ

Γ(τα+ v + 1− n)
(t− tσ)τα−α+v

×
∫ 1

ti−tσ
t−tσ

(1− w)n−α−1wτα+v−ndw

+
1

Γ(n− α)

[ +∞∑
τ=0

∫ t

0

∫ t

u

(t− s)n−α−1 λτ (s− u)τα+α−n

Γ((τ + 1)α− n+ 1)
dsF (u)du

]′
=

1
Γ(n− α)

i−1∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τα+ v + 1− n)
(t− tσ)τα−α+v

×
∫ ti−tσ

t−tσ

0

(1− w)n−α−1wτα+v−ndw

+
1

Γ(n− α)

i∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=0

λτ

Γ(τα+ v + 1− n)
(t− tσ)τα−α+v

∫ 1

ti−tσ
t−tσ

(1− w)n−α−1wτα+v−ndw

+
1

Γ(n− α)

[ +∞∑
τ=0

∫ t

0

(t− u)τα
∫ 1

0

(1− w)n−α−1 λτwτα+α−n

Γ((τ + 1)α− n+ 1)
dwF (u)du

]′
=

i∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ((τ − 1)α+ v + 1)
(t− tσ)τα−α+v

+
[ +∞∑
τ=0

∫ t

0

(t− u)τα
λτ

Γ(τα+ 1)
F (u)du

]′
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= λx(t) + F (t).

We have shown that x satisfies (3.23) if x satisfies (3.27).
Now, we suppose that x is a solution of (3.23). We will prove that x satisfies

(3.27) by mathematical induction. Since x is continuous on (ti, ti+1] and the limit
limt→t+i

x(t) (i ∈ N0) exists, it follows that x ∈ PmC(0, 1]. For t ∈ (t0, t1], we know
from Theorem 3.2 that there exists c0v ∈ R such that

x(t) =
n−1∑
v=0

c0vEα,1(λtα)tv +
∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)F (s)ds, t ∈ (t0, t1].

Then (3.27) holds for i = 0. We suppose that (3.27) holds for all i = 0, 1, . . . , j ≤
m− 1. We derive the expression of x on (tj+1, tj+2]. Suppose that

x(t) = Φ(t) +
j∑

σ=0

n−1∑
v=0

cσvEα,v+1(λ(t− tσ)α)(t− tσ)v

+
∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)F (s)ds, t ∈ (tj+1, tj+2].

(3.28)

By CDα
0+x(t)− λx(t) = f(t), t ∈ (tj+1, tj+2], we obtain

F (t) + λx(t)

= CDα
0+x(t) =

1
Γ(n− α)

∫ t

0

(t− s)n−α−1x(n)(s)ds

=
j∑
ρ=0

∫ tρ+1

tρ

(t− s)n−α−1

Γ(n− α)

( ρ∑
σ=0

n−1∑
v=0

cσvEα,v+1(λ(s− tσ)α)(s− tσ)v

+
∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)F (u)du
)(n)

ds

+
∫ t

tj+1

(t− s)n−α−1

Γ(n− α)
(Φ(s) +

j∑
σ=0

n−1∑
v=0

cσvEα,v+1(λ(s− tσ)α)(s− tσ)v

+
∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)F (u)du)(n)ds

= CDα
t+j+1

Φ(t) +
1

Γ(n− α)

j∑
ρ=0

∫ tρ+1

tρ

(t− s)n−α−1

×
( ρ∑
σ=0

n−1∑
v=0

cσvEα,v+1(λ(s− tσ)α)(s− tσ)v
)(n)

ds

+
1

Γ(n− α)

∫ t

tj+1

(t− s)n−α−1
( j∑
σ=0

n−1∑
v=0

cσvEα,v+1(λ(s− tσ)α)(s− tσ)v
)(n)

ds

+
1

Γ(n− α)

∫ t

0

(t− s)n−α−1(
∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)F (u)du)(n)ds

= CDα
t+j+1

Φ(t) +
1

Γ(n− α)

j∑
ρ=0

∫ tρ+1

tρ

(t− s)n−α−1
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×
( ρ∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=0

λτ (s− tσ)τα+v

Γ(τα+ v + 1)

)(n)

ds

+
1

Γ(n− α)

∫ t

tj+1

(t− s)n−α−1
( j∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=0

λτ (s− tσ)τα+v

Γ(τα+ v + 1)

)(n)

ds

+
1

Γ(n− α)

∫ t

0

(t− s)n−α−1
(∫ s

0

(s− u)α−1
+∞∑
τ=0

λτ (s− u)τα

Γ((τ + 1)α)
F (u)du

)(n)

ds

= CDα
t+j+1

Φ(t) +
1

Γ(n− α)

j∑
ρ=0

∫ tρ+1

tρ

(t− s)n−α−1

×
( ρ∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=1

λτ (s− tσ)τα+v−n

Γ(τα+ v + 1− n)

)
ds

+
1

Γ(n− α)

∫ t

tj+1

(t− s)n−α−1
( j∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=1

λτ (s− tσ)τα+v−n

Γ(τα+ v + 1− n)

)
ds

+
1

Γ(n− α)

∫ t

0

(t− s)n−α−1
( +∞∑
τ=0

∫ s

0

λτ (s− u)τα+α−n

Γ((τ + 1)α− n+ 1)
F (u)du

)′
ds

= CDα
t+j+1

Φ(t) +
1

Γ(n− α)

j∑
ρ=0

ρ∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=1

∫ tρ+1

tρ

(t− s)n−α−1

× λτ (s− tσ)τα+v−n

Γ(τα+ v + 1− n)
ds

+
1

Γ(n− α)

j∑
σ=0

n−1∑
v=0

cσv

+∞∑
τ=1

∫ t

tj+1

(t− s)n−α−1 λ
τ (s− tσ)τα+v−n

Γ(τα+ v + 1− n)
ds

+
1

Γ(n− α+ 1)

[ ∫ t

0

(t− s)n−α(
+∞∑
τ=0

∫ s

0

λτ (s− u)τα+α−n

Γ((τ + 1)α− n+ 1)
F (u)du)′ds

]′
.

By a similar computation, we obtain

F (t) + λx(t) = F (t) + λx(t) + cDα
t+j+1

Φ(t)− λΦ(t).

It follows that CDα
t+j+1

Φ(t) − λΦ(t) = 0 for all t ∈ (tj+1, tj+2]. By Theorem

3.2, we know that there exists cj+1v ∈ R(v ∈ N[0, n − 1]) such that Φ(t) =∑n−1
v=0 cj+1vEα,v+1(λ(t− tj+1)α)(t− tj+1)v for t ∈ (tj+1, tj+2]. Substituting Φ into

(3.28), we obtain that (3.27) holds for i = j + 1. Now suppose that (3.27) holds
for all j ∈ N0. By the mathematical induction, we know that x satisfies (3.27) and
x|(ti,ti+1] is continuous and limt→t+i

x(t) exists. The proof is complete. �

Theorem 3.12. Suppose that F is continuous on (0, 1) and there exist constants
k > −1 and l ∈ (−α,−n− k, 0] such that |F (t)| ≤ tk(1− t)l for all t ∈ (0, 1). Then
x is a solution of (3.24) if and only if there exist constants cσv ∈ R(σ ∈ N[0,m], v ∈
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N[1, n]) such that

x(t) =
i∑

σ=0

n∑
v=1

cσvEα,α−v+1(λ(t− tσ)α)(t− tσ)α−v

+
∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)F (s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

(3.29)

Proof. For t ∈ (tj , tj+1](j ∈ Nm0 ), similarly to the beginning of the proof of Theorem
3.11 we know that

tn−α|
∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)F (s)ds|

≤
∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)|F (s)|ds

≤ tn−α
∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)sk(1− s)lds

= tn−α
+∞∑
j=0

λj

Γ((j + 1)α)

∫ t

0

(t− s)α−1(t− s)αjsk(1− s)lds

≤ tn−α
+∞∑
j=0

λj

Γ((j + 1)α)

∫ t

0

(t− s)α+l−1(t− s)αjskds

= tn−α
+∞∑
j=0

λj

Γ((j + 1)α)
tα+αj+k+l

∫ 1

0

(1− w)α+αj+l−1wkdw

≤ tn−α
+∞∑
j=0

λjtαj

Γ((j + 1)α)
tα+k+l

∫ 1

0

(1− w)α+l−1wkdw

= tn+k+lEα,α(λtα)B(α+ l, k + 1).

So tn−α
∫ t

0
(t−s)α−1Eα,α(λ(t−s)α)F (s)ds is convergent and is continuous on [0, 1].

If x is a solution of (3.29), we have x ∈ PmC1−α(0, 1]. It follows for t ∈ (ti, ti+1]
and from Definition 2.2 that
RLDα

0+x(t)

=
1

Γ(n− α)

[ ∫ t

0

(t− s)n−α−1x(s)ds
](n)

=
1

Γ(n− α)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)n−α−1

×
j∑

σ=0

n∑
v=1

cσvEα,α−v+1(λ(s− tσ)α)(s− tσ)α−vds
](n)

+
1

Γ(n− α)

[ ∫ t

ti

(t− s)n−α−1
i∑

σ=0

n∑
v=1

cσvEα,α−v+1(λ(s− tσ)α)(s− tσ)α−v
](n)

+
1

Γ(n− α)

[ ∫ t

0

(t− s)n−α−1

∫ s

0

(t− u)α−1Eα,α(λ(s− u)α)F (u) du ds
](n)
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=
1

Γ(n− α)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)n−α−1

j∑
σ=0

n∑
v=1

cσv

+∞∑
τ=0

λτ (s− tσ)τα+α−v

Γ(τα+ α− v + 1)
ds
](n)

+
1

Γ(n− α)

[ ∫ t

ti

(t− s)n−α−1
i∑

σ=0

n∑
v=1

cσv

+∞∑
τ=0

λτ (s− tσ)τα+α−v

Γ(τα+ α− v + 1)
ds
](n)

+
1

Γ(n− α)

[ ∫ t

0

(t− s)n−α−1

∫ s

0

(s− u)α−1
+∞∑
τ=0

λτ (s− u)τα

Γ((τ + 1)α)
F (u) du ds

](n)

=
1

Γ(n− α)

[ i−1∑
j=0

j∑
σ=0

n∑
v=1

cσv

+∞∑
τ=0

×
∫ tj+1

tj

(t− s)n−α−1 λ
τ (s− tσ)τα+α−v

Γ(τα+ α− v + 1)
ds
](n)

+
1

Γ(n− α)

[ i∑
σ=0

n∑
v=1

cσv

+∞∑
τ=0

×
∫ t

ti

(t− s)n−α−1 λ
τ (s− tσ)τα+α−v

Γ(τα+ α− v + 1)
ds
](n)

+
1

Γ(n− α)

[ +∞∑
τ=0

∫ t

0

∫ t

u

(t− s)n−α−1(s− u)α−1λ
τ (s− u)τα

Γ((τ + 1)α)
dsF (u)du

](n)

=
1

Γ(n− α)

[ i−1∑
j=0

j∑
σ=0

n∑
v=1

cσv

+∞∑
τ=0

(t− tσ)τα+n−v

×
∫ tj+1−tσ

t−tσ

tj−tσ
t−tσ

(1− w)n−α−1 λτwτα+α−v

Γ(τα+ α− v + 1)
dw
](n)

+
1

Γ(n− α)

[ i∑
σ=0

n∑
v=1

cσv

+∞∑
τ=0

(t− tσ)τα+n−v

×
∫ 1

ti−tσ
t−tσ

(1− w)n−α−1 λτwτα+α−v

Γ(τα+ α− v + 1)
dw
](n)

+
1

Γ(n− α)

[ +∞∑
τ=0

∫ t

0

(t− u)τα+n−1

∫ 1

0

(1− w)n−α−1 λ
τwτα+α−1

Γ((τ + 1)α)
dwF (u)du

](n)

=
1

Γ(n− α)

[ i−1∑
σ=0

i−1∑
j=σ

n∑
v=1

cσv

+∞∑
τ=0

(t− tσ)τα+n−v

×
∫ tj+1−tσ

t−tσ

tj−tσ
t−tσ

(1− w)n−α−1 λτwτα+α−v

Γ(τα+ α− v + 1)
dw
](n)

+
1

Γ(n− α)

[ i∑
σ=0

n∑
v=1

cσv

+∞∑
τ=0

(t− tσ)τα+n−v

×
∫ 1

ti−tσ
t−tσ

(1− w)n−α−1 λτwτα+α−v

Γ(τα+ α− v + 1)
dw
](n)
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+
[ +∞∑
τ=0

∫ t

0

(t− u)τα+n−1 λτ

Γ(τα+ n)
F (u)du

](n)

=
1

Γ(n− α)

[ i∑
σ=0

n∑
v=1

cσv

+∞∑
τ=0

(t− tσ)τα+n−v

×
∫ 1

0

(1− w)n−α−1 λτwτα+α−v

Γ(τα+ α− v + 1)
dw
](n)

+
[ +∞∑
τ=0

∫ t

0

(t− u)τα+n−1 λτ

Γ(τα+ n)
F (u)du

](n)

=
[ i∑
σ=0

n∑
v=1

cσv

+∞∑
τ=0

(t− tσ)τα+n−v λτ

Γ(τα+ n− v + 1)

](n)

+
[ +∞∑
τ=0

∫ t

0

(t− u)τα+n−1 λτ

Γ(τα+ n)
F (u)du

](n)

=
[ i∑
σ=0

n∑
v=1

cσv

+∞∑
τ=1

(t− tσ)τα−v
λτ

Γ(τα− v + 1)

]
+
[ +∞∑
τ=1

∫ t

0

(t− u)τα−1 λτ

Γ(τα)
F (u)du

](n)

+ F (t)

= λx(t) + F (t), t ∈ (ti, ti+1].

It follows that x is a solution of (3.24).
Now we prove that if x is a solution of (3.24), then x satisfies (3.29) and x ∈

PmC1−α(0, 1] by mathematical induction. By Theorem 3.4, we know that there
exists a constant c0v ∈ R(v ∈ N [1, n] such that

x(t) =
n∑
v=1

c0vt
α−vEα,α−v+1(λtα)+

∫ t

0

(t−s)α−1Eα,α(λ(t−s)α)F (s)ds, t ∈ (t0, t1].

Hence, (3.29) holds for i = 0. Assume that (3.29) holds for i = 0, 1, 2, . . . , j ≤ m−1,
we will prove that (3.29) holds for i = j + 1. Suppose that

x(t) = Φ(t) +
j∑

σ=0

n∑
v=1

cσvEα,α−v+1(λ(t− tσ)α)(t− tσ)α−v

+
∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)F (s)ds, t ∈ (tj+1, tj+2].

Then for t ∈ (tj+1, tj+2] we have

F (t) + λx(t)

= RLDα
0+x(t) =

1
Γ(n− α)

[ j∑
ρ=0

∫ tρ+1

tρ

(t− s)−αx(s)ds+
∫ t

tj+1

(t− s)−αx(s)ds
](n)

=
1

Γ(n− α)

[ j∑
ρ=0

∫ tρ+1

tρ

(t− s)−α
( ρ∑
σ=0

n∑
v=1

cσvEα,α−v+1(λ(s− tσ)α)(s− tσ)α−v
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+
∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)F (u)du
)
ds
](n)

+
1

Γ(n− α)

[ ∫ t

tj+1

(t− s)−α
(

Φ(s) +
j∑

σ=0

n∑
v=1

cσvEα,α−v+1(λ(s− tσ)α)(s− tσ)α−v

+
∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)F (u)du
)
ds
](n)

=
1

Γ(n− α)

[ j∑
ρ=0

∫ tρ+1

tρ

(t− s)−α
ρ∑

σ=0

n∑
v=1

cσvEα,α−v+1(λ(s− tσ)α)(s− tσ)α−vds
](n)

+
1

Γ(n− α)

[ ∫ t

tj+1

(t− s)−αΦ(s)

+
j∑

σ=0

n∑
v=1

cσvEα,α−v+1(λ(s− tσ)α)(s− tσ)α−vds
](n)

+
1

Γ(n− α)

[ ∫ t

0

(t− s)−α
∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)F (u) du ds
](n)

.

As in the above discussion, we obtain

F (t) + λx(t) = RLDα
0+x(t) = F (t) + λx(t) + RLDα

t+j+1
Φ(t)− λΦ(t).

So RLDα
t+j+1

Φ(t)−λΦ(t) = 0 on (tj+1, tj+2]. Then Theorem 3.4 implies that there ex-

ists a constant cj+1v ∈ R such that Φ(t) =
∑n
v=1 cj+1v(t− ti+1)α−vEα,α−v+1(λ(t−

ti+1)α) on (tj+1, tj+2]. Hence,

x(t) =
j+1∑
ρ=0

n∑
v=1

cρv(t− tρ)α−vEα,α−v+1(λ(t− tρ)α)

+
∫ t

1

(t− s)α−1Eα,α(λ(t− s)α)f(s)ds, t ∈ (tj+1, tj+2].

By mathematical induction, we know that (3.29) holds for j ∈ N[0,m]. The proof
is complete. �

Theorem 3.13. Suppose that G is continuous on (1, e) and there exist constants
k > −1 and l ∈ (−α,−n − k, 0] such that |G(t)| ≤ (log t)k(1 − log t)l for all
t ∈ (1, e). Then x is a solution of (3.25) if and only if there exist constants
cjv ∈ R(j ∈ N[0,m], v ∈ N[1, n]) such that

x(t) =
i∑

j=0

n∑
v=1

cjv(log
t

tj
)α−vEα,α−v+1

(
λ(log

t

tj
)α
)

+
∫ t

1

(log
t

s
)α−1Eα,α(λ(log

t

s
)α)G(s)

ds

s
, t ∈ (ti, ti+1], i ∈ N[0,m].

(3.30)

Proof. For t ∈ (ti, ti+1](i ∈ N[0,m]), similarly to the beginning of the proof of
Theorem 3.12 we know that

(log t)n−α
∣∣ ∫ t

1

(log
t

s
)α−1Eα,α(λ(log

t

s
)α)G(s)

ds

s

∣∣



62 Y. LIU EJDE-2016/296

≤ (log t)n−α
∫ t

1

(log
t

s
)α−1Eα,α(λ(log

t

s
)α)(log s)k(1− log s)l

ds

s

≤ (log t)n−α
+∞∑
ι=0

λι

Γ(α(ι+ 1))

∫ t

1

(log
t

s
)αι+α+l−1(log s)k

ds

s

(because
log s
log t

= w)

= (log t)n−α
+∞∑
ι=0

λι

Γ(α(ι+ 1))
(log t)αι+α+k+l

∫ 1

0

(1− w)αι+α+l−1wkdw

≤ (log t)n+k+lEα,α(λ(log
t

s
)α)
∫ 1

0

(1− w)α+l−1wkdw

= (log t)n+k+lEα,α

(
λ(log

t

s
)α
)
B(α+ l, k + 1).

So
∫ t

1
(log t

s )α−1Eα,α

(
λ(log t

s )α
)
G(s)dss is convergent for all t ∈ (1, e] and

lim
t→1+

(log t)n−α
∫ t

1

(log
t

s
)α−1Eα,α

(
λ(log

t

s
)α
)
G(s)

ds

s

exists.
If x is a solution of (3.30), we have x ∈ LPmCn−α(1, e]. By using Definition 2.5,

it follows for t ∈ (ti, ti+1] that

RLHDα
1+x(t)

=
1

Γ(n− α)
(t
d

dt
)n
[ ∫ t

1

(log
t

s
)n−α−1x(s)

ds

s

]
=

1
Γ(n− α)

(t
d

dt
)n
[ i−1∑
σ=0

∫ tσ+1

tσ

(log
t

s
)n−α−1

×
( σ∑
j=0

n∑
v=1

cjv(log
s

tj
)α−vEα,α−v+1(λ(log

s

tj
)α)

+
∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

)ds
s

+
∫ t

ti

(log
t

s
)n−α−1

( i∑
j=0

n∑
v=1

cjv(log
s

tj
)α−vEα,α−v+1(λ(log

s

tj
)α)

+
∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

)ds
s

]
=

1
Γ(n− α)

(t
d

dt
)n
[ i−1∑
σ=0

σ∑
j=0

n∑
v=1

cjv

∫ tσ+1

tσ

(log
t

s
)n−α−1(log

s

tj
)α−v

×Eα,α−v+1(λ(log
s

tj
)α)

ds

s

]
+ (t

d

dt
)n
[ i∑
j=0

n∑
v=1

cjv

∫ t

ti

(log
t

s
)n−α−1(log

s

tj
)α−vEα,α−v+1(λ(log

s

tj
)α)

ds

s

]
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+
1

Γ(n− α)
(t
d

dt
)n
[ ∫ t

1

(log
t

s
)n−α−1

∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

ds

s

]
.

One sees that∫ t

ti

(log
t

s
)n−α−1(log

s

tv
)α−vEα,α−v+1(λ(log

s

tv
)α)

ds

s

=
+∞∑
κ=0

λκ

Γ(κα+ α− v + 1))

∫ t

ti

(log
t

s
)n−α−1(log

s

tv
)ακ+α−v ds

s

(because
log s− log tv
log t− log tv

= w)

=
+∞∑
κ=0

λκ

Γ(κα+ α− v + 1)
(log

t

tv
)ακ+n−v

∫ 1

log ti−log tv
log t−log tv

(1− w)n−α−1wακ+α−vdw

and∫ ti+1

ti

(log
t

s
)n−α−1(log

s

tv
)α−vEα,α−v+1

(
λ(log

s

tv
)α
)ds
s

=
+∞∑
κ=0

λκ

Γ(κα+ α− v + 1)
(log

t

tv
)ακ+n−v

∫ log ti+1−log tv
log t−log tv

log ti−log tv
log t−log tv

(1− w)n−α−1wακ+α−vdw.

Similarly,∫ t

1

(log
t

s
)n−α−1

∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

ds

s

=
∫ t

1

∫ t

u

(log
t

s
)n−α−1(log

s

u
)α−1Eα,α(λ(log

s

u
)α)

ds

s
G(u)

du

u

=
∫ t

1

∫ t

u

(log
t

s
)n−α−1(log

s

u
)α−1

+∞∑
κ=0

λκ(log s
u )κα

Γ((κ+ 1)α)
ds

s
G(u)

du

u

=
+∞∑
κ=0

∫ t

1

(log
t

u
)ακ+n−1 λκ

Γ(α(κ+ 1))

∫ 1

0

(1− w)n−α−1wακ+α−1dwG(u)
du

u
.

So

RLHDα
1+x(t)

=
1

Γ(n− α)
(t
d

dt
)n
[ i−1∑
σ=0

σ∑
j=0

n∑
v=1

cjv

+∞∑
κ=0

λκ(log t
tj

)ακ+n−v

Γ(κα+ α− v + 1)

×
∫ log tσ+1−log tj

log t−log tj

log tσ−log tj
log t−log tj

(1− w)n−α−1wακ+α−vdw
]

+ (t
d

dt
)n
[ i∑
j=0

n∑
v=1

cjv

+∞∑
κ=0

λκ

Γ(κα+ α− v + 1)
(log

t

tj
)ακ+n−v

×
∫ 1

log ti−log tj
log t−log tj

(1− w)n−α−1wακ+α−vdw
]
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+
1

Γ(n− α)
(t
d

dt
)n
[ +∞∑
κ=0

∫ t

1

(log
t

u
)ακ+n−1 λκ

Γ(α(κ+ 1))

×
∫ 1

0

(1− w)n−α−1wακ+α−1dwG(u)
du

u

]
=

1
Γ(n− α)

(t
d

dt
)n
[ i−1∑
j=0

n∑
v=1

cjv

+∞∑
κ=0

λκ(log t
tj

)ακ+n−v

Γ(κα+ α− v + 1)

×
∫ log ti−log tj

log t−log tj

0

(1− w)n−α−1wακ+α−vdw
]

+ (t
d

dt
)n
[ i∑
j=0

n∑
v=1

cjv

+∞∑
κ=0

λκ

Γ(κα+ α− v + 1)
(log

t

tj
)ακ+n−v

×
∫ 1

log ti−log tj
log t−log tj

(1− w)n−α−1wακ+α−vdw
]

+
1

Γ(n− α)
(t
d

dt
)n
[ +∞∑
κ=0

∫ t

1

(log
t

u
)ακ+n−1 λκ

Γ(α(κ+ 1))

×
∫ 1

0

(1− w)n−α−1wακ+α−1dwG(u)
du

u

]
= (t

d

dt
)n
[ i∑
j=0

n∑
v=1

cjv

+∞∑
κ=0

λκ(log t
tj

)ακ+n−v

Γ(κα+ n− v + 1)

]

+ (t
d

dt
)n
[ +∞∑
κ=0

∫ t

1

(log
t

u
)ακ+n−1 λκ

Γ(ακ+ n)
G(u)

du

u

]
= (t

d

dt
)n−1

[ i∑
j=0

n∑
v=1

cjv

+∞∑
κ=0

λκ(log t
tj

)ακ+n−v−1

Γ(κα+ n− v)

]

+ (t
d

dt
)n−1

[ +∞∑
κ=0

∫ t

1

(log
t

u
)ακ+n−2 λκ

Γ(ακ+ n− 1)
G(u)

du

u

]
= . . .

=
i∑

j=0

n∑
v=1

cjv

+∞∑
κ=0

λκ(log t
tj

)ακ−v

Γ(κα− v + 1)
+

+∞∑
κ=0

∫ t

1

(log
t

u
)ακ−1 λκ

Γ(ακ)
G(u)

du

u

= λx(t) + F (t), t ∈ (ti, ti+1].

It follows that x is a solution of (3.25).
Now we prove that if x is a solution of (3.25), then x satisfies (3.30) and x ∈

LPmCn−α(1, e] by mathematical induction. By Theorem 3.6, we know that there
exists a constant c0v ∈ R(v ∈ N [1, n]) such that

x(t) =
n∑
v=0

c0v(log t)α−vEα,α(λ(log t)α) +
∫ t

1

(log
t

s
)α−1Eα,α(λ(

t

s
)α)F (s)ds,
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for t ∈ (t0, t1]. Hence (3.30) holds for i = 0. Assume that (3.30) holds for i =
0, 1, 2, . . . , j ≤ m− 1, we will prove that (3.30) holds for i = j + 1. Suppose that

x(t) = Φ(t) +
j∑

σ=0

n∑
v=1

cσv(log
t

tσ
)α−vEα,α−v+1

(
λ(log

t

tσ
)α
)

+
∫ t

1

(log
t

s
)α−1Eα,α

(
λ(log

t

s
)α
)
G(s)

ds

s
, t ∈ (tj+1, tj+2].

Then for t ∈ (tj+1, tj+2] we have

F (t) + λx(t)

= RLHDα
1+x(t)

=
1

Γ(n− α)
(t
d

dt
)n
[ j∑
ρ=0

∫ tρ+1

tρ

(log
t

s
)n−α−1x(s)

ds

s
+
∫ t

tj+1

(log
t

s
)n−α−1x(s)

ds

s

]

=
1

Γ(n− α)
(t
d

dt
)n
[ j∑
ρ=0

∫ tρ+1

tρ

(log
t

s
)n−α−1

×
( ρ∑
σ=0

n∑
v=1

cσv(log
s

tσ
)α−vEα,α−v+1

(
λ(log

s

tσ
)α
)

+
∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

)ds
s

+
∫ t

tj+1

(log
t

s
)n−α−1(Φ(s) +

j∑
σ=0

n∑
v=1

cσv(log
s

tσ
)α−vEα,α−v+1(λ(log

s

tσ
)α)

+
∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u
)
ds

s

]
= RLHDα

t+j+1
Φ(t) +

1
Γ(n− α)

(t
d

dt
)n
[ j∑
ρ=0

∫ tρ+1

tρ

(log
t

s
)n−α−1

×
ρ∑

σ=0

n∑
v=1

cσv(log
s

tσ
)α−vEα,α−v+1

(
λ(log

s

tσ
)α
)]

+
1

Γ(n− α)
(t
d

dt
)n

×
[ ∫ t

tj+1

(log
t

s
)n−α−1

j∑
σ=0

n∑
v=1

cσv(log
s

tσ
)α−vEα,α−v+1(λ(log

s

tσ
)α)
]

+
1

Γ(n− α)
(t
d

dt
)n
[ ∫ t

1

(log
t

s
)n−α−1

∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

ds

s

]
.

As above, we can obtain

F (t) + λx(t) = RLHDα
1+x(t) = F (t) + λx(t) + RLHDα

t+j+1
Φ(t)− λΦ(t).

So RLHDα
t+j+1

Φ(t)−λΦ(t) = 0 on (tj+1, tj+2]. Then Theorem 3.6 implies that there

exists a constant cj+1v ∈ R(v ∈ N [1, n]) such that

Φ(t) =
n∑
v=1

cj+1v(log
t

tj+1
)α−vEα,α(λ(

t

tj+1
)α)
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on (tj+1, tj+2]. Hence

x(t) =
j+1∑
ρ=0

n∑
v=1

cρv(log
t

tρ
)α−vEα,α−v+1(λ(log

t

tρ
)α)

+
∫ t

1

(log
t

s
)α−1Eα,α(λ(log

t

s
)α)G(s)

ds

s
, t ∈ (tj+1, tj+2].

By mathematical induction, we know that (3.30) holds for j ∈ N0. The proof is
complete. �

Theorem 3.14. Suppose that G is continuous on (1, e) and there exist constants
k > −α + n − 1 and l ∈ (−α,−α + k, 0] such that |G(t)| ≤ (log t)k(1 − log t)l for
all t ∈ (1, e). Then x is a piecewise solution of (3.26) if and only if there exist
constants cjv ∈ R(j ∈ N [0,m], v ∈ N [1, n]) such that

x(t) =
j∑
ρ=0

n−1∑
v=0

cρv(log
t

tρ
)vEα,v+1(λ(log

t

tρ
)α)

+
∫ t

1

(log
t

s
)α−1Eα,α(λ(log

t

s
)α)G(s)

ds

s
, t ∈ (tj , tj+1], j ∈ N [0,m].

(3.31)

Proof. For t ∈ (tj , tj+1](j ∈ N [0,m]), similarly to the beginning of the proof of
Theorem 3.13 we know that∣∣ ∫ t

1

(log
t

s
)α−1Eα,α(λ(log

t

s
)α)G(s)

ds

s

∣∣
≤ (log t)α+k+lEα,α(λ(log

t

s
)α)B(α+ l, k + 1).

So
∫ t

1
(log t

s )α−1Eα,α(λ(log t
s )α)G(s)dss is convergent for all t ∈ (1, e] and

lim
t→1+

∫ t

1

(log
t

s
)α−1Eα,α(λ(log

t

s
)α)G(s)

ds

s

exists. We have
+∞∑
τ=0

λτ

Γ(α(τ + 1)− n+ 1)

∫ s

1

(log
s

u
)τα+α−n|G(u)|du

u

≤
+∞∑
τ=0

λτ

Γ(α(τ + 1)− n+ 1)

∫ s

1

(log
s

u
)τα+α−n(log

e

u
)l(log u)k

du

u

≤
+∞∑
τ=0

λτ

Γ(α(τ + 1)− n+ 1)

∫ s

1

(log
s

u
)τα+α+l−n(log u)k

du

u

=
+∞∑
τ=0

λτ

Γ(α(τ + 1)− n+ 1)
(log s)τα+α+k+l−n+1

∫ 1

0

(1− w)ατ+α+l−nwkdw

≤ (log s)α+k+l−n+1Eα,α−v+1(λ(log s)α)
∫ 1

0

(1− w)α+l−nwkdw

≤ Eα,α−v+1(λ(log s)α)B(α+ l − n+ 1, k + 1).
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So

lim
s→1+

+∞∑
τ=0

λτ

Γ(α(τ + 1)− n+ 1)

∫ s

1

(log
s

u
)τα+α−n|G(u)|du

u
= 0.

If x is a solution of (3.31), we have x ∈ LPmC(1, e]. By using Definition 2.6, it
follows for t ∈ (ti, ti+1] that
CHDα

1+x(t)

=
1

Γ(n− α)

∫ t

1

(log
t

s
)n−α−1(s

d

ds
)nx(s)

ds

s

=
1

Γ(n− α)

[ i−1∑
σ=0

∫ tσ+1

tσ

(log
t

s
)n−α−1(s

d

ds
)n
( σ∑
ρ=0

n−1∑
v=0

cρv(log
s

tρ
)vEα,v+1(λ(log

s

tρ
)α)

+
∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

)ds
s

+
∫ t

ti

(log
t

s
)n−α−1(s

d

ds
)n
( i∑
ρ=0

n−1∑
v=0

cρv(log
s

tρ
)vEα,v+1(λ(log

s

tρ
)α)

+
∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

)ds
s

]
=

1
Γ(n− α)

i−1∑
σ=0

σ∑
ρ=0

n−1∑
v=0

cρv

∫ tσ+1

tσ

(log
t

s
)n−α−1(s

d

ds
)n(log

s

tρ
)vEα,v+1

(
λ(log

s

tρ
)α
)ds
s

+
1

Γ(n− α)

i∑
ρ=0

n−1∑
v=0

cρv

∫ t

ti

(log
t

s
)n−α−1(s

d

ds
)n(log

s

tρ
)vEα,v+1(λ(log

s

tρ
)α)

ds

s

× 1
Γ(n− α)

∫ t

1

(log
t

s
)n−α−1(s

d

ds
)n
∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

ds

s
.

One sees that∫ t

ti

(log
t

s
)n−α−1(s

d

ds
)n
(
(log

s

tρ
)vEα,v+1

(
λ(log

s

tv
)α
))ds

s

=
∫ t

ti

(log
t

s
)n−α−1(s

d

ds
)n
( +∞∑
τ=0

λτ (log s
tρ

)τα+v

Γ(τα+ v + 1)

)ds
s

=
∫ t

ti

(log
t

s
)n−α−1

( +∞∑
τ=1

λτ (log s
tρ

)τα+v−n

Γ(τα+ v − n+ 1)

)ds
s

=
+∞∑
τ=1

λτ

Γ(τα+ v − n+ 1)
(log

t

tρ
)α(τ−1)+v

∫ 1

log ti−log tρ
log t−log tρ

(1− w)n−α−1wτα+v−ndw

and∫ tσ+1

tσ

(log
t

s
)n−α−1(s

d

ds
)n(log

s

tρ
)vEα,v+1

(
λ(log

s

tρ
)α
)ds
s

=
+∞∑
τ=1

λτ

Γ(τα+ v − n+ 1)
(log

t

tρ
)α(τ−1)+v

∫ log tσ+1−log tρ
log t−log tρ

log tσ−log tρ
log t−log tρ

(1− w)n−α−1wατ+v−ndw.
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Similarly,

∫ t

1

(log
t

s
)n−α−1(s

d

ds
)n
∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

ds

s

=
∫ t

1

(log
t

s
)n−α−1(s

d

ds
)n

+∞∑
τ=0

λτ

Γ(α(τ + 1))

∫ s

1

(log
s

u
)τα+α−1G(u)

du

u

ds

s

=
∫ t

1

(log
t

s
)n−α−1(s

d

ds
)

+∞∑
τ=0

λτ

Γ(α(τ + 1)− n+ 1)

∫ s

1

(log
s

u
)τα+α−nG(u)

du

u

ds

s

=
t

n− α

[ ∫ t

1

(log
t

s
)n−α(

+∞∑
τ=0

λτ

Γ(α(τ + 1)− n+ 1)

∫ s

1

(log
s

u
)τα+α−nG(u)

du

u
)′ds

]′
=

t

n− α

[
(log

t

s
)n−α(

+∞∑
τ=0

λτ

Γ(α(τ + 1)− n+ 1)

∫ s

1

(log
s

u
)τα+α−nG(u)

du

u
)|t1

+ (n− α)
∫ t

1

(log
t

s
)n−α−1

+∞∑
τ=0

λτ

Γ(α(τ + 1)− n+ 1)

∫ s

1

(log
s

u
)τα+α−nG(u)

du

u

ds

s

]′
= t
[ ∫ t

1

(log
t

s
)n−α−1

+∞∑
τ=0

λτ

Γ(α(τ + 1)− n+ 1)

∫ s

1

(log
s

u
)τα+α−nG(u)

du

u

ds

s

]′
= t
[ +∞∑
τ=0

λτ

Γ(α(τ + 1)− n+ 1)

∫ t

1

∫ t

u

(log
t

s
)n−α−1(log

s

u
)τα+α−n ds

s
G(u)

du

u

]′
= t

[
+∞∑
τ=0

λτ

Γ(α(τ + 1)− n+ 1)

∫ t

1

(log
t

u
)ατ
∫ 1

0

(1− w)n−α−1wτα+α−ndwG(u)
du

u

]′

= G(t)
B(n− α, α− n+ 1)

Γ(α− n+ 1)
+

+∞∑
τ=1

(ατ)λτB(n− α, ατ + α− n+ 1)
Γ(α(τ + 1)− n+ 1)

×
∫ t

1

(log
t

u
)ατ−1G(u)

du

u
.

So

CHDα
1+x(t)

=
1

Γ(n− α)

i−1∑
σ=0

σ∑
ρ=0

n−1∑
v=0

cρv

+∞∑
τ=1

λτ

Γ(τα+ v − n+ 1)
(log

t

tρ
)α(τ−1)+v

×
∫ log tσ+1−log tρ

log t−log tρ

log tσ−log tρ
log t−log tρ

(1− w)n−α−1wατ+v−ndw

+
1

Γ(n− α)

i∑
ρ=0

n−1∑
v=0

cρv

+∞∑
τ=1

λτ

Γ(τα+ v − n+ 1)
(log

t

tρ
)α(τ−1)+v

×
∫ 1

log ti−log tρ
log t−log tρ

(1− w)n−α−1wτα+v−ndw
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+G(t) +
+∞∑
τ=1

(ατ)λτ

Γ(ατ + 1)

∫ t

1

(log
t

u
)ατ−1G(u)

du

u

=
1

Γ(n− α)

i−1∑
ρ=0

n−1∑
v=0

cρv

+∞∑
τ=1

λτ

Γ(τα+ v − n+ 1)
(log

t

tρ
)α(τ−1)+v

×
i−1∑
σ=ρ

∫ log tσ+1−log tρ
log t−log tρ

log tσ−log tρ
log t−log tρ

(1− w)n−α−1wατ+v−ndw

+
1

Γ(n− α)

i∑
ρ=0

n−1∑
v=0

cρv

+∞∑
τ=1

λτ

Γ(τα+ v − n+ 1)
(log

t

tρ
)α(τ−1)+v

×
∫ 1

log ti−log tρ
log t−log tρ

(1− w)n−α−1wτα+v−ndw

+G(t) +
+∞∑
τ=1

(ατ)λτ

Γ(ατ + 1)

∫ t

1

(log
t

u
)ατ−1G(u)

du

u

=
1

Γ(n− α)

i−1∑
ρ=0

n−1∑
v=0

cρv

+∞∑
τ=1

λτ

Γ(τα+ v − n+ 1)
(log

t

tρ
)α(τ−1)+v

×
∫ log ti+1−log tρ

log t−log tρ

0

(1− w)n−α−1wατ+v−ndw

+
1

Γ(n− α)

i∑
ρ=0

n−1∑
v=0

cρv

+∞∑
τ=1

λτ

Γ(τα+ v − n+ 1)
(log

t

tρ
)α(τ−1)+v

×
∫ 1

log ti−log tρ
log t−log tρ

(1− w)n−α−1wτα+v−ndw

+G(t)

+
+∞∑
τ=1

(ατ)λτ

Γ(ατ + 1)

∫ t

1

(log
t

u
)ατ−1G(u)

du

u

=
1

Γ(n− α)

i∑
ρ=0

n−1∑
v=0

cρv

+∞∑
τ=1

λτ

Γ(τα+ v − n+ 1)
(log

t

tρ
)α(τ−1)+v

×
∫ 1

0

(1− w)n−α−1wατ+v−ndw +G(t)

+
+∞∑
τ=1

(ατ)λτ

Γ(ατ + 1)

∫ t

1

(log
t

u
)ατ−1G(u)

du

u

=
i∑

ρ=0

n−1∑
v=0

cρv

+∞∑
τ=1

λτ

Γ(τα− α+ v + 1)
(log

t

tρ
)α(τ−1)+v +G(t)

+
+∞∑
τ=1

(ατ)λτ

Γ(ατ + 1)

∫ t

1

(log
t

u
)ατ−1G(u)

du

u

= λx(t) +G(t), t ∈ (ti, ti+1].
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It follows that x is a solution of (3.26).
Now we prove that if x is a solution of (3.26), then x satisfies (3.31) and x ∈

LPmC(1, e] by mathematical induction. By Theorem 3.8, we know that there exists
a constant c0v ∈ R(v ∈ N [0, n− 1]) such that

x(t) =
n−1∑
v=0

c0v(log t)vEα,v+1(λ(log t)α) +
∫ t

1

(log
t

s
)α−1Eα,α(λ(

t

s
)α)F (s)ds,

for t ∈ (t0, t1]. Hence (3.31) holds for j = 0. Assume that (3.31) holds for j =
0, 1, 2, . . . , i ≤ m− 1, we will prove that (3.31) holds for j = i+ 1. Suppose that

x(t) = Φ(t) +
i∑

σ=0

n−1∑
v=0

cσv(log
t

tσ
)vEα,v+1

(
λ(log

t

tσ
)α
)

+
∫ t

1

(log
t

s
)α−1Eα,α(λ(log

t

s
)α)G(s)

ds

s
, t ∈ (ti+1, ti+2].

Then for t ∈ (ti+1, ti+2] we have

F (t) + λx(t)

= CHDα
1+x(t)

=
1

Γ(n− α)

[ i∑
j=0

∫ tj+1

tj

(log
t

s
)n−α−1(s

d

ds
)nx(s)

ds

s

+
∫ t

ti+1

(log
t

s
)n−α−1(s

d

ds
)nx(s)

ds

s

]
=

1
Γ(n− α)

i∑
j=0

∫ tj+1

tj

(log
t

s
)n−α−1(s

d

ds
)n
( j∑
σ=0

n−1∑
v=0

cσv(log
s

tσ
)vEα,v+1

(
λ(log

s

tσ
)α
)

+
∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

)ds
s

+
1

Γ(n− α)

∫ t

ti+1

(log
t

s
)n−α−1

× (s
d

ds
)n
(

Φ(s) +
i∑

σ=0

n−1∑
v=0

cσv(log
s

tσ
)vEα,v+1(λ(log

s

tσ
)α)

+
∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

)ds
s

= CHDα
t+i+1

Φ(t) +
1

Γ(n− α)

i∑
j=0

∫ tj+1

tj

(log
t

s
)n−α−1(s

d

ds
)n

×
j∑

σ=0

n−1∑
v=0

cσv(log
s

tσ
)vEα,v+1(λ(log

s

tσ
)α)

ds

s

+
1

Γ(n− α)

∫ t

ti+1

(log
t

s
)n−α−1(s

d

ds
)n

i∑
σ=0

n−1∑
v=0

cσv(log
s

tσ
)vEα,v+1

(
λ(log

s

tσ
)α
)ds
s

+
1

Γ(n− α)

∫ t

1

(log
t

s
)n−α−1(s

d

ds
)n
∫ s

1

(log
s

u
)α−1Eα,α(λ(log

s

u
)α)G(u)

du

u

ds

s
.
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as above discussion we obtain

F (t) + λx(t) = CHDα
1+x(t) = F (t) + λx(t) + CHDα

t+i+1
Φ(t)− λΦ(t).

So CHDα
t+i+1

Φ(t) − λΦ(t) = 0 for t ∈ (ti+1, ti+2]. Then Theorem 3.8 implies that

there exists a constant ci+1v ∈ R(v ∈ N [0, n− 1]) such that

Φ(t) =
n−1∑
v=0

ci+1v(log
t

ti+1
)vEα,v+1(λ(

t

ti+1
)α), t ∈ (ti+1, ti+2].

Hence

x(t) =
i+1∑
j=0

n−1∑
v=0

cjv(log
t

tj
)vEα,v+1

(
λ(log

t

tj
)α
)

+
∫ t

1

(log
t

s
)α−1Eα,α(λ(log

t

s
)α)G(s)

ds

s
, t ∈ (ti+1, ti+2].

By mathematical induction, we know that (3.31) holds for j ∈ N0. The proof is
complete. �

3.3. Preliminaries for BVP (1.7). In this section, we present some preliminary
results that can be used in next sections for obtaining solutions to (1.7).

Lemma 3.15. Suppose that σ : (0, 1) → R is continuous and satisfies that there
exist numbers k > −1 and max{−β,−2 − k} < l ≤ 0 such that |σ(t)| ≤ tk(1 − t)l
for all t ∈ (0, 1). The x is a solutions of

RLDβ
0+x(t)− λx(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→0+

t2−βx(t) = a, x(1) = b,

lim
t→t+i

(t− ti)2−βx(t) = Ii, i ∈ N[1,m],

∆RLDβ−1
0+ x(ti) = Ji, i ∈ N[1,m],

(3.32)

if and only if x ∈ P1C1−α(0, 1] and

x(t) =
tβ−1Eβ,β(λtβ)

Eβ,β(λ)

[
b− aEβ,β−1(λ)−

∫ 1

0

(1− s)β−1Eβ,β(λ(1− s)β)σ(s)ds

−
m∑
σ=1

((1− tσ)β−1Eβ,β(λ(1− tσ)β)Jσ + (1− tσ)β−2Eβ,β−1(λ(1− tσ)β)Iσ)
]

+ atβ−2Eβ,β−1(λtα)

+
i∑

σ=1

[
(t− tσ)β−1Eβ,β(λ(t− tσ)β)Jσ + (t− tσ)β−2Eβ,β−1(λ(t− tσ)β)Iσ

]
+
∫ t

0

(t− s)β−1Eβ,β(λ(t− s)β)σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

(3.33)
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Proof. Let x be a solution of (3.32). By Theorem 3.12, we know that there exist
numbers cσ0, cσ1 ∈ R(σ ∈ N[1, n]) such that

x(t) =
i∑

σ=0

[
cσ1(t− tσ)β−1Eβ,β(λ(t− tσ)β) + cσ2(t− tσ)β−2Eβ,β−1(λ(t− tσ)β)

]
+
∫ t

0

(t− s)β−1Eβ,β(λ(t− s)β)σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

(3.34)
One has

RLDβ−1
0+ [(t− tσ)β−1Eβ,β(λ(t− tσ)β)]

=
1

Γ(2− β)

[ +∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ t

0

(t− s)1−β(s− tσ)τβ+β−1ds
]′

=
1

Γ(2− β)

[ +∞∑
τ=0

λτ

Γ((τ + 1)β)
(t− tσ)τβ+1

∫ 1

0

(1− w)1−βwτβ+β−1dw
]′

= Eβ,1(λ(t− tσ)β),
RLDβ−1

0+

[
(t− tσ)β−2Eβ,β−1(λ(t− tσ)β)

]
= λ(t− tσ)βEβ,β+1(λ(t− tσ)β),

RLDβ−1
0+

[
(t− s)β−1Eβ,β(λ(t− s)β)

]
= Eβ,1(λ(t− s)β).

It follows that
RLDβ−1

0+ x(t)

=
i∑

σ=0

[
cσ1Eβ,1(λ(t− tσ)β) + cσ2λ(t− tσ)βEβ,β+1(λ(t− tσ)β)

]
+
∫ t

0

Eβ,1(λ(t− s)β)σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

(3.35)

It follows from the boundary conditions and the impulse assumption in (3.32) that
c02 = a, cσ2 = Iσ(σ ∈ N[1,m]), cσ1 = Jσ(σ ∈ N[1,m]) and

m∑
σ=0

[
cσ1(1− tσ)β−1Eβ,β(λ(1− tσ)β) + cσ2(1− tσ)β−2Eβ,β−1(λ(1− tσ)β)

]
+
∫ 1

0

(1− s)β−1Eβ,β(λ(1− s)β)σ(s)ds = b.

Then

c0,1 =
1

Eβ,β(λ)

[
b− aEβ,β−1(λ)−

∫ 1

0

(1− s)β−1Eβ,β(λ(1− s)β)σ(s)ds

−
m∑
σ=1

((1− tσ)β−1Eβ,β(λ(1− tσ)β)Jσ

+ (1− tσ)β−2Eβ,β−1(λ(1− tσ)β)Iσ)
]
.

(3.36)

Substituting cσ1, cσ2(σ ∈ N [0,m]) into (3.25), we obtain (3.33) obviously.
On the other hand, if x satisfies (3.33), then x|(ti,ti+1](i ∈ N[0,m]) are continuous

and the limits limt→t+i
(t − ti)2−βx(t) (i ∈ N[0,m]) exist. So x ∈ PmC2−β(0, 1].
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Using (3.36) and c02 = a, cσ2 = Iσ(σ ∈ N [1,m]), cσ1 = Jσ(σ ∈ N[1,m]), we rewrite
x by

x(t) =
i∑

σ=0

[
cσ1(t− tσ)β−1Eβ,β(λ(t− tσ)β) + cσ2(t− tσ)β−2Eβ,β−1(λ(t− tσ)β)

]
+
∫ t

0

(t− s)β−1Eβ,β(λ(t− s)α)σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

Since σ is continuous on (0, 1) and |σ(t)| ≤ tk(1 − t)l, one can show easily that x
is continuous on (ti, ti+1](i = 0, 1) and using the method at the beginning of the
proof of this lemma, we know that both limits limt→t+i

(t− ti)2−βx(t) (i ∈ N[0,m])
exist. So x ∈ PmC2−β(0, 1]. Furthermore, by direct computation, we have x(1) = b,
and limt→0+ t1−βx(t) = a. One have from Theorem 3.12 easily for t ∈ (t0, t1] that
Dβ

0+x(t) = λx(t) + σ(t) and for t ∈ (tj , tj+1] that

RLDβ
0+x(t)

=
1

Γ(2− β)

[ ∫ t

0

(t− s)1−βx(s)ds
]′′

=
1

Γ(2− β)

[ j−1∑
i=0

∫ ti+1

ti

(t− s)1−β
( i∑
σ=0

2∑
v=1

cσv(s− tσ)β−vEβ,β−v+1(λ(s− tσ)β)

+
∫ s

0

(s− u)β−1Eβ,β(λ(s− u)β)σ(u)du
)
ds
]′′

+
1

Γ(2− β)

[ ∫ t

tj

(t− s)1−β
( j∑
σ=0

2∑
v=1

cσv(s− tσ)β−vEβ,β−v+1(λ(s− tσ)β)

+
∫ s

0

(s− u)β−1Eβ,β(λ(s− u)β)σ(u)du
)
ds
]′′

=
1

Γ(2− β)

[ j−1∑
i=0

∫ ti+1

ti

(t− s)1−β
i∑

σ=0

2∑
v=1

cσv(s− tσ)β−vEβ,β−v+1(λ(s− tσ)β)ds
]′′

+
1

Γ(2− β)

[ ∫ t

tj

(t− s)1−β
j∑

σ=0

2∑
v=1

cσv(s− tσ)β−vEβ,β−v+1(λ(s− tσ)β)ds
]′′

+
1

Γ(2− β)

[ ∫ t

0

(t− s)1−β
∫ s

0

(s− u)β−1Eβ,β(λ(s− u)β)σ(u) du ds
]′′

=
1

Γ(2− β)

[ j−1∑
i=0

i∑
σ=0

2∑
v=1

cσv

+∞∑
τ=0

λτ

Γ((τ + 1)β − v + 1)

×
∫ ti+1

ti

(t− s)1−β(s− tσ)τβ+β−vds
]′′

+
1

Γ(2− β)

[ j∑
σ=0

2∑
v=1

cσv

+∞∑
τ=0

λτ

Γ((τ + 1)β − v + 1)

∫ t

tj

(t− s)1−β(s− tσ)τβ+β−vds
]′′

+
1

Γ(2− β)

[ +∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ t

0

∫ t

u

(t− s)1−β(s− u)τβ+β−1dsσ(u)du
]′′
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=
1

Γ(2− β)

[ j−1∑
σ=0

j−1∑
i=σ

2∑
v=1

cσv

+∞∑
τ=0

λτ

Γ((τ + 1)β − v + 1)
(t− tσ)τβ−v+2

×
∫ ti+1−tσ

t−tσ

ti−tσ
t−tσ

(1− w)1−βwτβ+β−vdw
]′′

+
1

Γ(2− β)

[ j∑
σ=0

2∑
v=1

cσv

+∞∑
τ=0

λτ

Γ((τ + 1)β − v + 1)
(t− tσ)τβ−v+2

×
∫ 1

tj−tσ
t−tσ

(1− w)1−βwτβ+β−vdw
]′′

+
1

Γ(2− β)

[ +∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ t

0

(t− u)τβ+1

∫ 1

0

(1− w)1−βwτβ+β−1dwσ(u)du
]′′

=
1

Γ(2− β)

[ j−1∑
σ=0

2∑
v=1

cσv

+∞∑
τ=0

λτ

Γ((τ + 1)β − v + 1)
(t− tσ)τβ−v+2

×
∫ tj−tσ

t−tσ

0

(1− w)1−βwτβ+β−vdw
]′′

+
1

Γ(2− β)

[ j∑
σ=0

2∑
v=1

cσv

+∞∑
τ=0

λτ

Γ((τ + 1)β − v + 1)
(t− tσ)τβ−v+2

×
∫ 1

tj−tσ
t−tσ

(1− w)1−βwτβ+β−vdw
]′′[ +∞∑

τ=0

λτ

Γ(τβ + 2)

∫ t

0

(t− u)τβ+1σ(u)du
]′′

=
1

Γ(2− β)

[ j∑
σ=0

2∑
v=1

cσv

+∞∑
τ=0

λτ

Γ((τ + 1)β − v + 1)
(t− tσ)τβ−v+2

∫ 1

0

(1− w)1−βwτβ+β−vdw
]′′

+ σ(t) +
+∞∑
τ=1

λτ

Γ(τβ)

∫ t

0

(t− u)τβ−1σ(u)du

=
[ j∑
σ=0

2∑
v=1

cσv

+∞∑
τ=0

λτ

Γ(τβ − v + 3)
(t− tσ)τβ−v+2

]′′
+ σ(t) +

+∞∑
τ=1

λτ

Γ(τβ)

×
∫ t

0

(t− u)τβ−1σ(u)du

=
j∑

σ=0

2∑
v=1

cσv

+∞∑
τ=1

λτ

Γ(τβ − v + 1)
(t− tσ)τβ−v + σ(t)

+
+∞∑
τ=1

λτ

Γ(τβ)

∫ t

0

(t− u)τβ−1σ(u)du

= λx(t) + σ(t).

So x is a solution of (3.32). The proof is complete. �
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Define the nonlinear operator T on PmC2−β(0, 1] for x ∈ PmC2−β(0, 1] by

(Tx)(t) =
tβ−1Eβ,β(λtβ)

Eβ,β(λ)

[ ∫ 1

0

ψ(s)H(s, x(s))ds−Eβ,β−1(λ)
∫ 1

0

φ(s)G(s, x(s))ds

−
∫ 1

0

(1− s)β−1Eβ,β(λ(1− s)β)p(s)f(s, x(s))ds

−
m∑
σ=1

((1− tσ)β−1Eβ,β(λ(1− tσ)β)J(tσ, x(tσ))

+ (1− tσ)β−2Eβ,β−1(λ(1− tσ)β)I(tσ, x(tσ)))
]

+ tβ−2Eβ,β−1(λtα)
∫ 1

0

φ(s)G(s, x(s))ds

+
i∑

σ=1

[
(t− tσ)β−1Eβ,β(λ(t− tσ)β)J(tσ, x(tσ))

+ (t− tσ)β−2Eβ,β−1(λ(t− tσ)β)I(tσ, x(tσ))
]

+
∫ t

0

(t− s)β−1Eβ,β(λ(t− s)β)p(s)f(s, x(s))ds,

for t ∈ (ti, ti+1], i ∈ N[0,m].

Lemma 3.16. Suppose that (1.A1)–(1.A5) hold, and that f,G,H are impulsive
II-Carathéodory functions, I, J discrete II-Carathódory functions. Then T : PmC2−β(0, 1]→
PmC2−β(0, 1] is well defined and is completely continuous, x ∈ PmC2−β(0, 1] is a
solution of (1.7) if and only if x ∈ PmC2−β(0, 1] is a fixed point of T .

Proof. Step (i) T : PmC2−β(0, 1] → PmC2−β(0, 1] is well defined. It comes from
the method in Theorem 3.12 that Tx|(ti,ti+1] (i ∈ N[0,m]) are continuous and the
limits limt→t+i

(t− ti)2−β(Tx)(t) (i ∈ N[0,m]) exist. We see from Lemma 3.15 that
x ∈ PmC2−β(0, 1] is a solution of BVP(1.7) if and only if x ∈ PmC2−β(0, 1] is a
fixed point of T in PmC2−β(0, 1].

Step (ii) T is continuous. Let xn ∈ PmC2−β(0, 1] with xn → x0 as n → +∞.
We can show that Txn → Tx0 as n → +∞ by using the dominant convergence
theorem. We refer the readers to the papers [120, 114, 92].

Step (iii) T is compact, i.e., T (Ω) is relatively compact for every bounded subset
Ω ⊂ P1C1−α(0, 1]. Let Ω be a bounded open nonempty subset of PmC2−β(0, 1].
We have

‖x‖ = max{ sup
t∈(ti,ti+1]

(t− ti)2−β |x(t)| : i ∈ N[0,m]} ≤ r < +∞, (3.37)

for (x, y) ∈ Ω. Since f,G,H are impulsive II-Carathéodory functions, I, J are dis-
crete II-Carathéodory functions, then there exists constantsMf ,MI ,MJ ,MG,MH ≥
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0 such that

|f(t, x(t)))| = |f(t, (t− ti)α−2(t− ti)2−αx(t))| ≤Mf , t ∈ (ti, ti+1], i ∈ N[0,m],

|G(t, x(t))| ≤MG, t ∈ (ti, ti+1], i ∈ N[0,m],

|H(t, x(t))| ≤MH , t ∈ (ti, ti+1], i ∈ N[0,m],

|I(ti, x(ti))| = |I(ti, (ti − ti−1)β−2(ti − ti−1)2−βx(ti))| ≤MI , i ∈ N[1,m],

|J(ti, x(ti))| = |I(ti, (ti − ti−1)β−2(ti − ti−1)2−βx(ti))| ≤MJ , i ∈ N[1,m].
(3.38)

This step is done in three sub-steps:

Sub-step (iii1) T (Ω) is uniformly bounded. Using (3.33) and (3.38), we have for
t ∈ (ti, ti+1] that

(t− ti)2−β |(Tx)(t)|

≤ (t− ti)2−βtβ−1Eβ,β(λtβ)
Eβ,β(λ)

[
‖ψ‖1MH + Eβ,β−1(λ)‖φ‖1MG

+
∫ 1

0

(1− s)β−1Eβ,β(λ(1− s)β)sk(1− s)ldsMf

+
m∑
σ=1

((1− tσ)β−1Eβ,β(λ(1− tσ)β)MJ + (1− tσ)β−2Eβ,β−1(λ(1− tσ)β)MI)
]

+ (t− ti)2−βtβ−2Eβ,β−1(λtα)‖φ‖1MG

+ (t− ti)2−β
i∑

σ=1

[
(t− tσ)β−1Eβ,β(λ(t− tσ)β)MJ

+ (t− tσ)β−2Eβ,β−1(λ(t− tσ)β)MI

]
+
∫ t

0

(t− s)β−1Eβ,β(λ(t− s)β)sk(1− s)ldsMf

≤ Eβ,β(|λ|)
Eβ,β(λ)

[
‖ψ‖1MH + Eβ,β−1(λ)‖φ‖1MG

+
+∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ 1

0

(1− s)τβ+β+l−1skdsMf

+
m∑
σ=1

(Eβ,β(|λ|)MJ + (1− tσ)β−2Eβ,β−1(|λ|)MI)
]

+ Eβ,β−1(|λ|)‖φ‖1MG +
m∑
σ=1

[
Eβ,β(|λ|)MJ + Eβ,β−1(|λ|)MI

]
+

+∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ t

0

(t− s)τβ+β+l−1skdsMf

≤
(Eβ,β(|λ|)Eβ,β−1(λ)‖φ‖1

Eβ,β(λ)
+ Eβ,β−1(|λ|)‖φ‖1

)
MG +

Eβ,β(|λ|)‖ψ‖1
Eβ,β(λ)

MH

+
(Eβ,β(|λ|)Eβ,β−1(|λ|)

Eβ,β(λ)

m∑
σ=1

(1− tσ)β−2 +mEβ,β−1(|λ|)
)
MI
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+
(mEβ,β(|λ|)Eβ,β(|λ|)

Eβ,β(λ)
+mEβ,β(|λ|)

)
MJ

+
(Eβ,β(|λ|)

Eβ,β(λ)
Eβ,β(|λ|) + Eβ,β(|λ|)

)
B(β + l, k + 1)Mf .

From the above discussion, we obtain

‖Tx‖ ≤
(Eβ,β(|λ|)Eβ,β−1(λ)‖φ‖1

Eβ,β(λ)
+ Eβ,β−1(|λ|)‖φ‖1

)
MG +

Eβ,β(|λ|)‖ψ‖1
Eβ,β(λ)

MH

+
(Eβ,β(|λ|)Eβ,β−1(|λ|)

Eβ,β(λ)

m∑
σ=1

(1− tσ)β−2 +mEβ,β−1(|λ|)
)
MI

+
(mEβ,β(|λ|)Eβ,β(|λ|)

Eβ,β(λ)
+mEβ,β(|λ|)

)
MJ

+ (
Eβ,β(|λ|)
Eβ,β(λ)

Eβ,β(|λ|) + Eβ,β(|λ|))B(β + l, k + 1)Mf .

(3.39)
From the above discussion, T (Ω) is uniformly bounded.

Sub-step (iii2) Prove that t→ (t− ti)2−βT (Ω) is equi-continuous on (ti, ti+1](i ∈
N[0,m]). Let

(t− ti)2−β(Tx)(t) =

{
(t− ti)2−β(Tx)(t), t ∈ (ti, ti+1],
limt→t+i

(t− ti)2−β(Tx)(t), t = ti.

Then t → (t − ti)2−β(Tx)(t) is continuous on [ti, ti+1]. Let s2 ≤ s1 and s1, s2 ∈
[ti, ti+1]. By Ascoli-CArzela theorem on the closed interval, we have

∣∣(s1 − ti)2−β(Tx)(s1)− (s2 − ti)2−β(Tx)(s2)
∣∣→ 0 uniformly as s1 → s2.

Then t → (t− ti)2−βT (Ω) is equi-continuous on (ti, ti+1](i ∈ N [0,m]). So T (Ω) is
relatively compact. Then T is completely continuous. The proof is complete. �

3.4. Preliminaries for BVP (1.8). In this section, we present some preliminary
results that can be used in next sections for get solutions of (1.8).

Lemma 3.17. Suppose that σ : (0, 1) → R is continuous and satisfies that there
exist numbers k > 1 − β and l ≤ 0 with l > max{−β,−β − k} such that |σ(t)| ≤
tk(1− t)l for all t ∈ (0, 1). The x is a solutions of

CDβ
0+x(t)− λx(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m],

x(0) = a, x′(1) = b,

∆x(ti) = Ii, ∆x′(ti) = Ji, i ∈ N[1,m]

(3.40)
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if and only if

x(t) = a+
t

Eβ,1(λ)

[
b− λEβ,β(λ)a−

m∑
σ=1

(
λEβ,β(λ(1− tσ)β)(1− tσ)β−1Iσ

+ Eβ,1(λ(1− tσ)β)Jσ
)
−
∫ 1

0

(1− s)β−1Eβ,β−1(λ(1− s)β)σ(s)ds
]

+
i∑

j=1

[Eβ,1(λ(t− tσ)β)Iσ + (t− tσ)Eβ,2(λ(t− tσ)β)Jσ]

+
∫ t

0

(t− s)β−1Eβ,β(λ(t− s)β)σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m]

(3.41)

Proof. Let x be a solution of (3.40). We know by Theorem 3.11 that there exist
numbers cσ0, cσ1 ∈ R(σ ∈ N[0,m]) such that

x(t) =
i∑

σ=0

[
cσ0Eβ,1(λ(t− tσ)β) + cσ1(t− tσ)Eβ,2(λ(t− tσ)β)

]
+
∫ t

0

(t− s)β−1Eβ,β(λ(t− s)β)σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

(3.42)

It is easy to show that[
Eβ,1(λ(t− tσ)β)

]′
= λEβ,β(λ(t− tσ)β)(t− tσ)β−1,[

(t− tσ)Eβ,2(λ(t− tσ)β)
]′

= Eβ,1(λ(t− tσ)β),[
(t− s)β−1Eβ,β(λ(t− s)β)

]′
= (t− s)β−2Eβ,β−1(λ(t− s)β).

So

x′(t) =
i∑

σ=0

[
λcσ0Eβ,β(λ(t− tσ)β)(t− tσ)β−1 + cσ1Eβ,1(λ(t− tσ)β)

]
+
∫ t

0

(t− s)β−2Eβ,β−1(λ(t− s)β)σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

(3.43)

Note Eβ,1(0) = 1, Eβ,2(0) = 1 and Eβ,β(0) = 1
Γ(β) and

∣∣ ∫ t

0

(t− s)β−1Eβ,β(λ(t− s)β)σ(s)ds
∣∣

≤
∫ t

0

(t− s)β−1Eβ,β(λ(t− s)β)sk(1− s)lds

≤
+∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ t

0

(t− s)τβ+β+l−1skds

=
+∞∑
τ=0

λτ tτβ+β+k+l

Γ((τ + 1)β)

∫ 1

0

(1− w)τβ+β+l−1wkdw

≤ tβ+k+lEβ,β(λtβ)B(β + l, k + 1)→ 0 as t→ 0+.
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It follows from (3.42), (3.43), the boundary conditions and the impulse assumption
in (3.40) that c00 = a, cσ0 = Iσ, cσ1 = Jσ, σ ∈ N[1,m], and

m∑
σ=0

[
λcσ0Eβ,β(λ(1− tσ)β)(1− tσ)β−1 + cσ1Eβ,1(λ(1− tσ)β)

]
+
∫ 1

0

(1− s)β−2Eβ,β−1(λ(1− s)β)σ(s)ds = b.

Then

c01 =
1

Eβ,1(λ)

[
b−

∫ 1

0

(1− s)β−2Eβ,β−1(λ(1− s)β)σ(s)ds

×
m∑
σ=1

(λEβ,β(λ(1− tσ)β)(1− tσ)β−1Iσ + Eβ,1(λ(1− tσ)β)Jσ)− λEβ,β(λ)a
]
.

(3.44)
Substituting cσ0, cσ1(σ ∈ N [0,m]) into (3.42), we obtain (3.33).

On the other hand, if x satisfies (3.41), then x|(ti,ti+1](i ∈ N[0,m]) are continuous
and the limits limt→t+i

x(t) (i ∈ N[0,m]) exist. So x ∈ PmC(0, 1]. Using (3.44) and
c00 = a, cσ0 = Iσ, cσ1 = Jσ, σ ∈ N[1,m], we rewrite x by

x(t) =
i∑

σ=0

[
cσ0Eβ,1(λ(t− tσ)β) + cσ1(t− tσ)Eβ,2(λ(t− tσ)β)

]
+
∫ t

0

(t− s)β−1Eβ,β(λ(t− s)β)σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0, 1].

Since σ is continuous on (0, 1) and |σ(t)| ≤ tk(1 − t)l, one can show easily that
x is continuous on (ti, ti+1](i = 0, 1) and using the method at the beginning of
the proof of this lemma, we know that the limits limt→t+i

x(t) (i ∈ N[0,m]) exist.
So x ∈ PmC(0, 1]. Next, by direct computation, we have x(0) = a, x′(1) = b,
limt→t+i

x(t)− x(ti) = Ii and limt→t+i
x(t)− x(ti) = Ji. Furthermore, we have

∣∣∣ +∞∑
τ=0

λτ

Γ((τ + 1)β − 1)

∫ s

0

(s− u)τβ+β−2σ(u)du
∣∣∣

≤
+∞∑
τ=0

λτ

Γ((τ + 1)β − 1)

∫ s

0

(s− u)τβ+β−2uk(1− u)ldu

≤
+∞∑
τ=0

λτ

Γ((τ + 1)β − 1)

∫ s

0

(s− u)τβ+β+l−2ukdu

=
+∞∑
τ=0

λτ

Γ((τ + 1)β − 1)
sτβ+β+k+l−1

∫ 1

0

(1− w)τβ+β+l−2wkdw

≤
+∞∑
τ=0

λτsτβ

Γ((τ + 1)β − 1)
sβ+k+l−1

∫ 1

0

(1− w)β+l−2wkdw

= Eα,β−1(λsβ)sβ+k+l−1B(β + l − 1, k + 1)→ 0 as s→ 0+.
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From Theorem 3.11 for t ∈ (t0, t1] we have easily that CDβ
0+x(t) = λx(t) + σ(t),

and for t ∈ (ti, ti+1] that
CDβ

0+x(t)

=
1

Γ(2− β)

∫ t

0

(t− s)1−βx′′(s)ds

=
1

Γ(2− β)

i−1∑
j=0

∫ tj+1

tj

(t− s)1−β
( j∑
σ=0

1∑
v=0

cσv(s− tσ)vEβ,v+1(λ(s− tσ)β)

+
∫ s

0

(s− u)β−1Eβ,β(λ(s− u)β)σ(u)du
)′′
ds

+
1

Γ(2− β)

∫ t

ti

(t− s)1−β
( i∑
σ=0

1∑
v=0

cσv(s− tσ)vEβ,v+1(λ(s− tσ)β)

+
∫ s

0

(s− u)β−1Eβ,β(λ(s− u)β)σ(u)du
)′′
ds

=
1

Γ(2− β)

i−1∑
j=0

∫ tj+1

tj

(t− s)1−β(
j∑

σ=0

1∑
v=0

cσv

+∞∑
τ=0

λτ

Γ(τβ + v + 1)
(s− tσ)βτ+v)′′ds

+
1

Γ(2− β)

∫ t

ti

(t− s)1−βBig(
i∑

σ=0

1∑
v=0

cσv

+∞∑
τ=0

λτ

Γ(τβ + v + 1)
(s− tσ)βτ+v

)′′
ds

+
1

Γ(2− β)

∫ t

0

(t− s)1−β
( +∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ s

0

(s− u)τβ+β−1σ(u)du
)′′
ds

=
1

Γ(2− β)

i−1∑
j=0

∫ tj+1

tj

(t− s)1−β
( j∑
σ=0

1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τβ + v − 1)
(s− tσ)βτ+v−2

)
ds

+
1

Γ(2− β)

∫ t

ti

(t− s)1−β
( i∑
σ=0

1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τβ + v − 1)
(s− tσ)βτ+v−2

)
ds

+
1

Γ(2− β)

∫ t

0

(t− s)1−β(
+∞∑
τ=0

λτ

Γ((τ + 1)β − 1)

∫ s

0

(s− u)τβ+β−2σ(u)du)′ds

=
1

Γ(2− β)

i−1∑
j=0

j∑
σ=0

1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τβ + v − 1)

∫ tj+1

tj

(t− s)1−β(s− tσ)βτ+v−2ds

+
1

Γ(2− β)

i∑
σ=0

1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τβ + v − 1)

∫ t

ti

(t− s)1−β(s− tσ)βτ+v−2ds

+
1

Γ(3− β)

[
(t− s)2−β(

+∞∑
τ=0

λτ

Γ((τ + 1)β − 1)

∫ s

0

(s− u)τβ+β−2σ(u)du)|t0

+ ((2− β)
∫ t

0

(t− s)1−β(
+∞∑
τ=0

λτ

Γ((τ + 1)β − 1)

∫ s

0

(s− u)τβ+β−2σ(u)du)ds
]′

=
1

Γ(2− β)

i−1∑
j=0

j∑
σ=0

1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τβ + v − 1)
(t− tσ)βτ−β+v
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×
∫ tj+1−tσ

t−tσ

tj−tσ
t−tσ

(1− w)1−βwβτ+v−2dw

+
1

Γ(2− β)

i∑
σ=0

1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τβ + v − 1)
(t− tσ)βτ−β+v

×
∫ 1

ti−tσ
t−tσ

(1− w)1−βwβτ+v−2dw

+
1

Γ(2− β)

[ +∞∑
τ=0

λτ

Γ((τ + 1)β − 1)

∫ t

0

∫ t

u

(t− s)1−β(s− u)τβ+β−2dsσ(u)du
]′

=
1

Γ(2− β)

i−1∑
σ=0

i−1∑
j=σ

1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τβ + v − 1)
(t− tσ)βτ−β+v

×
∫ tj+1−tσ

t−tσ

tj−tσ
t−tσ

(1− w)1−βwβτ+v−2dw

+
1

Γ(2− β)

i∑
σ=0

1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τβ + v − 1)
(t− tσ)βτ−β+v

×
∫ 1

ti−tσ
t−tσ

(1− w)1−βwβτ+v−2dw +
[ +∞∑
τ=0

λτ

Γ(τβ + 1)

∫ t

0

(t− u)τβσ(u)du
]′

=
1

Γ(2− β)

i−1∑
σ=0

1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τβ + v − 1)
(t− tσ)βτ−β+v

×
∫ ti−tσ

t−tσ

0

(1− w)1−βwβτ+v−2dw

+
1

Γ(2− β)

i∑
σ=0

1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τβ + v − 1)
(t− tσ)βτ−β+v

×
∫ 1

ti−tσ
t−tσ

(1− w)1−βwβτ+v−2dw +
[ +∞∑
τ=0

λτ

Γ(τβ + 1)

∫ t

0

(t− u)τβσ(u)du
]′

=
1

Γ(2− β)

i∑
σ=0

1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ(τβ + v − 1)
(t− tσ)βτ−β+v

×
∫ 1

0

(1− w)1−βwβτ+v−2dw + σ(t) +
+∞∑
τ=1

λτ

Γ(τβ)

∫ t

0

(t− u)τβ−1σ(u)du

=
i∑

σ=0

1∑
v=0

cσv

+∞∑
τ=1

λτ

Γ((τ − 1)β + v + 1)
(t− tσ)βτ−β+v + σ(t)

+
+∞∑
τ=1

λτ

Γ(τβ)

∫ t

0

(t− u)τβ−1σ(u)du

= λx(t) + σ(t).

So x is a solution of (3.40). The proof is complete. �
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Define the nonlinear operator Q on PmC(0, 1] by Qx for x ∈ PmC(0, 1] with

(Qx)(t)

=
∫ 1

0

φ(s)G(s, x(s))ds+
t

Eβ,1(λ)

[ ∫ 1

0

ψ(s)H(s, x(s))ds

− λEβ,β(λ)
∫ 1

0

φ(s)G(s, x(s))ds

−
m∑
σ=1

(λEβ,β(λ(1− tσ)β)(1− tσ)β−1I(tσ, x(tσ)) + Eβ,1(λ(1− tσ)β)J(tσ, x(tσ)))

−
∫ 1

0

(1− s)β−1Eβ,β−1(λ(1− s)β)p(s)f(s, x(s))ds
]

+
i∑

j=1

[
Eβ,1(λ(t− tσ)β)I(tσ, x(tσ)) + (t− tσ)Eβ,2(λ(t− tσ)β)J(tσ, x(tσ))

]
+
∫ t

0

(t− s)β−1Eβ,β(λ(t− s)β)p(s)f(s, x(s))ds, t ∈ (ti, ti+1], i ∈ N[0,m]

Lemma 3.18. Suppose that (1.A2)–(1.A3), (1.A6)–(1.A8) in the introduction
hold, and f,G,H are impulsive I-Carathéodory functions, I, J discrete I-Carathódory
functions. Then Q : PmC(0, 1] → PmC(0, 1] is well defined and is completely con-
tinuous, x ∈ PmC(0, 1] is a solution of BVP(1.8) if and only if x ∈ PmC(0, 1] is a
fixed point of Q.

The proof of the above lemma is similar to that of Lemma 3.16 and is omitted.

3.5. Preliminaries for BVP (1.9). In this section, we present some preliminary
results that can be used in next sections for get solutions of (1.9). Denote

∆ = λEβ,β(λ)2 −
( 1

Γ(β − 1)
−Eβ,β−1(λ)

)( 1
Γ(β)

−Eβ,β(λ)
)
.

Lemma 3.19. Suppose that ∆ 6= 0, σ : (0, 1)→ R is continuous and that there exist
numbers k > −1 and max{−β,−2−k} < l ≤ 0 such that |σ(t)| ≤ (log t)k(1− log t)l

for all t ∈ (1, e). Then x is a solution of

RLHDβ
1+x(t)− λx(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→1+

(log t)2−βx(t)− x(e) = a,

lim
t→1+

RLHDβ−1
1+ x(t)− RLHDβ−1

1+ x(e) = b,

lim
t→t+i

(log t− log ti)2−βx(t) = Ii, i ∈ N[1,m],

∆RLDβ−1
1+ x(ti) = Ji, i ∈ N[1,m],

(3.45)
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if and only if x ∈ LPmC2−α(1, e] and

x(t) = M1(log t)β−1Eβ,β

(
λ(log t)β

)
−M2(log t)β−2Eβ,β−1

(
λ(log t)β

)
+

i∑
σ=1

(log
t

tσ
)β−1Eβ,β

(
λ(log

t

tσ
)β
)
Γ(β)Jσ

+
i∑

σ=1

(log
t

tσ
)β−2Eβ,β−1

(
λ(log

t

tσ
)β
)
Γ(β − 1)Iσ

+
∫ t

1

(log
t

s
)β−1Eβ,β

(
λ(log

t

s
)β
)
σ(s)

ds

s
, t ∈ (ti, ti+1], i ∈ N[0,m].

(3.46)

where

M1 =
λEβ,β(λ)

∆
a+

1
Γ(β−1) −Eβ,β−1(λ)

∆
b

+
m∑
σ=1

( 1
Γ(β−1) −Eβ,β−1(λ)

∆
Eβ,β

(
λ(log

e

tσ
)β
)

+
λEβ,β(λ)

∆
(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
))

Γ(β)Jσ

+
m∑
σ=1

(
λ

1
Γ(β−1) −Eβ,β−1(λ)

∆
(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)

+
λEβ,β(λ)

∆
(log

e

tσ
)β−2Eβ,β−1

(
λ(log

e

tσ
)β
))

Γ(β − 1)Iσ

+
∫ e

1

(
λ

1
Γ(β−1) −Eβ,β−1(λ)

∆
Eβ,1

(
λ(log

e

s
)β
)

+
λEβ,β(λ)

∆
(log

e

s
)β−1Eβ,β

(
λ(log

e

s
)β
))
σ(s)

ds

s
,

and

M2 =
1

Γ(β) −Eβ,β(λ)

∆
a+

Eβ,β(λ)
∆

b+
m∑
σ=1

( 1
Γ(β) −Eβ,β(λ)

∆
(log

e

tσ
)β−1

×Eβ,β

(
λ(log

e

tσ
)β
)

+
Eβ,β(λ)

∆
Eβ,β

(
λ(log

e

tσ
)β
))

Γ(β)Jσ

+
m∑
σ=1

( 1
Γ(β) −Eβ,β(λ)

∆
(log

e

tσ
)β−2Eβ,β−1

(
λ(log

e

tσ
)β
)

+
λEβ,β(λ)

∆
(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
))

Γ(β − 1)Iσ

+
∫ e

1

( 1
Γ(β) −Eβ,β(λ)

∆
(log

e

s
)β−1Eβ,β

(
λ(log

e

s
)β
)

+ λ
Eβ,β(9(λ)

∆
Eβ,1

(
λ(log

e

s
)β
))
σ(s)

ds

s
.
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Proof. Let x be a solution of (3.45). We know from Theorem 3.6 that there exist
numbers cσ1, cσ2 ∈ R such that

x(t) =
i∑

σ=0

(cσ1(log
t

tσ
)β−1Eβ,β

(
λ(log

t

tσ
)β
)

+ cσ2(log
t

tσ
)β−2Eβ,β−1

(
λ(log

t

tσ
)β
)
)

+
∫ t

1

(log
t

s
)β−1Eβ,β

(
λ(log

t

s
)β
)
σ(s)

ds

s
,

(3.47)

for t ∈ (ti, ti+1], i ∈ N[0,m]. From

RLHDβ−1
1+ (log

t

tσ
)β−vEβ,β−v+1

(
λ(log

t

tσ
)β
)

=
1

Γ(2− β)
(t
d

dt
)
∫ t

1

(log
t

s
)1−β(log

s

tσ
)β−vEβ,β−v+1

(
λ(log

s

tσ
)β
)ds
s

=
1

Γ(2− β)
(t
d

dt
)

+∞∑
τ=0

λτ

Γ(τβ + β − v + 1)

∫ t

1

(log
t

s
)1−β(log

s

tσ
)τβ+β−v ds

s

=
1

Γ(2− β)
(t
d

dt
)

+∞∑
τ=0

λτ

Γ(τβ + β − v + 1)
(log

t

tσ
)τβ−v+2

×
∫ 1

0

(1− w)1−βwτβ+β−vdw

= (t
d

dt
)

+∞∑
τ=0

λτ

Γ(τβ − v + 3)
(log

t

tσ
)τβ−v+2

=

{
1 +

∑+∞
τ=1

λτ

Γ(τβ) (log t
tσ

)τβ = Eβ,β(λ(log t
tσ

)β), v = 1,∑+∞
τ=1

λτ

Γ(τβ) (log t
tσ

)τβ−1 = λEβ,β(λ(log t
tσ

)β)(log t
tσ

)β−1, v = 2,

and

RLHDβ−1
1+ (log

t

s
)β−1Eβ,β

(
λ(log

t

s
)β
)

=
1

Γ(2− β)
(t
d

dt
)
∫ t

1

(log
t

u
)1−β(log

u

s
)β−1Eβ,β(λ(log

u

s
)β)

du

u

=
1

Γ(2− β)
(t
d

dt
)

+∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ t

1

(log
t

u
)1−β(log

u

s
)τβ+β−1 du

u

=
1

Γ(2− β)
(t
d

dt
)

+∞∑
τ=0

λτ

Γ((τ + 1)β)
(log

t

s
)τβ+1

∫ 1

0

(1− w)1−βwτβ+β−1dw

= (t
d

dt
)

+∞∑
τ=0

λτ

Γ(τβ + 2)
(log

t

s
)τβ+1

=
+∞∑
τ=0

λτ

Γ(τβ + 1)
(log

t

s
)τβ = Eβ,1(λ(log

t

s
)β),
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we have
RLHDβ−1

1+ x(t)

=
i∑

σ=0

[
cσ1Eβ,β(λ(log

t

tσ
)β) + λcσ2Eβ,β(λ(log

t

tσ
)β)(log

t

tσ
)β−1

]
+ λ

∫ t

1

Eβ,1

(
λ(log

t

s
)β
)
σ(s)

ds

s
, t ∈ (ti, ti+1], i ∈ N[0,m].

(3.48)

One sees that

(log t)2−β |
∫ t

1

(log
t

s
)β−1Eβ,β

(
λ(log

t

s
)β
)
σ(s)

ds

s
|

≤ (log t)2−β
∫ t

1

(log
t

s
)β−1Eβ,β

(
λ(log

t

s
)β
)
(log s)k(log

e

s
)l
ds

s

≤ (log t)2−β
+∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ t

1

(log
t

s
)τβ+β+l−1(log s)k

ds

s

= (log t)2−β
+∞∑
τ=0

λτ

Γ((τ + 1)β)
(log t)τβ+β+k+l

∫ 1

0

(1− w)τβ+β+l−1wkdw

≤ (log t)2−β
+∞∑
τ=0

λτ

Γ((τ + 1)β)
(log t)τβ+β+k+l

∫ 1

0

(1− w)β+l−1wkdw

= (log t)2+k+lEβ,β(λ(log t)β)B(β + l, k + 1)→ 0 as t→ 1+.

Similarly we have∣∣ ∫ t

1

Eβ,1

(
λ(log

t

s
)β
)
σ(s)

ds

s

∣∣
≤
∫ t

1

Eβ,1

(
λ(log

t

s
)β
)
(log s)k(log

e

s
)l
ds

s

≤
+∞∑
τ=0

λτ

Γ(τβ + 1)

∫ t

1

(log
t

s
)τβ+l(log s)k

ds

s

=
+∞∑
τ=0

λτ

Γ(τβ + 1)
(log t)τβ+k+l+1

∫ 1

0

(1− w)τβ+lwkdw

≤
+∞∑
τ=0

λτ

Γ(τβ + 1)
(log t)τβ+k+l+1

∫ 1

0

(1− w)lwkdw

= (log t)k+l+1Eβ,1

(
λ(log t)β

)
B(l + 1, k + 1)→ 0 as t→ 1+.

It follows from (3.47), (3.48), the boundary conditions and the impulse assumption
in (3.45) that

1
Γ(β − 1)

c02 −
[ m∑
σ=0

(
cσ1(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)

+ cσ2(log
e

tσ
)β−2Eβ,β−1

(
λ(log

e

tσ
)β
))

+
∫ e

1

(log
e

s
)β−1Eβ,β

(
λ(log

e

s
)β
)
σ(s)

ds

s

]
= a,
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1
Γ(β)

c01 −
[ m∑
σ=0

(
cσ1Eβ,β

(
λ(log

e

tσ
)β
)

+ λcσ2Eβ,β

(
λ(log

e

tσ
)β
)
(log

e

tσ
)β−1

)
+ λ

∫ e

1

Eβ,1

(
λ(log

e

s
)β
)
σ(s)

ds

s

]
= b

and ci2 = Γ(β − 1)Ii(i ∈ N[1,m]), ci1 = Γ(β)Ji(i ∈ N[1,m]). Then

c01 =
λEβ,β(λ)

∆
a+

1
Γ(β−1) −Eβ,β−1(λ)

∆
b

+
m∑
σ=1

[ 1
Γ(β−1) −Eβ,β−1(λ)

∆
Eβ,β

(
λ(log

e

tσ
)β
)

+
λEβ,β(λ)

∆
(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)]

Γ(β)Jσ

+
m∑
σ=1

[
λ

1
Γ(β−1) −Eβ,β−1(λ)

∆
(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)

+
λEβ,β(λ)

∆
(log

e

tσ
)β−2Eβ,β−1

(
λ(log

e

tσ
)β
)]

Γ(β − 1)Iσ

+
∫ e

1

[
λ

1
Γ(β−1) −Eβ,β−1(λ)

∆
Eβ,1

(
λ(log

e

s
)β
)

+
λEβ,β(λ)

∆
(log

e

s
)β−1Eβ,β

(
λ(log

e

s
)β
)]
σ(s)

ds

s
=: M1,

c02 = −
1

Γ(β) −Eβ,β(λ)

∆
a− Eβ,β(λ)

∆
b

−
m∑
σ=1

[ 1
Γ(β) −Eβ,β(λ)

∆
(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)

+
Eβ,β(λ)

∆
Eβ,β

(
λ(log

e

tσ
)β
)]

Γ(β)Jσ

−
m∑
σ=1

[ 1
Γ(β) −Eβ,β(λ)

∆
(log

e

tσ
)β−2Eβ,β−1

(
λ(log

e

tσ
)β
)

+
λEβ,β(λ)

∆
(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)]

Γ(β − 1)Iσ

−
∫ e

1

[ 1
Γ(β) −Eβ,β(λ)

∆
(log

e

s
)β−1Eβ,β

(
λ(log

e

s
)β
)

+ λ
Eβ,β(λ)

∆
Eβ,1

(
λ(log

e

s
)β
)]
σ(s)

ds

s
=: M2.

(3.49)

Substituting cσv(σ ∈ N [0,m], v ∈ N [1, 2] into (3.47) and (3.48), we obtain (3.46).
On the other hand, if x satisfies (3.46), then x|(ti,ti+1] (i ∈ N[0,m]) are con-

tinuous and the limits limt→t+i
(log t − log ti)2−βx(t) (i ∈ N[0,m] exist. So x ∈

LPmC2−β(1, e]. Furthermore, by direct computation, we have limt→1+(log t)2−βx(t)−
x(e) = a, limt→1+

RLHDβ−1
1+ x(t)−RLHDβ−1

1+ x(e) = b, limt→t+i
(log t−log ti)2−βx(t) =

Ii, i ∈ N[1,m] and ∆RLDβ−1
1+ x(ti) = Ji, i ∈ N[1,m].
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Using (3.49) and ci2 = Γ(β − 1)Ii(i ∈ N[1,m]), ci1 = Γ(β)Ji(i ∈ N[1,m]), we
rewrite x by (3.47). From Theorem 3.13, for t ∈ (t0, t1] easily one has RLHDβ

0+x(t) =
λx(t) + σ(t) for t ∈ (t0, t1]. For t ∈ (tj , tj+1], by Definition 2.5 we have

RLHDβ
1+x(t)

=
1

Γ(2− β)
(t
d

dt
)2

∫ t

1

(log
t

s
)1−βx(s)

ds

s

=
1

Γ(2− β)
(t
d

dt
)2
[ j−1∑
i=0

∫ ti+1

ti

(log
t

s
)1−β

( i∑
σ=0

2∑
v=1

cσv(log
s

tσ
)β−v

×Eβ,β−v+1

(
λ(log

s

tσ
)β
)

+
∫ s

1

(log
s

u
)β−1Eβ,β

(
λ(log

s

u
)β
)
σ(u)

du

u

)ds
s

+
∫ t

tj

(log
t

s
)1−β

( j∑
σ=0

2∑
v=1

cσv(log
s

tσ
)β−vEβ,β−v+1

(
λ(log

s

tσ
)β
)

+
∫ s

1

(log
s

u
)β−1Eβ,β

(
λ(log

s

u
)β
)
σ(u)

du

u

)ds
s

]
=

1
Γ(2− β)

(t
d

dt
)2
[ j−1∑
i=0

∫ ti+1

ti

(log
t

s
)1−β

i∑
σ=0

2∑
v=1

cσv(log
s

tσ
)β−v

×Eβ,β−v+1

(
λ(log

s

tσ
)β
)ds
s

]
+

1
Γ(2− β)

(t
d

dt
)2

×
[ ∫ t

tj

(log
t

s
)1−β

j∑
σ=0

2∑
v=1

cσv(log
s

tσ
)β−vEβ,β−v+1

(
λ(log

s

tσ
)β
)ds
s

]
+

1
Γ(2− β)

(t
d

dt
)2
[ ∫ t

1

(log
t

s
)1−β

∫ s

1

(log
s

u
)β−1Eβ,β

(
λ(log

s

u
)β
)
σ(u)

du

u

ds

s

]
By using the method in the proof of Theorem 3.13, we have

RLHDβ
1+x(t) =

1
Γ(2− β)

(t
d

dt
)2

∫ t

1

(log
t

s
)1−βx(s)

ds

s
= λx(t) + σ(t).

So x is a solution of (3.45). The proof is complete. �

Define the nonlinear operator R on LPmC2−β(1, e] for x ∈ LPmC2−α(1, e] by

(Rx)(t) = M1x(log t)β−1Eβ,β

(
λ(log t)β

)
−M2x(log t)β−2Eβ,β−1

(
λ(log t)β

)
+

i∑
σ=1

[
(log

t

tσ
)β−1Eβ,β

(
λ(log

t

tσ
)β
)
Γ(β)J(tσ, x(tσ))

+ (log
t

tσ
)β−2Eβ,β−1

(
λ(log

t

tσ
)β
)
Γ(β − 1)I(tσ, x(tσ))

]
+
∫ t

1

(log
t

s
)β−1Eβ,β

(
λ(log

t

s
)β
)
p(s)f(s, x(s))

ds

s
,

for t ∈ (ti, ti+1] and i ∈ N[0,m], where

M1x =
λEβ,β(λ)

∆

∫ 1

0

φ(s)G(s, x(s))ds+
1

Γ(β−1) −Eβ,β−1(λ)

∆

∫ 1

0

ψ(s)H(s, x(s))ds
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+
m∑
σ=1

(
1

Γ(β−1) −Eβ,β−1(λ)

∆
Eβ,β

(
λ(log

e

tσ
)β
)

+
λEβ,β(λ)

∆
(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)
)Γ(β)J(tσ, x(tσ))

+
m∑
σ=1

(λ
1

Γ(β−1) −Eβ,β−1(λ)

∆
(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)

+
λEβ,β(λ)

∆
(log

e

tσ
)β−2Eβ,β−1

(
λ(log

e

tσ
)β
)
)Γ(β − 1)I(tσ, x(tσ))

+
∫ e

1

(λ
1

Γ(β−1) −Eβ,β−1(λ)

∆
Eβ,1

(
λ(log

e

s
)β
)

+
λEβ,β(λ)

∆
(log

e

s
)β−1Eβ,β

(
λ(log

e

s
)β
)
)p(s)f(s, x(s))

ds

s

and

M2x =
1

Γ(β) −Eβ,β(λ)

∆

∫ 1

0

φ(s)G(s, x(s))ds+
Eβ,β(λ)

∆

∫ 1

0

ψ(s)H(s, x(s))ds

+
m∑
σ=1

(
1

Γ(β) −Eβ,β(λ)

∆
(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)

+
Eβ,β(λ)

∆
Eβ,β

(
λ(log

e

tσ
)β
)
)Γ(β)J(tσ, x(tσ))

+
m∑
σ=1

(
1

Γ(β) −Eβ,β(λ)

∆
(log

e

tσ
)β−2Eβ,β−1

(
λ(log

e

tσ
)β
)

+
λEβ,β(λ)

∆
(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)
)Γ(β − 1)I(tσ, x(tσ))

+
∫ e

1

(
1

Γ(β) −Eβ,β(λ)

∆
(log

e

s
)β−1Eβ,β

(
λ(log

e

s
)β
)

+ λ
Eβ,β(λ)

∆
Eβ,1

(
λ(log

e

s
)β
)
)p(s)f(s, x(s))

ds

s
.

Lemma 3.20. Suppose that (d), (i), (j), (k) in the intoruction hold, ∆ 6= 0, and
f,G,H are impulsive III-Carathéodory functions, I, J are discrete III-Carathódory
functions. Then R : LPmC2−β(1, e] → LPmC2−α(1, e] is well defined and is com-
pletely continuous, x is a solution of BVP(1.9) if and only if x is a fixed point of
R in LPmC2−α(1, e].

The proof of the above lemma is similar to that of Lemma 3.16 and is omitted.

3.6. Preliminaries for BVP (1.10). In this section, we present some preliminary
results that can be used in next sections for obtain solutions of (1.10).

Lemma 3.21. Suppose that λ 6= 0, σ : (0, 1) → R is continuous and satisfies that
there exist numbers k > 1 − β and l ≤ 0 with l > max{−β,−β − k} such that
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|σ(t)| ≤ (log t)k(1− log t)l for all t ∈ (0, 1). The x is a solutions of
CHDβ

1+x(t)− λx(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m],

(t
d

dt
)x(t)

∣∣
t=1

= a, (t
d

dt
)x(t)

∣∣
t=e

= b, lim
t→t+i

x(t)− x(ti) = Ii,

lim
t→t+i

(t
d

dt
)x(t)− (t

d

dt
)x(t)

∣∣
t=ti

= Ji, i ∈ N[1,m],

(3.50)

if and only if x ∈ LPmC(1, e] and

x(t) =
Eβ,1

(
λ(log t)β

)
λEβ,β(λ)

b+
[
(log t)Eβ,2(λ(log t)β)−

Eβ,1

(
λ(log t)β

)
λEβ,β(λ)

Eβ,1(λ)
]
a

−
Eβ,1

(
λ(log t)β

)
λEβ,β(λ)

m∑
σ=1

(
λ(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)
Iσ

+ Eβ,1(λ(log
e

tσ
)β)Jσ

)
−

Eβ,1

(
λ(log t)β

)
λEβ,β(λ)

∫ e

1

(log
e

s
)β−2Eβ,β−1

(
λ(log

e

s
)β
)
σ(s)

ds

s

+
i∑

σ=1

(
Eβ,1

(
λ(log

t

tσ
)β
)
Iσ + (log

t

tσ
)Eβ,2

(
λ(log

t

tσ
)β
)
Jσ

)
+
∫ t

1

(log
t

s
)β−1Eβ,β

(
λ(log

t

s
)β
)
σ(s)

ds

s
,

(3.51)
for t ∈ (ti, ti+1] and i ∈ N[0,m].

Proof. Let x be a solution of (3.50). We know by Theorem 3.14 that there exist
numbers cσ0, cσ1 ∈ R(σ ∈ N[0, n− 1]) such that

x(t) =
i∑

σ=0

(cσ0Eβ,1

(
λ(log

t

tσ
)β
)

+ cσ1(log
t

tσ
)Eβ,2

(
λ(log

t

tσ
)β
)
)

+
∫ t

1

(log
t

s
)β−1Eβ,β

(
λ(log

t

s
)β
)
σ(s)

ds

s
,

(3.52)

for t ∈ (ti, ti+1] and i ∈ N[0,m]. One has

(t
d

dt
)[Eβ,1(λ(log t− log tσ)β)] = (t

d

dt
)
[ +∞∑
τ=0

λτ (log t− log tσ)τβ

Γ(τβ + 1)

]
=

+∞∑
τ=1

λτ (log t− log tσ)τβ−1

Γ(τβ)

= λ(log
t

tσ
)β−1Eβ,β

(
λ(log

t

tσ
)β
)
,

(t
d

dt
)
[
(log t− log tσ)Eβ,2

(
λ(log t− log tσ)β

)]′ =
[ +∞∑
τ=0

λτ (log t− log tσ)τβ+1

Γ(βτ + 2)

]
=

+∞∑
τ=0

λτ (log t− log tσ)τβ

Γ(βτ + 1)
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= Eβ,1(λ(log
t

tσ
)β),

(t
d

dt
)
[
(log

t

s
)β−1Eβ,β

(
λ(log

t

s
)β
)]

= (t
d

dt
)
[ +∞∑
τ=0

λτ (log t− log s)τβ+β−1

Γ((τ + 1)β)

]
=

+∞∑
τ=0

λτ (log t− log s)τβ+β−2

Γ((τ + 1)β − 1)

= (log
t

s
)β−2Eβ,β−1(λ(log

t

s
)β).

It follows that

(t
d

dt
)x(t) =

i∑
σ=0

(
λ(log

t

tσ
)β−1Eβ,β

(
λ(log

t

tσ
)β
)
cσ0 + Eβ,1(λ(log

t

tσ
)β)cσ1

)
+
∫ t

1

(log
t

s
)β−2Eβ,β−1(λ(log

t

s
)β)σ(s)

ds

s
,

(3.53)
for t ∈ (ti, ti+1] and i ∈ N [0,m]. From (3.52), (3.53), the boundary conditions and
the impulse assumption in (3.50) it follows that c01 = a, and

m∑
σ=0

(
λ(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)
cσ0 + Eβ,1(λ(log

e

tσ
)β)cσ1

)
+
∫ e

1

(log
e

s
)β−2Eβ,β−1

(
λ(log

e

s
)β
)
σ(s)

ds

s
= b,

cσ0 = Iσ, cσ1 = Jσ, σ ∈ N[1,m].

Then

c00 =
1

λEβ,β(λ)

[
b−Eβ,1(λ)a−

m∑
σ=1

(
λ(log

e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)
Iσ

+ Eβ,1(λ(log
e

tσ
)β)Jσ

)
−
∫ e

1

(log
e

s
)β−2Eβ,β−1

(
λ(log

e

s
)β
)
σ(s)

ds

s

]
.

(3.54)

Substituting cσ0, cσ1(σ ∈ N [0,m]) into (3.52) and (3.53), we obtain (3.51).
On the other hand, if x satisfies (3.51), then x|(ti,ti+1](i ∈ N[0,m]) are continuous

and the limits limt→t+i
x(t). So x ∈ LPmC(1, e]. Using (3.54), c01 = a and cσ0 = Iσ,

cσ1 = Jσ, σ ∈ N[1,m], we rewrite x by (3.52). One have from Theorem 3.14 easily
for t ∈ (t0, t1] that CHDβ

1+x(t) = λx(t) + σ(t) and for t ∈ (ti, ti+1] similarly to the
proof of Theorem 3.14 that

CHDβ
1+x(t)

=
1

Γ(2− β)

∫ t

1

(log
t

s
)1−α(s

d

ds
)2x(s)

ds

s

=
1

Γ(2− β)

j−1∑
i=0

∫ ti+1

ti

(log
t

s
)1−α(s

d

ds
)2
[ i∑
σ=0

(
cσ0Eβ,1

(
λ(log

s

tσ
)β
)
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+ cσ1(log
s

tσ
)Eβ,2

(
λ(log

s

tσ
)β
))

+
∫ s

1

(log
s

u
)β−1Eβ,β

(
λ(log

s

u
)β
)
σ(u)

du

u

]ds
s

+
1

Γ(2− β)

∫ t

tj

(log
t

s
)1−α(s

d

ds
)2
[ j∑
σ=0

(
cσ0Eβ,1

(
λ(log

s

tσ
)β
)

+ cσ1(log
s

tσ
)Eβ,2

(
λ(log

s

tσ
)β
))

+
∫ s

1

(log
s

u
)β−1Eβ,β

(
λ(log

s

u
)β
)
σ(u)

du

u

]ds
s

=
1

Γ(2− β)

j−1∑
i=0

∫ ti+1

ti

(log
t

s
)1−α(s

d

ds
)2

i∑
σ=0

[
cσ0Eβ,1

(
λ(log

s

tσ
)β
)

+ cσ1(log
s

tσ
)Eβ,2

(
λ(log

s

tσ
)β
)]ds

s

+
1

Γ(2− β)

∫ t

tj

(log
t

s
)1−α(s

d

ds
)2

j∑
σ=0

[
cσ0Eβ,1

(
λ(log

s

tσ
)β
)

+ cσ1(log
s

tσ
)Eβ,2

(
λ(log

s

tσ
)β
)]ds

s

+
1

Γ(2− β)

∫ t

1

(log
t

s
)1−α(s

d

ds
)2

∫ s

1

(log
s

u
)β−1Eβ,β

(
λ(log

s

u
)β
)
σ(u)

du

u

ds

s

= λx(t) + σ(t).

So x is a solution of (3.50). The proof is complete. �

Define the nonlinear operator J on LPmC(1, e] by (Jx) by

(Jx)(t)

=
Eβ,1

(
λ(log t)β

)
λEβ,β(λ)

∫ 1

0

ψ(s)H(s, x(s))ds

+
[
(log t)Eβ,2

(
λ(log t)β

)
−

Eβ,1

(
λ(log t)β

)
λEβ,β(λ)

Eβ,1(λ)
] ∫ 1

0

φ(s)G(s, x(s))ds

−
Eβ,1

(
λ(log t)β

)
λEβ,β(λ)

m∑
σ=1

(λ(log
e

tσ
)β−1Eβ,β

(
λ(log

e

tσ
)β
)
I(tσ, x(tσ))

+ Eβ,1(λ(log
e

tσ
)β)J(tσ, x(tσ)))

−
Eβ,1

(
λ(log t)β

)
λEβ,β(λ)

∫ e

1

(log
e

s
)β−2Eβ,β−1

(
λ(log

e

s
)β
)
p(s)f(s, x(s))

ds

s

+
i∑

σ=1

(Eβ,1

(
λ(log

t

tσ
)β
)
I(tσ, x(tσ)) + (log

t

tσ
)Eβ,2

(
λ(log

t

tσ
)β
)
J(tσ, x(tσ)))

+
∫ t

1

(log
t

s
)β−1Eβ,β

(
λ(log

t

s
)β
)
p(s)f(s, x(s))

ds

s
, t ∈ (ti, ti+1], i ∈ N[0,m].
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Lemma 3.22. Suppose that (1.A7), (1.A12), (1.A13, (1.A14) hold, λ 6= 0, and
f,G,H are impulsive I-Carathéodory functions, and I, J are discrete I-Carathódory
functions. Then R : LPmC(1, e] → LPmC(1, e] is well defined and is completely
continuous, x is a solution of BVP (1.10) if and only if x is a fixed point of J in
LPmC(1, e].

The proof of the above lemma is similar to that of the proof of Lemma 3.16 and
is omitted.

4. Solvability of BVPs (1.7)–(1.10)

Now, we prove that main theorems in this article by using the Schaefer’s fixed
point theorem, i.e., [79, Lemma 3.1.9].

Theorem 4.1. Suppose that (1.A1)–(1.A5) are satisfied and

(4.A1) There exist nondecreasing functions Mf ,Mg,Mh,MI ,MJ from [0,+∞) to
[0,+∞) such that

|f(t, (t− ti)β−2x)| ≤Mf (|x|), t ∈ (ti, ti+1], i ∈ N[0,m], x ∈ R,

|G(t, (t− ti)β−2x)| ≤MG(|x|), t ∈ (ti, ti1], i ∈ N[0,m], x ∈ R,

|H(t, (t− ti)β−2x)| ≤MH(|x|), t ∈ (ti, ti1], i ∈ N[0,m], x ∈ R,

|I(ti, (ti − ti−1)β−2x)| ≤MI(|x|), i ∈ N [1,m], x ∈ R,

|J(ti, (ti − ti−1)β−2x)| ≤MJ(|x|), i ∈ N [1,m], x ∈ R.

Then (1.7) has at least one solution if there exists a r0 > 0 such that[Eβ,β(|λ|)Eβ,β−1(λ)‖φ‖1
Eβ,β(λ)

+ Eβ,β−1(|λ|)‖φ‖1
]
MG(r0)

+
Eβ,β(|λ|)‖ψ‖1

Eβ,β(λ)
MH(r0) + [

mEβ,β(|λ|)2

Eβ,β(λ)
+mEβ,β(|λ|)]MJ(r0)

+
[Eβ,β(|λ|)Eβ,β−1(|λ|)

Eβ,β(λ)(1− tσ)2−β +mEβ,β−1(|λ|)
]
MI(r0)

+
[Eβ,β(|λ|)Eβ,β(|λ|)B(β + l, k + 1)

Eβ,β(λ)
+ Eβ,β(λ|)B(β + l, k + 1)

]
Mf (r0)

< r0.

(4.1)

Proof. From Lemmas 3.15 and 3.16, and the definition of T , it follows that x ∈
PmC2−β(0, 1] is a solution of (1.7) if and only if x ∈ PmC2−β(0, 1] is a fixed point
of T in PmC2−β(0, 1]. Lemma 3.16 implies that T is a completely continuous
operator. From (4.A1), we have for x ∈ P1C(0, 1] that

|f(t, x(t))| = |f(t, (t− ti)β−2(t− ti)2−βx(t))|

≤Mf (|(t− ti)2−βx(t)|)
≤Mf (‖x‖), t ∈ (ti, ti+1], i ∈ N[0,m],

|G(t, x(t))| ≤MG(‖x‖), t ∈ (ti, ti+1], i ∈ N[0,m],

|H(t, x(t))| ≤MH(‖x‖), t ∈ (ti, ti+1], i ∈ N[0,m],
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|I(ti, x(ti))| = |I(ti, (ti − ti−1)β−2(ti − ti−1)2−βx(ti))|

≤MI((ti − ti−1)2−β |x(ti)|)
≤MI(‖x‖), i ∈ N[1,m],

|J(ti, x(ti))| ≤MJ(‖x‖), i ∈ N[1,m].

We consider the set Ω = {x ∈ PmC2−β(0, 1] : x = λ(Tx), for some λ ∈ [0, 1]}. For
x ∈ Ω and t ∈ (ti, ti+1] we have

(t− ti)2−β |(Tx)(t)|

≤ (t− ti)2−βtβ−1Eβ,β(λtβ)
Eβ,β(λ)

[
‖ψ‖1MH(‖x‖) + Eβ,β−1(λ)‖φ‖1MG(‖x‖)

+
+∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ 1

0

(1− s)τβ+β−1sk(1− s)ldsMf (‖x‖)

+
m∑
σ=1

(
(1− tσ)β−1Eβ,β(λ(1− tσ)β)MJ(‖x‖)

+ (1− tσ)β−2Eβ,β−1(λ(1− tσ)β)MI(‖x‖)
)]

+ (t− ti)2−βtβ−2Eβ,β−1(|λ|)‖φ‖1MG(‖x‖)

+ (t− ti)2−β
i∑

σ=1

[
(t− tσ)β−1Eβ,β(λ(t− tσ)β)MJ(‖x‖)

+ (t− tσ)β−2Eβ,β−1(λ(t− tσ)β)MI(‖x‖)
]

+ (t− ti)2−β
+∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ t

0

(t− s)τβ+β−1sk(1− s)ldsMf (‖x‖)

≤ Eβ,β(|λ|)
Eβ,β(λ)

[
‖ψ‖1MH(‖x‖) + Eβ,β−1(λ)‖φ‖1MG(‖x‖)

+
+∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ 1

0

(1− s)β+l−1skdsMf (‖x‖) +mEβ,β(|λ|)MJ(‖x‖)

+ (1− tσ)β−2Eβ,β−1(|λ|)MI(‖x‖)
]

+ Eβ,β−1(|λ|)‖φ‖1MG(‖x‖)

+
i∑

σ=1

[
Eβ,β(|λ|)MJ(‖x‖) + Eβ,β−1(|λ|)MI(‖x‖)

]
+ (t− ti)2−β

+∞∑
τ=0

λτ tτβ+β+k+l

Γ((τ + 1)β)

∫ 1

0

(1− w)τβ+β+l−1wkdwMf (‖x‖)

≤ Eβ,β(|λ|)‖ψ‖1
Eβ,β(λ)

MH(‖x‖) +
Eβ,β(|λ|)Eβ,β−1(λ)‖φ‖1

Eβ,β(λ)
MG(‖x‖)

+
Eβ,β(|λ|)Eβ,β(|λ|)B(β + l, k + 1)

Eβ,β(λ)
Mf (‖x‖) +

mEβ,β(|λ|)2

Eβ,β(λ)
MJ(‖x‖)

+
Eβ,β(|λ|)Eβ,β−1(|λ|)
Eβ,β(λ)(1− tσ)2−β MI(‖x‖) + Eβ,β−1(|λ|)‖φ‖1MG(‖x‖)

+mEβ,β(|λ|)MJ(‖x‖) +mEβ,β−1(|λ|)MI(‖x‖)
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+ Eβ,β(λ|)B(β + l, k + 1)Mf (‖x‖)

=
[Eβ,β(|λ|)Eβ,β−1(λ)‖φ‖1

Eβ,β(λ)
+ Eβ,β−1(|λ|)‖φ‖1

]
MG(‖x‖)

+
Eβ,β(|λ|)‖ψ‖1

Eβ,β(λ)
MH(‖x‖) +

[mEβ,β(|λ|)2

Eβ,β(λ)
+mEβ,β(|λ|)

]
MJ(‖x‖)

+
[Eβ,β(|λ|)Eβ,β−1(|λ|)

Eβ,β(λ)(1− tσ)2−β +mEβ,β−1(|λ|)
]
MI(‖x‖)

+
[Eβ,β(|λ|)Eβ,β(|λ|)B(β + l, k + 1)

Eβ,β(λ)
+ Eβ,β(λ|)B(β + l, k + 1)

]
Mf (‖x‖).

It follows that

‖x‖ = λ‖Tx‖ ≤ ‖Tx‖

≤
[Eβ,β(|λ|)Eβ,β−1(λ)‖φ‖1

Eβ,β(λ)
+ Eβ,β−1(|λ|)‖φ‖1

]
MG(‖x‖)

+
Eβ,β(|λ|)‖ψ‖1

Eβ,β(λ)
MH(‖x‖)

+
[mEβ,β(|λ|)2

Eβ,β(λ)
+mEβ,β(|λ|)

]
MJ(‖x‖) +

[Eβ,β(|λ|)Eβ,β−1(|λ|)
Eβ,β(λ)(1− tσ)2−β

+mEβ,β−1(|λ|)
]
MI(‖x‖) +

[Eβ,β(|λ|)Eβ,β(|λ|)B(β + l, k + 1)
Eβ,β(λ)

+ Eβ,β(λ|)B(β + l, k + 1)
]
Mf (‖x‖).

From (4.1), we choose Ω = {x ∈ P1C2−β(0, 1] : ‖x‖ ≤ r0}. For x ∈ Ω, we obtain
x 6= λ(Tx) for any λ ∈ [0, 1] and x ∈ ∂Ω. In fact, if x = λ(Tx) for some λ ∈ [0, 1]
and x ∈ ∂Ω, then

r0 = ‖x‖

≤
[Eβ,β(|λ|)Eβ,β−1(λ)‖φ‖1

Eβ,β(λ)
+ Eβ,β−1(|λ|)‖φ‖1

]
MG(r0)

+
Eβ,β(|λ|)‖ψ‖1

Eβ,β(λ)
MH(r0) +

[mEβ,β(|λ|)2

Eβ,β(λ)
+mEβ,β(|λ|)

]
MJ(r0)

+
[Eβ,β(|λ|)Eβ,β−1(|λ|)

Eβ,β(λ)(1− tσ)2−β +mEβ,β−1(|λ|)
]
MI(r0)

+
[Eβ,β(|λ|)Eβ,β(|λ|)B(β + l, k + 1)

Eβ,β(λ)
+ Eβ,β(λ|)B(β + l, k + 1)

]
Mf (r0) < r0,

which is a contradiction. As a consequence of Schaefer’s fixed point theorem, we
deduce that T has a fixed point which is a solution of the problem BVP(1.7). The
proof is complete. �

Corollary 4.2. Suppose that (1.A1)–(1.A5) and (4.A1) hold. Then (1.7) has at
least one solution if

inf
r∈(0,+∞)

1
r

[
(
Eβ,β(|λ|)Eβ,β−1(λ)‖φ‖1

Eβ,β(λ)
+ Eβ,β−1(|λ|)‖φ‖1)MG(r)

+
Eβ,β(|λ|)‖ψ‖1

Eβ,β(λ)
MH(r) +

[mEβ,β(|λ|)2

Eβ,β(λ)
+mEβ,β(|λ|)

]
MJ(r)



EJDE-2016/296 SURVEY AND NEW RESULTS ON BVPS FOR IFDES 95

+
[Eβ,β(|λ|)Eβ,β−1(|λ|)

Eβ,β(λ)(1− tσ)2−β +mEβ,β−1(|λ|)
]
MI(r)

+
[Eβ,β(|λ|)Eβ,β(|λ|)B(β + l, k + 1)

Eβ,β(λ)
+ Eβ,β(λ|)B(β + l, k + 1)

]
Mf (r)

]
< 1.

Proof. Form the assumption, we know that there exists r0 > 0 such that (4.1)
holds. By Theorem 4.1, (1.7) has at least one solution. The proof is omitted. �

Theorem 4.3. Suppose that (1.A2), (1.A3) (1.A6)–(1.A8) hold, and

(4.A2) there exist nondecreasing functions Mf ,Mg,Mh,MI ,MJ : [0,+∞)→ [0,+∞)
such that

|f(t, x)| ≤Mf (|x|), t ∈ (0, 1), x ∈ R,
|G(t, x)| ≤MG(|x|), t ∈ (0, 1), x ∈ R,
|H(t, x)| ≤MH(|x|), t ∈ (0, 1), x ∈ R,
|I(ti, x)| ≤MI(|x|), i ∈ N[1,m], x ∈ R,
|J(ti, x)| ≤MJ(|x|), i ∈ N[1,m], x ∈ R.

Then (1.8) has at least one solution if there exists r0 > 0 such that[
‖φ‖1 +

|λ|Eβ,β(λ)‖φ‖1
Eβ,1(λ)

]
MG(r0) +

‖ψ‖1
Eβ,1(λ)

MH(r0)

+
[m|λ|Eβ,β(|λ|)

Eβ,1(λ)
+mEβ,1(|λ|)

]
MI(r0) +

[
mEβ,2(|λ|)

+
mEβ,1(|λ|)

Eβ,1(λ)
]
MJ(r0) +

[Eβ,β−1(|λ|)B(β + l, k + 1)
Eβ,1(λ)

+ Eβ,β(|λ|)B(β + l, k + 1)
]
Mf (r0) < r0.

(4.2)

Proof. From Lemmas 3.17 and 3.18, and the definition of Q, it follows that x ∈
PmC(0, 1] is a solution of (1.8) if and only if x ∈ PmC(0, 1] is a fixed point of Q.
Lemma 3.18 implies that Q is a completely continuous operator. From (4.A2), for
x ∈ PmC(0, 1] we have

|f(t, x(t))| ≤Mf (|x(t)|) ≤Mf (‖x‖), t ∈ (0, 1),

|G(t, x(t))| ≤MG(‖x‖), t ∈ (0, 1),

|H(t, x(t))| ≤MH(‖x‖), t ∈ (0, 1),

|I(ti, x(ti))| ≤MI(‖x‖), i ∈ N[1,m],

|J(ti, x(ti))| ≤MJ(‖x‖), i ∈ N[1,m].

We consider the set Ω = {x ∈ PmC(0, 1] : x = λ(Tx), for some λ ∈ [0, 1]}. For
x ∈ Ω, and t ∈ (ti, ti+1] we have

|(Qx)(t)|

≤ ‖φ‖1MG(‖x‖) +
1

Eβ,1(λ)

[
‖ψ‖1MH(‖x‖) + |λ|Eβ,β(λ)‖φ‖1MG(‖x‖)

+
m∑
σ=1

(|λ|Eβ,β(|λ|)MI(‖x‖) + Eβ,1(|λ|)MJ(‖x‖))
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+
+∞∑
τ=0

λτ

Γ(τβ + β − 1)

∫ 1

0

(1− s)τβ+β+l−1skdsMf (‖x‖)
]

+
i∑

j=1

[Eβ,1(|λ|)MI(‖x‖) + Eβ,2(|λ|)MJ(‖x‖)]

+
+∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ t

0

(t− s)τβ+β−1sk(1− s)ldsMf (‖x‖)

≤ ‖φ‖1MG(‖x‖) +
1

Eβ,1(λ)

[
‖ψ‖1MH(‖x‖) + |λ|Eβ,β(λ)‖φ‖1MG(‖x‖)

+m|λ|Eβ,β(|λ|)MI(‖x‖) +mEβ,1(|λ|)MJ(‖x‖)

+
+∞∑
τ=0

λτ

Γ(τβ + β − 1)

∫ 1

0

(1− s)β+l−1skdsMf (‖x‖)
]

+mEβ,1(|λ|)MI(‖x‖) +mEβ,2(|λ|)MJ(‖x‖)

+
+∞∑
τ=0

λτ tτβ+β+k+l

Γ((τ + 1)β)

∫ 1

0

(1− w)τβ+β+l−1wkdwMf (‖x‖)

≤ [‖φ‖1 +
|λ|Eβ,β(λ)‖φ‖1

Eβ,1(λ)
]MG(‖x‖) +

‖ψ‖1
Eβ,1(λ)

MH(‖x‖) + [
m|λ|Eβ,β(|λ|)

Eβ,1(λ)

+mEβ,1(|λ|)]MI(‖x‖) + [mEβ,2(|λ|) +
mEβ,1(|λ|)

Eβ,1(λ)
]MJ(‖x‖)

+
[Eβ,β−1(|λ|)B(β + l, k + 1)

Eβ,1(λ)
+ Eβ,β(|λ|)B(β + l, k + 1)

]
Mf (‖x‖).

It follows that

‖x‖ = λ‖Tx‖ ≤ ‖Tx‖

≤
[
‖φ‖1 +

|λ|Eβ,β(λ)‖φ‖1
Eβ,1(λ)

]
MG(‖x‖) +

‖ψ‖1
Eβ,1(λ)

MH(‖x‖)

+
[m|λ|Eβ,β(|λ|)

Eβ,1(λ)
+mEβ,1(|λ|)

]
MI(‖x‖)

+
[
mEβ,2(|λ|) +

mEβ,1(|λ|)
Eβ,1(λ)

]
MJ(‖x‖) +

[Eβ,β−1(|λ|)B(β + l, k + 1)
Eβ,1(λ)

+ Eβ,β(|λ|)B(β + l, k + 1)
]
Mf (‖x‖).

From (4.2), we choose Ω = {x ∈ PmC(0, 1] : ‖x‖ ≤ r0}. For x ∈ Ω, we obtain
x 6= λ(Tx) for any λ ∈ [0, 1] and x ∈ ∂Ω.

As a consequence of Schaefer’s fixed point theorem, we deduce that Q has a fixed
point which is a solution of problem (1.8). The proof is complete. �

Theorem 4.4. Suppose that (1.A4), (1.A4) (1.A9)–(1.A11) hold, ∆ 6= 0, and

(4.A3) there exist nondecreasing functions Mf ,Mg,Mh,MI ,MJ : [0,+∞)→ [0,+∞)
such that

|f(t, (log
t

ti
)β−2x)| ≤Mf (|x|), t ∈ (ti, ti+1], i ∈ N[0,m], x ∈ R,
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|G(t, (log
t

ti
)β−2x)| ≤Mf (|x|), t ∈ (ti, ti+1], i ∈ N[0,m], x ∈ R,

|H(t, (log
t

ti
)β−2x)| ≤Mf (|x|), t ∈ (ti, ti+1], i ∈ N[0,m], x ∈ R,

|I(ti, (log
ti
ti−1

)β−2x)| ≤MI(|x|), i ∈ N[1,m], x ∈ R,

|J(ti, (log
ti
ti−1

)β−2x)| ≤MI(|x|), i ∈ N[1,m], x ∈ R.

Then (1.9) has at least one solution if there exists a constant r0 > 0 such that

B1GMG(r0) +B2HMH(r0) +B3JMJ(r0) +B4IMI(r0) +B5fMf (r0) < r0, (4.3)

where

B1G =
|λ|Eβ,β(λ)Eβ,β(|λ|)‖φ‖1

|∆|
+
| 1
Γ(β) −Eβ,β(λ)|Eβ,β−1(|λ|)‖φ‖1

|∆|
,

B2H =
Eβ,β(λ)Eβ,β−1(|λ|)‖ψ‖1

|∆|
+
| 1
Γ(β−1) −Eβ,β−1(λ)|Eβ,β(|λ|)‖ψ‖1

|∆|
,

B3J =
mΓ(β)| 1

Γ(β−1) −Eβ,β−1(λ)|Eβ,β(|λ|)2

|∆|
+
m|λ|Γ(β)Eβ,β(λ)Eβ,β(|λ|)2

|∆|

+
mΓ(β)| 1

Γ(β) −Eβ,β(λ)|Eβ,β(|λ|)Eβ,β−1(|λ|)
|∆|

+
mΓ(β)Eβ,β(λ)Eβ,β(|λ|)Eβ,β−1(|λ|)

|∆|
+mEβ,β(|λ|)Γ(β),

B4I =
m|λ|Γ(β − 1)| 1

Γ(β−1) −Eβ,β−1(λ)|Eβ,β(|λ|)2

|∆|

+
|λ|Γ(β − 1)Eβ,β(λ)Eβ,β−1(|λ|)Eβ,β(|λ|)

|∆|

m∑
σ=1

(log
e

tσ
)β−2

+
(

Γ(β − 1)Eβ,β−1(|λ|)(| 1
Γ(β)

−Eβ,β(λ)|Eβ,β−1(|λ|)
m∑
σ=1

(log
e

tσ
)β−2

+m|λ|Eβ,β(λ)Eβ,β(|λ|))
)
/|∆|+mEβ,β−1(|λ|)Γ(β − 1),

B5f =
| 1
Γ(β−1) −Eβ,β−1(λ)|

[
|λ‖Eβ,1(|λ|)Eβ,β(|λ|) + Eβ,β(|λ|)Eβ,β−1(|λ|)

]
|∆|

×B(l + 1, k + 1) +
|λ|Eβ,β(λ)[Eβ,β(|λ|)2 + Eβ,1(|λ|)Eβ,β−1(|λ|)]

|∆|
×B(l + 1, k + 1) + Eβ,β(|λ|)B(β + l, k + 1).

Proof. From Lemmas 3.19 and 3.20, and the definition of R, x ∈ LPmC2−β(1, e]
is a solution of BVP(1.9) if and only if x ∈ LPmC2−β(1, e] is a fixed point of R.
Lemma 3.18 implies that R is a completely continuous operator.
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From (4.A3), for x ∈ LPmC2−β(1, e] we have

|f(t, x(t))| =
∣∣∣f(t, (log

t

ti
)β−2(log

t

ti
)2−βx(t)

)∣∣∣
≤Mf

(
|(log

t

ti
)2−βx(t)|

)
≤Mf (‖x‖), t ∈ (ti, ti+1], i ∈ N[0,m],

|G(t, x(t))| ≤MG(‖x‖), t ∈ (ti, ti+1], i ∈ N[0,m],

|H(t, x(t))| ≤MH(‖x‖), t ∈ (ti, ti+1], i ∈ N[0,m],

|I(ti, x(ti))| = |I(ti, (log
ti
ti−1

)β−2(log
ti
ti−1

)2−βx(t))|

≤Mf (|(log
ti
ti−1

)2−βx(t)|) ≤MG(‖x‖), i ∈ N[1,m],

|I(ti, x(ti))| ≤MH(‖x‖), i ∈ N[1,m].

We consider the set Ω = {x ∈ LPmC2−β(1, e] : x = λ(Rx), for some λ ∈ [0, 1]}.
For x ∈ Ω and t ∈ (ti, ti+1] we have

(log
t

ti
)2−β |(Rx)(t)|

≤ Eβ,β(|λ|)
[ |λ|Eβ,β(λ)

|∆|
‖φ‖1MG(‖x‖) +

| 1
Γ(β−1) −Eβ,β−1(λ)|

|∆|
‖ψ‖1MH(‖x)

+ Γ(β)
m∑
σ=1

(
| 1
Γ(β−1) −Eβ,β−1(λ)|

|∆|
Eβ,β(|λ|) +

λEβ,β(λ)
|∆|

Eβ,β(|λ|))MJ(‖x‖)

+ Γ(β − 1)
m∑
σ=1

(
|λ|
| 1
Γ(β−1) −Eβ,β−1(λ)|

|∆|
Eβ,β(|λ|)

+
λEβ,β(λ)
|∆|

(log
e

tσ
)β−2Eβ,β−1(|λ|)

)
MI(‖x‖)

+
(
|λ|
| 1
Γ(β−1) −Eβ,β−1(λ)|

|∆|
Eβ,1(|λ|) +

|λ|Eβ,β(λ)
|∆|

Eβ,β(|λ|)
)

×
∫ e

1

(log s)k(1− log s)l
ds

s
Mf (‖x‖)

]
+ Eβ,β−1(|λ|)

[ | 1
Γ(β) −Eβ,β(λ)|

|∆|
‖φ‖1MG(‖x‖) +

Eβ,β(λ)
|∆|

‖ψ‖1MH(‖x‖)

+ Γ(β)
m∑
σ=1

( | 1
Γ(β) −Eβ,β(λ)|

|∆|
Eβ,β(|λ|) +

Eβ,β(λ)
|∆|

Eβ,β(|λ|)
)
MJ(‖x‖)

+ Γ(β − 1)
m∑
σ=1

( | 1
Γ(β) −Eβ,β(λ)|

|∆|
(log

e

tσ
)β−2Eβ,β−1(|λ|)

+
|λ|Eβ,β(λ)
|∆|

Eβ,β(|λ|)
)
MI(‖x‖)

+
( | 1

Γ(β) −Eβ,β(λ)|
|∆|

Eβ,β(|λ|) + |λ|Eβ,β(λ)
|∆|

Eβ,1(|λ|)
)
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×
∫ e

1

(log s)k(1− log s)l
ds

s
Mf (‖x‖)

]
+

i∑
σ=1

[
Eβ,β(|λ|)Γ(β)MJ(‖x‖) + Eβ,β−1(|λ|)Γ(β − 1)MI(‖x‖)

]
+ (log

t

ti
)2−β

+∞∑
τ=0

λτ

Γ((τ + 1)β)

∫ t

1

(log
t

s
)τβ+β+l−1(log s)k

ds

s
Mf (‖x‖)

≤ |λ|Eβ,β(λ)Eβ,β(|λ|)‖φ‖1
|∆|

MG(‖x‖) +
| 1
Γ(β−1) −Eβ,β−1(λ)|Eβ,β(|λ|)‖ψ‖1

|∆|
MH(‖x))

+mΓ(β)
( | 1

Γ(β−1) −Eβ,β−1(λ)|Eβ,β(|λ|)2

|∆|
+
λEβ,β(λ)Eβ,β(|λ|)2

|∆|

)
MJ(‖x‖)

+ Γ(β − 1)
(m|λ‖ 1

Γ(β−1) −Eβ,β−1(λ)|Eβ,β(|λ|)2

|∆|

+
λEβ,β(λ)Eβ,β−1(|λ|)Eβ,β(|λ|)

|∆|

m∑
σ=1

(log
e

tσ
)β−2

)
MI(‖x‖)

+
( |λ‖ 1

Γ(β−1) −Eβ,β−1(λ)|Eβ,1(|λ|)Eβ,β(|λ|)
|∆|

+
|λ|Eβ,β(λ)Eβ,β(|λ|)2

|∆|

)
B(l + 1, k + 1)Mf (‖x‖)

+
| 1
Γ(β) −Eβ,β(λ)|Eβ,β−1(|λ|)‖φ‖1

|∆|
MG(‖x‖) +

Eβ,β(λ)Eβ,β−1(|λ|)‖ψ‖1
|∆|

MH(‖x‖)

+mΓ(β)
( | 1

Γ(β) −Eβ,β(λ)|Eβ,β(|λ|)Eβ,β−1(|λ|)
|∆|

+
Eβ,β(λ)Eβ,β(|λ|)Eβ,β−1(|λ|)

|∆|

)
MJ(‖x‖)

+ Γ(β − 1)
( | 1

Γ(β) −Eβ,β(λ)|Eβ,β−1(|λ|)2

|∆|

m∑
σ=1

(log
e

tσ
)β−2

+m
|λ|Eβ,β(λ)Eβ,β(|λ|)Eβ,β−1(|λ|)

|∆|

)
MI(‖x‖)

+
( | 1

Γ(β) −Eβ,β(λ)|Eβ,β(|λ|)Eβ,β−1(|λ|)
|∆|

+
|λ|Eβ,β(λ)Eβ,1(|λ|)Eβ,β−1(|λ|)

|∆|

)
×B(l + 1, k + 1)Mf (‖x‖) +mEβ,β(|λ|)Γ(β)MJ(‖x‖)
+mEβ,β−1(|λ|)Γ(β − 1)MI(‖x‖) + Eβ,β(|λ|)B(β + l, k + 1)Mf (‖x‖)

=
[ |λ|Eβ,β(λ)Eβ,β(|λ|)‖φ‖1

|∆|
+
| 1
Γ(β) −Eβ,β(λ)|Eβ,β−1(|λ|)‖φ‖1

|∆|

]
MG(‖x‖)

+
[Eβ,β(λ)Eβ,β−1(|λ|)‖ψ‖1

|∆|
+
| 1
Γ(β−1) −Eβ,β−1(λ)|Eβ,β(|λ|)‖ψ‖1

|∆|

]
MH(‖x))

+
[mΓ(β)| 1

Γ(β−1) −Eβ,β−1(λ)|Eβ,β(|λ|)2

|∆|
+
m|λ|Γ(β)Eβ,β(λ)Eβ,β(|λ|)2

|∆|
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+
mΓ(β)| 1

Γ(β) −Eβ,β(λ)|Eβ,β(|λ|)Eβ,β−1(|λ|)
|∆|

+
mΓ(β)Eβ,β(λ)Eβ,β(|λ|)Eβ,β−1(|λ|)

|∆|
+mEβ,β(|λ|)Γ(β)

]
MJ(‖x‖)

+
[m|λ|Γ(β − 1)| 1

Γ(β−1) −Eβ,β−1(λ)|Eβ,β(|λ|)2

|∆|

+
|λ|Γ(β − 1)Eβ,β(λ)Eβ,β−1(|λ|)Eβ,β(|λ|)

|∆|

m∑
σ=1

(log
e

tσ
)β−2

+
(

Γ(β − 1)Eβ,β−1(|λ|)(| 1
Γ(β)

−Eβ,β(λ)|Eβ,β−1(|λ|)
m∑
σ=1

(log
e

tσ
)β−2

+m|λ|Eβ,β(λ)Eβ,β(|λ|))
)
/|∆|+mEβ,β−1(|λ|)Γ(β − 1)

]
MI(‖x‖)

+
[ | 1

Γ(β−1) −Eβ,β−1(λ)|
[
|λ‖Eβ,1(|λ|)Eβ,β(|λ|) + Eβ,β(|λ|)Eβ,β−1(|λ|)

]
|∆|

×B(l + 1, k + 1) +
|λ|Eβ,β(λ)[Eβ,β(|λ|)2 + Eβ,1(|λ|)Eβ,β−1(|λ|)]

|∆|
B(l + 1, k + 1)

+ Eβ,β(|λ|)B(β + l, k + 1)
]
Mf (‖x‖)

= B1GMG(‖x‖) +B2HMH(‖x‖) +B3JMJ(‖x‖) +B4IMI(‖x‖) +B5fMf (‖x‖).

It follows that

‖x‖ = λ‖Rx‖ ≤ ‖Rx‖
≤ B1GMG(‖x‖) +B2HMH(‖x‖) +B3JMJ(‖x‖) +B4IMI(‖x‖) +B5fMf (‖x‖).

From (4.3), we choose Ω = {x ∈ LPmC2−β(1, e] : ‖x‖ ≤ r0}. For x ∈ ∂Ω, we obtain
x 6= λ(Rx) for any λ ∈ [0, 1]. In fact, if there exists x ∈ ∂Ω such that x = λ(Rx) for
some λ ∈ [0, 1]. Then r0 = ‖x‖ = λ‖Rx‖ ≤ ‖Rx‖ ≤ B1GMG(r0) + B2HMH(r0) +
B3JMJ(r0) +B4IMI(r0) +B5fMf (r0) < r0, which is a contradiction.

As a consequence of Schaefer’s fixed point theorem, we deduce that R has a fixed
point which is a solution of problem (1.9). The proof is complete. �

Theorem 4.5. Suppose that (1.A7), (1.A12)–(1.A14) hold, λ 6= 0, and

(4.A4) there exist nondecreasing functions Mf ,Mg,Mh,MI ,MJ : [0,+∞)→ [0,+∞)
such that

|f(t, x)| ≤Mf (|x|), t ∈ (ti, ti+1], i ∈ N[0,m], x ∈ R,
|G(t, x)| ≤Mf (|x|), t ∈ (ti, ti+1], i ∈ N[0,m], x ∈ R,
|H(t, x)| ≤Mf (|x|), t ∈ (ti, ti+1], i ∈ N[0,m], x ∈ R,

|I(ti, x)| ≤MI(|x|), i ∈ N[1,m], x ∈ R,
|J(ti, x)| ≤MJ(|x|), i ∈ N[1,m], x ∈ R.
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Then BVP (1.10) has at least one solution if there exists a constant r0 > 0 such
that

Eβ,1(|λ|)‖ψ‖1
λEβ,β(λ)

MH(r0) +
[
Eβ,2(|λ|) +

Eβ,1(|λ|)
|λ|Eβ,β(λ)

Eβ,1(|λ|)
]
‖φ‖1MG(r0)

+
[ Eβ,1(|λ|)
|λ|Eβ,β(λ)

m|λ|Eβ,β(|λ|) +mEβ,1(|λ|)
]
MI(r0) + [mEβ,1(|λ|)

+mEβ,2(|λ|)]MJ(r0) +
[ Eβ,1(|λ|)
|λ|Eβ,β(λ)

Eβ,β(|λ|)B(β + l − 1, k + 1)

+ Eβ,β(|λ|)B(β + l, k + 1)
]
Mf (r0) < r0.

(4.4)

Proof. From Lemmas 3.21 and 3.22, and the definition of J , it follows that x ∈
LPmC(1, e] is a solution of (1.10) if and only if x ∈ LPmC(1, e] is a fixed point of
R. Lemma 3.22 implies that J is a completely continuous operator.

From (4.A4), for x ∈ LPmC(1, e] we have

|f(t, x(t))| ≤Mf (‖x‖), t ∈ (ti, ti+1], i ∈ N[0,m],

|G(t, x(t))| ≤Mf (‖x‖), t ∈ (ti, ti+1], i ∈ N[0,m],

|H(t, x(t))| ≤Mf (‖x‖), t ∈ (ti, ti+1], i ∈ N[0,m],

|I(ti, x(ti))| ≤MI(‖x‖), i ∈ N[1,m],

|J(ti, x(ti))| ≤MJ(‖x‖), i ∈ N[1,m].

We consider the set Ω = {x ∈ LPmC(1, e] : x = λ(Jx), for some λ ∈ [0, 1]}. For
x ∈ Ω and t ∈ (ti, ti+1], we have

|(Jx)(t)|

≤ Eβ,1(|λ|)‖ψ‖1
λEβ,β(λ)

MH(‖x‖) +
[
Eβ,2(|λ|) +

Eβ,1(|λ|)
|λ|Eβ,β(λ)

Eβ,1(|λ|)
]
‖φ‖1MG(‖x‖)

+
[ Eβ,1(|λ|)
|λ|Eβ,β(λ)

m|λ|Eβ,β(|λ|) +mEβ,1(|λ|)
]
MI(‖x‖)

+ [mEβ,1(|λ|) +mEβ,2(|λ|)]MJ(‖x‖) +
[ Eβ,1(|λ|)
|λ|Eβ,β(λ)

Eβ,β(|λ|)B(β + l − 1, k + 1)

+ Eβ,β(|λ|)B(β + l, k + 1)
]
Mf (‖x‖).

It follows that

‖x‖ = λ‖Rx‖ ≤ ‖Rx‖

≤ Eβ,1(|λ|)‖ψ‖1
λEβ,β(λ)

MH(‖x‖) +
[
Eβ,2(|λ|) +

Eβ,1(|λ|)
|λ|Eβ,β(λ)

Eβ,1(|λ|)
]
‖φ‖1MG(‖x‖)

+
[ Eβ,1(|λ|)
|λ|Eβ,β(λ)

m|λ|Eβ,β(|λ|) +mEβ,1(|λ|)
]
MI(‖x‖)

+ [mEβ,1(|λ|) +mEβ,2(|λ|)]MJ(‖x‖) +
[ Eβ,1(|λ|)
|λ|Eβ,β(λ)

Eβ,β(|λ|)

×B(β + l − 1, k + 1) + Eβ,β(|λ|)B(β + l, k + 1)
]
Mf (‖x‖).

From (4.4), we choose Ω = {x ∈ LPmC(1, e] : ‖x‖ ≤ r0}. For x ∈ ∂Ω, we obtain
x 6= λ(Jx) for any λ ∈ [0, 1]. In fact, if there exists x ∈ ∂Ω such that x = λ(Jx) for
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some λ ∈ [0, 1]. Then

r0 = ‖x‖ = λ‖Jx‖ ≤ ‖Jx‖

≤ Eβ,1(|λ|)‖ψ‖1
λEβ,β(λ)

MH(r0) + [Eβ,2(|λ|) +
Eβ,1(|λ|)
|λ|Eβ,β(λ)

Eβ,1(|λ|)]‖φ‖1MG(r0)

+
[ Eβ,1(|λ|)
|λ|Eβ,β(λ)

m|λ|Eβ,β(|λ|) +mEβ,1(|λ|)
]
MI(r0) + [mEβ,1(|λ|)

+mEβ,2(|λ|)]MJ(r0) +
[ Eβ,1(|λ|)
|λ|Eβ,β(λ)

Eβ,β(|λ|)B(β + l − 1, k + 1)

+ Eβ,β(|λ|)B(β + l, k + 1)
]
Mf (r0) < r0,

which is a contradiction.
As a consequence of Schaefer’s fixed point theorem, we deduce that J has a fixed

point which is a solution of (1.10). The proof of is complete. �

5. Applications of main results

In this section, we present firstly applications of the results obtained in Section
3.2. We also point out some mistakes occurred in cited papers. Finally we establish
sufficient conditions for the existence of solutions of three classes of boundary value
problems of impulsive fractional differential equations.

Applying the results obtained in Section 3.2, choose λ = 0, by Theorems 3.11–
3.14, we obtain the exact piecewise continuous solutions of the following fractional
differential equations (see Corollaries 5.1, 5.3, 5.5 and 5.6 below)

CDα
0+x(t) = F (t), t ∈ (ti, ti+1], i ∈ N[0,m], (5.1)

RLDα
0+x(t) = F (t), t ∈ (ti, ti+1], i ∈ N[0,m], (5.2)

RLHDα
0+x(t) = G(t), t ∈ (si, si+1], i ∈ N[0,m], (5.3)

CHDα
0+x(t) = G(t), t ∈ (si, si+1], i ∈ N[0,m], (5.4)

where n − 1 ≤ α < n, 0 = t0 < t1 < · · · < tm < tm+1 = 1 in (5.1) and (5.2) and
1 = t0 < t1 < · · · < tm < tm+1 = e in (5.3) and (5.4).

Corollary 5.1. Suppose that F is continuous on (0, 1) and there exist constants
k > −α + n − 1 and l ∈ (−α,−α − k, 0] such that |F (t)| ≤ tk(1 − t)l for all
t ∈ (0, 1). Then x is a piecewise solution of (5.1) if and only if there exist constants
civ(i ∈ N [0,m], v ∈ N[0, n− 1]) ∈ R such that

x(t) =
i∑

σ=0

n−1∑
v=0

cσv
Γ(v + 1)

(t− tσ)v +
1

Γ(α)

∫ t

0

(t− s)α−1F (s)ds, (5.5)

for t ∈ (ti, ti+1] and i ∈ N[0,m].

The above corollary follows from Theorem 3.11, with λ = 0.

Remark 5.2. We note that (t − tσ)v =
∑v
τ=0(−1)τ

(
v
τ

)
tτσt

v−τ . By Corollary 5.1,
we can transform (5.5) into

x(t) =
n−1∑
v=0

div
Γ(v + 1)

tv +
1

Γ(α)

∫ t

0

(t− s)α−1F (s)ds, (5.6)
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for t ∈ (ti, ti+1] and i ∈ N[0,m]. Here div are constants. Certainly (5.6) can be
transformed into

x(t) =
n−1∑
v=0

eiv
Γ(v + 1)

(t− ti)v +
1

Γ(α)

∫ t

0

(t− s)α−1F (s)ds, (5.7)

for t ∈ (ti, ti+1] and i ∈ N[0,m].

In [71], the authors actually used (5.6) to construct the nonlinear operator for
getting solutions of (1.5), but they did not prove the equivalence between the
boundary value problem and the integral equation, see [71, Lemma 2.6].

Rehman and Eloe [91] proved that (5.1) is equivalent to (5.6) under the assump-
tion that F ∈ PC[0, 1]. So Corollary generalizes [91, Lemma 2.4]. Furthermore,
it is difficult to convert a BVP for impulsive fractional differential equation to a
integral equation by using (5.6), while it is easy to do this job by using (5.5). See
the examples in Section 6.

Corollary 5.3. Suppose that F is continuous on (0, 1) and there exist constants
k > −1 and l ∈ (−α,−n− k, 0] such that |F (t)| ≤ tk(1− t)l for all t ∈ (0, 1). Then
x is a solution of (5.2) if and only if there exist constants cσv(σ ∈ N[0,m], v ∈
N[1, n]) ∈ R such that

x(t) =
i∑

σ=0

n∑
v=1

cσv
Γ(α− v + 1)

(t− tσ)α−v +
1

Γ(α)

∫ t

0

(t− s)α−1F (s)ds, (5.8)

for t ∈ (ti, ti+1], i ∈ N[0,m].

Remark 5.4. When α is not an integer, (5.8) is not equivalent to the equation

x(t) =
n∑
v=1

civ
Γ(α− v + 1)

(t− ti)α−v +
1

Γ(α)

∫ t

0

(t− s)α−1F (s)ds,

for t ∈ (ti, ti+1], i ∈ N[0,m].

Corollary 5.5. Suppose that G is continuous on (1, e) and there exist constants
k > −1 and l ∈ (−α,−n − k, 0] such that |G(t)| ≤ (log t)k(1 − log t)l for all
t ∈ (1, e). Then x is a solution of (5.3) if and only if there exist constants cjv ∈
R(j ∈ N[0,m], v ∈ N[1, n]) such that

x(t) =
i∑

j=0

n∑
v=1

cjv
Γ(α− v + 1)

(log
t

tj
)α−v +

1
Γ(α)

∫ t

1

(log
t

s
)α−1G(s)

ds

s
, (5.9)

for t ∈ (ti, ti+1], i ∈ N[0,m].

In [57], the same result was proved under the assumption that G ∈ L(1, e). So
Corollary 5.5 improve the results in [57].

Corollary 5.6. Suppose that G is continuous on (1, e) and there exist constants
k > −α+n− 1 and l ∈ (−α,−α+ k, 0] such that |G(t)| ≤ (log t)k(1− log t)l for all
t ∈ (1, e). Then x is a piecewise solution of (5.4) if and only if there exist constants
cjv ∈ R(j ∈ N[0,m], i ∈ N[0, n− 1]) such that

x(t) =
j∑
ρ=0

n−1∑
v=0

cρv
Γ(v + 1)

(log
t

tρ
)v +

1
Γ(α)

∫ t

1

(log
t

s
)α−1G(s)

ds

s
, (5.10)

for t ∈ (tj , tj+1], j ∈ N[0,m].
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We now construct a Banach space X and prove the compact criterion for subsets
of X. X will be used in next three subsections. Choose the set of functions

X =
{
x : x

∣∣
(ti,ti+1]

, Dβ
0+x|(ti,ti+1] are continuous, i ∈ N[0,m], lim

t→t+i
(t− ti)2−αx(t),

lim
t→t+i

(t− ti)2+β−αDβ
0+x(t) exist, i ∈ N[0,m]

}
For x ∈ X define the norm

‖x‖ = max
{

sup
t∈(ti,ti+1]

(t−ti)2−α|x(t)|, sup
t∈(ti,ti+1]

(t−ti)2+β−α|Dβ
0+x(t)| : i ∈ N[0,m]

}
.

Lemma 5.7. X is a Banach space with the norm defined above.

Proof. It is easy to see that X is a normed linear space. Let {xu} be a Cauchy
sequence in X. Then ‖xu − xv‖ → 0, u, v → +∞. It follows that

lim
t→t+i

(t− ti)2−αxu(t), lim
t→t+i

(t− ti)2+β−αDβ
0+xu(t) exist for i ∈ N[0,m]. (5.11)

Let

xu,i(t) =

{
limt→t+i

(t− ti)2−αxu(t), t = ti,

(t− ti)2−αxu(t), t ∈ (ti, ti+1],

Dxu,i(t) =

{
limt→t+i

(t− ti)2+β−αDβ
0+xu(t), t = ti,

(t− ti)2+βαDβ
0+xu(t), t ∈ (ti, ti+1].

Then both xu,i and Dxu,i are continuous on [ti, ti+1]. Hence there exist two continu-
ous function x0,i, y0,i defined on [ti, ti+1] such that maxt∈[ti,ti+1] |xu,i(t)−x0,i(t)| →
0 as u→ +∞ and maxt∈[ti,ti+1] |Dxu,i(t)− y0,i(t)| → 0 as u→ +∞.

Denote x0(t) = (t− ti)α−2x0,i(t) and y0(t) = (t− ti)α−β−2y0,i(t) for t ∈ (ti, ti+1].
One sees that x0 and y0 defined on (0, 1] such that

lim
t→t+i

(t− ti)2−αx0(t), lim
t→t+i

(t− ti)2+β−αDβ
0+y0(t) exist for i ∈ N[0,m],

lim
u→+∞

xu(t) = x0(t), lim
u→+∞

Dβ
0+xu(t) = y0(t), t ∈ (0, 1],

lim
u→+∞

sup
t→(ti,ti+1]

(t− ti)2−α|xu(t)− x0(t)| = 0, i ∈ N[0,m],

lim
u→+∞

sup
t∈(ti,ti+1]

(t− ti)2+β−α|Dβ
0+xu(t)− y0(t)| = 0, i ∈ N[0,m].

Now, denote Dβ
0+xu(t) = yu(t) for t ∈ (0, 1]. Then by Theorem 3.12 (with λ = 0,

F (t) = yn(t), n = 1) there exist numbers cu,σ(σ ∈ N[0,m]) such that xu(t) =
Iβ0+yu(t) +

∑i
σ=0 cu,σ(t − tσ)β−1 for t ∈ (ti, ti+1], i ∈ N[0,m]. So for t ∈ (ti, ti+1],

we have

|xu(t)−
i∑

σ=0

cu,σ(t− tσ)β−1 − Iβ0+(t− tσ)α−β−2y0(t)|

= |Iβ0+yu(t)− Iβ0+(t− tσ)α−β−2y0(t)|

= |Iβ0+D
β
0+xu(t)− Iβ0+(t− tσ)α−β−2y0(t)|

= |
∫ t

0

(t− s)β−1

Γ(β)
[Dβ

0+xu(s)− (s− tσ)α−β−2y0(s)]ds|
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≤
∫ t

0

(t− s)β−1

Γ(β)
|Dβ

0+xu(s)− (s− tσ)α−β−2y0(s)|ds

=
i−1∑
σ=0

∫ tσ+1

tσ

(t− s)β−1

Γ(β)
|Dβ

0+xu(s)− y0(s)|ds

+
∫ t

ti

(t− s)β−1

Γ(β)
|Dβ

0+xu(s)− (s− tσ)α−β−2y0(s)|ds

=
i−1∑
σ=0

∫ tσ+1

tσ

(t− s)β−1

Γ(β)
|Dβ

0+xu(s)− (s− tσ)α−β−2y0,σ(s)|ds

+
∫ t

ti

(t− s)β−1

Γ(β)
|Dβ

0+xu(s)− (s− ti)α−β−2y0,i(s)|ds

=
i−1∑
σ=0

∫ tσ+1

tσ

(t− s)β−1

Γ(β)
(s− tσ)α−β−2|(s− tσ)2+β−αDβ

0+xu(s)− y0,σ(s)|ds

+
∫ t

ti

(t− s)β−1

Γ(β)
(s− ti)α−β−2|(s− tσ)2+β−αDβ

0+xu(s)− y0,i(s)|ds

≤
i−1∑
σ=0

∫ tσ+1

tσ

(t− s)β−1

Γ(β)
(s− tσ)α−β−2ds sup

t∈(tσ,tσ+1]

|(t− tσ)2+β−αDβ
0+xu(t)− y0,σ(t)|

+
∫ t

ti

(t− s)β−1

Γ(β)
(s− ti)α−β−2ds sup

t∈(ti,ti+1]

|(t− tσ)2+β−αDβ
0+xu(t)− y0,i(t)|

=
i−1∑
σ=0

(t− tσ)α−2

∫ tσ+1−tσ
t−tσ

0

(1− w)β−1

Γ(β)
wα−β−2dw

× sup
t∈(tσ,tσ+1]

|(t− tσ)2+β−αDβ
0+xu(t)− y0,σ(t)|

+
∫ 1

0

(1− w)β−1

Γ(β)
wα−β−2dw sup

t∈(ti,ti+1]

|(t− tσ)2+β−αDβ
0+xu(t)− y0,i(t)|

≤
i−1∑
σ=0

(t− tσ)α−2

∫ 1

0

(1− w)β−1

Γ(β)
wα−β−2dw

× sup
t∈(tσ,tσ+1]

|(t− tσ)2+β−αDβ
0+xu(t)− y0,σ(t)|

+
∫ 1

0

(1− w)β−1

Γ(β)
wα−β−2dw sup

t∈(ti,ti+1]

|(t− tσ)2+β−αDβ
0+xu(t)− y0,i(t)|

→ 0 as u→ +∞.

It follows that

lim
u→+∞

[
xu(t)−

i∑
σ=0

cu,σ(t− tσ)β−1
]

= Iβ0+(t− tσ)α−β−2y0(t).

We have

x0(t)−
i∑

σ=0

c0,σ(t− tσ)β−1 = Iβ0+(t− tσ)α−β−2y0(t),
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for t ∈ (ti, ti+1], i ∈ N[0,m]. Then for t ∈ (ti, ti+1], we have

(t− tσ)α−β−2y0(t)

= Dβ
0+I

β
0+(t− tσ)α−β−2y0(t)

=
1

Γ(1− β)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)−β
(
x0(s)−

j∑
σ=0

c0,σ(s− tσ)β−1
)
ds
]′

+
1

Γ(1− β)

[ ∫ t

ti

(t− s)−β
(
x0(s)−

i∑
σ=0

c0,σ(s− tσ)β−1
)
ds
]′

=
1

Γ(β)

[ ∫ t

0

(t− s)−βx0(s)ds
]′

− 1
Γ(1− β)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)−β
j∑

σ=0

c0,σ(s− tσ)β−1ds
]′

− 1
Γ(1− β)

[ ∫ t

ti

(t− s)−β
i∑

σ=0

c0,σ(s− tσ)β−1ds
]′

= Dβ
0+x0(t)− 1

Γ(1− β)

[ i−1∑
j=0

j∑
σ=0

c0,σ

∫ tj+1−tσ
t−tσ

tj−tσ
t−tσ

(1− w)−βwβ−1dw
]′

− 1
Γ(1− β)

[ i∑
σ=0

c0,σ

∫ 1

ti−tσ
t−tσ

(1− w)−βwβ−1dw
]′

= Dβ
0+x0(t)− 1

Γ(1− β)

[ i−1∑
σ=0

c0,σ

i−1∑
j=σ

∫ tj+1−tσ
t−tσ

tj−tσ
t−tσ

(1− w)−βwβ−1dw
]′

− 1
Γ(1− β)

[ i∑
σ=0

c0,σ

∫ 1

ti−tσ
t−tσ

(1− w)−βwβ−1dw
]′

= Dβ
0+x0(t)− 1

Γ(1− β)

[ i∑
σ=0

c0,σ

∫ 1

0

(1− w)−βwβ−1dw
]′

= Dβ
0+x0(t).

Then (t − tσ)α−β−2y0(t) = Dβ
0+x0(t) for t ∈ (ti, ti+1], i ∈ N[0,m]. From above

discussion, X is a Banach space. �

Lemma 5.8. Let M be a subset of X. Then M is relatively compact if and only if
the following conditions are satisfied:

(i) both {t→ (t−ti)2−αx(t) : x ∈M} and {t→ (t−ti)2+β−αDβ
0+x(t) : x ∈M}

are uniformly bounded,
(ii) both {t→ (t−ti)2−αx(t) : x ∈M} and {t→ (t−ti)2+β−αDβ

0+x(t) : x ∈M}
are equi-continuous in (ti, ti+1](i ∈ N [0,m]).

Proof. ” ⇐ ”. From lemma 5.7, we know X is a Banach space. To prove that the
subset M is relatively compact in X, we only need to show M is totally bounded
in X, that is for all ε > 0, M has a finite ε-net.
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For any given ε > 0, by (i) and (ii), there exist a constants A ≥ 0, δ > 0 and a
ts0 , such that

|(u1 − ti)2−αx(u1)− (u2 − ti)2−αx(u2)| ≤ ε

3
,

for ti < u1, u2 ≤ ti+1, |u1 − u2| < δ, x ∈M,

|(u1 − ti)2+β−αDβ
0+x(u1)− (u2 − ti)2+β−αDβ

0+x(u2)| < ε

3
,

for ti < u1, u2 ≤ ti+1, |u1 − u2| < δ, x ∈M,

(t− ti)2−α|x(t)|, (t− ti)2+β−α|Dβ
0+x(t)| ≤ A,

for t ∈ (ti, ti+1], i ∈ N [0,m], x ∈M.

Define

X|(ti,ti+1] =
{
x : x

∣∣
(ti,ti+1]

, Dβ
0+x is continuous on (ti, ti+1] and

lim
t→t+i

(t− ti)2−αx(t), lim
t→t+i

(t− ti)2+β−αDβ
0+x(t)

}
.

For x ∈ X|(ti,ti+1], define

‖x‖i = max
{

sup
t∈(ti,ti+1]

(t− ti)2−α|x(t)|, sup
t∈(ti,ti+1]

(t− ti)2+β−α|Dβ
0+x(t)|

}
.

Similarly to Lemma 5.7, we can prove that X(ti,ti+1] is a Banach space. Let
M |(ti,ti+1] = {t → x(t), t ∈ (ti, ti+1] : x ∈ M}. Then M |(ti,ti+1] is a subset of
X|(ti,ti+1]. By (i) and (ii), and Ascoli-Arzela theorem, we can know that M |(ti,ti+1]

is relatively compact. Thus, there exist xi1, xi2, . . . , xiki ∈ M |(ti,ti+1] such that
{Uxi1 , Uxi2 , . . . , Uxiki } is a finite ε-net of M |(ti,ti+1].

Denote xl0l1l2...lm(t) = xili(t), t ∈ (ti, ti+1], i ∈ N[0,m], li ∈ N[1, kli ]. For any
x ∈M , we have x|(ti,ti+1] ∈M |(ti,ti+1], so there exists li ∈ N[1, ki] such that

‖x|(ti,ti+1] − xili‖i = max
{

sup
t∈(ti,ti+1]

(t− ti)2−α|x(t)− xili(t)|,

sup
t∈(ti,ti+1]

(t− ti)2+β−α|Dβ
0+x(t)−Dβ

0+xili(t)|} ≤ ε.

Then, for x ∈M ,

‖x− xl0l1l2...lm‖X

= max
{

sup
t∈(ti,ti+1]

(t− ti)2−α|x(t)− xl0l1l2...lm(t)|,

sup
t∈(ti,ti+1]

(t− ti)2+β−α|Dβ
0+x(t)−Dβ

0+xl0l1l2...lm(t)| : i ∈ N[0,m]
}

≤ max
{

sup
t∈(ti,ti+1]

(t− ti)2−α|x(t)− xilit)|,

sup
t∈(ti,ti+1]

(t− ti)2+β−α|Dβ
0+x(t)−Dβ

0+xili(t)| : i ∈ N[0,m]
}

< ε.

So, for any ε > 0, M has a finite ε-net {Uxl0l1l2...lm : li ∈ N [1, ki], i ∈ N[0,m]}; that
is, M is totally bounded in X. Hence, M is relatively compact in X.
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⇒ Assume that M is relatively compact, then for any ε > 0, there exists a finite
ε-net of M . Let the finite ε-net be {Ux1 , Ux2 , . . . , Uxk} with xi ⊂M . Then for any
x ∈M , there exists Uxi such that x ∈ Uxi and

‖x‖ ≤ ‖x− xi‖+ ‖xi‖ ≤ ε+ max{‖xi‖ : i ∈ N[1, k]}.

It follows that M is uniformly bounded. Then (i) holds.
Furthermore, let x ∈ M , then there exists xi such that ‖x − xi‖ < ε. Since

limt→t+j
(t − ti)2−αxi(t) exists and xi is continuous on (tj , tj+1], then there exists

δ > 0 such that u1, u2 ∈ (tj , tj+1] with |u1−u2| < δ implies that |(u1−tj)2−αxi(u1)−
(u2 − tj)2−αxi(u2)| < ε. Then we have for u1, u2 ≥ (tj , tj+1] with |u1 − u2| < δ

|(u1 − tj)2−αx(u1)− (u2 − tj)2−αx(u2)|
≤ |(u1 − tj)2−αx(u1)− (u1 − tj)2−αxi(u1)|+

∣∣(u1 − tj)2−αxi(u1)

− (u2 − tj)2−αxi(u2)
∣∣+ |(u2 − tj)2−αxi(u2)− (u2 − tj)2−αx(u2)|

< 3ε, x ∈M.

Similarly we have t→ (t− tj)2+β−αDβ
0+x(t) is equi-continuous on (tj , tj+1]. Thus

(iii) is valid. Similarly we can prove that (ii) holds. Consequently, the claim is
proved. �

5.1. Impulsive multi-point boundary value problems. In [137], the authors
studied the impulsive boundary value problem

RLDα
0+u(t) = f(t, v(t),RLDp

0+v(t)),
RLDβ

0+v(t) = g(t, u(t),RLDq
0+u(t)), t ∈ (0, 1),

∆u(ti) = Ai(v(ti),RLD
p
0+v(ti))),

∆RLDq
0+u(ti)) = Bi(v(ti),RLD

p
0+v(ti))), i ∈ N[1, k],

∆v(ti) = Ci(u(ti),RLD
q
0+u(ti))), ∆RLDp

0+v(ti)) = Di(u(ti),
RLDq

0+u(ti))), i ∈ N[1, k],

RLDα−1
0+ u(0) =

m∑
i=1

ai
RLDα−1

0+ u(ξi), u(1) =
m∑
i=1

biη
2−αu(ηi),

RLDβ−1
0+ v(0) =

m∑
i=1

ci
RLDβ−1

0+ v(ζi), v(1) =
m∑
i=1

diη
2−βu(θi),

(5.12)

where

(i) α, β ∈ (1, 2), p ∈ (0, β−1], q ∈ (0, α−1], {ti : i ∈ N[1, k]}, {ξi : i ∈ N[1,m]},
{ηi : i ∈ N[1,m]}, {ζi : i ∈ N[1,m]}, {θi : i ∈ N[1,m]} ⊂ (0, 1) are
increasing sequences,

(ii) f, g : [0, 1]× R2 → R are Carathéodory functions,
(iii) Ai, Bi, Ci, Di : R2 → R are continuous functions, k,m are positive integers,

ai, bi, ci, di are fixed constants, i ∈ N[1,m].

Zhang et al. claimed that the following assumptions
m∑
i=1

ai =
m∑
i=1

bi =
m∑
i=1

ci =
m∑
i=1

di = 1,
m∑
i=1

biηi =
m∑
i=1

diηi = 1 (5.13)
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make (5.12) be a resonant problem and tried to establish existence result for so-
lutions of BVP (5.1) by using the coincidence degree theory due to Mawhin [79].
However, some mistakes occurred in [137, (2.10)–(2.14)]. There, it means that

RLDα
0+u(t) = z1(t), ∆u(ti) = δi, ∆RLDq

0+u(ti) = ωi, i ∈ N[1,m] (5.14)

imply that

u(t) =
1

Γ(α)

∫ t

0

(t− s)α−1z1(s)ds+
(
h1 +

Γ(α− q)
Γ(α)

∑
ti<t

ωit
q+1−α
i

)
tα−1

+
(
h2 +

∑
ti<t

δit
2−α
i − Γ(α− q)

Γ(α)

∑
ti<t

ωit
q+2−α
i

)
tα−2, h1, h2 ∈ R.

This claim is false because of the following two items:
(i) In fact, when t ∈ (0, t1], this claim is correct. When t ∈ (ti, ti+1], i ≥ 1, we

have by Definition 2.2

RLDα
0+u(t)

=
1

Γ(2− α)

(∫ t

0

(t− s)1−αu(s)ds
)′′

=
1

Γ(2− α)

( i−1∑
j=0

∫ tj+1

tj

(t− s)1−αu(s)ds
)′′

+
1

Γ(2− α)

(∫ t

ti

(t− s)1−αu(s)ds
)′′

=
1

Γ(2− α)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)1−α
( 1

Γ(α)

∫ s

0

(s− u)α−1z1(u)du

+ (h1 +
Γ(α− q)

Γ(α)

j∑
τ=1

ωτ t
q+1−α
τ )sα−1

+ (h2 +
j∑

τ=1

δτ t
2−α
τ − Γ(α− q)

Γ(α)

j∑
τ=1

ωτ t
q+2−α
τ )sα−2

)
ds
]′′

+
1

Γ(2− α)

[ ∫ t

ti

(t− s)1−α
( 1

Γ(α)

∫ s

0

(s− u)α−1z1(u)du

+
(
h1 +

Γ(α− q)
Γ(α)

i∑
τ=1

ωτ t
q+1−α
τ

)
sα−1

+
(
h2 +

j∑
τ=1

δτ t
2−α
τ − Γ(α− q)

Γ(α)

i∑
τ=1

ωτ t
q+2−α
τ

)
sα−2

)
ds
]′′

=
1

Γ(2− α)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)1−α
( 1

Γ(α)

∫ s

0

(s− u)α−1z1(u)du

+
(
h1 +

Γ(α− q)
Γ(α)

j∑
τ=1

ωτ t
q+1−α
τ

)
sα−1

)
ds
]′′

+
1

Γ(2− α)

[ ∫ t

ti

(t− s)1−α
( 1

Γ(α)

∫ s

0

(s− u)α−1z1(u)du
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+
(
h1 +

Γ(α− q)
Γ(α)

i∑
τ=1

ωτ t
q+1−α
τ

)
sα−1

)
ds
]′′

+
1

Γ(2− α)

[ ∫ t

0

(t− s)1−α
(
h2 +

j∑
τ=1

δτ t
2−α
τ − Γ(α− q)

Γ(α)

i∑
τ=1

ωτ t
q+2−α
τ

)
sα−2ds

]′′
6= z1(t), by direct computation.

(ii) Problem (5.14) is unsuitable proposed. By Corollary 5.3, one sees the piece-
wise continuous solutions of RLDα

0+u(t) = z1(t) are given by

u(t) =
i∑

σ=0

(
cσ1

Γ(α)
(t− tσ)α−1 +

cσ2

Γ(α− 1)
(t− tσ)α−2) +

1
Γ(α)

∫ t

0

(t− s)α−1z1(s)ds,

for t ∈ (ti, ti+1], i ∈ N[0,m]. It is easy to see that u may be discontinuous at
t = ti if ci2 6= 0. So ∆u(ti) = δi is unsuitable. Since the expression of u on
(ti, ti+1], i ∈ N [0,m] are different from each other, then the resonant conditions
(5.13) may be false.

To show the readers a correct result, now, we consider the boundary value prob-
lem (for ease expression, we consider the one of a impulsive fractional differential
equation, not a fractional differential system):

RLDα
0+u(t) = p(t)f(t, u(t),RLDβ

0+u(t)), t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→t+i

(t− ti)2−αu(t) = I(ti, u(ti),RLD
β
0+u(ti)), i ∈ N[1,m],

∆RLDα−1
0+ u(ti)) = J(ti, u(ti),RLD

β
0+u(ti)), i ∈ N[1,m],

RLDα−1
0+ u(0) =

m∑
i=1

ai
RLDα−1

0+ u(ξi), u(1) =
m∑
i=1

biu(ηi),

(5.15)

where:
(5.A1) α ∈ (1, 2), β ∈ (0, α − 1], {ti : i ∈ N[1,m]}, {ξi : i ∈ N[1,m]}, {ηi : i ∈

N[1,m]} are increasing sequences with ξi, ηi ∈ (ti, ti+1], i ∈ N[0,m], ai, bi ∈ R are
fixed constants, m is a positive integer,

(5.A2) f : (0, 1)×R2 → R satisfies the following items: t→ f(t, (t− ti)α−2u, (t−
ti)α−β−2v) is measurable on (0, 1) for each (u, v) ∈ R2, (u, v)→ f(t, (t−ti)α−2u, (t−
ti)α−β−2v) is continuous on R2 for all t ∈ (ti, ti+1], i ∈ N[0,m], for each r > 0 there
exists a constant Mr ≥ 0 such that |f(t, (t − ti)α−2u, (t − ti)α−β−2v)| ≤ Mr holds
for all t ∈ (ti, ti+1], i ∈ N[0,m] and |u|, |v| ≤ r;

(5.A3) I, J : {ti : i ∈ N[1,m]} × R2 → R satisfies the following items: (u, v) →
I or J(ti, (ti− ti−1)α−2u, (ti− ti−1)α−β−2v) is continuous on R2 for all i ∈ N[1,m],
for each r > 0 there exists a constantMr ≥ 0 such that |I or J(ti, (ti−ti−1)α−2u, (ti−
ti−1)α−β−2v)| ≤Mr holds for all i ∈ N[1,m] and |u|, |v| ≤ r;

(5.A4) p : (0, 1)→ R satisfies that there exist number k > −1, l ∈ (max{−α,−2−
k}, 0] and β − α < l ≤ 0 such that |p(t)| ≤ tk(1− t)l for all t ∈ (0, 1).
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The homogeneous problem of (5.15) is as follows:

RLDα
0+u(t) = 0, t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→t+i

(t− ti)2−αu(t) = ∆RLDα−1
0+ u(ti)) = 0, i ∈ N[1,m],

RLDα−1
0+ u(0) =

m∑
i=1

ai
RLDα−1

0+ u(ξi), u(1) =
m∑
i=1

biu(ηi),

(5.16)

By Corollary 5.3, RLDα
0+u(t) = 0 with t ∈ (ti, ti+1], i ∈ N[0,m] implies that there

exist constants cσ1, cσ2 ∈ R such that

u(t) =
i∑

σ=0

(cσ1(t− tσ)α−1 + cσ2(t− tσ)α−2), t ∈ (ti, ti+1], i ∈ N[0,m]. (5.17)

So Definition 2.2 implies for t ∈ (tj , tj+1], i ∈ N[0,m] that

RLDα−1
0+ u(t)

=
1

Γ(2− α)

[ ∫ t

0

(t− s)1−αu(s)ds
]′

=
1

Γ(2− α)

[ j−1∑
i=0

∫ ti+1

ti

(t− s)1−α
i∑

σ=0

(cσ1(s− tσ)α−1 + cσ2(s− tσ)α−2)ds
]′

+
1

Γ(2− α)

[ ∫ t

tj

(t− s)1−α
j∑

σ=0

(cσ1(s− tσ)α−1 + cσ2(s− tσ)α−2)ds
]′

=
1

Γ(2− α)

[ j−1∑
i=0

i∑
σ=0

(cσ1

∫ ti+1

ti

(t− s)1−α(s− tσ)α−1ds

+ cσ2

∫ ti+1

ti

(t− s)1−α(s− tσ)α−2ds)
]′

+
1

Γ(2− α)

[ j∑
σ=0

(cσ1

∫ t

tj

(t− s)1−α(s− tσ)α−1ds

+ cσ2

∫ t

tj

(t− s)1−α(s− tσ)α−2ds)
]′

=
1

Γ(2− α)

[ j−1∑
i=0

i∑
σ=0

(cσ1(t− tσ)
∫ ti+1−tσ

t−tσ

ti−tσ
t−tσ

(1− w)1−αwα−1dw

+ cσ2

∫ ti+1−tσ
t−tσ

ti−tσ
t−tσ

(1− w)1−αwα−2dw)
]′

+
1

Γ(2− α)

[ j∑
σ=0

(cσ1(t− tσ)
∫ 1

tj−tσ
t−tσ

(1− w)1−αwα−1dw

+ cσ2

∫ 1

tj−tσ
t−tσ

(1− w)1−αwα−2dw)
]′
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=
1

Γ(2− α)

[ j−1∑
σ=0

j−1∑
i=σ

(cσ1(t− tσ)
∫ ti+1−tσ

t−tσ

ti−tσ
t−tσ

(1− w)1−αwα−1dw

+ cσ2

∫ ti+1−tσ
t−tσ

ti−tσ
t−tσ

(1− w)1−αwα−2dw)
]′

+
1

Γ(2− α)

[ j∑
σ=0

(
cσ1(t− tσ)

∫ 1

tj−tσ
t−tσ

(1− w)1−αwα−1dw

+ cσ2

∫ 1

tj−tσ
t−tσ

(1− w)1−αwα−2dw
)]′

=
1

Γ(2− α)

[ j∑
σ=0

(
cσ1(t− tσ)

∫ 1

0

(1− w)1−αwα−1dw

+ cσ2

∫ 1

0

(1− w)1−αwα−2dw
)]′

= Γ(α)
j∑

σ=0

cσ1.

It follows that

RLDα−1
0+ u(t) = Γ(α)

i∑
σ=0

cσ1, t ∈ (ti, ti+1], i ∈ N[0,m]. (5.18)

Then the other equations in (5.16) with (5.17) and (5.18) imply

ci2 = 0, ci1 = 0, i ∈ N[1,m],

Γ(α)c01 =
m∑
i=1

ai

i∑
σ=0

Γ(α)cσ1,

m∑
σ=0

(cσ1(1− tσ)α−1 + cσ2(1− tσ)α−2)

=
m∑
i=1

bi

i∑
σ=0

(cσ1(ηi − tσ)α−1 + cσ2(ηi − tσ)α−2).

(5.19)

Thus (5.19) implies that cσ1 = 0 and cσ2 = 0 for all σ ∈ N[1,m]. So by (5.19) we
have

c01 = c01

m∑
i=1

ai, c01(1−
m∑
i=1

biη
α−1
i ) = c02

[ m∑
i=1

biη
α−2
i − 1

]
= 0. (5.20)

From (5.20) it is easy to see the following:
Case (i): (5.16) has a unique trivial solution u(t) = 0 if and only if

m∑
i=1

ai 6= 1,
m∑
i=1

biη
α−2
i 6= 1. (5.21)
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Case (ii): (5.16) has a group of nontrivial solutions u(t) = c02t
α−2, c02 ∈ R if and

only if

m∑
i=1

ai 6= 1,
m∑
i=1

biη
α−2
i = 1. (5.22)

Case (iii): (5.16) has a group of nontrivial solutions

u(t) = c01t
α−1 + c01

1−
∑m
i=1 biη

α−1
i∑m

i=1 biη
α−2
i − 1

tα−2, c01, c02 ∈ R

if and only if

m∑
i=1

ai = 1,
m∑
i=1

biη
α−1
i 6= 1,

m∑
i=1

biη
α−2
i 6= 1. (5.23)

Case (iv): (5.16) has a group of nontrivial solutions u(t) = c02t
α−2, c02 ∈ R if and

only if

m∑
i=1

ai = 1,
m∑
i=1

biη
α−1
i 6= 1,

m∑
i=1

biη
α−2
i = 1. (5.24)

Case (v): (5.16) has a group of nontrivial solutions u(t) = c01t
α−1, c01 ∈ R if and

only if

m∑
i=1

ai = 1,
m∑
i=1

biη
α−1
i = 1,

m∑
i=1

biη
α−2
i = 1. (5.25)

If (5.21) holds, then BVP (5.15) is a un-resonant problem. While (5.22) or (5.23)
or (5.24) or (5.25) implies that BVP(5.15) is a resonant problem. Concerning Case
(i), we establish an existence result for solutions of (5.15). Similar results can be
established for other cases. The readers should try it.

Lemma 5.9. Suppose that (5.21) holds, denote ∆1 = 1 −
∑m
i=1 ai and ∆2 =

1−
∑m
i=1 biη

α−2
i , ∆3 =

∑m
i=1 biη

α−1
i − 1, σ is continuous on (0, 1) and there exist

k > −1 and l ∈ (max{−α,−2− k}, 0] such that |σ(t)| ≤ tk(1− t)l for all t ∈ (0, 1).
Then x is a solution of the problem

RLDα
0+x(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→t+i

(t− ti)2−αx(t) = Ii, i ∈ N[1,m],

∆RLDα−1
0+ x(ti)) = Ji, i ∈ N[1,m],

RLDα−1
0+ x(0) =

m∑
i=1

ai
RLDα−1

0+ x(ξi), x(1) =
m∑
i=1

bix(ηi)

(5.26)
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if and only if

x(t)

=
1

Γ(α)

[ tα−1

∆1

m∑
σ=1

m∑
i=σ

ai +
∆3

∆1

tα−2

∆2

m∑
σ=1

m∑
i=σ

ai +
tα−2

∆2

m∑
σ=1

m∑
i=σ

bi(ηi − tσ)α−1
]
Jσ

+
tα−2

∆2

m∑
σ=1

m∑
i=σ

bi(ηi − tσ)α−2Iσ +
1

Γ(α)

i∑
σ=1

(t− tσ)α−1Jσ +
i∑

σ=1

(t− tσ)α−2Iσ

+
1

Γ(α)
tα−2

∆2

∆3

∆1

m∑
i=1

ai

∫ ξi

0

σ(s)ds+
tα−2

∆2

m∑
i=1

bi

∫ ηi

0

(ηi − s)α−1

Γ(α)
σ(s)ds

− tα−2

∆2

∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds+

1
Γ(α)

tα−1

∆1

m∑
i=1

ai

∫ ξi

0

σ(s)ds

+
∫ t

0

(t− s)α−1

Γ(α)
σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

(5.27)

Proof. By Theorem 3.12, we have RLDα
0+x(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m] if

and only if there exit numbers cσ1, cσ2, i ∈ N[0,m] such that

x(t) =
i∑

σ=0

[cσ1(t− tσ)α−1 + cσ2(t− tσ)α−2] +
∫ t

0

(t− s)α−1

Γ(α)
σ(s)ds, (5.28)

for t ∈ (ti, ti+1], i ∈ N[0,m]. Then

RLDα−1
0+ x(t) = Γ(α)

i∑
σ=0

cσ1 +
∫ t

0

σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m]. (5.29)

Furthermore, by direct computations we have
RLDβ

0+x(t)

=
1

Γ(1− β)

[ ∫ t

0

(t− s)−βx(s)ds
]′

=
1

Γ(1− β)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)−βx(s)ds
]′

+
1

Γ(1− β)

[ ∫ t

ti

(t− s)−βx(s)ds
]′

=
i∑

σ=0

(cσ1
Γ(α)

Γ(α− β + 1)
(t− tσ)α−β−1 + cσ2

Γ(α− 1)
Γ(α− β − 1)

(t− tσ)α−β−2)

+
∫ t

0

(t− s)α−β−1

Γ(α− β)
σ(s)ds, t ∈ (ti, ti+1], i ∈ N [0,m].

(5.30)
From limt→t+i

(t − ti)2−αx(t) = Ii, we have cσ2 = Iσ for all σ ∈ N[1,m]. From

∆RLDα−1
0+ x(ti)) = Ji, i ∈ N[1,m], one has cσ1 = Jσ

Γ(α) for all σ ∈ N[1,m]. From the
boundary conditions in (5.25), we obtain

Γ(α)c01 =
m∑
i=1

ai

[
Γ(α)

i∑
σ=0

cσ1 +
∫ ξi

0

σ(s)ds
]
,
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m∑
σ=0

[cσ1(1− tσ)α−1 + cσ2(1− tσ)α−2] +
∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds

=
m∑
i=1

bi

[ i∑
σ=0

[cσ1(ηi − tσ)α−1 + cσ2(ηi − tσ)α−2] +
∫ ηi

0

(ηi − s)α−1

Γ(α)
σ(s)ds

]
.

It follows that

c01 =
1

Γ(α)
1

∆1

[ m∑
i=1

ai

i∑
σ=1

Jσ +
m∑
i=1

ai

∫ ξi

0

σ(s)ds
]

=
1

Γ(α)
1

∆1

m∑
σ=1

m∑
i=σ

aiJσ +
1

Γ(α)
1

∆1

m∑
i=1

ai

∫ ξi

0

σ(s)ds,

c02 =
1

∆2

[ 1
Γ(α)

∆3

∆1

m∑
σ=1

m∑
i=σ

aiJσ +
1

Γ(α)

m∑
i=1

bi

i∑
σ=1

(ηi − tσ)α−1Jσ

+
m∑
i=1

bi

i∑
σ=1

(ηi − tσ)α−2Iσ +
1

Γ(α)
∆3

∆1

m∑
i=1

ai

∫ ξi

0

σ(s)ds

+
m∑
i=1

bi

∫ ηi

0

(ηi − s)α−1

Γ(α)
σ(s)ds−

∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds

]
=

1
∆2

[ 1
Γ(α)

∆3

∆1

m∑
σ=1

m∑
i=σ

aiJσ +
1

Γ(α)

m∑
σ=1

m∑
i=σ

bi(ηi − tσ)α−1Jσ

+
m∑
σ=1

m∑
i=σ

bi(ηi − tσ)α−2Iσ +
1

Γ(α)
∆3

∆1

m∑
i=1

ai

∫ ξi

0

σ(s)ds

+
m∑
i=1

bi

∫ ηi

0

(ηi − s)α−1

Γ(α)
σ(s)ds−

∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds

]
.

Substituting cσ1, cσ2 into (5.28), we obtain (5.27) by changing the order of the
terms. It is easy to show from (5.28) and (5.30) that x ∈ X. The proof is compete.

�

To simplify notation, let Hx(t) = H(t, x(t),RLDβ
0+x(t)) for functions H : (0, 1)×

R2 → R and x : (0, 1]→ R. Define the operator (Tx)(t) for x ∈ X by

(Tx)(t)

=
1

Γ(α)

[ tα−1

∆1

m∑
σ=1

m∑
i=σ

ai +
∆3

∆1

tα−2

∆2

m∑
σ=1

m∑
i=σ

ai +
tα−2

∆2

m∑
σ=1

m∑
i=σ

bi(ηi − tσ)α−1
]
Jx(tσ)

+
tα−2

∆2

m∑
σ=1

m∑
i=σ

bi(ηi − tσ)α−2Ix(tσ) +
1

Γ(α)

i∑
σ=1

(t− tσ)α−1Jx(tσ)

+
i∑

σ=1

(t− tσ)α−2Ix(tσ) +
1

Γ(α)
tα−2

∆2

∆3

∆1

m∑
i=1

ai

∫ ξi

0

p(s)fx(s)ds

+
tα−2

∆2

m∑
i=1

bi

∫ ηi

0

(ηi − s)α−1

Γ(α)
p(s)fx(s)ds− tα−2

∆2

∫ 1

0

(1− s)α−1

Γ(α)
p(s)fx(s)ds
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+
1

Γ(α)
tα−1

∆1

m∑
i=1

ai

∫ ξi

0

p(s)fx(s)ds+
∫ t

0

(t− s)α−1

Γ(α)
p(s)fx(s)ds,

for t ∈ (ti, ti+1] and i ∈ N[0,m].

Theorem 5.10. Suppose that (5.21), (5.A1)–(5.A4) hold and
(H1) there exist non-decreasing functions Mf ,MI ,MJ : [0,+∞) × [0,+∞) →

[0,+∞) such that

|f(t, (t− ti)α−2u, (t− ti)α−β−2v)| ≤Mf (|u|, |v|),
for t ∈ (ti, ti+1], i ∈ N[0,m], u, v ∈ R,

|I(ti, (ti − ti−1)α−2u, (ti − ti−1)α−β−2v)| ≤MI(|u|, |v|), i ∈ N[1,m], u, v ∈ R,

|J(ti, (ti − ti−1)α−2u, (ti − ti−1)α−β−2v)| ≤MJ(|u|, |v|), i ∈ N[1,m], u, v ∈ R

Then (5.15) has at least one solution if there is r0 > 0 such that A1MJ(r0, r0) +
A2MI(r0, r0) +A3Mf (r0, r0) ≤ r0, where

A1 = max
{ 1

Γ(α)

[( 1
|∆1|

+
|∆3|
|∆1|

1
|∆2|

) m∑
i=1

i|ai|+
1
|∆2|

m∑
i=1

i|bi|+m
]
,

( 1
Γ(α− β + 1)|∆1|

+
Γ(α− 1)

Γ(α− β − 1)
1

Γ(α)|∆2|
|∆3|
|∆1|

) m∑
i=1

i|ai|

+
Γ(α− 1)

Γ(α− β − 1)
1

Γ(α)|∆2|

m∑
i=1

i|bi|+
m

Γ(α− β + 1)

}
;

A2 = max
{ 1
|∆2|

m∑
σ=1

m∑
i=σ

|bi|(ηi − tσ)α−2 +m,

Γ(α− 1)
Γ(α− β − 1)

1
|∆2|

m∑
σ=1

m∑
i=σ

|bi|(ηi − tσ)α−2 +
mΓ(α− 1)

Γ(α− β − 1)

}
;

A3 = max
{

(
B(l + 1, k + 1)

Γ(α)|∆2|
|∆3|
|∆1|

+
B(l + 1, k + 1)

Γ(α)|∆1|
)
m∑
i=1

|ai|

+
B(α+ l, k + 1)

Γ(α)|∆2|

m∑
i=1

|bi|+
B(α+ l, k + 1)

Γ(α)|∆2|
+

B(l + 1, k + 1)
Γ(α)

,

B(l + 1, k + 1)
Γ(α)

Γ(α− 1)
Γ(α− β − 1)

1
|∆2|

|∆3|
|∆1|

m∑
i=1

|ai|

+
Γ(α− 1)

Γ(α− β − 1)
1
|∆2|

m∑
i=1

|bi|
B(α+ l, k + 1)

Γ(α)
+

B(α+ l, k + 1)
Γ(α)

+
B(l + 1, k + 1)
Γ(α− β + 1)

1
∆1

+
B(α− β + l, k + 1)

Γ(α− β)

}
.

Proof. Let X be defined above. By Lemma 5.9, we know that x is a solution of
(5.15) if and only if x is a fixed point of T . By a standard proof, we can see that
T : X → X is a completely continuous operator. From (H1), for x ∈ X we have

|fx(t)| = |f(t, x(t),RLDβ
0+x(t))| ≤Mf (‖x‖, ‖x‖), t ∈ (ti, ti+1], i ∈ N[0,m],

|I(ti, x(ti),RLD
β
0+x(ti))| ≤MI(‖x‖, ‖x‖), i ∈ N[1,m], x ∈ R,
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|J(ti, x(ti),RLD
β
0+x(ti))| ≤MJ(‖x‖, ‖x‖), i ∈ N[1,m], x ∈ R.

We consider the set Ω = {x ∈ X : x = λ(Tx), for some λ ∈ [0, 1)}. For x ∈ Ω, by
the definition of T for t ∈ (ti, ti+1] we have
RLDβ

0+(Tx)(t)

=
1

Γ(α− β + 1)
tα−β−1

∆1

m∑
σ=1

m∑
i=σ

aiJσ +
1

Γ(α)
Γ(α− 1)

Γ(α− β − 1)
tα−β−2

∆2

∆3

∆1

m∑
σ=1

m∑
i=σ

aiJσ

+
1

Γ(α)
Γ(α− 1)

Γ(α− β − 1)
tα−β−2

∆2

m∑
σ=1

m∑
i=σ

bi(ηi − tσ)α−1Jσ

+
Γ(α− 1)

Γ(α− β − 1)
tα−β−2

∆2

m∑
σ=1

m∑
i=σ

bi(ηi − tσ)α−2Iσ

+
i∑

σ=1

(
1

Γ(α− β + 1)
(t− tσ)α−β−1Jσ +

Γ(α− 1)
Γ(α− β − 1)

(t− tσ)α−β−2Iσ)

+
1

Γ(α)
Γ(α− 1)

Γ(α− β − 1)
tα−β−2

∆2

∆3

∆1

m∑
i=1

ai

∫ ξi

0

σ(s)ds

+
Γ(α− 1)

Γ(α− β − 1)
tα−β−2

∆2

m∑
i=1

bi

∫ ηi

0

(ηi − s)α−1

Γ(α)
σ(s)ds

−
∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds+

1
Γ(α− β + 1)

tα−β−1

∆1

m∑
i=1

ai

∫ ξi

0

σ(s)ds

+
∫ t

0

(t− s)α−β−1

Γ(α− β)
σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

So

(t− ti)2−α|(Tx)(t)|

≤ 1
Γ(α)

[ 1
|∆1|

m∑
σ=1

m∑
i=σ

|ai|+
|∆3|
|∆1|

1
|∆2|

m∑
σ=1

m∑
i=σ

|ai|

+
1
|∆2|

m∑
σ=1

m∑
i=σ

|bi|(ηi − tσ)α−1
]
MJ(‖x‖, ‖x‖)

+
1
|∆2|

m∑
σ=1

m∑
i=σ

|bi|(ηi − tσ)α−2MI(‖x‖, ‖x‖)

+
1

Γ(α)

i∑
σ=1

MJ(‖x‖, ‖x‖) +
i∑

σ=1

MI(‖x‖, ‖x‖)

+
1

Γ(α)
1
|∆2|

|∆3|
|∆1|

m∑
i=1

|ai|
∫ ξi

0

sk(1− s)ldsMf (‖x‖, ‖x‖)

+
1
|∆2|

m∑
i=1

|bi|
∫ ηi

0

(ηi − s)α−1

Γ(α)
sk(1− s)ldsMf (‖x‖, ‖x‖)

+
1
|∆2|

∫ 1

0

(1− s)α−1

Γ(α)
sk(1− s)ldsMf (‖x‖, ‖x‖)
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+
1

Γ(α)
1
|∆1|

m∑
i=1

|ai|
∫ ξi

0

sk(1− s)ldsMf (‖x‖, ‖x‖)

+ (t− ti)2−α
∫ t

0

(t− s)α−1

Γ(α)
sk(1− s)ldsMf (‖x‖, ‖x‖)

≤ 1
Γ(α)

[( 1
|∆1|

+
|∆3|
|∆1|

1
|∆2|

) m∑
i=1

i|ai|+
1
|∆2|

m∑
i=1

i|bi|+m
]
MJ(‖x‖, ‖x‖)

+
[ 1
|∆2|

m∑
σ=1

m∑
i=σ

|bi|(ηi − tσ)α−2 +m
]
MI(‖x‖, ‖x‖)

+
[
(
B(l + 1, k + 1)

Γ(α)|∆2|
|∆3|
|∆1|

+
B(l + 1, k + 1)

Γ(α)|∆1|
)
m∑
i=1

|ai|+
B(α+ l, k + 1)

Γ(α)|∆2|

m∑
i=1

|bi|

+
B(α+ l, k + 1)

Γ(α)|∆2|
+

B(l + 1, k + 1)
Γ(α)

]
Mf (‖x‖, ‖x‖).

Furthermore,

(t− tσ)2+β−α|RLDβ
0+(Tx)(t)|

≤ 1
Γ(α− β + 1)

1
|∆1|

m∑
σ=1

m∑
i=σ

|ai|MJ(‖x‖, ‖x‖)

+
1

Γ(α)
Γ(α− 1)

Γ(α− β − 1)
1
|∆2|

|∆3|
|∆1|

m∑
σ=1

m∑
i=σ

|ai|MJ(‖x‖, ‖x‖)

+
1

Γ(α)
Γ(α− 1)

Γ(α− β − 1)
1
|∆2|

m∑
σ=1

m∑
i=σ

|bi|MJ(‖x‖, ‖x‖)

+
Γ(α− 1)

Γ(α− β − 1)
1
|∆2|

m∑
σ=1

m∑
i=σ

|bi|(ηi − tσ)α−2MI(‖x‖, ‖x‖)

+
i∑

σ=1

( 1
Γ(α− β + 1)

MJ(‖x‖, ‖x‖) +
Γ(α− 1)

Γ(α− β − 1)
MI(‖x‖, ‖x‖)

)
+

1
Γ(α)

Γ(α− 1)
Γ(α− β − 1)

1
|∆2|

|∆3|
|∆1|

m∑
i=1

|ai|
∫ ξi

0

sk(1− s)ldsMf (‖x‖, ‖x‖)

+
Γ(α− 1)

Γ(α− β − 1)
1
|∆2|

m∑
i=1

|bi|
∫ ηi

0

(ηi − s)α−1

Γ(α)
sk(1− s)ldsMf (‖x‖, ‖x‖)

+
∫ 1

0

(1− s)α−1

Γ(α)
sk(1− s)ldsMf (‖x‖, ‖x‖)

+
1

Γ(α− β + 1)
1

∆1

m∑
i=1

ai

∫ ξi

0

sk(1− s)ldsMf (‖x‖, ‖x‖)

+ (t− ti)2+β−α
∫ t

0

(t− s)α−β−1

Γ(α− β)
sk(1− s)ldsMf (‖x‖, ‖x‖)

≤
[( 1

Γ(α− β + 1)|∆1|
+

Γ(α− 1)
Γ(α− β − 1)

1
Γ(α)|∆2|

|∆3|
|∆1|

) m∑
i=1

i|ai|
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+
Γ(α− 1)

Γ(α− β − 1)
1

Γ(α)|∆2|

m∑
i=1

i|bi|+
m

Γ(α− β + 1)

]
MJ(‖x‖, ‖x‖)

+
[ Γ(α− 1)

Γ(α− β − 1)
1
|∆2|

m∑
σ=1

m∑
i=σ

|bi|(ηi − tσ)α−2 +
mΓ(α− 1)

Γ(α− β − 1)

]
MI(‖x‖, ‖x‖)

+
[B(l + 1, k + 1)

Γ(α)
Γ(α− 1)

Γ(α− β − 1)
1
|∆2|

|∆3|
|∆1|

m∑
i=1

|ai|

+
Γ(α− 1)

Γ(α− β − 1)
1
|∆2|

m∑
i=1

|bi|
B(α+ l, k + 1)

Γ(α)
+

B(α+ l, k + 1)
Γ(α)

+
B(l + 1, k + 1)
Γ(α− β + 1)

1
∆1

+
B(α− β + l, k + 1)

Γ(α− β)

]
Mf (‖x‖, ‖x‖).

It follows that

‖Tx‖ ≤ A1MJ(‖x‖, ‖x‖) +A2MI(‖x‖, ‖x‖) +A3Mf (‖x‖, ‖x‖).
From the assumption, we choose Ω = {x ∈ X : ‖x‖ ≤ r0}. For x ∈ ∂Ω, we obtain
x 6= λ(Tx) for any λ ∈ [0, 1]. In fact, if there exists x ∈ ∂Ω such that x = λ(Tx)
for some λ ∈ [0, 1]. Then

r0 = ‖x‖ = λ‖Tx‖ < ‖Tx‖ ≤ A1MJ(r0, r0) +A2MI(r0, r0) +A3Mf (r0, r0) ≤ r0,

which is a contradiction.
As a consequence of Schaefer’s fixed point theorem, we deduce that T has a fixed

point which is a solution of problem (5.15). The proof is complete. �

Theorem 5.11. Suppose that (5.21), (5.A1)-(5.A4), (H1) hold and

lim
r→0+

Mf (r, r)
r

= lim
r→0+

MI(r, r)
r

= lim
r→0+

MJ(r, r)
r

= 0

or

lim
r→+∞

Mf (r, r)
r

= lim
r→+∞

MI(r, r)
r

= lim
r→+∞

MJ(r, r)
r

= 0.

Then (5.15) has at least one solution.

Proof. Let X be defined above. By Lemma 5.9, we know that x is a solution of
(5.15) if and only if x is a fixed point of T . By a standard proof, we can see that
T : X → X is a completely continuous operator.

From (H1), as in the proof of Theorem 5.10, we have

‖Tx‖ ≤ A1MJ(‖x‖, ‖x‖) +A2MI(‖x‖, ‖x‖) +A3Mf (‖x‖, ‖x‖).
Choose δ0 > 0 such that (A1 +A2 +A3)δ0 ≤ 1. By the assumption, we know that
there exist a constant M > 0 such that

Mf (r, r) ≤ δ0r, MI(r, r) ≤ δ0r, MJ(r, r) ≤ δ0r, r ∈ [0,M ] or r ∈ [M,+∞).

We choose Ω = {x ∈ X : ‖x‖ < M}. Then Ω is an open bounded subset of X and
0 ∈ Ω. For x ∈ ∂Ω, we have ‖x‖ = M . Thus

‖Tx‖ ≤ A1MJ(‖x‖, ‖x‖) +A2MI(‖x‖, ‖x‖) +A3Mf (‖x‖, ‖x‖)
≤ A1δ0M +A2δ0M +A3δ0M ≤M = ‖x‖.

As a consequence of Theorem 3.10, we deduce that T has a fixed point which is a
solution of (5.15). The proof is complete. �
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5.2. Impulsive Sturm-Liouville boundary value problems. Zhang and Feng
[130] studied the Sturm-Liouville boundary value problem of impulsive fractional
differential equation

CDq
0+x(t) = ω(t)f(t, x(t), x′(t)), t ∈ (ti, ti+1], i ∈ N[0,m],

∆x(ti) = Ii(x(ti)), i ∈ N[1,m],

∆x′(ti) = Ji(x(ti)), i ∈ N[1,m],

α1x(0)− β1x
′(0) = α2x(1) + β2x

′(1) = 0,

(5.31)

where q ∈ (1, 2], CDq
0+u is the Caputo fractional derivative, ω : [0, 1] → [0,+∞),

f : [0, 1] × R2 → R, Ii, Ji : R → R are continuous functions, 0 = t0 < t1 < · · · <
tm < tm+1 = 1, α1α2 +α1β2 +α2β1 6= 0. The existence and uniqueness of solutions
of BVP(5.31) were established under the assumptions that f , Ii, Ji are bounded
functions. The following theorem was proved in [130].

Theorem 5.12 ([130]). Suppose that σ ∈ C[0, 1], Ii, Ji are continuous, and η =
α1α2 + α1β2 + α1β1 6= 0. The solution of the problem

CDq
0+x(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m],

∆x(ti) = Ii(x(ti)), i ∈ N[1,m],

∆x′(ti) = Ji(x(ti)), i ∈ N[1,m],

α1x(0)− β1x
′(0) = α2x(1) + β2x

′(1) = 0,

(5.32)

can be expressed as

x(t) =
∫ t

tk

(t− s)q−1

Γ(q)
σ(s)ds+

m+1∑
i=1

G′1s(t, ti)
∫ ti

ti−1

(ti − s)q−1

Γ(q)
σ(s)ds

−
n∑
i=1

G1(t, ti)
∫ ti

ti−1

(ti − s)q−2

Γ(q − 1)
σ(s)ds+

n∑
i=1

G′1s(t, ti)Ii(x(ti))

−
n∑
i=1

G1(t, ti)Ji(x(ti)), t ∈ (tk, tk+1], k ∈ N[0,m],

(5.33)

where

G1(t, s) = −1
η

{
(β1 + α1t)(α2(1− s) + β2), t ≤ s,
(β1 + α1s)(α2(1− t) + β2), s ≤ t.

This result is wrong. In fact, suppose that u is a solution of (5.32). By Theorem
3.11 (with λ = 0), we know from CDq

0+x(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m] that
there exist constants cσv ∈ R such that

x(t) =
i∑

σ=0

cσ +
i∑

σ=0

dσ(t− tσ) +
∫ t

0

(t− s)α−1

Γ(α)
σ(s)ds, t ∈ (ti, ti+1], i ∈ N [0,m].

Then

x′(t) =
i∑

σ=0

dσ +
∫ t

0

(t− s)α−2

Γ(α− 1)
σ(s)ds, t ∈ (ti, ti+1], i ∈ N [0,m].

From ∆x(ti) = Ii(x(ti)),∆x′(ti) = Ji(x(ti)), i ∈ N[1,m], we obtain ci = Ii(x(ti))
and di = Ji(x(ti)), i ∈ N[1,m]. By α1x(0) − β1x

′(0) = α2x(1) + β2x
′(1) = 0, we
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have

α1c0 − β1d0 = 0,

α2

[ m∑
σ=0

cσ +
m∑
σ=0

dσ(1− tσ) +
∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds

]
+ β2

[ m∑
σ=0

dσ +
∫ 1

0

(1− s)α−2

Γ(α− 1)
σ(s)ds

]
= 0.

It follows that

α1c0 − β1d0 = 0,

α2c0 + (α2 + β2)d0 = −α2

m∑
σ=1

Iσ(x(tσ))−
m∑
σ=1

[α2(1− tσ) + β2]Jσ(x(tσ))

−
∫ 1

0

[α2(1− s)α−1

Γ(α)
+
β2(1− s)α−2

Γ(α− 1)
]
σ(s)ds.

Then

c0 = β1

(
− α2

m∑
σ=1

Iσ(x(tσ))−
m∑
σ=1

[α2(1− tσ) + β2]Jσ(x(tσ))

−
∫ 1

0

[
α2(1− s)α−1

Γ(α)
− β2(1− s)α−2

Γ(α− 1)
]σ(s)ds

)
/η,

d0 = α1

(
− α2

m∑
σ=1

Iσ(x(tσ))−
m∑
σ=1

[α2(1− tσ) + β2]Jσ(x(tσ))

−
∫ 1

0

[
α2(1− s)α−1

Γ(α)
+
β2(1− s)α−2

Γ(α− 1)
]σ(s)ds

)
/η.

Hence

x(t) = β1

(
− α2

m∑
σ=1

Iσ(x(tσ))−
m∑
σ=1

[α2(1− tσ) + β2]Jσ(x(tσ))

−
∫ 1

0

[
α2(1− s)α−1

Γ(α)
− β2(1− s)α−2

Γ(α− 1)
]σ(s)ds

)
/η

+ α1

(
− α2

m∑
σ=1

Iσ(x(tσ))−
m∑
σ=1

[α2(1− tσ) + β2]Jσ(x(tσ))

−
∫ 1

0

[
α2(1− s)α−1

Γ(α)
+
β2(1− s)α−2

Γ(α− 1)
]σ(s)ds

)
t/η

×
i∑

σ=1

Iσ(x(tσ)) +
i∑

σ=1

Jσ(x(tσ))(t− tσ) +
∫ t

0

(t− s)α−1

Γ(α)
σ(s)ds,

for t ∈ (ti, ti+1] and i ∈ N [0,m]. This is the correct expression of solutions of
(5.32). This result shows that [130, Theorem ZF] is wrong.

Theorem 5.13. Suppose that σ ∈ C[0, 1], Ii, Ji are continuous, and

ζ = α1

[
α2

m−1∑
τ=0

(tτ+1 − tτ ) + [α2 + β2](1− tm)
]

+ α2β1 6= 0. (5.34)
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Then the solution of BVP for fractional differential equation with multiple starting
points ti,

CDq

t+i
x(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m],

∆x(ti) = Ii(x(ti)), i ∈ N[1,m],

∆x′(ti) = Ji(x(ti)), i ∈ N[1,m],

α1x(0)− β1x
′(0) = α2x(1) + β2x

′(1) = 0,

(5.35)

can be expressed as

x(t) =



c0 + d0t+
∫ t

0
(t−s)q−1

Γ(q) σ(s)ds, t ∈ (0, t1],

c0 +
∑i−1
τ=0(tτ+1 − tτ )d0 +

∑i−1
j=1

∑i−1
τ=j(tτ+1 − tτ )Jj(x(tj))

+
∑i
τ=1 Iτ (x(tτ )) +

∑i−1
τ=0

∫ tτ+1

tτ

(tτ+1−s)α−1

Γ(α) σ(s)ds

+
∑i−2
j=0

∑i−1
τ=j+1(tτ+1 − tτ )

∫ tj+1

tj

(tj+1−s)α−2

Γ(α−1) σ(s)ds

+
[
d0 +

∑i−1
j=0

∫ tj+1

tj

(tj+1−s)α−2

Γ(α−1) σ(s)ds+
∑i
j=1 Jj(x(tj))

]
(t− ti)

+
∫ t
ti

(t−s)q−1

Γ(q) σ(s)ds, t ∈ (ti, ti+1], i ∈ N[1,m].

(5.36)

Here c0, d0 are defined by

d0 = −α1

ζ

[
α2

m−1∑
j=1

m−1∑
τ=j

(tτ+1 − tτ )Jj(x(tj)) +
m∑
j=1

Jj(x(tj)) + α2

m∑
τ=1

Iτ (x(tτ ))

+ α2

m−1∑
τ=0

∫ tτ+1

tτ

(tτ+1 − s)α−1

Γ(α)
σ(s)ds

+ α2

m−2∑
j=0

m−1∑
τ=j+1

(tτ+1 − tτ )
∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds

+ [α2 + β2](1− tm)
m−1∑
j=0

∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds

+ α2

∫ 1

tm

(1− s)α−1

Γ(α)
σ(s)ds+ β2

∫ 1

tm

(1− s)α−2

Γ(α− 1)
σ(s)ds

]
,

c0 = −β1

ζ

[
α2

m−1∑
j=1

m−1∑
τ=j

(tτ+1 − tτ )Jj(x(tj)) +
m∑
j=1

Jj(x(tj)) + α2

m∑
τ=1

Iτ (x(tτ ))

+ α2

m−1∑
τ=0

∫ tτ+1

tτ

(tτ+1 − s)α−1

Γ(α)
σ(s)ds

+ α2

m−2∑
j=0

m−1∑
τ=j+1

(tτ+1 − tτ )
∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds

+ [α2 + β2](1− tm)
m−1∑
j=0

∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds

+ α2

∫ 1

tm

(1− s)α−1

Γ(α)
σ(s)ds+ β2

∫ 1

tm

(1− s)α−2

Γ(α− 1)
σ(s)ds

]
.
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Proof. Suppose that x is a solution of (5.35). From Theorem 3.11 and CDq

t+i
x(t) =

σ(t), t ∈ (ti, ti+1], there exist constants ci, di ∈ R such that

x(t) = ci + di(t− ti) +
∫ t

ti

(t− s)α−1

Γ(α)
σ(s)ds, t ∈ (ti, ti+1], i ∈ N [0,m].

Then

x′(t) = di +
∫ t

ti

(t− s)α−2

Γ(α− 1)
σ(s)ds, t ∈ (ti, ti+1], i ∈ N [0,m].

By ∆x(ti) = Ii(x(ti)),∆x′(ti) = Ji(x(ti)), i ∈ N[1,m], we obtain

ci −
[
ci−1 + di−1(ti − ti−1) +

∫ ti

ti−1

(ti − s)α−1

Γ(α)
σ(s)ds

]
= Ii(x(ti)),

di −
[
di−1 +

∫ ti

ti−1

(ti − s)α−2

Γ(α− 1)
σ(s)ds

]
= Ji(x(ti)), i ∈ N[1,m].

It follows that

di = d0 +
i−1∑
j=0

∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds+

i∑
j=1

Jj(x(tj)), i ∈ N[1,m].

Then

ci = ci−1 + (ti − ti−1)d0 + (ti − ti−1)
i−1∑
j=1

Jj(x(tj)) + Ii(x(ti))

+
∫ ti

ti−1

(ti − s)α−1

Γ(α)
σ(s)ds+ (ti − ti−1)

i−2∑
j=0

∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds

= c0 +
i−1∑
τ=0

(tτ+1 − tτ )d0 +
i−1∑
τ=0

(tτ+1 − tτ )
τ∑
j=1

Jj(x(tj)) +
i∑

τ=1

Iτ (x(tτ ))

+
i−1∑
τ=0

∫ tτ+1

tτ

(tτ+1 − s)α−1

Γ(α)
σ(s)ds

+
i−1∑
τ=0

(tτ+1 − tτ )
τ−1∑
j=0

∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds

= c0 +
i−1∑
τ=0

(tτ+1 − tτ )d0 +
i−1∑
j=1

i−1∑
τ=j

(tτ+1 − tτ )Jj(x(tj)) +
i∑

τ=1

Iτ (x(tτ ))

+
i−1∑
τ=0

∫ tτ+1

tτ

(tτ+1 − s)α−1

Γ(α)
σ(s)ds

+
i−2∑
j=0

i−1∑
τ=j+1

(tτ+1 − tτ )
∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds, i ∈ N[1,m].

By α1x(0)− β1x
′(0) = α2x(1) + β2x

′(1) = 0, we have

α1c0 − β1d0 = 0,
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α2

[
cm + dm(1− tm) +

∫ 1

tm

(1− s)α−1

Γ(α)
σ(s)ds

]
+ β2

[
dm +

∫ 1

tm

(1− s)α−2

Γ(α− 1)
σ(s)ds

]
= 0.

It follows that

α1c0 − β1d0 = 0,

α2c0 +
[
α2

m−1∑
τ=0

(tτ+1 − tτ ) + [α2 + β2](1− tm)
]
d0

+ α2

m−1∑
j=1

m−1∑
τ=j

(tτ+1 − tτ )Jj(x(tj)) +
m∑
j=1

Jj(x(tj)) + α2

m∑
τ=1

Iτ (x(tτ ))

+ α2

m−1∑
τ=0

∫ tτ+1

tτ

(tτ+1 − s)α−1

Γ(α)
σ(s)ds

+ α2

m−2∑
j=0

m−1∑
τ=j+1

(tτ+1 − tτ )
∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds

+ [α2 + β2](1− tm)
m−1∑
j=0

∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds

+ α2

∫ 1

tm

(1− s)α−1

Γ(α)
σ(s)ds+ β2

∫ 1

tm

(1− s)α−2

Γ(α− 1)
σ(s)ds = 0.

Hence

d0 = −α1

ζ

[
α2

m−1∑
j=1

m−1∑
τ=j

(tτ+1 − tτ )Jj(x(tj)) +
m∑
j=1

Jj(x(tj)) + α2

m∑
τ=1

Iτ (x(tτ ))

+ α2

m−1∑
τ=0

∫ tτ+1

tτ

(tτ+1 − s)α−1

Γ(α)
σ(s)ds

+ α2

m−2∑
j=0

m−1∑
τ=j+1

(tτ+1 − tτ )
∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds

+ [α2 + β2](1− tm)
m−1∑
j=0

∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds

+ α2

∫ 1

tm

(1− s)α−1

Γ(α)
σ(s)ds+ β2

∫ 1

tm

(1− s)α−2

Γ(α− 1)
σ(s)ds

]
,

c0 = −β1

ζ

[
α2

m−1∑
j=1

m−1∑
τ=j

(tτ+1 − tτ )Jj(x(tj)) +
m∑
j=1

Jj(x(tj)) + α2

m∑
τ=1

Iτ (x(tτ ))

+ α2

m−1∑
τ=0

∫ tτ+1

tτ

(tτ+1 − s)α−1

Γ(α)
σ(s)ds
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+ α2

m−2∑
j=0

m−1∑
τ=j+1

(tτ+1 − tτ )
∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds

+ [α2 + β2](1− tm)
m−1∑
j=0

∫ tj+1

tj

(tj+1 − s)α−2

Γ(α− 1)
σ(s)ds

+ α2

∫ 1

tm

(1− s)α−1

Γ(α)
σ(s)ds+ β2

∫ 1

tm

(1− s)α−2

Γ(α− 1)
σ(s)ds

]
.

It follows that

x(t) =



c0 + d0t+
∫ t

0
(t−s)q−1

Γ(q) σ(s)ds, t ∈ (0, t1],

c0 +
∑i−1
τ=0(tτ+1 − tτ )d0 +

∑i−1
j=1

∑i−1
τ=j(tτ+1 − tτ )Jj(x(tj))

+
∑i
τ=1 Iτ (x(tτ )) +

∑i−1
τ=0

∫ tτ+1

tτ

(tτ+1−s)α−1

Γ(α) σ(s)ds

+
∑i−2
j=0

∑i−1
τ=j+1(tτ+1 − tτ )

∫ tj+1

tj

(tj+1−s)α−2

Γ(α−1) σ(s)ds

+
[
d0 +

∑i−1
j=0

∫ tj+1

tj

(tj+1−s)α−2

Γ(α−1) σ(s)ds+
∑i
j=1 Jj(x(tj))

]
(t− ti)

+
∫ t
ti

(t−s)q−1

Γ(q) σ(s)ds, t ∈ (ti, ti+1], i ∈ N[1,m].

This is (5.36). From Theorem 5.13, Result 6.26 is wrong even Dq
0+ with a single

starting point in (5.32) is replaced by Dq

t+i
with multiple starting points {ti}. �

Karaca and Tokmak [54] studied the kind of impulsive Sturm-Liouville boundary
value problem

′ = f(t, x(t)), t ∈ (ti, ti+1], i ∈ N[0,m],

∆x(ti) = Ii(x(ti)), i ∈ N[1,m],

∆x′(ti) = Ji(x(ti)), i ∈ N[1,m],

α1x(0)− β1x
′(0) = α2x(1) + β2x

′(1) = 0,

(5.37)

where β ∈ (0, 1], CDβ
0+u is the Caputo fractional derivative, f : [0, 1] × R → R,

Ii, Ji : R → R are continuous functions, 0 = t0 < t1 < · · · < tm < tm+1 = 1,
α1α2 + α1β2 + α2β1 6= 0. The existence and uniqueness of solutions of (5.37) were
established under the assumptions that f , Ii, Ji are bounded functions.

In [139, 140], the authors studied the existence and uniqueness of solution for the
boundary value problems for the semilinear impulsive fractional integro-differential
equations:

CDqx(t) = λx(t) + f(t, x(t), (Kx)(t), (Hx)(t)), t ∈ (ti, ti+1], i ∈ N[0,m],

∆x(ti) = Ii(x(ti)), i ∈ N[1,m],

∆x′(ti) = Ji(x(ti)), i ∈ N[1,m],

α1x(0)− β1x
′(0) = x0, α2x(1) + β2x

′(1) = x1,

where q ∈ (1, 2], λ ≥ 0, α1 ≥ 0, β1 > 0, α2 ≥ 0, β2 > 0, Γ = α1α2+α1β2+α2β1 6= 0,
and x0, x1 ∈ R, f : [0, 1] × R3 → R, Ii, Ji : R → R are continuous functions,
0 = t0 < t1 < · · · < tm < tm+1 = 1, and H,K are integral operators with integral
kernels

(Kx)(t) =
∫ t

0

k(t, s)x(s)ds, (Hx)(t) =
∫ 1

0

h(t, s)x(s)ds, t ∈ [0, 1],
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where k : D0 → R and h : D → R satisfies supt∈[0,1]

∫ t
0
k(t, s)|ds < +∞ and

supt∈[0,1]

∫ 1

0
h(t, s)|ds < +∞. The existence and uniqueness of solutions were es-

tablished under the assumptions that f , Ii, Ji are bounded functions and satisfies
the Lipschitz conditions. Some examples were presented in [139, 140]. These exam-
ples are unsuitable. Since [139, Lemma 2.3]) and [140, Lemma 2.3]) are from [99] in
which the derivative is the Caputo derivative with multiple start point ti(i ∈ N0),
see [99, Lemma 2.2] and [100]. So CDq

0+ in examples in [139, 140] should be replaced
by the one with multiple start point ti(i ∈ N0). But The derivative in Examples in
[139, 140] is the Riemann-Liouville derivative with single start point t = 0.

There has been no papers concerning with the solvability of Sturm-Liouville
boundary value problems of impulsive fractional differential equations involving the
other fractional derivatives such as the Riemman-Liouville fractional derivatives.
Now we consider the problem

RLDα
0+x(t) = p(t)f(t, x(t),RLDβ

0+x(t)), t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→t+i

(t− ti)2−αx(t) = I(ti, x(ti),RLD
β
0+x(ti)), i ∈ N[1,m],

∆RLDα−1
0+ x(ti) = J(ti, x(ti),RLD

β
0+x(ti)), i ∈ N[1,m],

α1 lim
t→0+

t2−αx(t)− β1
RLDα−1

0+ x(0) = α2x(1) + β2
RLDα−1

0+ x(1) = 0,

(5.38)

where α ∈ (1, 2], β ∈ (0, α− 1], RLD∗0+u is the Riemann-Liouville fractional deriva-
tive of order ∗, p : (0, 1)→ R satisfies (5.A4) in (5.15), f : (0, 1)×R2 → R satisfies
(5.A2) in (5.15), and I, J : {ti : i ∈ N[1,m] × R2 → R in (5.15) satisfies (5.A3) ,
0 = t0 < t1 < · · · < tm < tm+1 = 1, α1α2 + α1β2 + α2β1 6= 0.

Lemma 5.14. Suppose that Θ = α1α2 +Γ(α)α1β2 +Γ(α)α2β1 6= 0, σ is continuous
on (0, 1) and there exist k > −1 and l ∈ (max{−α,−2 − k}, 0] such that |σ(t)| ≤
tk(1− t)l for all t ∈ (0, 1). Then x is a solution of the problem

RLDα
0+x(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→t+i

(t− ti)2−αx(t) = Ii, i ∈ N[1,m],

∆RLDα−1
0+ x(ti) = Ji, i ∈ N[1,m],

α1 lim
t→0+

t2−αx(t)− β1
RLDα−1

0+ x(0) = α2x(1) + β2
RLDα−1

0+ x(1) = 0,

(5.39)

if and only if

x(t)

=
α1

Θ

[ m∑
σ=1

(1− tσ)α−1

Γ(α)
Jσ +

m∑
σ=1

(1− tσ)α−2Iσ + β2

∫ 1

0

σ(s)ds

+ α2

∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds

]
tα−1 − Γ(α)β1

Θ

[ m∑
σ=1

(1− tσ)α−1

Γ(α)
Jσ

+
m∑
σ=1

(1− tσ)α−2Iσ + β2

∫ 1

0

σ(s)ds+ α2

∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds

]
tα−2

+
i∑

σ=1

(1− tσ)α−1

Γ(α)
Jσ +

i∑
σ=1

(1− tσ)α−2Iσ +
∫ t

0

(t− s)α−1

Γ(α)
σ(s)ds,

(5.40)



EJDE-2016/296 SURVEY AND NEW RESULTS ON BVPS FOR IFDES 127

for t ∈ (ti, ti+1] and i ∈ N [0,m].

Proof. By Theorem 3.12, we have RLDα
0+x(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m] if

and only if there exit numbers cσ1, cσ2, i ∈ N[0,m] such that

x(t) =
i∑

σ=0

[cσ1(t− tσ)α−1 + cσ2(t− tσ)α−2] +
∫ t

0

(t− s)α−1

Γ(α)
σ(s)ds, (5.41)

for t ∈ (ti, ti+1] and i ∈ N[0,m]. Then

RLDα−1
0+ x(t) = Γ(α)

i∑
σ=0

cσ1 +
∫ t

0

σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m]. (5.42)

Furthermore, by direct computations we have
RLDβ

0+x(t)

=
1

Γ(1− β)

[ ∫ t

0

(t− s)−βx(s)ds
]′

=
1

Γ(1− β)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)−βx(s)ds
]′

+
1

Γ(1− β)

[ ∫ t

ti

(t− s)−βx(s)ds
]′

=
i∑

σ=0

(
cσ1

Γ(α)
Γ(α− β + 1)

(t− tσ)α−β−1 + cσ2
Γ(α− 1)

Γ(α− β − 1)
(t− tσ)α−β−2

)
+
∫ t

0

(t− s)α−β−1

Γ(α− β)
σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

(5.43)
From limt→t+i

(t − ti)2−αx(t) = Ii, we have cσ2 = Iσ for all σ ∈ N[1,m]. From

∆RLDα−1
0+ x(ti)) = Ji, i ∈ N[1,m], one has cσ1 = Jσ

Γ(α) for all σ ∈ N[1,m]. From the
boundary conditions in (5.39), we obtain

α1c02 − Γ(α)β1c01 = 0,

α2

[ m∑
σ=0

(cσ1(1− tσ)α−1 + cσ2(1− tσ)α−2) +
∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds

]
+ β2

[
Γ(α)

m∑
σ=0

cσ1 +
∫ 1

0

σ(s)ds
]

= 0.

It follows that

c01 =
α1

Θ

[ m∑
σ=1

(1− tσ)α−1

Γ(α)
Jσ +

m∑
σ=1

(1− tσ)α−2Iσ

+ β2

∫ 1

0

σ(s)ds+ α2

∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds

]
,

c02 = −Γ(α)β1

Θ

[ m∑
σ=1

(1− tσ)α−1

Γ(α)
Jσ +

m∑
σ=1

(1− tσ)α−2Iσ

+ β2

∫ 1

0

σ(s)ds+ α2

∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds

]
.
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Substituting cσ1, cσ2 into (5.41), we obtain (5.40) by changing the order of the
terms. It is easy to show from (5.40) and (5.43) that x ∈ X. The proof is compete.

�

To abbreviate notation, let Hx(t) = H(t, x(t),RLDβ
0+x(t)) for functions H :

(0, 1)× R2 → R and x : (0, ]→ R. Define the operator (Tx)(t) for x ∈ X by

(Tx)(t) =
α1

Θ

[ m∑
σ=1

(1− tσ)α−1

Γ(α)
Jx(tσ) +

m∑
σ=1

(1− tσ)α−2Ix(tσ)

+ β2

∫ 1

0

p(s)fx(s)ds+ α2

∫ 1

0

(1− s)α−1

Γ(α)
p(s)fx(s)ds

]
tα−1

− Γ(α)β1

Θ

[ m∑
σ=1

(1− tσ)α−1

Γ(α)
Jx(tσ) +

m∑
σ=1

(1− tσ)α−2Ix(tσ)

+ β2

∫ 1

0

p(s)fx(s)ds+ α2

∫ 1

0

(1− s)α−1

Γ(α)
p(s)fx(s)ds

]
tα−2

+
i∑

σ=1

(1− tσ)α−1

Γ(α)
Jx(tσ)(t− tσ)α−1 +

i∑
σ=1

(1− tσ)α−2Ix(tσ)(t− tσ)α−2

+
∫ t

0

(t− s)α−1

Γ(α)
p(s)fx(s)ds, t ∈ (ti, ti+1], i ∈ N [0,m].

Theorem 5.15. Suppose that Θ 6= 0 and (H1) in Theorem 5.10 holds. Then (5.38)
has at least one solution if there exists r0 > 0 such that

A1MJ(r0, r0) +A2MI(r0, r0) +A3Mf (r0, r0) ≤ r0,

where

A1 = max
{ |α1|
|Θ|

m∑
σ=1

(1− tσ)α−1

Γ(α)
+

m∑
σ=1

(1− tσ)α−1

Γ(α)
+

Γ(α)|β1|
|Θ|

m∑
σ=1

(1− tσ)α−1

Γ(α)
,

|α1|
|Θ|

Γ(α)
Γ(α− β)

m∑
σ=1

(1− tσ)α−1

Γ(α)
+

m∑
σ=1

(1− tσ)α−1

Γ(α)
Γ(α)

Γ(α− β)

+
Γ(α)|β1|
|Θ|

Γ(α− 1)
Γ(α− β − 1)

m∑
σ=1

(1− tσ)α−1

Γ(α)

}
,

and

A2 = max
{Γ(α)|β1|
|Θ|

m∑
σ=1

(1− tσ)α−2 +
m∑
σ=1

(1− tσ)α−2 +
|α1|
|Θ|

m∑
σ=1

(1− tσ)α−2,

Γ(α)|β1|
|Θ|

Γ(α− 1)
Γ(α− β − 1)

m∑
σ=1

(1− tσ)α−2 +
m∑
σ=1

(1− tσ)α−2 Γ(α− 1)
Γ(α− β − 1)

+
|α1|
|Θ|

Γ(α)
Γ(α− β)

m∑
σ=1

(1− tσ)α−2},

A3 = max
{ |α1‖β2|B(l + 1, k + 1)

|Θ|
+
|α1‖α2|
|Θ|

B(α+ l, k + 1)
Γ(α)
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+
Γ(α)|β1‖β2|B(l + 1, k + 1)

|Θ|
+

Γ(α)|β1‖α2|
|Θ|

B(α+ l, k + 1)
Γ(α)

+
B(α+ l, k + 1)

Γ(α)
,
|α1‖β2|B(l + 1, k + 1)

|Θ|
Γ(α)

Γ(α− β)

+
|α1‖α2|
|Θ|

Γ(α)
Γ(α− β)

B(α+ l, k + 1)
Γ(α)

+
Γ(α)|β1‖β2|B(l + 1, k + 1)

|Θ|
Γ(α− 1)

Γ(α− β − 1)

+
Γ(α)|β1‖α2|
|Θ|

Γ(α− 1)
Γ(α− β − 1)

B(α+ l, k + 1)
Γ(α)

+
B(α− β + l, k + 1)

Γ(α− β)

}
.

Proof. Let X be defined above. By Lemma 5.14, we know that x is a solution of
(5.38) if and only if x is a fixed point of T . By a standard proof, we can see that
T : X → X is a completely continuous operator.

From (H1), for x ∈ X we have

|fx(t)| = |f(t, x(t),RLDβ
0+x(t))| ≤Mf (‖x‖, ‖x‖), t ∈ (ti, ti+1], i ∈ N[0,m],

|I(ti, x(ti),RLD
β
0+x(ti))| ≤MI(‖x‖, ‖x‖), i ∈ N[1,m], x ∈ R,

|J(ti, x(ti),RLD
β
0+x(ti))| ≤MJ(‖x‖, ‖x‖), i ∈ N[1,m], x ∈ R.

We consider the set Ω = {x ∈ X : x = λ(Tx), for some λ ∈ [0, 1)}. For x ∈ Ω, we
have by definition of T for t ∈ (ti, ti+1] that

RLDβ
0+(Tx)(t)

=
α1

Θ

[ m∑
σ=1

(1− tσ)α−1

Γ(α)
Jx(tσ) +

m∑
σ=1

(1− tσ)α−2Ix(tσ)

+ β2

∫ 1

0

p(s)fx(s)ds+ α2

∫ 1

0

(1− s)α−1

Γ(α)
p(s)fx(s)ds

] Γ(α)
Γ(α− β)

tα−β−1

− Γ(α)β1

Θ

[ m∑
σ=1

(1− tσ)α−1

Γ(α)
Jx(tσ) +

m∑
σ=1

(1− tσ)α−2Ix(tσ)

+ β2

∫ 1

0

p(s)fx(s)ds+ α2

∫ 1

0

(1− s)α−1

Γ(α)
p(s)fx(s)ds

] Γ(α− 1)
Γ(α− β − 1)

tα−β−2

+
i∑

σ=1

(1− tσ)α−1

Γ(α)
Jx(tσ)

Γ(α)
Γ(α− β)

(t− tσ)α−1

+
i∑

σ=1

(1− tσ)α−2Ix(tσ)
Γ(α− 1)

Γ(α− β − 1)
(t− tσ)α−2

+
∫ t

0

(t− s)α−β−1

Γ(α− β)
p(s)fx(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

So

(t− ti)2−α|(Tx)(t)|

≤ |α1|
|Θ|

[ m∑
σ=1

(1− tσ)α−1

Γ(α)
MJ(‖x‖, ‖x‖) +

m∑
σ=1

(1− tσ)α−2MI(‖x‖, ‖x‖)
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+ |β2|
∫ 1

0

sk(1− s)ldsMf (‖x‖, ‖x‖)

+ |α2|
∫ 1

0

(1− s)α−1

Γ(α)
sk(1− s)ldsMf (‖x‖, ‖x‖)

]
+

Γ(α)|β1|
|Θ|

[ m∑
σ=1

(1− tσ)α−1

Γ(α)
MJ(‖x‖, ‖x‖) +

m∑
σ=1

(1− tσ)α−2MI(‖x‖, ‖x‖)

+ |β2|
∫ 1

0

sk(1− s)ldsMf (‖x‖, ‖x‖)

+ |α2|
∫ 1

0

(1− s)α−1

Γ(α)
sk(1− s)ldsMf (‖x‖, ‖x‖)

]
+

m∑
σ=1

(1− tσ)α−1

Γ(α)
MJ(‖x‖, ‖x‖) +

m∑
σ=1

(1− tσ)α−2MI(‖x‖, ‖x‖)

+ (t− ti)2−α
∫ t

0

(t− s)α−1

Γ(α)
sk(1− s)ldsMf (‖x‖, ‖x‖)

≤
[ |α1|
|Θ|

m∑
σ=1

(1− tσ)α−1

Γ(α)
+

m∑
σ=1

(1− tσ)α−1

Γ(α)

+
Γ(α)|β1|
|Θ|

m∑
σ=1

(1− tσ)α−1

Γ(α)

]
MJ(‖x‖, ‖x‖) +

[Γ(α)|β1|
|Θ|

m∑
σ=1

(1− tσ)α−2

+
m∑
σ=1

(1− tσ)α−2 +
|α1|
|Θ|

m∑
σ=1

(1− tσ)α−2
]
MI(‖x‖, ‖x‖)

+
[ |α1‖β2|B(l + 1, k + 1)

|Θ|
+
|α1‖α2|
|Θ|

B(α+ l, k + 1)
Γ(α)

+
Γ(α)|β1‖β2|B(l + 1, k + 1)

|Θ|
+

Γ(α)|β1‖α2|
|Θ|

B(α+ l, k + 1)
Γ(α)

+
B(α+ l, k + 1)

Γ(α)

]
Mf (‖x‖, ‖x‖).

Furthermore,

(t− tσ)2+β−α|RLDβ
0+(Tx)(t)|

≤
[ |α1|
|Θ|

Γ(α)
Γ(α− β)

m∑
σ=1

(1− tσ)α−1

Γ(α)
+

m∑
σ=1

(1− tσ)α−1

Γ(α)
Γ(α)

Γ(α− β)

+
Γ(α)|β1|
|Θ|

Γ(α− 1)
Γ(α− β − 1)

m∑
σ=1

(1− tσ)α−1

Γ(α)

]
MJ(‖x‖, ‖x‖)

+
[Γ(α)|β1|
|Θ|

Γ(α− 1)
Γ(α− β − 1)

m∑
σ=1

(1− tσ)α−2 +
m∑
σ=1

(1− tσ)α−2 Γ(α− 1)
Γ(α− β − 1)

+
|α1|
|Θ|

Γ(α)
Γ(α− β)

m∑
σ=1

(1− tσ)α−2
]
MI(‖x‖, ‖x‖)

+
[ |α1‖β2|B(l + 1, k + 1)

|Θ|
Γ(α)

Γ(α− β)
+
|α1‖α2|
|Θ|

Γ(α)
Γ(α− β)

B(α+ l, k + 1)
Γ(α)
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+
Γ(α)|β1‖β2|B(l + 1, k + 1)

|Θ|
Γ(α− 1)

Γ(α− β − 1)

+
Γ(α)|β1‖α2|
|Θ|

Γ(α− 1)
Γ(α− β − 1)

B(α+ l, k + 1)
Γ(α)

+
B(α− β + l, k + 1)

Γ(α− β)

]
Mf (‖x‖, ‖x‖).

It follows that

‖Tx‖ ≤ A1MJ(‖x‖, ‖x‖) +A2MI(‖x‖, ‖x‖) +A3Mf (‖x‖, ‖x‖).

From the assumption, we choose Ω = {x ∈ X : ‖x‖ ≤ r0}. For x ∈ ∂Ω, we obtain
x 6= λ(Tx) for any λ ∈ [0, 1]. In fact, if there exists x ∈ ∂Ω such that x = λ(Tx)
for some λ ∈ [0, 1]. Then

r0 = ‖x‖ = λ‖Tx‖ < ‖Tx‖ ≤ A1MJ(r0, r0) +A2MI(r0, r0) +A3Mf (r0, r0) ≤ r0,

which is a contradiction.
As a consequence of Schaefer’s fixed point theorem, we deduce that T has a fixed

point which is a solution of (5.38). The proof is complete. �

Theorem 5.16. Suppose that Θ 6= 0, (1.A1)–(1.A4) and (H1) in Theorem 5.10
hold and

lim
r→0+

Mf (r, r)
r

= lim
r→0+

MI(r, r)
r

= lim
r→0+

MJ(r, r)
r

= 0

or

lim
r→+∞

Mf (r, r)
r

= lim
r→+∞

MI(r, r)
r

= lim
r→+∞

MJ(r, r)
r

= 0.

Then BVP (5.38) has at least one solution.

The proof of the above theorem is similar to that of Theorem 5.11 and is omitted.

Example 5.17. Consider the problem

RLD
3/2
0+ x(t) = t−

1
8 (1− t)− 1

8

[
A1 +B1((t− ti)1/2x(t))σ

+ C1((t− ti)5/8RLD
1/4
0+ x(t))σ

]
, t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→t+i

(t− ti)1/2x(t) = A2 +B2((ti − ti−1)1/2x(ti))σ

+ C2((ti − ti−1)5/8RLD
1/4
0+ x(ti))σ,

∆RLD
1/2
0+ x(ti) = A3 +B3((ti − ti−1)1/2x(ti))σ

+ C3((ti − ti−1)5/8RLD
1/4
0+ x(ti))σ,

lim
t→0+

t1/2x(t)− RLD
1/2
0+ x(0) = x(1) + RLD

1/2
0+ x(1) = 0,

(5.44)

where A1, Bi, Ci ∈ R(i ∈ N[1, 3], σ ≥ 0 are constants, 0 = t0 < t1 < · · · < tm <
tm+1 = 1. Then (5.44) has at least one solution if one of the following items holds:

(i) σ ∈ [0, 1] or
(ii) σ = 1 with 23.5780m|B1|+ 23.5780m|C1|+ 14.2468m|B2|+ 14.2468m|C2|

+ 34.6784m|B3|+ 34.6784m|C3| < 1 or
(iii) σ > 1 with [23.5780m|A1|+14.2468m|A2|+34.6784m|A3|]σ−1[23.5780m|B1|

+23.5780m|C1|+14.2468m|B2|+14.2468m|C2|+A3|B3|+34.6784m|C3|] ≤
(σ−1)σ−1

σσ .
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Proof. Corresponding to (5.38), we have α = 3
2 , β = 1

4 , α1 = β1 = α2 = β1 = 1,
0 = t0 < t1 < · · · < tm < tm+1 = 1, p(t) = t−

1
8 (1− t)− 1

8 with k = l = −1/8, and

f(t, u, v) = A1 +B1((t− ti)1/2u)σ + C1((t− ti)5/8v)σ, t ∈ (ti, ti+1], i ∈ Nm0 ,

I(ti, u, v) = A2 +B2((ti − ti−1)1/2u)σ + C2((ti − ti−1)5/8v)σ, i ∈ Nm1 ,

J(ti, u, v) = A3 +B3((ti − ti−1)1/2u)σ + C3((ti − ti−1)5/8v)σ, i ∈ Nm1 .
We see that

|f(t, (t− ti)α−2u, (t− ti)α−β−2v)| ≤Mf (|u|, |v|) = |A1|+ |B1|uσ + |C1|vσ,
t ∈ (ti, ti+1], i ∈ N[0,m], u, v ∈ R,

|I(ti, (ti − ti−1)α−2u, (ti − ti−1)α−β−2v)| ≤MI(|u|, |v|) = |A2|+ |B2|uσ + |C2|vσ,
i ∈ N[1,m], u, v ∈ R,

|J(ti, (ti − ti−1)α−2u, (ti − ti−1)α−β−2v)| ≤MJ(|u|, |v|) = |A3|+ |B3|uσ + |C3|vσ,
i ∈ N[1,m], u, v ∈ R.

By direct computations, we obtain Θ = 1+2Γ(3/2), and by using Mathlab 7.0 that

A1 = max
{ 1

1 + 2Γ(3/2)

m∑
σ=1

(1− tσ)1/2

Γ(3/2)
+

m∑
σ=1

(1− tσ)1/2

Γ(3/2)

+
Γ(3/2)

1 + 2Γ(3/2)

m∑
σ=1

(1− tσ)1/2

Γ(3/2)
,

1
1 + 2Γ(3/2)

Γ(3/2)
Γ(11/8)

m∑
σ=1

(1− tσ)1/2

Γ(3/2)

+
i∑

σ=1

(1− tσ)1/2

Γ(3/2)
Γ(3/2)
Γ(11/8)

+
Γ(3/2)

1 + 2Γ(3/2)
Γ(1/2)
Γ(3/8)

m∑
σ=1

(1− tσ)1/2

Γ(3/2)

}
≤ mmax{ 2 + 3Γ(3/2)

(1 + 2Γ(3/2))Γ(3/2)
,

(2 + 2Γ(3/2))Γ(3/8) + Γ(11/8)Γ(1/2)
(1 + 2Γ(3/2))Γ(11/8)Γ(3/8)

}
< 23.5780m,

A2 = max
{ Γ(3/2)

1 + 2Γ(3/2)

m∑
σ=1

(1− tσ)−1/2 +
m∑
σ=1

(1− tσ)−1/2

+
1

1 + 2Γ(3/2)

m∑
σ=1

(1− tσ)−1/2,
Γ(3/2)

1 + 2Γ(3/2)
Γ(1/2)
Γ(3/8)

m∑
σ=1

(1− tσ)−1/2

+
i∑

σ=1

(1− tσ)−1/2 Γ(1/2)
Γ(3/8)

+
1

1 + 2Γ(3/2)
Γ(3/2)
Γ(11/8)

m∑
σ=1

(1− tσ)−1/2
}

≤ m√
1− tm

max
{2 + 3Γ(3/2)

1 + 2Γ(3/2)
,

Γ(3/2)
1 + 2Γ(3/2)

Γ(1/2)
Γ(3/8)

+
Γ(1/2)
Γ(3/8)

+
1

1 + 2Γ(3/2)
Γ(3/2)
Γ(11/8)

}
< 14.2468m,

and

A3 = max
{ (1 + Γ(3/2))B(7/8, 7/8)

1 + 2Γ(3/2)
+

2 + 3Γ(3/2)
1 + 2Γ(3/2)

B(11/8, 7/8)
Γ(3/2)

,

B(7/8, 7/8)
1 + 2Γ(3/2)

Γ(3/2)
Γ(11/8)

+
1

1 + 2Γ(3/2)
Γ(3/2)
Γ(11/8)

B(11/8, 7/8)
Γ(3/2)
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+
Γ(3/2)B(7/8, 7/8)

1 + 2Γ(3/2)
Γ(1/2)
Γ(3/8)

+
Γ(3/2)

1 + 2Γ(3/2)
Γ(1/2)
Γ(3/8)

B(11/8, 7/8)
Γ(3/2)

+
B(5/4, 7/8)

Γ(11/8)

}
< 34.6784m.

By Theorem 5.15, BVP (5.44) has at least one solution if

A1|A1|+A2|A2|+A3|A3|+ [A1|B1|+A1|C1|
+A2|B2|+A2|C2|+A3|B3|+A3|C3|]rσ ≤ r

(5.45)

has a positive solution r0.
It is easy to see that σ ∈ [0, 1] or

σ = 1 with A1|B1|+A1|C1|+A2|B2|+A2|C2|+A3|B3|+A3|C3| < 1

or σ > 1 with

[A1|A1|+A2|A2|+A3|A3|]σ−1[A1|B1|+A1|C1|+A2|B2|

+A2|C2|+A3|B3|+A3|C3|] ≤
(σ − 1)σ−1

σσ

implies that (5.45) holds. Hence (5.44) has at least one solution if (i) or (ii) or (iii)
holds. The proof is complete. �

5.3. Impulsive anti-periodic boundary value problems. The solvability of
anti-periodic boundary value problems of impulsive fractional differential equations
involving the Caputo fractional derivatives with multiple start points were studied
by many authors, see [6, 71, 100, 99] and the references therein. In [91], authors
presented a new method to converting the impulsive fractional differential equa-
tion (with the Caputo fractional derivative) to an equivalent integral equation and
established existence and uniqueness results for some boundary value problems of
impulsive fractional differential equations involving the Caputo fractional deriva-
tives. There has been no paper concerning the solvability of anti-periodic boundary
value problems of impulsive fractional differential equations involving other frac-
tional derivatives with single start point.

Now we consider the problem

RLDα
0+x(t) = p(t)f(t, x(t),RLDβ

0+x(t)), t ∈ (ti, ti+1], i ∈ N[0,m],

∆x(ti) = I(ti, x(ti),RLD
β
0+x(ti)), i ∈ N[1,m],

∆RLDα−1
0+ x(ti) = J(ti, x(ti),RLD

β
0+x(ti)), i ∈ N[1,m],

lim
t→0+

t2−αx(t) + x(1) = lim
t→0+

t2+β−αRLDα−1
0+ x(t) + RLDα−1

0+ x(1) = 0,

(5.46)

where α ∈ (1, 2], β ∈ (0, α − 1], RLD∗0+u is the Riemann-Liouville fractional de-
rivative of order ∗, p : (0, 1) → R in (5.15) satisfies (5.A4), f : (0, 1) × R2 → R
in (5.15) satisfies (5.A2), and I, J : {ti : i ∈ N[1,m]} × R2 → R in (5.15) satisfy
(5.A3), 0 = t0 < t1 < · · · < tm < tm+1 = 1.

Lemma 5.18. Suppose that σ is continuous on (0, 1) and there exist k > −1 and
l ∈ (max{−α,−2 − k}, 0] such that |σ(t)| ≤ tk(1 − t)l for all t ∈ (0, 1). Then x is
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a solution of the problem

RLDα
0+x(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m],

∆x(ti) = Ii, ∆RLDα−1
0+ x(ti) = Ji, i ∈ N[1,m],

lim
t→0+

t2−αx(t) + x(1) = lim
t→0+

t2+β−αRLDα−1
0+ x(t) + RLDα−1

0+ x(1) = 0,
(5.47)

if and only if

x(t) = − 1
2Γ(α)

[ m∑
σ=1

Jσ +
∫ 1

0

σ(s)ds
]
tα−1 − 1

2

[ m∑
σ=1

(1− tσ)α−1

2Γ(α)
Jσ

+
m∑
σ=1

(1− tσ)α−2Iσ −
1

2Γ(α)

∫ 1

0

σ(s)ds

+
∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds

]
tα−2 +

i∑
σ=1

(1− tσ)α−1

Γ(α)
Jσ(t− tσ)α−1

+
i∑

σ=1

(1− tσ)α−2Iσ(t− tσ)α−2 +
∫ t

0

(t− s)α−1

Γ(α)
σ(s)ds,

(5.48)

for t ∈ (ti, ti+1], i ∈ N[0,m].

Proof. By Theorem 3.12, we have RLDα
0+x(t) = σ(t), t ∈ (ti, ti+1], i ∈ N[0,m] if

and only if there exit numbers cσ1, cσ2, i ∈ N[0,m] such that

x(t) =
i∑

σ=0

[cσ1(t− tσ)α−1 + cσ2(t− tσ)α−2] +
∫ t

0

(t− s)α−1

Γ(α)
σ(s)ds, (5.49)

for t ∈ (ti, ti+1], i ∈ N [0,m]. Then

RLDα−1
0+ x(t) = Γ(α)

i∑
σ=0

cσ1 +
∫ t

0

σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m]. (5.50)

Furthermore, by direct computations we have

RLDβ
0+x(t)

=
1

Γ(1− β)

[ ∫ t

0

(t− s)−βx(s)ds
]′

=
1

Γ(1− β)

[ i−1∑
j=0

∫ tj+1

tj

(t− s)−βx(s)ds
]′

+
1

Γ(1− β)

[ ∫ t

ti

(t− s)−βx(s)ds
]′

=
i∑

σ=0

(
cσ1

Γ(α)
Γ(α− β + 1)

(t− tσ)α−β−1 + cσ2
Γ(α− 1)

Γ(α− β − 1)
(t− tσ)α−β−2

)
+
∫ t

0

(t− s)α−β−1

Γ(α− β)
σ(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

(5.51)
From limt→t+i

(t − ti)2−αx(t) = Ii, we have cσ2 = Iσ for all σ ∈ N[1,m]. From

∆RLDα−1
0+ x(ti)) = Ji, i ∈ N[1,m], one has cσ1 = Jσ

Γ(α) for all σ ∈ N[1,m]. From the
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boundary conditions in (5.39), we obtain

c02 +
m∑
σ=0

[cσ1(1− tσ)α−1 + cσ2(1− tσ)α−2] +
∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds = 0,

Γ(α)c01 + Γ(α)
m∑
σ=0

cσ1 +
∫ 1

0

σ(s)ds = 0.

It follows that

c01 = − 1
2Γ(α)

[ m∑
σ=1

Jσ +
∫ 1

0

σ(s)ds
]
,

c02 = −1
2

[ m∑
σ=1

(1− tσ)α−1

2Γ(α)
Jσ +

m∑
σ=1

(1− tσ)α−2Iσ

− 1
2Γ(α)

∫ 1

0

σ(s)ds+
∫ 1

0

(1− s)α−1

Γ(α)
σ(s)ds

]
.

Substituting cσ1, cσ2 into (5.49), we obtain (5.48) by changing the order of the
terms. It is easy to show from (5.49) and (5.51) that x ∈ X. The proof is compete.

�

To abbreviate notation let Hx(t) = H(t, x(t),RLDβ
0+x(t)) for functions H :

(0, 1)× R2 → R and x : (0, ]→ R. Define the operator (Tx)(t) for x ∈ X by

(Tx)(t) = − 1
2Γ(α)

[ m∑
σ=1

Jx(tσ) +
∫ 1

0

p(s)fx(s)ds
]
tα−1 − 1

2

[ m∑
σ=1

(1− tσ)α−1

2Γ(α)
Jx(tσ)

+
m∑
σ=1

(1− tσ)α−2Ix(tσ)− 1
2Γ(α)

∫ 1

0

p(s)fx(s)ds

+
∫ 1

0

(1− s)α−1

Γ(α)
p(s)fx(s)ds

]
tα−2 +

i∑
σ=1

(1− tσ)α−1

Γ(α)
Jx(tσ)(t− tσ)α−1

+
i∑

σ=1

(1− tσ)α−2Ix(tσ)(t− tσ)α−2 +
∫ t

0

(t− s)α−1

Γ(α)
p(s)fx(s)ds,

for t ∈ (ti, ti+1] and i ∈ N [0,m].

Theorem 5.19. Suppose that (H1) in Theorem 5.10 holds. Then (5.46) has at
least one solution if there is r0 > 0 such that A1MJ(r0, r0) + A2MI(r0, r0) +
A3Mf (r0, r0) ≤ r0, where

A1 = max
{ m

2Γ(α)
+

m∑
σ=1

(1− tσ)α−1

Γ(α)
+

m∑
σ=1

(1− tσ)α−1

4Γ(α)
,

m

2Γ(α− β)

+
m∑
σ=1

(1− tσ)α−1

Γ(α)
+

Γ(α− 1)
2Γ(α− β − 1)

m∑
σ=1

(1− tσ)α−1

2Γ(α)

}
,

A2 = max
{ m∑
σ=1

(1− tσ)α−2

2
+

m∑
σ=1

(1− tσ)α−2,
Γ(α)

Γ(α− β)

+
m∑
σ=1

(1− tσ)α−2 Γ(α− 1)
Γ(α− β − 1)

+
Γ(α− 1)

2Γ(α− β − 1)

m∑
σ=1

(1− tσ)α−2
}
,
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A3 = max
{B(l + 1, k + 1)

4Γ(α)
+

B(α+ l, k + 1)
2Γ(α)

+
B(l + 1, k + 1)

2Γ(α)

+
B(α+ l, k + 1)

Γ(α)
,

B(l + 1, k + 1)
2Γ(α− β)

+
Γ(α− 1)

2Γ(α− β − 1)
B(l + 1, k + 1)

2Γ(α)

+
Γ(α− 1)

2Γ(α− β − 1)
B(α+ l, k + 1)

Γ(α)
+

B(α− β + l, k + 1)
Γ(α− β)

}
.

Proof. Let X be defined above. By Lemma 5.18, we know that x is a solution of
(5.46) if and only if x is a fixed point of T . By a standard proof, we can see that
T : X → X is a completely continuous operator.

From (H1), for x ∈ X we have

|fx(t)| = |f(t, x(t),RLDβ
0+x(t))| ≤Mf (‖x‖, ‖x‖), t ∈ (ti, ti+1], i ∈ N[0,m],

|I(ti, x(ti),RLD
β
0+x(ti))| ≤MI(‖x‖, ‖x‖), i ∈ N[1,m], x ∈ R,

|J(ti, x(ti),RLD
β
0+x(ti))| ≤MJ(‖x‖, ‖x‖), i ∈ N[1,m], x ∈ R.

We consider the set Ω = {x ∈ X : x = λ(Tx), for some λ ∈ [0, 1)}. For x ∈ Ω, we
have by definition of T for t ∈ (ti, ti+1] that
RLDβ

0+(Tx)(t)

= − 1
2Γ(α)

[ m∑
σ=1

Jx(tσ) +
∫ 1

0

p(s)fx(s)ds
] Γ(α)

Γ(α− β)
tα−β−1

− 1
2

[ m∑
σ=1

(1− tσ)α−1

2Γ(α)
Jx(tσ) +

m∑
σ=1

(1− tσ)α−2Ix(tσ)− 1
2Γ(α)

∫ 1

0

p(s)fx(s)ds

+
∫ 1

0

(1− s)α−1

Γ(α)
p(s)fx(s)ds

] Γ(α− 1)
Γ(α− β − 1)

tα−β−2

+
i∑

σ=1

(1− tσ)α−1

Γ(α)
Jx(tσ)

Γ(α)
Γ(α− β)

(t− tσ)α−β−1

+
i∑

σ=1

(1− tσ)α−2Ix(tσ)
Γ(α− 1)

Γ(α− β − 1)
(t− tσ)α−β−2

+
∫ t

0

(t− s)α−β−1

Γ(α− β)
p(s)fx(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

So

(t− ti)2−α|(Tx)(t)|

≤ 1
2Γ(α)

[
mMJ(‖x‖, ‖x‖) +

∫ 1

0

sk(1− s)ldsMf (‖x‖, ‖x‖)
]

+
1
2

[ m∑
σ=1

(1− tσ)α−1

2Γ(α)
MJ(‖x‖, ‖x‖) +

m∑
σ=1

(1− tσ)α−2MI(‖x‖, ‖x‖)

+
1

2Γ(α)

∫ 1

0

sk(1− s)ldsMf (‖x‖, ‖x‖)

+
∫ 1

0

(1− s)α−1

Γ(α)
sk(1− s)ldsMf (‖x‖, ‖x‖)

]
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+
i∑

σ=1

(1− tσ)α−1

Γ(α)
MJ(‖x‖, ‖x‖) +

i∑
σ=1

(1− tσ)α−2MI(‖x‖, ‖x‖)

+ (t− ti)2−α
∫ t

0

(t− s)α−1

Γ(α)
sk(1− s)ldsMf (‖x‖, ‖x‖)

≤
[ m

2Γ(α)
+

m∑
σ=1

(1− tσ)α−1

Γ(α)
+

m∑
σ=1

(1− tσ)α−1

4Γ(α)

]
MJ(‖x‖, ‖x‖)

+
[ m∑
σ=1

(1− tσ)α−2

2
+

m∑
σ=1

(1− tσ)α−2
]
MI(‖x‖, ‖x‖)

+
[B(l + 1, k + 1)

4Γ(α)
+

B(α+ l, k + 1)
2Γ(α)

+
B(l + 1, k + 1)

2Γ(α)

+
B(α+ l, k + 1)

Γ(α)
]
Mf (‖x‖, ‖x‖).

Furthermore,

(t− tσ)2+β−α|RLDβ
0+(Tx)(t)|

≤
[ m

2Γ(α− β)
+

m∑
σ=1

(1− tσ)α−1

Γ(α)
+

Γ(α− 1)
2Γ(α− β − 1)

m∑
σ=1

(1− tσ)α−1

2Γ(α)

]
MJ(‖x‖, ‖x‖)

+
[ Γ(α)

Γ(α− β)
+

m∑
σ=1

(1− tσ)α−2 Γ(α− 1)
Γ(α− β − 1)

+
Γ(α− 1)

2Γ(α− β − 1)

m∑
σ=1

(1− tσ)α−2
]

×MI(‖x‖, ‖x‖) +
[B(l + 1, k + 1)

2Γ(α− β)
+

Γ(α− 1)
2Γ(α− β − 1)

B(l + 1, k + 1)
2Γ(α)

+
Γ(α− 1)

2Γ(α− β − 1)
B(α+ l, k + 1)

Γ(α)
+

B(α− β + l, k + 1)
Γ(α− β)

]
Mf (‖x‖, ‖x‖).

It follows that

‖Tx‖ ≤ A1MJ(‖x‖, ‖x‖) +A2MI(‖x‖, ‖x‖) +A3Mf (‖x‖, ‖x‖).

From the assumption, we choose Ω = {x ∈ X : ‖x‖ ≤ r0}. For x ∈ ∂Ω, we obtain
x 6= λ(Tx) for any λ ∈ [0, 1]. In fact, if there exists x ∈ ∂Ω such that x = λ(Tx)
for some λ ∈ [0, 1]. Then

r0 = ‖x‖ = λ‖Tx‖ ≤ ‖Tx‖ ≤ A1MJ(r0, r0) +A2MI(r0, r0) +A3Mf (r0, r0) < r0,

which is a contradiction.
As a consequence of Schaefer’s fixed point theorem, we deduce that T has a fixed

point which is a solution of (5.46). The proof is complete. �

Theorem 5.20. Suppose that (H1) in Theorem 5.10 holds and

lim
r→0+

Mf (r, r)
r

= lim
r→0+

MI(r, r)
r

= lim
r→0+

MJ(r, r)
r

= 0

or

lim
r→+∞

Mf (r, r)
r

= lim
r→+∞

MI(r, r)
r

= lim
r→+∞

MJ(r, r)
r

= 0.

Then (5.46) has at least one solution.
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6. Comments on some published articles

In some recently published articles, the existence and uniqueness of solutions of
initial or boundary value problems for impulsive fractional differential equations
have been studied, see [109, 112, 113, 126, 127, 131, 133, 67, 136]. However, we
find that some results in such papers are wrong from a mathematical point of view.
To avoiding misleading readers, in this section we make some comments on these
papers.

6.1. Corrected results from [136]. In [136], the authors studied the solvability
of the initial value problems for the impulsive fractional differential equation

0D
q
tx(t) = f(t, x(t)), t ∈ [0, T ], t 6= t1, t2, . . . , tm,

∆x(tk) = Ik(x(t−k )), k = 1, 2, . . . ,m, x(0) = x0,
(6.1)

where q ∈ (0, 1), x0 ∈ R, 0D
q
t is the is the Caputo fractional derivative in interval

[0, t], f : [0, T ] × ×R 7→ R is an appropriate continuous function, Ik : R 7→ R(k =
1, 2, . . . ,m) are continuous functions, 0 = t0 < t1 < · · · < tm < tm+1 = T ,
∆x(tk) = x(t+k )− x(t−k ) = limε→0+ x(tk + ε)− limε→0+ x(tk − ε). We find that the
main result ([136, Theorem 2.1] with its long proof) is as follows:

Result 6.1. System (6.1) is equivalent to the integral equation

x(t) =



x0 + 1
Γ(q)

∫ t
0
(t− s)q−1f(s, x(s))ds, t ∈ (t0, t1],

x0 +
∑n
k=1 Ik(x(t−k )) + 1

Γ(q)

∫ t
0
(t− s)q−1f(s, x(s))ds

+h
∑n
k=1

[
Ik(x(t−k ))

( ∫ tk
0

(tk − s)q−1f(s, x(s))ds

+
∫ t
tk

(t− s)q−1f(s, x(s))ds−
∫ t

0
(t− s)q−1f(s, x(s))ds

)]
/Γ(q),

t ∈ (tn, tn+1], n = 1, 2, . . . ,m

(6.2)

provided that the integral in (6.2) exists, where q ∈ (0, 1), h ∈ R are constants.

However, this result is in-correct. In fact, the following example was given [136,
Example 1]:

0D
1/4
t x(t) = t, t ∈ [0, 2] \ {1}, x(1)− x(1−) = I(x(1−)), x(0) = 0. (6.3)

It was claimed that the general solution of (6.3) is

x(t) =


16

5Γ(1/4) t
5/4, t ∈ (0, 1],

I1(x(1−)) + 16
5Γ(1/4) t

5/4

+ 4hI1(x(1−))
5Γ(1/4) [4 + (t− 1)1/4(4t+ 1)− 4t5/4], t ∈ (1, 2],

(6.4)

where h is a constant. Let x be defined by (6.4). One notes (by [136, Definition
2.2]) for t ∈ (1, 2] that

0D
1/4
t x(t) =

1
Γ(1− 1/4)

∫ t

0

(t− s)−1/4x′(s)ds

=
1

Γ(3/4)

∫ 1

0

(t− s)−1/4x′(s)ds+
1

Γ(3/4)

∫ t

1

(t− s)−1/4x′(s)ds

=
1

Γ(3/4)

∫ 1

0

(t− s)−1/4 16
5Γ(1/4)

[s5/4]′ds
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+
1

Γ(3/4)

∫ t

1

(t− s)−1/4
[
I1(x(1−)) +

16
5Γ(1/4)

s5/4

+
4hI1(x(1−))

5Γ(1/4)
(4 + (s− 1)1/4(4s+ 1)− 4s5/4)

]′
ds.

When w = s/t, we obtain

0D
1/4
t x(t) =

1
Γ(3/4)

4
Γ(1/4)

∫ t

0

(t− s)−1/4s1/4ds

+
1

Γ(3/4)

∫ t

1

(t− s)−1/4
[4hI1(x(1−))

5Γ(1/4)

(
4(s− 1)1/4 + s(s− 1)−3/4

− 1
4

(s− 1)−3/4 − 5s1/4
)]
ds

=
1

Γ(3/4)
4

Γ(1/4)
t

∫ 1

0

(1− w)−1/4w1/4dw

+
1

Γ(3/4)

∫ t

1

(t− s)−1/4
[4hI1(x(1−))

5Γ(1/4)
(4(s− 1)1/4 + s(s− 1)−3/4

− 1
4

(s− 1)−3/4 − 5s1/4)
]
ds 6= t.

This shows us that x does not satisfy 0D
1/4
t x(t) = t on (1, 2]. In fact, we have

1
Γ(1/4)

∫ t

1

(t− s) 1
4−1sds

=
1

Γ(1/4)

∫ t

1

(t− s) 1
4−1(s− 1)ds+

1
Γ(1/4)

∫ t

1

(t− s) 1
4−1ds

=
1

Γ(1/4)
(t− 1)5/4

∫ 1

0

(1− w)
1
4−1wdw +

4
Γ(1/4)

(t− 1)1/4

(using
s− 1
t− 1

= w),

B(1/4, 2) =
Γ(1/4)Γ(2)

Γ(9/4)

=
1

Γ(9/4)
(t− 1)5/4 +

4
Γ(1/4)

(t− 1)1/4

=
4

5Γ(1/4)
(t− 1)1/4(4t+ 1).

This mistake comes from the following incorrect equality used in [136]:

1
Γ(1/4)

∫ t

1

(t− s) 1
4−1sds =

4
5Γ(1/4)

(t− 1)1/4(4t+ 1).

The correct formula of solution of (6.3) is

x(t) =

{
16

5Γ(1/4) t
5/4, t ∈ (0, 1],

I1(x(1−)) + 16
5Γ(1/4) t

5/4, t ∈ (1, 2].
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We consider the more general problem
cDα

0+x(t)− λx(t) = f(t, x(t)), t ∈ (ti, ti+1], i ∈ Nm0 ,
∆x(ti) = I(ti, x(t−i )), x(0) = x0,

(6.5)

where α ∈ (0, 1), λ ∈ R, cD∗0+ is the Caputo fractional derivative of order ∗,
f : [0, 1] × R 7→ R, I : {ti : i ∈ Nm1 } × R 7→ R are continuous functions, 0 = t0 <
t1 < · · · < tm < tm+1 = 1, x0, y0 ∈ R.

Theorem 6.2. x is a solution of (6.5) if and only if

x(t) = x0Eα−β,1(λtα−β)− λx0t
α−βEα−β,α−β+1(λtα−β)

+
i∑

j=1

I(tj , x(tj))Eα−β,1(λ(t− tj)α−β)

− λ
i∑

j=1

I(tj , x(tj))(t− tj)α−βEα−β,α−β+1(λ(t− tj)α−β)

+
∫ t

0

(t− s)α−1Eα−β,α(λ(t− s)α−β)f(s, x(s))ds,

(6.6)

for t ∈ (ti, ti+1] and i ∈ Nm0 .

Proof. By Theorem 3.11 (with α = 1), we know that x is a solution of (6.5) if and
only if there exist constants dj ∈ R(j ∈ Nm0 ) such that

x(t) =
i∑

j=0

djEα−β,1(λ(t− tj)α−β)− λ
i∑

j=0

dj(t− tj)α−β

×Eα−β,α−β+1(λ(t− tj)α−β)

+
∫ t

0

(t− s)α−1Eα−β,α(λ(t− s)α−β)f(s, x(s))ds,

(6.7)

t ∈ (ti, ti+1] and i ∈ Nm0 . From x(0) = x0, we obtain d0 = x0. By ∆x(ti) =
I(ti, x(t−i )), we have di = I(ti, x(t−i )) (i ∈ Nm1 ). Substituting di into (6.7), we
obtain (6.6). The proof is complete. �

Remark 6.3. Let λ = 0. Then Theorem 6.2 implies that
cDα

0+x(t) = f(t, x(t)), t ∈ (ti, ti+1], i ∈ Nm0 ,
∆x(ti) = I(ti, x(t−i )), x(0) = x0,

is equivalent to

x(t) = x0 +
i∑

j=1

I(tj , x(tj)) +
∫ t

0

(t− s)α−1

Γ(α)
f(s, x(s))ds, t ∈ (ti, ti+1], i ∈ Nm0 .

It is easy to see that Result 6.1 (the equivalent integral equation (6.1)) is wrong.
Theorem 6.2 (with λ = 0) is a corrected version of the result.

Remark 6.4. Similar to Theorem 6.2, we can establish equivalent integral equa-
tions for the following problems:

cDα
0+x(t)− λx(t) = f(t, x(t)), t ∈ (0, 1] \ {t1, . . . , tp},
∆x(ti) = Ii(x(ti)), ∆x′(ti) = Ji(x(ti)), i ∈ Np1,
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x(0) = x0, x′(0) = x1;

cDα
0+x(t)− λx(t) = f(t, x(t)), t ∈ (0, 1] \ {t1, . . . , tp},
∆x(ti) = Ii(x(ti)), ∆x′(ti) = Ji(x(ti)), i ∈ Np1,

x(0) + φ(x) = x0, x′(0) = x1;

cDβ
0+x(t)− λx(t) = f(t, x(t)), t ∈ (0, 1] \ {t1, . . . , tp},

∆x(ti) = Ii(x(ti)), i ∈ Np1,
ax(0) + bx(1) = 0;

cDα
0+x(t)− λx(t) = f(t, x(t)), t ∈ (0, 1] \ {t1, . . . , tp},
∆x(ti) = Ii(x(ti)), ∆x′(ti) = Ji(x(ti)), i ∈ Np1,
ax(0)− bx′(0) = x0, cx(1) + dx′(1) = x1;

and

cDα
0+x(t)− λx(t) = f(t, x(t)), t ∈ (0, 1] \ {t1, . . . , tp},
∆x(ti) = Ii(x(ti)), ∆x′(ti) = Ji(x(ti)), i ∈ Np1,

x(0)− ax(ξ) = x(1)− bx(η) = 0.

These problems are generalized forms of the problems discussed in [91].

6.2. Corrected results from [126]. In a recent article, Zhang [126] studied the
solvability of the boundary value problems for the impulsive differential equations
with fractional derivative

0D
q
t y(t) = f(t, y(t)), t ∈ [0, T ], t 6= tk, t 6= tl, k = 1, 2, . . . ,m, l = 1, 2, . . . , p,

∆y(tk) = Ik(y(t−k )), k = 1, 2, . . . ,m, ∆y′(tl) = I l(y(t−l )), l = 1, 2, . . . , p,

y(0) = y0, y′(0) = y0,

(6.8)
and its special case

0D
q
t y(t) = f(t, y(t)), t ∈ [0, T ], t 6= tk, k = 1, 2, . . . ,m,

∆y(tk) = Ik(y(t−k )), ∆y′(tk) = Ik(y(t−k )), k = 1, 2, . . . ,m,

y(0) = y0, y′(0) = y0,

(6.9)

where q ∈ (1, 2), y0, y0 ∈ R, 0D
q
t is the Caputo fractional derivative in interval

[0, t], f : [0, T ] × ×R 7→ R is an appropriate continuous function, Ik, I l : R 7→
R(k = 1, 2, . . . ,m, l = 1, 2, . . . , p) are continuous functions, 0 = t0 < t1 < · · · <
tm < tm+1 = T , 0 = t0 < t1 < · · · < tp < tp+1 = T , ∆y(tk) = y(t+k ) − y(t−k ) =
limε→0+ y(tk + ε)− limε→0+ y(tk − ε), ∆y′(tk) = y′(t+k )− y′(t−k ) = limε→0+ y′(tk +
ε)− limε→0+ y′(tk − ε). The main theorem ([126, Theorem 2.1]) claims that
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Result 6.5. System (6.8) is equivalent to the integral equation

y(t) =



y0 + y0t+
∫ t

0
(t−s)q−1

Γ(q) f(s, y(s))ds, t ∈ J ′0,

y0 + y0t+
∑

1≤k≤n1
Ik(y(t−k )) +

∑
1≤l≤n2

(t− tl)I l(y(t−l ))

+
∫ t

0
(t−s)q−1

Γ(q) f(s, y(s))ds+ ξ
∑

1≤k≤n1

[
Ik(y(t−k ))

×
( ∫ tk

0
(tk − s)q−1f(s, y(s))ds+

∫ t
tk

(t− s)q−1f(s, y(s))ds

−
∫ t

0
(t− s)q−1f(s, y(s))ds

)]
/Γ(q)

+ζ
∑

1≤l≤n2

[
I l(y(t−l ))

( ∫ tl
0

(tl − s)q−1f(s, y(s))ds

+
∫ t
tl

(t− s)q−1f(s, y(s))ds−
∫ t

0
(t− s)q−1f(s, y(s))ds

)]
/Γ(q)

+ ξ
Γ(q−1)

∑
1≤k≤n1

[
(t− tk)Ik(y(t−k ))

∫ tk
0

(tk − s)q−2f(s, y(s))ds
]

+ ζ
Γ(q−1)

∑
1≤l≤n2

[
(t− tl)I l(y(t−l ))

∫ tl
0

(tl − s)q−2f(s, y(s))ds
]
,

t ∈ J ′n, n = 1, 2, . . . ,∆,

provided that the integral exists, where q ∈ (1, 2), ξ, ζ ∈ R are two constants,

{t1, t2, . . . , tm, t1, t2, . . . , tp} = {t′1, t′2 . . . , t∆}

with 0 = t′0 < t′1 < t′2 < · · · < t∆ < t∆+1 = T , J ′k = (t′k, t
′
k+1] (k = 0, 1, 2, . . . ,∆).

The following statement was also claimed [126, Corollary 2.4].

Result 6.6. System (6.9) is equivalent to the integral equation

y(t) =



y0 + y0t+
∫ t

0
(t−s)q−1

Γ(q) f(s, y(s))ds, t ∈ [0, t1],

y0 + y0t+
∑

1≤i≤k Ik(y(t−k )) +
∑

1≤i≤k(t− ti)Ii(y(t−i ))

+
∫ t

0
(t−s)q−1

Γ(q) f(s, y(s))ds+
∑

1≤i≤k

[
(ξIi(y(t−i ))

+ζIi(y(t−i )))
( ∫ ti

0
(ti − s)q−1f(s, y(s))ds

+
∫ t
ti

(t− s)q−1f(s, y(s))ds−
∫ t

0
(t− s)q−1f(s, y(s))ds

)]
/Γ(q)

+
P

1≤i≤k

[
(ξIi(y(t−i ))+ζIi(y(t−i )))(t−ti)

R ti
0 (ti−s)q−2f(s,y(s))ds

]
/Γ(q−1)

,

t ∈ (tk, tk+1], k = 1, 2, . . . ,m.

We find that Results 6.5 and 6.6 are also incorrect.
It is easy to see that (6.8) and (6.9) can be generalized by the IVP

cDα
0+y(t)− λy(t) = f(t, y(t)), t ∈ (ti, ti+1], i ∈ Nm0 ,

∆y(ti) = I(ti, y(t−i )),∆y′(ti) = I(ti, y(t−i )), i ∈ Nm1 ,
y(0) = y0, y′(0) = y0,

(6.10)

where α ∈ (1, 2), cD∗0+ is the Caputo fractional derivative of order ∗, f : [0, 1]×R 7→
R, I, J : {ti : i ∈ Nm1 } × R 7→ R are continuous functions, λ ∈ R, 0 = t0 < t1 <
· · · < tm < tm+1 = 1, y0, y0 ∈ R. One sees that BVP(6.10) generalizes BVP(6.8)
and (6.9). We now establish existence results for (6.10).
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Theorem 6.7. A function y is a solution of (6.10) if and only if

y(t) = y0Eα,1(λtα) + y0tEα,2(λtα) +
i∑

j=1

Ij(tj , y(tj))Eα,1(λ(t− tj)α)

+
i∑

j=1

Ij(tj , y(tj))(t− tj)Eα,2(λ(t− tj)α)

+
∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)f(s, y(s))ds, t ∈ (ti, ti+1], i ∈ Nm0 .

(6.11)

Proof. From Theorem 3.11 (with n = 2), y is a solution of (6.10) if and only if
there exist constants cj , dj ∈ R(j ∈ Nm0 ) such that

y(t) =
i∑

j=0

cjEα,1(λ(t− tj)α) +
i∑

j=0

dj(t− tj)Eα,2(λ(t− tj)α)

+
∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)f(s, y(s))ds,

(6.12)

for t ∈ (ti, ti+1] and i ∈ Nm0 . By direct computations we obtain

y′(t) = λ

i∑
j=0

cj(t− tj)α−1Eα,α(λ(t− tj)α) +
i∑

j=0

djEα−1,1(λ(t− tj)α−1)

+
∫ t

0

(t− s)α−2Eα,α−1(λ(t− s)α)f(s, y(s))ds,

(6.13)

for t ∈ (ti, ti+1] and i ∈ Nm0 . From y(0) = y0, y
′(0) = y0, we obtain c0 = y0

and d0 = y0. From ∆y(ti) = I(ti, y(t−i )),∆y′(ti) = I(ti, y(t−i )), we obtain ci =
I(ti, y(t−i )) and di = I(ti, y(t−i )) for all i ∈ Nm1 . Substituting ci, di into (6.12), we
obtain (6.11). The proof is complete. �

Remark 6.8. Let λ = 0. By (6.11), we obtain that the IVP
cDα

0+y(t) = f(t, y(t)), t ∈ (ti, ti+1], i ∈ Nm0 ,

∆y(ti) = I(ti, y(t−i )), ∆y′(ti) = I(ti, y(t−i )), i ∈ Nm1 ,
y(0) = y0, y′(0) = y0,

is equivalent to the integral equation

y(t) = y0 + y0t+
i∑

j=1

Ij(tj , y(tj)) +
i∑

j=1

Ij(tj , y(tj))(t− tj)

+
∫ t

0

(t− s)α−1

Γ(α)
f(s, y(s))ds, t ∈ (ti, ti+1], i ∈ Nm0 .

It is easy to see that Results 6.5 and 6.6 (obtained in [126]) are wrong.

6.3. Corrected results from [127]. Zhang [127] considered the initial value prob-
lem for fractional differential equation with Caputo-Hadamard fractional derivative
and impulsive effect,

chDq
a+x(t) = f(t, x(t)), t ∈ (a, T ], t 6= tk, k = 1, 2, . . . ,m,

∆x(tk) = ∆k(x(t−k )), k = 1, 2, . . . ,m, x(a) = xa,
(6.14)
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where q ∈ C and R(q) ∈ (0, 1), chDq
a+ denotes the left-sided Caputo-Hadamard

fractional derivative of order q with the low limit a(> 0), a = t0 < t1 < · · · <
tm < tm+1 = T , f : (a, T ]× C 7→ C is an appropriate continuous function, x(t+k ) =
limε→0+ x(tk + ε) and x(t−k ) = limε→0− x(tk + ε) represent the right and left limits
of x(t) at t = tk, respectively. The following result was claimed [127, Theorem 3.2].

Result 6.9. System (6.14) is equivalent to the fractional integral equation

x(t) =



xa +
∫ t
a

(ln t−ln s)q−1

Γ(q) f(s, x(s))dss , t ∈ (a, t1],

xa +
∑k
i=1 ∆i(x(t−i )) +

∫ t
a

(ln t−ln s)q−1

Γ(q) f(s, x(s))dss
+
∑k
i=1

h∆i(x(t−i ))

Γ(q)

[ ∫ ti
a

(ln ti−ln s)q−1

Γ(q) f(s, x(s))dss
+
∫ t
ti

(ln t−ln s)q−1

Γ(q) f(s, x(s))dss −
∫ t
a

(ln t−ln s)q−1

Γ(q) f(s, x(s))dss
]
,

t ∈ (ti, ti+1], i = 1, 2, . . . ,m,

where h is a constant. We find that this result is wrong. We consider the more
general problem

chDq
0+x(t)− λx(t) = f(t, x(t)), t ∈ (ti, ti+1], i ∈ Nm0 ,

∆x(ti) = x(t+i )− x(t−i ) = I(ti, x(ti)), i ∈ Nm1 , x(1) = x0,
(6.15)

where q ∈ (0, 1), p ∈ (0, q), chD∗0+ is the Caputo-Hadamard type fractional deriv-
ative of order ∗, λ ∈ R, f : [1, e] × R 7→ R, I : {ti : i ∈ Nm1 } 7→ R are continuous
functions, 1 = t0 < t1 < t2 < · · · < tm < tm+1 = e, x0 ∈ R. One sees that (6.15) is
a generalization of (6.14) (a = 1 and λ = 0).

Theorem 6.10. BVP (6.15) is equivalent to the integral equation

x(t) = x0Eq,1(λ(ln t)q) +
i∑

j=1

I(tj , x(tj))Eq,1(λ(ln t− ln tj)q)

+
∫ t

0

(ln t− ln s)q−1Eq,q(λ(ln t− ln s)q)f(s, x(s))
ds

s
,

(6.16)

for t ∈ (ti, ti+1] and i ∈ Nm0 .

Proof. By Theorem 3.14, x is a solution of BVP(6.15) if and only if there exist
constants dj ∈ R(j ∈ Nm0 ) such that

x(t) =
i∑

j=0

djEq,1(λ(ln t− ln tj)q)

+
∫ t

0

(ln t− ln s)q−1Eq,q(λ(ln t− ln s)q)f(s, x(s))
ds

s
,

(6.17)

for t ∈ (ti, ti+1] and i ∈ Nm0 . From ∆x(ti) = I(ti, x(ti)), we obtain di = I(ti, x(ti))
(i ∈ Nm1 ). From x(1) = x0, we obtain d0 = x0. Substituting dj into (6.17), we
obtain (6.16). The proof is complete. �

Remark 6.11. From (6.16), letting λ = 0, we obtain that the system
chDq

0+x(t) = f(t, x(t)), t ∈ (ti, ti+1], i ∈ Nm0 ,
∆x(ti) = I(ti, x(ti)), i ∈ Nm1 , x(1) = x0
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is equivalent to

x(t) = x0+
i∑

j=1

I(tj , x(tj))+
∫ t

0

(ln t− ln s)q−1

Γ(q)
f(s, x(s))

ds

s
, t ∈ (ti, ti+1], i ∈ Nm0 .

Then we know that Result 6.9 obtained in [127] is wrong.

6.4. Corrected results from [112, 113]. In [112, 113], the authors studied the
existence of solutions of the anti-periodic boundary value problems for impulsive
fractional differential equations,

Dq
0+x(t) + λ(t)x(t) = f(t, x(t)), t ∈ [0, 1] \ {t1, t2, . . . , tm},

Iα0+x(t+i )− Iα0+(t−i ) = Ji(x(ti)), i = 1, 2, . . . ,m, t1−qx(t)|t=0 + t1−qx(t)|t=1 = 0,

and

cDq
0+x(t) + λ((t)x(t) = f(t, x(t)), t ∈ [0, 1] \ {t1, t2, . . . , tm},

Iα0+x(t+i )− Iα0+(t−i ) = Ji(x(ti)), i = 1, 2, . . . ,m, x(0) + x(1) = 0,

where q, α ∈ (0, 1), cDq
0+ is the Caputo fractional derivative, Dq

0+ is the Riemann-
Liouville fractional derivative, Iα0+ is the Riemann-Liouville fractional integral, 0 =
t0 < t1 < · · · < tm < tm+1 = 1, λ ∈ C0([0, 1], R) satisfies λ0 =: maxt∈[0,1] λ(t) > 0,
Jk : R 7→ R is continuous, f is a given piecewise continuous function. The main
results in [113] are based upon the following two results:

Result 6.12 ([113, Lemma2.7]). Suppose that q, α ∈ (0, 1). Then x is a solution
of

Dq
0+x(t) + λ0x(t) = f(t, x(t)), t ∈ [0, 1] \ {t1, t2, . . . , tm},

Iα0+x(t+i )− Iα0+(t−i ) = Ji(x(ti)), i = 1, 2, . . . ,m, t1−qx(t)|t=0 + t1−qx(t)|t=1 = 0
(6.18)

if and only if x is a fixed point of the operator Tq : PCq(0, 1] 7→ PCq(0, 1], where
Tq is defined by

(Tqx)(t) =
Γ(q)tq−1Eq,q(−λ0t

q)
1 + Γ(q)Eq,q(−λ0)

[ m∑
i=1

Ji(x(ti))
Γ(q)tα+q−1

i Eq,q+α(−λ0t
q
i )

−
∫ 1

0

(1− s)q−1Eq,q(−λ0(1− s)q)f(s, x(s))ds
]

− tq−1Eq,q(−λ0t
q)
∑

t≤ti<1

Ji(x(ti))
tα+q−1
i Eq,q+α(−λ0t

q
i )

+
∫ t

0

(t− s)q−1Eq,q(−λ0(t− s)q)f(s, x(s))ds.

Result 6.13 (cite[Lemma 2.8]wl3). Suppose that q, α ∈ (0, 1). Then x is a solution
of

cDq
0+x(t) + λ0x(t) = f(t, x(t)), t ∈ [0, 1] \ {t1, t2, . . . , tm},

Iα0+x(t+i )− Iα0+(t−i ) = Ji(x(ti)), i = 1, 2, . . . ,m, x(0) + x(1) = 0
(6.19)
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if and only if x is a fixed point of the operator T : PC(0, 1] 7→ PC(0, 1], where T is
defined by

(Tx)(t) =
Eq,1(−λ0t

q)
1 + Eq,1(−λ0)

[ m∑
i=1

Ji(x(ti))
tαi Eq,1+α(−λ0t

q
i )

−
∫ 1

0

(1− s)q−1Eq,q(−λ0(1− s)q)f(s, x(s))ds
]

−Eq,1(−λ0t
q)
∑

t≤ti<1

Ji(x(ti))
tαi Eq,1+α(−λ0t

q
i )

+
∫ t

0

(t− s)q−1Eq,q(−λ0(t− s)q)f(s, x(s))ds.

We consider the problem
cDα

0+x(t) + λx(t) = f(t, x(t)), t ∈ (ti, ti+1], i ∈ Nm0 ,
∆x(ti) = x(t+i )− x(t−i ) = I(ti, x(t)i)), i ∈ Nm1 , x(0) + x(1) = 0,

(6.20)

where λ ∈ R, f : [0, 1]×R 7→ R, I : {ti : i ∈ Nm1 }×R 7→ R are continuous functions,
cDα

0+ is the Caputo fractional derivative with the order α ∈ (0, 1), 0 = t0 < t1 <
t2 < · · · < tm < tm+1 = 1.

By Theorem 3.11, we know x is a solution of (6.20) if and only if there exists
constants ci(i ∈ Nm0 ) such that

x(t) =
j∑

v=0

cvEα,1(−λ(t−tv)α)+
∫ t

0

(t−s)α−1Eα,α(−λ(t−s)α)f(s, x(s))ds, (6.21)

for t ∈ (tj , tj+1], j ∈ Nm0 . From ∆x(ti) = I(ti, x(t)i)), we have ci = I(ti, x(t)i))
(i ∈ Nm1 ). By x(0) + x(1) = 0, we have

c0 +
m∑
v=0

cvEα,1(−λ(1− tv)α) +
∫ 1

0

(1− s)α−1Eα,α(−λ(t− s)α)f(s, x(s))ds = 0.

It follows that

c0 = − 1
1 + Eα,1(−λ)

[ m∑
v=1

I(tv, x(tv))Eα,1(−λ(1− tv)α)

+
∫ 1

0

(1− s)α−1Eα,α(−λ(t− s)α)f(s, x(s))ds
]
.

Substituting cv into (6.21), we obtain

x(t) = − Eα,1(λtα)
1 + Eα,1(−λ)

[ m∑
v=1

I(tv, x(tv))Eα,1(−λ(1− tv)α)

+
∫ 1

0

(1− s)α−1Eα,α(−λ(t− s)α)f(s, x(s))ds
]

+
j∑

v=1

I(tv, x(tv))Eα,1(−λ(t− tv)α)

+
∫ t

0

(t− s)α−1Eα,α(−λ(t− s)α)f(s, x(s))ds,

(6.22)



EJDE-2016/296 SURVEY AND NEW RESULTS ON BVPS FOR IFDES 147

for t ∈ (tj , tj+1] and j ∈ Nm0 . From (6.22), Result 6.13 is wrong.
We consider problem (6.18). By Theorem 3.12, we know x is a solution of (6.18)

if and only if there exists constants ci(i ∈ Nm0 ) such that

x(t) =
j∑

v=0

cv(t− tv)q−1Eq,q(−λ0(t− tv)q)

+
∫ t

0

(t− s)q−1Eq,q(−λ0(t− s)q)f(s, x(s))ds,

(6.23)

for t ∈ (tj , tj+1] and j ∈ Nm0 . By Definition 2.1 and direct computations, we have

Iα0+x(t) =
j∑

v=0

cv(t− tv)q+α−1Eq,q+α(−λ0(t− tv)q)

+
∫ t

0

(t− s)q+α−1Eq,q+α(−λ0(t− s)q)f(s, x(s))ds,

(6.24)

for t ∈ (tj , tj+1] and j ∈ Nm0 . Using t1−qx(t)|t=0 + t1−qx(t)|t=1 = 0, we obtain

c0
Γ(q)

+
m∑
v=0

cv(1− tv)q−1Eq,q(−λ0(1− tv)q)

+
∫ 1

0

(1− s)q−1Eq,q(−λ0(1− s)q)f(s, x(s))ds = 0.

Case 1: α + q < 1. From (6.23) we know that the existence of Iα0+x(t+i ) implies
ci = 0(i ∈ N[1,m]). So

Iα0+x(t) = c0t
q+α−1Eq,q+α(−λ0t

q)+
∫ t

0

(t−s)q+α−1Eq,q+α(−λ0(t−s)q)f(s, x(s))ds,

for t ∈ (tj , tj+1], j ∈ Nm0 . Then Iα0+x(t+i ) − Iα0+(t−i ) = Ji(x(ti)) implies that
Ji(x(ti)) = 0(i ∈ N[1,m] So this impulse model is unsuitable.
Case 2: α+ q = 1. From Iα0+x(t+i )− Iα0+(t−i ) = Ji(x(ti)) and (6.23), we obtain

ci −
i−1∑
v=0

cvEq,q+α(−λ0(ti − tv)q) = Ji(x(ti)), i ∈ Nm1 .

Case 3: α+ q > 1. From Iα0+x(t+i )− Iα0+(t−i ) = Ji(x(ti)) and (6.23), we obtain

−
i−1∑
v=0

(ti − tv)α+q−1cvEq,q+α(−λ0(ti − tv)q) = Ji(x(ti)), i ∈ Nm1 .

We know that Result 6.12 is wrong.

6.5. Corrected results from [115]. In [115], authors established the existence of
solutions for a class of nonlinear impulsive Hadamard fractional differential equa-
tions with initial condition of the form

rhDα
1+x(t) = f(t, x(t)), t ∈ (1, e] \ {t1, t2, . . . , tm},

∆∗x(ti) = hJ1−α
1+ x(t+i )− hJ1−α

1+ x(t−i ) = pi, i = 1, 2, . . . ,m,
hJ1−α

1+ u(1) = u0,

(6.25)
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where rhDα
1+ is the left-side Riemann-Liouville type Hadamard fderivative of order

α ∈ (0, 1) with the starting point 1 and hJ1−α
1+ denotes left-side Hadamard fractional

integral of order 1 − α, 1 = t0 < t1 < · · · < tm < tm+1 = e, u0, pi ∈ R(i =
1, 2, . . . ,m), f : [1, e]×R 7→ R is a continuous function. It was claimed the following
result [115, Lemma 2.9, p. 87]:

Result 6.14. Let f : [1, e] × R 7→ R and t 7→ (ln t)1−αf(t, u) are continuous
functions. Then x is a solution of the fractional integral equation

x(t) =


u0

Γ(α) (ln t)α−1 +
∫ t

1
(ln t−ln s)α−1

Γ(α) f(s, x(s))dss , t ∈ (1, t1],

u0
Γ(α) (ln t)α−1 +

∑i
j=1

pj
Γ(α) (ln t)α−1 +

∫ t
1

(ln t−ln s)α−1

Γ(α) f(s, x(s))dss ,

t ∈ (ti, ti+1], i = 1, 2, . . . ,m

if and only if x is a solution of IVP (6.25).

We note that Result 6.14 is also wrong. Now we consider the initial value problem
for impulsive fractional differential equation involving the Riemann-Liouville type
Hadamard fractional derivatives

rhDα
1+x(t)− λrhDβ

1+x(t) = f(t, x(t)), t ∈ (ti, ti+1], i ∈ Nm0 ,

∆∗x(ti) = I(ti, hJ1−α
1+ x(ti)), i ∈ Nm1 ,

hJ1−α
1+ u(1) = u0,

(6.26)

where α ∈ (0, 1) and β ∈ (0, β), rhD∗1+ is the left-side Riemann-Liouville type
Hadamard fderivative of order ∗ ∈ (0, 1) with the starting point 1 and hJ1−α

1+

denotes left-side Hadamard fractional integral of order 1 − α, u0 ∈ R, 1 = t0 <
t1 < · · · < tm < tm+1 = e, f : [1, e] × R 7→ R is a V-Carathéodory function,
I : {ti : i ∈ Nm1 } × R 7→ R is a discrete V-Carathéodory function,

∆∗x(ti) = hJ1−α
1+ x(t+i )− hJ1−α

1+ x(t−i ).

It is easy to see that (6.26) generalizes (6.25) (λ = 0 and I(ti, u) = pi).

Theorem 6.15. Suppose that α ∈ (0, 1). Then x is a solution of (6.26) if and
only x is the solution of the integral equation

x(t) = u0(ln t)α−1Eα−β,α(λ(ln t)α−β)

+
i∑

j=1

I(tj , x(tj))(ln t− ln tj)α−1Eα−β,α(λ(ln t− ln tj)α−β)

+
∫ t

1

(ln t− ln s)α−1Eα−β,α(λ(ln t− ln s)α−β)f(s, x(s))
ds

s
,

(6.27)

for t ∈ (ti, ti+1], i ∈ Nm0 .

Proof. We can prove that x is a piecewise continuous solution of

rhDα
1+x(t)− λrhDβ

1+x(t) = f(t, x(t)), t ∈ (ti, ti+1], i ∈ Nm0 .
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if and only if there exist constants dj ∈ R(j ∈ Nm0 ) such that

x(t) =
i∑

j=0

dj(ln t− ln tj)α−1Eα−β,α(λ(ln t− ln tj)α−β)

+
∫ t

1

(ln t− ln s)α−1Eα−β,α(λ(ln t− ln s)α−β)f(s, x(s))
ds

s
,

(6.28)

for t ∈ (ti, ti+1] and i ∈ Nm0 . For t ∈ (ti, ti+1], using Definition 2.1-(ii) we have

hJ1−α
1+ x(t)

=
∫ t

1

(ln t− ln s)−α

Γ(1− α)
x(s)

ds

s

=
( i−1∑
τ=0

∫ tτ+1

tτ

(ln t− ln s)−αx(s)
ds

s
+
∫ t

ti

(ln t− ln s)−αx(s)
ds

s

)
Γ(1− α)

=
( i−1∑
τ=0

∫ tτ+1

tτ

(ln t− ln s)−α
[ τ∑
j=0

dj(ln s− ln tj)α−1Eα−β,α
(
λ(ln s− ln tj)α−β

)
+
∫ s

1

(ln s− lnu)α−1Eα−β,α(λ(ln s− lnu)α−β)f(u, x(u))
du

u

]ds
s

)
/Γ(1− α)

+
(∫ t

ti

(ln t− ln s)−α
[ i∑
j=0

dj(ln s− ln tj)α−1Eα−β,α
(
λ(ln s− ln tj)α−β

)
+
∫ s

1

(ln s− lnu)α−1Eα−β,α(λ(ln s− lnu)α−β)f(u, x(u))
du

u

]ds
s

)
/Γ(1− α)

=
( i−1∑
τ=0

∫ tτ+1

tτ

(ln t− ln s)−α
[ τ∑
j=0

dj(ln s− ln tj)α−1

×Eα−β,α
(
λ(ln s− ln tj)α−β

)]ds
s

)
/Γ(1− α)

+
(∫ t

ti

(ln t− ln s)−α
[ i∑
j=0

dj(ln s− ln tj)α−1

×Eα−β,α
(
λ(ln s− ln tj)α−β

)]ds
s

)
/Γ(1− α)

+
(∫ t

1

(ln t− ln s)−α
[ ∫ s

1

(ln s− lnu)α−1Eα−β,α(λ(ln s− lnu)α−β)

× f(u, x(u))
du

u

]ds
s

)
/Γ(1− α)

(by changing the order of the sum and the integral)

=
( i−1∑
j=0

i−1∑
τ=j

dj

∫ tτ+1

tτ

(ln t− ln s)−α(ln s− ln tj)α−1

×Eα−β,α
(
λ(ln s− ln tj)α−β

)ds
s

)
/Γ(1− α)
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+
( i∑
j=0

dj

∫ t

ti

(ln t− ln s)−α(ln s− ln tj)α−1

×Eα−β,α
(
λ(ln s− ln tj)α−β

)ds
s

)
/Γ(1− α)

+
(∫ t

1

∫ t

u

(ln t− ln s)−α(ln s− lnu)α−1

×Eα−β,α(λ(ln s− lnu)α−β)
ds

s
f(u, x(u))

du

u

)
/Γ(1− α)

=
( i∑
j=0

dj

∫ t

tj

(ln t− ln s)−α(ln s− ln tj)α−1

×Eα−β,α
(
λ(ln s− ln tj)α−β

)ds
s

)
/Γ(1− α)

+
(∫ t

1

∫ t

u

(ln t− ln s)−α(ln s− lnu)α−1

×Eα−β,α(λ(ln s− lnu)α−β)
ds

s
f(u, x(u))

du

u

)
/Γ(1− α)

=
( i∑
j=0

dj

∫ t

tj

(ln t− ln s)−α(ln s− ln tj)α−1

×
∞∑
χ=0

λχ

Γ(χ(α− β) + α)
(ln s− ln tj)χ(α−β) ds

s

)
/Γ(1− α)

(using
ln s− ln tj
ln t− ln tj

= w)

+
(∫ t

1

∫ t

u

(ln t− ln s)−α(ln s− lnu)α−1

×
∞∑
χ=0

λχ

Γ(χ(α− β) + α)
(ln s− lnu)χ(α−β) ds

s
f(u, x(u))

du

u

)
/Γ(1− α)

(using
ln s− lnu
ln t− ln s

= w)

=
( i∑
j=0

dj

∞∑
χ=0

λχ

Γ(χ(α− β) + α)
(ln t− ln tj)χ(α−β)

×
∫ 1

0

(1− w)−αwα−1+χ(α−β)dw
)
/Γ(1− α)

+
( ∞∑
χ=0

λχ

Γ(χ(α− β) + α)

∫ t

1

(ln t− lnu)χ(α−β)

×
∫ 1

0

(1− w)−αwα−1+χ(α−β)dwf(u, x(u))
du

u

)
/Γ(1− α)

=
i∑

j=0

dj

∞∑
χ=0

λχ

Γ(χ(α− β) + 1)
(ln t− ln tj)χ(α−β)
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+
∞∑
χ=0

λχ

Γ(χ(α− β) + 1)

∫ t

1

(ln t− lnu)χ(α−β)f(u, x(u))
du

u

=
i∑

j=0

djEα−β,1(λ(ln t− ln tj)α−β) +
∫ t

1

Eα−β,1(λ(ln t− ln s)α−β)f(u, x(u))
du

u
.

Then

hJ1−α
1+ x(t) =

i∑
j=0

djEα−β,1(λ(ln t− ln tj)α−β)

+
∫ t

1

Eα−β,1(λ(ln t− ln s)α−β)f(u, x(u))
du

u
,

(6.29)

for t ∈ (ti, ti+1] and i ∈ Nm0 . Using the above inequality, ∆∗x(ti) = I(ti, hJ1−α
1+ x(ti)),

i ∈ Nm1 , and hJ1−α
1+ u(1) = u0, we obtain di = I(ti, hJ1−α

1+ x(ti)), i ∈ Nm1 and d0 = u0.
Substituting di into (6.28), we obtain (6.28). �

Now we show that Result 6.14 is wrong. Note that Eα−β,α(0) = 1
Γ(α) . Let A = 0

and I(ti, x) = pi. We know from Theorem 6.15 that x is a solution of (6.25) if and
only if

x(t) =
u0

Γ(α)
(ln t)α−1 +

i∑
j=1

pj
Γ(α)

(ln t− ln tj)α−1 +
∫ t

1

(ln t− ln s)α−1

Γ(α)
f(s, x(s))

ds

s
,

for t ∈ (ti, ti+1] and i ∈ Nm0 . This shows that Result 6.14 is wrong.

6.6. Corrected results from [67, 131, 133]. The following BVP was studied in
[133]:

cDγ
0+x(t) + ax(t) = f(t, x(t), y(t)), t ∈ [0, 1] \ {t1, . . . , tm},

cDγ
0+y(t) + by(t) = g(t, x(t), y(t)), t ∈ [0, 1] \ {t1, . . . , tm},

x(0) = −
m∑
i=1

αix(τi), y(0) = −
m∑
i=1

βiy(τi),

∆x(ti) = Ii(x(ti)), ∆y(ti) = Ji(y(ti)), i = 1, 2, . . . ,m,

(6.30)

where γ ∈ (0, 1), a, b > 0, 0 = t0 < t1 < · · · < tm < tm+1 = 1, τi ∈ (ti, ti+1),
αi, βi ∈ R with 1 +

∑m
i=1 αi 6= 0 and 1 +

∑m
i=1 βi 6= 0, ∆x(ti) = limt→t+i

x(t) −
limt→t−i

x(t) and ∆y(ti) = limt→t+i
y(t) − limt→t−i

y(t), cDγ
0+ is the Caputo type

fractional derivative of order γ with starting point 0, Ii, Ji : R 7→ R are continuous,
f, g are jointly continuous functions. The following claim was made:
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Result 6.16 ([133]). BVP (6.30) is equivalent to the integral system

x(t) = −α
m∑
i=1

αi

[ ∑
0<ti<τi

Eγ,1(−atγi )Ii(x(ti))

+
∫ τi

0

(τi − s)γ−1Eγ,γ(−a(τi − s)γ)f(s, x(s), y(s))ds
]

+
∑

0<ti<t

Eγ,1(−atγ)Ii(x(ti))

+
∫ t

0

(t− s)γ−1Eγ,γ(−a(t− s)γ)f(s, x(s), y(s))ds,

y(t) = −β
m∑
i=1

βi

[ ∑
0<ti<τi

Eγ,1(−btγi )Ji(y(ti))

+
∫ τi

0

(τi − s)γ−1Eγ,γ(−b(τi − s)γ)g(s, x(s), y(s))ds
]

+
∑

0<ti<t

Eγ,1(−btγ)Ji(y(ti))

+
∫ t

0

(t− s)γ−1Eγ,γ(−b(t− s)γ)g(s, x(s), y(s))ds,

where α = [1 +
∑m
i=1 αiEγ,1(−aτγi )]−1 and β = [1 +

∑m
i=1 βiEγ,1(−bτγi )]−1.

Theorem 6.17. BVP (6.30) is equivalent to the integral system

x(t) = −α
m∑
i=1

αi

[ ∑
0<ti<τi

Eγ,1(−atγi )Ii(x(ti))

+
∫ τi

0

(τi − s)γ−1Eγ,γ(−a(τi − s)γ)f(s, x(s), y(s))ds
]

+
∑

0<ti<t

Eγ,1(−atγ)Ii(x(ti))

+
∫ t

0

(t− s)γ−1Eγ,γ(−a(t− s)γ)f(s, x(s), y(s))ds,

y(t) = −β
m∑
i=1

βi

[ ∑
0<ti<τi

Eγ,1(−btγi )Ji(y(ti))

+
∫ τi

0

(τi − s)γ−1Eγ,γ(−b(τi − s)γ)g(s, x(s), y(s))ds
]

+
∑

0<ti<t

Eγ,1(−btγ)Ji(y(ti))

+
∫ t

0

(t− s)γ−1Eγ,γ(−b(t− s)γ)g(s, x(s), y(s))ds,

(6.31)

Proof. Suppose that (x, y) is a solution of (6.30). By Theorem 3.14 (choose α =
γ ∈ (0, 1) in (3.26)), we know that there exist constants ci, di ∈ R(i ∈ N[0,m]) such
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that

x(t) =
i∑

j=0

cjEγ,1(−a(log t− log tj)γ) +
∫ t

1

(log t− log s)γ−1f(s, x(s), y(s))
ds

s
,

t ∈ (ti, ti+1], i ∈ N[0,m],

y(t) =
i∑

j=0

djEγ,1(−b(log t− log tj)γ) +
∫ t

1

(log t− log s)γ−1g(s, x(s), y(s))
ds

s
,

t ∈ (ti, ti+1], i ∈ N[0,m].

By ∆x(ti) = Ii(x(ti)), ∆y(ti) = Ji(y(ti)), i ∈ N[1,m], we obtain ci = Ii(x(ti)), di =
Ji(y(ti)), i ∈ N[1,m]. By x(0) = −

∑m
i=1 αix(τi), we obtain

c0 +
m∑
i=1

αi

[ i∑
j=0

cjEγ,1(−a(log τi − log tj)γ)

+
∫ τi

1

(log τi − log s)γ−1f(s, x(s), y(s))
ds

s

]
= 0.

It follows that

c0 = −
( m∑
i=1

αi

[ i∑
j=1

Ij(x(tj))Eγ,1(−a(log τi − log tj)γ)

+
∫ τi

1

(log τi − log s)γ−1f(s, x(s), y(s))
ds

s

])
/
(

1 +
m∑
i=1

αiEγ,1(−a(log τi))
)
.

Hence

x(t) = −
( m∑
i=1

αi

[ i∑
j=1

Ij(x(tj))Eγ,1(−a(log τi − log tj)γ)

+
∫ τi

1

(log τi − log s)γ−1f(s, x(s), y(s))
ds

s

])
Eγ,1(−a(log t)γ)

÷
(

1 +
m∑
i=1

αiEγ,1(−a(log τi))
)

+
i∑

j=1

Ij(x(tj))Eγ,1(−a(log t− log tj)γ)

+
∫ t

1

(log t− log s)γ−1f(s, x(s), y(s))
ds

s
, t ∈ (ti, ti+1], i ∈ N[0,m].

Similarly we obtain

y(t) = −
( m∑
i=1

βi

[ i∑
j=1

Jj(y(tj))Eγ,1(−b(log τi − log tj)γ)

+
∫ τi

1

(log τi − log s)γ−1g(s, x(s), y(s))
ds

s

])
Eγ,1(−b(log t)γ)

÷
(

1 +
m∑
i=1

βiEγ,1(−b(log τi))
)
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+
i∑

j=1

Jj(y(tj))Eγ,1(−b(log t− log tj)γ)

+
∫ t

1

(log t− log s)γ−1g(s, x(s), y(s))
ds

s
, t ∈ (ti, ti+1], i ∈ N[0,m].

On the other hand, if (x, y) satisfies (6.31), we can prove that (x, y) is a solution of
(6.30). The proof is complete. �

From Theorem 6.17, we know the Result 6.16 claimed in [133] is wrong.
In [131], authors studied the fractional impulsive boundary value problem on

infinite intervals
Dα

0+u(t) + f(t, u(t)) = 0, t ∈ (0,+∞), t 6= tk, k = 1, 2, . . . ,m,

u(t+k )− u(t−k ) = −Ik(u(tk)), k = 1, 2, . . . ,m,

u(0) = 0, Dα−1
0+ u(+∞) = 0,

(6.32)

where α ∈ (1, 2], D∗0+ is the Riemann-Liouville fractional derivatives of orders ∗ > 0,
t0 = 0, 1 < t1 < · · · < tm < +∞, u(t+k ) = limt→t+k

u(t) and u(t−k ) = limt→t−k
u(t),

Dα−1
0+ u(+∞) = limt→+∞Dα−1

0+ u(t), (t, u)→ f(t, (1 + tα)u) is nonnegative, contin-
uous on [0,+∞)× [0,+∞) and u→ Ik(u) is nonnegative, continuous and bounded.
Existence, uniqueness and computational method of unbounded positive solutions
of (6.32) were established. [131, Lemma 3.1] claimed the following result:

Result 6.18. Let y ∈ C0[0,∞) with
∫∞

0
y(t)dt convergent, α ∈ (1, 2). If u is a

solution of

u(t) =
∫ ∞

0

G(t, s)y(s)ds+
m∑
i=1

Wi(t, u(ti)), (6.33)

where

G(t, s) =

{
tα−1−(t−s)α−1

Γ(α) , 0 ≤ s ≤ t <∞,
tα−1

Γ(α) , 0 ≤ t ≤ s <∞,

Wi(t, u(ti)) =


Ii(u(ti))t

α−1

tα−1
i −tα−2

i

, 0 ≤ t ≤ ti,
Ii(u(ti))t

α−2

tα−1
i −tα−2

i

, ti < t <∞

then u is a solution of
Dα

0+u(t) + y(t) = 0, t ∈ (0,+∞), t 6= tk, k = 1, 2, . . . ,m,

u(t+k )− u(t−k ) = −Ik(u(tk)), k = 1, 2, . . . ,m,

u(0) = 0, Dα−1
0+ u(+∞) = 0.

(6.34)

We find that this result is wrong. In fact, (6.33) can be re-written as

u(t) = −
∫ t

0

(t− s)α−1

Γ(α)
y(s)ds+

tα−1

Γ(α)

∫ ∞
0

y(s)ds

+
m∑

i=k+1

Ii(u(ti))tα−1

tα−1
i − tα−2

i

+
k∑
i=1

Ii(u(ti))tα−2

tα−1
i − tα−2

i

, t ∈ (tk, tk+1], k = 0, 1, 2, . . . .

Hence for t ∈ (tk, tk+1](k = 1, 2, . . . ,m) we have

Dα
0+u(t)
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=
1

Γ(2− α)

[ ∫ t

0

(t− s)1−αu(s)ds
]′′

=
[ k−1∑
ν=0

∫ tν+1

tν

(t− s)1−αu(s)ds+
∫ t

tk

(t− s)1−αu(s)ds
]′′
/Γ(2− α)

=
[ k−1∑
ν=0

∫ tν+1

tν

(t− s)1−α(−
∫ s

0

(s− u)α−1

Γ(α)
y(u)du+

sα−1

Γ(α)

∫ ∞
0

y(u)du

+
m∑

i=ν+1

Ii(u(ti))sα−1

tα−1
i − tα−2

i

+
ν∑
i=1

Ii(u(ti))sα−2

tα−1
i − tα−2

i

)ds
]′′
/Γ(2− α)

+
[ ∫ t

tk

(t− s)1−α(−
∫ s

0

(s− u)α−1

Γ(α)
y(u)du+

sα−1

Γ(α)

∫ ∞
0

y(u)du

+
m∑

i=k+1

Ii(u(ti))sα−1

tα−1
i − tα−2

i

+
k∑
i=1

Ii(u(ti))sα−2

tα−1
i − tα−2

i

)ds
]′′
/Γ(2− α)

=
[ k−1∑
ν=0

m∑
i=ν+1

Ii(u(ti))
tα−1
i − tα−2

i

∫ tν+1

tν

(t− s)1−αsα−1ds

+
k−1∑
ν=0

ν∑
i=1

Ii(u(ti))
tα−1
i − tα−2

i

∫ tν+1

tν

(t− s)1−αsα−2ds
]′′
/Γ(2− α)

+
[ m∑
i=k+1

Ii(u(ti))
tα−1
i − tα−2

i

∫ t

tk

(t− s)1−αsα−1ds

+
k∑
i=1

Ii(u(ti))
tα−1
i − tα−2

i

∫ t

tk

(t− s)1−αsα−2ds
]′′
/Γ(2− α)

+
[
−
∫ t

0

(t− s)1−α
∫ s

0

(s− u)α−1

Γ(α)
y(u) du ds

+
∫ t

0

(t− s)1−α s
α−1

Γ(α)

∫ ∞
0

y(u) du ds
]′′
/Γ(2− α)

(by changing the order of the sum and the integral, we obtain)

=
[ k∑
i=1

i−1∑
ν=0

Ii(u(ti))
tα−1
i − tα−2

i

∫ tν+1

tν

(t− s)1−αsα−1ds
]′′
/Γ(2− α)

+
[ m∑
i=k+1

k−1∑
ν=0

Ii(u(ti))
tα−1
i − tα−2

i

∫ tν+1

tν

(t− s)1−αsα−1ds

+
k−1∑
i=1

k−1∑
ν=i

Ii(u(ti))
tα−1
i − tα−2

i

∫ tν+1

tν

(t− s)1−αsα−2ds
]′′
/Γ(2− α)

[ m∑
i=k+1

Ii(u(ti))
tα−1
i − tα−2

i

∫ t

tk

(t− s)1−αsα−1ds

+
k∑
i=1

Ii(u(ti))
tα−1
i − tα−2

i

∫ t

tk

(t− s)1−αsα−2ds
]′′
/Γ(2− α)
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+
[
−
∫ t

0

∫ t

u

(t− s)1−α (s− u)α−1

Γ(α)
dsy(u)du

+
∫ ∞

0

∫ t

0

(t− s)1−α s
α−1

Γ(α)
dsy(u)du

]′′
/Γ(2− α)

(using that
s− u
t− u

= w,
s

t
= w)

=
[ k∑
i=1

Ii(u(ti))
tα−1
i − tα−2

i

∫ ti

0

(t− s)1−αsα−1ds
]′′
/Γ(2− α)

+
[ m∑
i=k+1

Ii(u(ti))
tα−1
i − tα−2

i

∫ t

0

(t− s)1−αsα−1ds

+
k∑
i=1

Ii(u(ti))
tα−1
i − tα−2

i

∫ t

ti

(t− s)1−αsα−2ds
]′′
/Γ(2− α)

+
[
−
∫ t

0

(t− u)
∫ 1

0

(1− w)1−αw
α−1

Γ(α)
dwy(u)du

+
∫ ∞

0

t

∫ 1

0

(1− w)1−αw
α−1

Γ(α)
dwy(u)du

]′′
/Γ(2− α)

(using that B(p, q) =
∫ 1

0

xp−1(1− x)q−1dx =
Γ(p)Γ(q)
Γ(p+ q)

)

= y(t) +
[ k∑
i=1

Ii(u(ti))
tα−1
i − tα−2

i

t

∫ ti
t

0

(1− w)1−αwα−1dw
]′′
/Γ(2− α)

+
[ m∑
i=k+1

Ii(u(ti))
tα−1
i − tα−2

i

t

∫ 1

0

(1− w)1−αwα−1dw

+
k∑
i=1

Ii(u(ti))
tα−1
i − tα−2

i

t

∫ 1

ti
t

(1− w)1−αwα−2dw
]′′
/Γ(2− α)

= y(t) +
[ k∑
i=1

Ii(u(ti))
tα−1
i − tα−2

i

t

∫ ti
t

0

(1− w)1−αwα−1dw
]′′
/Γ(2− α)

−
[ k∑
i=1

Ii(u(ti))
tα−1
i − tα−2

i

t

∫ ti
t

0

(1− w)1−αwα−2dw
]′′
/Γ(2− α)

= y(t) +
[ k∑
i=1

Ii(u(ti))
tα−1
i − tα−2

i

t

∫ ti
t

0

(1− w)1−α[wα−1 − wα−2]dw
]′′
/Γ(2− α)

6= y(t), t ∈ (tk, tk+1], k = 1, 2, . . . ,m.

Thus u given by (6.33) is not a solution of (6.32). Hence Result 6.18 is wrong.
To correct the results in [131], we consider the BVP

Dα
0+u(t) + f(t, u(t)) = 0, t ∈ (0,+∞), t 6= tk, k ∈ N[0,∞),

∆D2−α
0+ u(tk) = J(tk, u(tk)), ∆I2−α

0+ u(tk) = I(tk, u(tk)), k ∈ N[1,∞),

I2−α
0+ u(0) = 0, Dα−1

0+ u(+∞) = 0,

(6.35)
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where α ∈ (1, 2], D∗0+ is the Riemann-Liouville fractional derivatives of orders
∗ > 0, I∗0+ is the Riemann-Liouville fractional integral of order ∗ > 0, t0 = 0,
1 < t1 < · · · < tm < · · · < +∞,

∆Dα−1
0+ u(tk) = lim

ε→0+
Dα−1

0+ u(tk + ε)− lim
ε→0−

Dα−1
0+ u(tk + ε),

∆I2−α
0+ u(tk) = lim

ε→0+
I2−α
0+ u(tk + ε)− lim

ε→0−
I2−α
0+ u(tk + ε),

Dα−1
0+ u(+∞) = lim

t→+∞
Dα−1

0+ u(t),

and f, I, J satisfy some suitable assumptions.

Theorem 6.19. A function u is a solution of (6.35) if and only if (6.35).

Proof. Suppose that u is a solution of (6.35). By Theorem 3.12 (with λ = 0,
α ∈ (1, 2), there exist constants ci, di ∈ R such that

u(t) =
i∑

j=0

cj
Γ(α)

(t− tj)α−1 +
i∑

j=0

dj
Γ(α− 1)

(t− tj)α−2

+
1

Γ(α)

∫ t

1

(t− s)α−1f(s, u(s))ds, t ∈ (ti, ti+1], i ∈ N[0,∞).

By direct computations, we obtain

I2−α
0+ u(t) =

i∑
j=0

cj(t− tj) +
i∑

j=0

dj +
∫ t

1

(t− s)f(s, u(s))ds,

t ∈ (ti, ti+1], i ∈ N[0,∞),

Dα−1
0+ u(t) =

i∑
j=0

cj +
∫ t

1

f(s, u(s))ds, t ∈ (ti, ti+1], i ∈ N[0,∞).

From ∆D2−α
0+ u(tk) = J(tk, u(tk)), ∆I2−α

0+ u(tk) = I(tk, u(tk)), k ∈ N[1,∞), we
know that ck = J(tk, u(tk)) and dk = I(tk, u(tk)), k ∈ N[1,∞). By I2−α

0+ u(0) = 0,
Dα−1

0+ u(+∞) = 0, we know that d0 = u0 and c0 = u2. Hence we obtain

u(t) = u2t
α−1 + u1t

α−2 +
i∑

j=1

J(tj , u(tj))
Γ(α)

(t− tj)α−1 +
i∑

j=1

I(tj , u(tj))
Γ(α− 1)

(t− tj)α−2

+
1

Γ(α)

∫ t

1

(t− s)α−1f(s, u(s))ds, t ∈ (ti, ti+1], ; i ∈ N[0,∞).

On the other hand, if u satisfies above integral equation, we can prove that u
satisfies (6.35). The proof is complete. �

Liu [67] studied the existence of positive solutions of the boundary value problem
of fractional impulsive differential equation

Dα
0+x(t) + f(t, x(t)), t ∈ (0, 1), t 6= ti, i ∈ N[1,m],

x(0) = x(1) = 0, x(t+i )− x(t−i ) = cix(t−i ), i ∈ N[1,m],
(6.36)

where α ∈ (1, 2], 0 = t0 < t1 < · · · < tm < tm+1 = 1, Dα
0+ is the standard

Riemann-Liouville fractional derivative, ci ∈ (0, 1
2 ), f : [0, 1] × R+ → R+ is a

continuous function. [67, Lemma 3.1] claimed that:
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Result 6.20. If u ∈ PC([0, 1]) is a fixed point of the operator A defined by

Ax(t) =
∫ 1

0

G(t, s)f(s, x(s))ds+ tα−1
∑

t<tk<1

ck
1− ck

t1−αk x(tk), (6.37)

for all x ∈ PC([0, 1]), then u is a solution of(6.36) (x is continuous at each point
t 6= ti, right continuous at ti, the left limit limt→t−i

x(t) is finite and satisfies (6.36)),
where

G(t, s) =
1

Γ(α)

{
[t(1− s)]α−1 − (t− s)α−1, 0 ≤ s ≤ t ≤ 1,
[t(1− s)]α−1, 0 ≤ t ≤ s ≤ 1.

We find that Result 6.20 is wrong. In fact, if u is a fixed point of A, the we
obtain

x(t) =
∫ 1

0

G(t, s)f(s, x(s))ds+ tα−1
∑

t<tk<1

ck
1− ck

t1−αk x(tk).

This is re-written as

x(t) = −
∫ t

0

(t− s)α−1

Γ(α)
f(s, x(s))ds+ tα−1

[ ∫ 1

0

(1− s)α−1

Γ(α)
f(s, x(s))ds

+
m∑
i=1

ci
1− ci

t1−αi x(ti)
]
− tα−1

k−1∑
i=1

ci
1− ci

t1−αi x(ti),

for t ∈ [tk−1, tk) and k = 1, . . . ,m + 1. One can easily verify that Dα
0+x(t) 6=

f(t, x(t)), t ∈ (ti, ti+1], i = 1, . . . ,m similarly to above discussion. We can improve
(6.36) and correct Result 6.20. We omit the details.

6.7. Corrected results from [128, 129, 135]. In [135], the authors studied the
impulsive system with Hadamard fractional derivative:

HD
q
a+u(t) = f(t, u(t)), t ∈ (a, T ], t 6= ti, tj , i ∈ N[1,m], j ∈ N[1, n],

∆HI
2−q
a+ u(ti) = HI

2−q
a+ u(t+i )− HI

2−q
a+ u(t−i ) = ∆i(u(t−i )), i ∈ N[1,m],

∆HD
q−1
a+ u(tj) = HD

q−1
a+ u(t+j )− HD

q−1
a+ u(t−j ) = ∆j(u(t−j )), j ∈ N[1, n],

HI
2−q
a+ u(a) = u1, HD

q−1
a+ u(a) = u2,

(6.38)

and its special case

HD
q
a+u(t) = f(t, u(t)), t ∈ (a, T ], t 6= ti, i ∈ N[1,m],

∆HI
2−q
a+ u(ti) = HI

2−q
a+ u(t+i )− HI

2−q
a+ u(t−i ) = ∆i(u(t−i )), i ∈ N[1,m],

∆HD
q−1
a+ u(tj) = HD

q−1
a+ u(t+j )− HD

q−1
a+ u(t−j ) = ∆j(u(t−j )), j ∈ N[1, n],

HI
2−q
a+ u(a) = u1, HD

q−1
a+ u(a) = u2,

(6.39)

where a > 0, HD
q
a+ denotes left-sided Riemann-Liouville type Hadamard fractional

derivative of order q ∈ (1, 2) with the starting point a, f : [a, T ] × R → R is
an appropriate continuous function, a = t0 < t1 < · · · < tm < tm+1 = T , and
a = t0 < t1 < · · · < tm < tn+1 = T , HI

∗
a+ denotes the left-sided Hadamard

fractional integral of order ∗ > 0, and

HI
2−q
a+ u(t+i ) = lim

ε→0+
HI

2−q
a+ u(ti + ε), HI

2−q
a+ u(t−i ) = lim

ε→0+
HI

2−q
a+ u(ti − ε)
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represent the right and left limits of HI
2−q
a+ u(t) at t = ti, respectively. The deriva-

tives HD
q−1
a+ u(t+i ) and HD

q−1
a+ u(t−i ) have a similar meaning for HD

q−1
a+ u(t). [135,

Theorem 3.4 and Corollary 3.5] are as follows:

Theorem 6.21 ([135]). Let q ∈ (1, 2), λ, h be constants. Then system (6.38) is
equivalent to the fractional integral equation

u(t) =
u1

Γ(q)

(∫ t

a

ds

s

)q−1

+
u2

Γ(q − 1)

(∫ t

a

ds

s

)q−2

+
1

Γ(q)

∫ t

a

(log
t

s
)q−1f(s, u(s))

ds

s
, t ∈ (1, t1];

u(t) =
u1

Γ(q)

(∫ t

a

ds

s

)q−1

+
u2

Γ(q − 1)

(∫ t

a

ds

s

)q−2

+
1

Γ(q)

∫ t

a

(log
t

s
)q−1f(s, u(s))

ds

s

+
k0∑
i=1

∆i(u(t−i ))
Γ(q − 1)

(∫ t

ti

ds

s

)q−2

+
k1∑
j=1

∆j(u(t−j ))
Γ(q)

(∫ t

tj

ds

s

)q−1

− λ
k0∑
i=1

∆i(u(t−i ))
[ u1

Γ(q)

(∫ t

a

ds

s

)q−1

+
u2

Γ(q − 1)

(∫ t

a

ds

s

)q−2

+
1

Γ(q)

∫ t

a

(log
t

s
)q−1f(s, u(s))

ds

s

−
u1 +

∫ ti
a
f(s, u(s))dss
Γ(q)

(∫ t

ti

ds

s

)q−1

−
u1 log ti

a + u2 +
∫ ti
a

log ti
s f(s, u(s))dss

Γ(q − 1)

(∫ t

ti

ds

s

)q−2

− 1
Γ(q)

∫ t

ti

(log
t

s
)q−1f(s, u(s))

ds

s

]
− h

k1∑
j=1

∆j(u(t−j ))
[ u1

Γ(q)
(
∫ t

a

ds

s
)q−1 +

u2

Γ(q − 1)
(
∫ t

a

ds

s
)q−2

+
1

Γ(q)

∫ t

a

(log
t

s
)q−1f(s, u(s))

ds

s

−
u1 +

∫ tj
a
f(s, u(s))dss
Γ(q)

(∫ t

tj

ds

s

)q−1

−
u1 log tj

a + u2 +
∫ tj
a

log tj
s f(s, u(s))dss

Γ(q − 1)

(∫ t

tj

ds

s

)q−2

− 1
Γ(q)

∫ t

tj

(log
t

s
)q−1f(s, u(s))

ds

s

]
,

for t ∈ (t′k, t
′
k+1] and k = 1, 2, . . . ,Ω, where a, t1, . . . , tm, t1, . . . , tn, T are queued

to a = t′0 < t′1 < t′2 < · · · < t′Ω < t′Ω = T so that {t1, t2, . . . , tm, t1, . . . , tn} =
{t′1, t′2, . . . , t′Ω}.
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Corollary 6.22 ([135]). Let q ∈ (1, 2), λ, h be constants. Then system (6.39) is
equivalent to the fractional integral equation

u(t) =



u1
Γ(q)

( ∫ t
a
ds
s

)q−1

+ u2
Γ(q−1)

( ∫ t
a
ds
s

)q−2

+ 1
Γ(q)

∫ t
a
(log t

s )q−1f(s, u(s))dss ,

t ∈ (1, t1];

u1
Γ(q)

( ∫ t
a
ds
s

)q−1

+ u2
Γ(q−1)

( ∫ t
a
ds
s

)q−2

+ 1
Γ(q)

∫ t
a
(log t

s )q−1f(s, u(s))dss

+
∑k
i=1

[
∆i(u(t−i ))

Γ(q−1)

( ∫ t
ti
ds
s

)q−2

+ ∆i(u(t−i ))

Γ(q)

( ∫ t
ti
ds
s

)q−1]
−
∑k0
i=1[λ∆i(u(t−i )) + h∆j(u(t−j ))]

[
u1

Γ(q) (
∫ t
a
ds
s )q−1 + u2

Γ(q−1) (
∫ t
a
ds
s )q−2

+ 1
Γ(q)

∫ t
a
(log t

s )q−1f(s, u(s))dss −
u1+

R ti
a
f(s,u(s)) dss
Γ(q)

( ∫ t
ti
ds
s

)q−1

−u1 log
ti
a +u2+

R ti
a

log
ti
s f(s,u(s)) dss

Γ(q−1)

( ∫ t
ti
ds
s

)q−2

− 1
Γ(q)

∫ t
ti

(log t
s )q−1f(s, u(s))dss

]
,

t ∈ (tk, tk+1], k = 1, 2, . . . ,m.
(6.40)

Theorem 6.23. A function x is a solution of (6.39) if and only if x satisfies the
integral equation

x(t) =
u2

Γ(q)
(log t)q−1 +

u1

Γ(q − 1)
(log t)q−2 +

i∑
j=1

∆j(u(t−j ))
Γ(q)

(log
t

tj
)q−1

+
i∑

j=1

∆j(u(t−j ))
Γ(q − 1)

(log
t

tj
)q−2 +

1
Γ(q)

∫ t

1

(log
t

s
)q−1f(s, x(s))

ds

s
,

for t ∈ (ti, ti+1], i ∈ N[0,m].

Proof. Suppose that x is a solution of BVP(6.39) with a = 1 and T = e. By
Theorem 3.13 (with λ = 0), we know from HD

q
a+x(t) = f(t, x(t)) and q ∈ (1, 2)

that there exist constants ci, di ∈ R(i ∈ N[0,m] such that

x(t) =
i∑

j=0

cj
Γ(q)

(log
t

tj
)q−1 +

i∑
j=0

dj
Γ(q − 1)

(log
t

tj
)q−2

+
1

Γ(q)

∫ t

1

(log
t

s
)q−1f(s, x(s))

ds

s
, t ∈ (ti, ti+1], i ∈ N[0,m].

(6.41)

Then by Definitions 2.4 and 2.5, for t ∈ (ti, ti+1], we have

HI
2−q
1+ x(t)

=
1

Γ(2− q)

∫ t

1

(log
t

s
)1−qx(s)

ds

s

=
( i−1∑
τ=0

∫ tτ+1

tτ

(log
t

s
)1−qx(s)

ds

s
+
∫ t

ti

(log
t

s
)1−qx(s)

ds

s

)
/Γ(2− q)

=
( i−1∑
τ=0

∫ tτ+1

tτ

(log
t

s
)1−q

[ τ∑
j=0

cj
Γ(q)

(log
s

tj
)q−1
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+
τ∑
j=0

dj
Γ(q − 1)

(log
s

tj
)q−2 +

1
Γ(q)

∫ s

1

(log
s

u
)q−1f(u, x(u))

du

u

]ds
s

)
/Γ(2− q)

+
(∫ t

ti

(log
t

s
)1−q

[ i∑
j=0

cj
Γ(q)

(log
s

tj
)q−1 +

i∑
j=0

dj
Γ(q − 1)

(log
s

tj
)q−2

+
1

Γ(q)

∫ s

1

(log
s

u
)q−1f(u, x(u))

du

u

]ds
s

)
/Γ(2− q)

=
( i−1∑
τ=0

τ∑
j=0

cj
Γ(q)

∫ tτ+1

tτ

(log
t

s
)1−q(log

s

tj
)q−1 ds

s

+
i−1∑
τ=0

τ∑
j=0

dj
Γ(q − 1)

∫ tτ+1

tτ

(log
t

s
)1−q(log

s

tj
)q−2 ds

s

)
/Γ(2− q)

+
(∫ t

ti

(log
t

s
)1−q

i∑
j=0

cj
Γ(q)

(log
s

tj
)q−1 ds

s

+
∫ t

ti

(log
t

s
)1−q

i∑
j=0

dj
Γ(q − 1)

(log
s

tj
)q−2 ds

s

)
/Γ(2− q)

+
( 1

Γ(q)

∫ t

1

(log
t

s
)1−q

∫ s

1

(log
s

u
)q−1f(u, x(u))

du

u

ds

s

)
/Γ(2− q)

(changing the order of the sums and integral)

=
( i−1∑
j=0

i−1∑
τ=j

cj
Γ(q)

∫ tτ+1

tτ

(log
t

s
)1−q(log

s

tj
)q−1 ds

s

+
i−1∑
j=0

i−1∑
τ=j

dj
Γ(q − 1)

∫ tτ+1

tτ

(log
t

s
)1−q(log

s

tj
)q−2 ds

s

)
/Γ(2− q)

+
( i∑
j=0

cj
Γ(q)

∫ t

ti

(log
t

s
)1−q(log

s

tj
)q−1 ds

s

+
i∑

j=0

dj
Γ(q − 1)

∫ t

ti

(log
t

s
)1−q(log

s

tj
)q−2 ds

s

)
/Γ(2− q)

+
( 1

Γ(q)

∫ t

1

∫ t

u

(log
t

s
)1−q(log

s

u
)q−1 ds

s
f(u, x(u))

du

u

)
/Γ(2− q)

=
( i∑
j=0

cj
Γ(q)

∫ t

tj

(log
t

s
)1−q(log

s

tj
)q−1 ds

s

+
i∑

j=0

dj
Γ(q − 1)

∫ t

tj

(log
t

s
)1−q(log

s

tj
)q−2 ds

s

)
/Γ(2− q)

+
( 1

Γ(q)

∫ t

1

∫ t

u

(log
t

s
)1−q(log

s

u
)q−1 ds

s
f(u, x(u))

du

u

)
/Γ(2− q)
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using
log s− log tj
log t− log tj

= w,
log s− log u
log t− log u

= w

=
( i∑
j=0

cj
Γ(q)

(log
t

tj
)
∫ 1

0

(1− w)1−qwq−1dw

+
i∑

j=0

dj
Γ(q − 1)

∫ 1

0

(1− w)1−qwq−2dw
)
/Γ(2− q)

+
( 1

Γ(q)

∫ t

1

(log
t

u
)
∫ 1

0

(1− w)1−qwq−1dwf(u, x(u))
du

u

)
/Γ(2− q)

=
i∑

j=0

cj(log
t

tj
) +

i∑
j=0

dj +
∫ t

1

(log
t

u
)f(u, x(u))

du

u
.

and similarly

HD
q−1
1+ x(t)

=
( i−1∑
τ=0

(t
d

dt
)
∫ t

1

(log
t

s
)1−qx(s)

ds

s
+ (t

d

dt
)
∫ t

ti

(log
t

s
)1−qx(s)

ds

s

)
/Γ(2− q)

=
( i−1∑
τ=0

(t
d

dt
)
∫ t

1

(log
t

s
)1−q

[ τ∑
j=0

cj
Γ(q)

(log
s

tj
)q−1

+
τ∑
j=0

dj
Γ(q − 1)

(log
s

tj
)q−2 +

1
Γ(q)

∫ s

1

(log
s

u
)q−1f(u, x(u))

du

u

]ds
s

)
/Γ(2− q)

+
(

(t
d

dt
)
∫ t

ti

(log
t

s
)1−q

[ i∑
j=0

cj
Γ(q)

(log
s

tj
)q−1

+
i∑

j=0

dj
Γ(q − 1)

(log
s

tj
)q−2 +

1
Γ(q)

∫ s

1

(log
s

u
)q−1f(u, x(u))

du

u

]ds
s

)
/Γ(2− q)

=
( i−1∑
τ=0

(t
d

dt
)
∫ t

1

(log
t

s
)1−q

τ∑
j=0

cj
Γ(q)

(log
s

tj
)q−1 ds

s

+
i−1∑
τ=0

(t
d

dt
)
∫ t

1

(log
t

s
)1−q

τ∑
j=0

dj
Γ(q − 1)

(log
s

tj
)q−2 ds

s

)
/Γ(2− q)

+
(

(t
d

dt
)
∫ t

ti

(log
t

s
)1−q

i∑
j=0

cj
Γ(q)

(log
s

tj
)q−1 ds

s

+ (t
d

dt
)
∫ t

ti

(log
t

s
)1−q

i∑
j=0

dj
Γ(q − 1)

(log
s

tj
)q−2 ds

s

)
/Γ(2− q)

+
( 1

Γ(q)
(t
d

dt
)
∫ t

1

(log
t

s
)1−q

∫ s

1

(log
s

u
)q−1f(u, x(u))

du

u

ds

s

)
/Γ(2− q)

=
( i∑
j=0

cj
Γ(q)

(t
d

dt
)
∫ t

tj

(log
t

s
)1−q(log

s

tj
)q−1 ds

s
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+
i∑

j=0

dj
Γ(q − 1)

(t
d

dt
)
∫ t

tj

(log
t

s
)1−q(log

s

tj
)q−2 ds

s

)
/Γ(2− q)

+
( 1

Γ(q)
(t
d

dt
)
∫ t

1

∫ t

u

(log
t

s
)1−q(log

s

u
)q−1 ds

s
f(u, x(u))

du

u

)
/Γ(2− q)

=
( i∑
j=0

cj
Γ(q)

(t
d

dt
)(log

t

tj
)
∫ 1

0

(1− w)1−qwq−1dw

+
i∑

j=0

dj
Γ(q − 1)

(t
d

dt
)
∫ 1

0

(1− w)1−qwq−2dw
)
/Γ(2− q)

+
( 1

Γ(q)
(t
d

dt
)
∫ t

1

(log
t

u
)
∫ 1

0

(1− w)1−qwq−1dwf(u, x(u))
du

u

)
/Γ(2− q)

=
i∑

j=0

cj +
∫ t

1

f(s, x(s))
ds

s
.

It follows that

HI
2−α
1+ x(t) =

i∑
j=0

cj(log
t

tj
) +

i∑
j=0

dj +
∫ t

1

(log
t

u
)f(u, x(u))

du

u
,

t ∈ (ti, ti+1], i ∈ N[0,m],

HD
α−1
1+ x(t) =

i∑
j=0

cj +
∫ t

1

f(s, x(s))
ds

s
, t ∈ (ti, ti+1], i ∈ N[0,m].

(6.42)

From ∆HI
2−q
1+ u(ti) = ∆i(u(t−i )), i ∈ N[1,m] and (6.42), we obtain di = ∆i(u(t−i )),

i ∈ N[1,m]. From ∆HD
q−1
1+ u(tj) = ∆j(u(t−j )), j ∈ N[1,m] and (6.42), we obtain

cj = ∆j(u(t−j )), j ∈ N[1,m]. From HI
2−q
1+ u(1) = u1, HD

q−1
1+ u(1) = u2 and (6.42),

we obtain d0 = u1, c0 = u2. Substituting ci, di into (6.41), we obtain

x(t) =
u2

Γ(q)
(log t)q−1 +

u1

Γ(q − 1)
(log t)q−2 +

i∑
j=1

∆j(u(t−j ))
Γ(q)

(log
t

tj
)q−1

+
i∑

j=1

∆j(u(t−j ))
Γ(q − 1)

(log
t

tj
)q−2 +

1
Γ(q)

∫ t

1

(log
t

s
)q−1f(s, x(s))

ds

s
,

(6.43)

for t ∈ (ti, ti+1], i ∈ N[0,m]. On the other hand, if x satisfies (6.43), we can prove
that x is a solution of (6.39) by direct computation. The proof is complete. �

Example 6.24 ([135]). Consider the problem

HD
3/2
1+ x(t) = ln t, t ∈ (1, 3], t 6= 2,

∆HI
1/2
1+ u(2) = HI

1/2
1+ u(2+)− HI

1/2
1+ u(2−) = δ,

∆HD
1/2
1+ u(2) = HD

1/2
1+ u(2+)− HD

1/2
1+ u(2−) = δ,

HI
1/2
1+ u(1) = u1, HD

1/2
1+ u(1) = u2.

(6.44)
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By [135, Theorem 3.4], its solution is

x(t) =



u1
Γ(3/2)

( ∫ t
1
ds
s

)3/2−1

+ u2
Γ(3/2−1)

( ∫ t
1
ds
s

)3/2−2

+ 1
Γ(3/2)

∫ t
1
(log t

s )3/2−1 log sdss ,

t ∈ (1, 2];

u1
Γ(3/2)

( ∫ t
1
ds
s

)3/2−1

+ u2
Γ(3/2−1)

( ∫ t
1
ds
s

)3/2−2

+ 1
Γ(3/2)

∫ t
1
(log t

s )3/2−1 log sdss + δ
Γ(3/2−1)

( ∫ t
2
ds
s

)3/2−2

+ δ
Γ(3/2)

( ∫ t
2
ds
s

)3/2−1

− [λδ + hδ]
[

u1
Γ(3/2)

( ∫ t
1
ds
s

)3/2−1

+ u2
Γ(3/2−1)

( ∫ t
1
ds
s

)3/2−2

+ 1
Γ(3/2)

∫ t
1
(log t

s )3/2−1 log sdss

−u1+
R 2
1 log s dss

Γ(3/2) (
∫ t

2
ds
s )3/2−1 − u1 log 2+u2+

R 2
1 log 2

s log s dss
Γ(3/2−1)

( ∫ t
2
ds
s

)3/2−2

− 1
Γ(3/2)

∫ t
2
(log t

s )3/2−1 log sdss
]
,

t ∈ (2, 3],

where λ, h are constants. It is easy to see that∫ t

1

(log
t

s
)3/2−1 log s

ds

s
= (log t)5/2

∫ 1

0

(1− w)3/2−1wdw = (log t)5/2B(3/2, 2).

Then

x(t) =



u1
Γ(3/2) (log t)1/2 + u2

Γ(1/2) (log t)−1/2 + 1
Γ(7/2) (log t)5/2,

t ∈ (1, 2];
u1

Γ(3/2) (log t)1/2 + u2
Γ(1/2) (log t)−1/2 + 1

Γ(7/2) (log t)5/2 + δ
Γ(1/2) (log t

2 )−1/2

+ δ
Γ(3/2) (log t

2 )1/2 − [λδ + hδ]
[

u1
Γ(3/2) (log t)1/2 + u2

Γ(1/2) (log t)−1/2

+ 1
Γ(7/2) (log t)5/2 − u1+ 1

2 (log 2)2

Γ(3/2) (log t
2 )1/2

−u1 log 2+u2+ 1
6 (log 2)3

Γ(1/2) (log t
2 )−1/2 − 1

Γ(7/2) (log t)5/2
]
,

t ∈ (2, 3]

=



u1
Γ(3/2) (log t)1/2 + u2

Γ(1/2) (log t)−1/2 + 1
Γ(7/2) (log t)5/2, t ∈ (1, 2];

u1+δ+[λδ+hδ]u1
Γ(3/2) (log t)1/2 + u2+δ+[λδ+hδ]u2

Γ(1/2) (log t)−1/2 + 1
Γ(7/2) (log t)5/2

− [λδ+hδ](u1+ 1
2 (log 2)2)

Γ(3/2) (log t
2 )1/2 − [λδ+hδ](u1 log 2+u2+ 1

6 (log 2)3)

Γ(1/2) (log t
2 )−1/2,

t ∈ (2, 3].

First, this example shows us that (6.44) has infinitely many solutions since λ, h ∈
R are two variables. Second, we can obtain

HI
1/2
1+ x(t) =


u1(log t) + u2 + 1

Γ(4) (log t)3, t ∈ (1, 2];

(u1 + δ + [λδ + hδ]u1)(log t) + (u2 + δ + [λδ + hδ]u2)
+ 1

Γ(4) (log t)3 − ([λδ + hδ](u1 + 1
2 (log 2)2))(log t

2 )

−([λδ + hδ](u1 log 2 + u2 + 1
6 (log 2)3)), t ∈ (2, 3].

It is easy to see that

∆HI
1/2
1+ u(2) = HI

1
2
1+u(2+)− HI

1/2
1+ u(2−) 6= δ.
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Hence Corollary 6.22 is wrong. In fact, the correct expression for the solution of
(6.44) is

x(t) =
u2

Γ(3/2)
(log t)3/2−1 +

u1

Γ(3/2− 1)
(log t)3/2−2 +

i∑
j=1

δ

Γ(3/2)
(log

t

tj
)3/2−1

+
i∑

j=1

δ

Γ(3/2− 1)
(log

t

tj
)3/2−2 +

1
Γ(3/2)

∫ t

1

(log
t

s
)3/2−1f(s, x(s))

ds

s
,

for t ∈ (ti, ti+1] and i ∈ N[0, 1]. Our result is easy to understand.

Remark 6.25. A similar initial value problem for impulsive fractional differen-
tial equation involving the Riemann-Liouville fractional derivatives were studied in
[129]. Similarly we remark that [129, Theorem 3.5, page 920]) and [129, Corollary
3.6, page 927]) are wrong. We omit the details.

Zhang [128] studied a class of higher-order nonlinear Riemann-Liouville frac-
tional differential equations with Riemann-Stieltjes integral boundary value condi-
tions and impulses as follows:

−Dα
0+u(t) = λa(t)f(t, u(t)), t ∈ (0, 1) \ {t1, t2, . . . , tm},

∆u(tk) = Ik(u(tk)), k = 1, 2, . . . ,m,

u(0) = u′(0) = · · · = u(n−2)(0) = 0, u′(1) =
∫ 1

0

u(s)dH(s),

(6.45)

where Dα
0+ is the standard Riemann-Liouville fractional derivative of order n− 1 <

α ≤ n, n ≥ 3. The number n is the smallest integer greater than or equal to
α. The impulsive point sequence {tk}mk=1 satisfies 0 = t0 < t1 < · · · < tm <
tm+1 = 1, ∆u(tk) = limε→0+ u(tk + ε) − limε→0− u(tk + ε), λ > 0 is a parameter,
f ∈ C([0, 1] × [0,+∞), [0,+∞)), a ∈ C((0, 1), [0,+∞)), Ik ∈ C([0,+∞), [0,+∞)),
the integral

∫ 1

0
u(s)dH(s) is the Riemann-Stieltjes integral with H : [0, 1] → R.

[128, Lemma 2.4] claimed the following result:

Result 6.26. Suppose that H : [0, 1] → R is a function of bounded variation
δ =

∫ 1

0
sα−1dH(s) 6 α− 1, h ∈ C[0, 1]. Then the unique solution of

−Dα
0+u(t) = h(t), t ∈ (0, 1) \ {t1, t2, . . . , tm},

∆u(tk) = Ik(u(tk)), k ∈ N[1,m],

u(0) = u′(0) = · · · = u(n−2)(0) = 0, u′(1) =
∫ 1

0

u(s)dH(s),

(6.46)

is

u(t) =
∫ 1

0

G(t, s)h(s)ds+ tα−1
∑

t≤tk<1

t1−αk Ik(u(tk)), t ∈ (0, 1], (6.47)

where G(t, s) = G1(t, s) +G2(t, s) with

G1(t, s) =

{
tα−1(1−s)α−2−(t−s)α−1

Γ(α) , 0 ≤ s ≤ t ≤ 1,
tα−1(1−s)α−2

Γ(α) , 0 ≤ t ≤ s ≤ 1,

G2(t, s) =
tα−1

α− 1− δ

∫ 1

0

G1(τ, s)dH(τ).
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This result is wrong. In fact, (6.47) can be re-written as

u(t) = −
∫ t

0

(t− s)α−1

Γ(α)
h(s)ds+ tα−1

∫ 1

0

(1− s)α−2

Γ(α)
h(s)ds

+
tα−1

α− 1− δ

∫ 1

0

∫ 1

0

G1(τ, s)dH(τ)h(s)ds

+ tα−1
[ m∑
k=1

t1−αk Ik(u(tk))−
k−1∑
j=1

t1−αj Ij(u(tj))
]

=: −
∫ t

0

(t− s)α−1

Γ(α)
h(s)ds+Akt

α−1, t ∈ (tk−1, tk], k ∈ N[1,m].

By Definition 2.2, for α ∈ (n− 1, n), and t ∈ (ti, ti+1] we have

Dα
0+x(t)

=
[ ∫ t

0

(t− s)n−α−1x(s)ds
](n)

/Γ(n− α)

=
[ i−1∑
τ=0

∫ tτ+1

tτ

(t− s)n−α−1x(s)ds+
∫ t

ti

(t− s)n−α−1x(s)ds
](n)

/Γ(n− α)

=
[ i−1∑
τ=0

∫ tτ+1

tτ

(t− s)n−α−1
(
−
∫ s

0

(s− u)α−1

Γ(α)
h(u)du+Aτ+1s

α−1
)
ds
](n)

/Γ(n− α)

+
[ ∫ t

ti

(t− s)n−α−1
(
−
∫ s

0

(s− u)α−1

Γ(α)
h(u)du+Ai+1s

α−1
)
ds
](n)

/Γ(n− α)

=
[ i−1∑
τ=0

Aτ+1

∫ tτ+1

tτ

(t− s)n−α−1
i−1∑
τ=0

∫ tτ+1

tτ

(t− s)n−α−1sα−1ds
](n)

/Γ(n− α)

+
[
−
∫ t

0

(t− s)n−α−1

∫ s

0

(s− u)α−1

Γ(α)
h(u) du ds

+Ai+1

∫ t

ti

(t− s)n−α−1sα−1ds
](n)

/Γ(n− α)

=
[ i−1∑
τ=0

Aτ+1

∫ tτ+1

tτ

(t− s)n−α−1sα−1ds
](n)

Γ(n− α)

+
[
−
∫ t

0

∫ t

u

(t− s)n−α−1 (s− u)α−1

Γ(α)
dsh(u)du

+Ai+1

∫ t

ti

(t− s)n−α−1sα−1ds
](n)

/Γ(n− α)

=
[ i−1∑
τ=0

Aτ+1t
n−1

∫ tτ+1
t

tτ
t

(1− w)n−α−1wα−1dw
](n)

/Γ(n− α)

+
[
−
∫ t

0

(t− u)n−1

∫ 1

0

(1− w)n−α−1w
α−1

Γ(α)
dwh(u)du

+Ai+1t
n−1

∫ 1

ti
t

(1− w)n−α−1wα−1dw
](n)

/Γ(n− α) = h(t)
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if and only if A1 = A2 = · · · = Ai+1 if and only if

I1(u(t1)) = I2(u(t2)) = I3(u(t3)) = · · · = Im(u(tm)) = 0.

Hence the impulse functions are not suitable. Then Result 6.26 is wrong.
We consider the improved problem

−Dα
0+u(t) = h(t), t ∈ (ti, ti+1], i ∈ N[0,m],

∆In−α0+ u(tk) = Ink, ∆Dα−i
0+ u(tk) = Iik, k ∈ N[1,m], i ∈ N[1, n− 1]

In−α0+ u(0) = Dα−n−1
0+ u(0) = · · · = Dn−2

0+ u(0) = 0,

D
α−(n−1)
0+ u(1) =

∫ 1

0

In−α0+ u(s)dH(s),

(6.48)

Theorem 6.27. Suppose that

δ =
1

Γ(n− 1)
−

m∑
τ=0

tnτ+1 − tnτ
Γ(n+ 1)

6= 0.

Then u is a solution of (6.48) if and only if u satisfies the integral equation

u(t) =
tα−1

Γ(α)
1
δ

[ ∫ 1

0

(t− s)n−2

Γ(i)
h(s)ds−

m∑
σ=1

n−1∑
v=1

Ivσ
Γ(n− v)

(1− tσ)n−1−v

+
∫ 1

0

(t− s)n−2

Γ(n− 1)
h(s)ds

+
m∑
σ=1

m∑
τ=σ

n∑
v=1

Ivσ[(tτ+1 − tσ)n−v+1 − (tτ − tσ)n−v+1]
Γ(n− v + 2)

−
∫ 1

0

(
∫ 1

u

(s− u)n−1

Γ(n)
dH(s))h(u)du

]
+

i∑
σ=1

n∑
v=1

Ivσ
Γ(α− v + 1)

(t− tσ)α−v

−
∫ t

0

(t− s)α−1

Γ(α)
h(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

(6.49)

Proof. Suppose that u is a solution of (6.48). By Theorem 3.12 (with λ = 0), there
exist constants cσv ∈ R(σ ∈ N[0,m], v ∈ N[1, n]) such that

u(t) =
i∑

σ=0

n∑
v=1

cσv
Γ(α− v + 1)

(t− tσ)α−v −
∫ t

0

(t− s)α−1

Γ(α)
h(s)ds, (6.50)

for t ∈ (ti, ti+1] and i ∈ N[0,m]. Then we obtain

In−α0+ u(t) =
i∑

σ=0

n∑
v=1

cσv
Γ(n− v + 1)

(t− tσ)n−v −
∫ t

0

(t− s)n−1

Γ(n)
h(s)ds, (6.51)

for t ∈ (ti, ti+1], i ∈ N[0,m], and

Dα−i
0+ u(t) =

τ∑
σ=0

i∑
v=1

cσv
Γ(i− v + 1)

(t− tσ)i−v −
∫ t

0

(t− s)i−1

Γ(i)
h(s)ds, (6.52)

for t ∈ (tτ , tτ+1], τ ∈ N[0,m], i ∈ N[1, n− 1].
From ∆In−α0+ u(tk) = Ink and (6.51), we obtain ckn = Ink(k ∈ N[1,m]). From

∆Dα−i
0+ u(tk) = Iik and (6.52) and (6.51), we obtain cki = Iik(k ∈ N[1,m], i ∈
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N[1, n−1]). From In−α0+ u(0) = 0 and (6.51), we obtain c0n = 0. FromDα−n−1
0+ u(0) =

· · · = Dn−2
0+ u(0) = 0 and (6.52), we obtain c0i = 0(i ∈ N[2, n − 1]). From

D
α−(n−1)
0+ u(1) =

∫ 1

0
In−α0+ u(s)dH(s) and (6.52), we obtain

m∑
σ=0

n−1∑
v=1

cσv
Γ(n− v)

(1− tσ)n−1−v −
∫ 1

0

(t− s)n−2

Γ(n− 1)
h(s)ds

=
m∑
τ=0

∫ tτ+1

tτ

(
τ∑
σ=0

n∑
v=1

cσv
Γ(n− v + 1)

(s− tσ)n−v −
∫ s

0

(s− u)n−1

Γ(n)
h(u)du)dH(s).

It follows that

c01 =
1

1
Γ(n−1) −

∑m
τ=0

tnτ+1−tnτ
Γ(n+1)

[ ∫ 1

0

(t− s)n−2

Γ(i)
h(s)ds

−
m∑
σ=1

n−1∑
v=1

Ivσ
Γ(n− v)

(1− tσ)n−1−v +
∫ 1

0

(t− s)n−2

Γ(n− 1)
h(s)ds

+
m∑
σ=1

m∑
τ=σ

n∑
v=1

Ivσ

[
(tτ+1 − tσ)n−v+1 − (tτ − tσ)n−v+1

]
Γ(n− v + 2)

−
∫ 1

0

(
∫ 1

u

(s− u)n−1

Γ(n)
dH(s))h(u)du

]
.

Substituting cσv into (6.50), we obtain

u(t) =
tα−1

Γ(α)
1
δ

[ ∫ 1

0

(t− s)n−2

Γ(i)
h(s)ds−

m∑
σ=1

n−1∑
v=1

Ivσ
Γ(n− v)

(1− tσ)n−1−v

+
∫ 1

0

(t− s)n−2

Γ(n− 1)
h(s)ds

+
m∑
σ=1

m∑
τ=σ

n∑
v=1

Ivσ[(tτ+1 − tσ)n−v+1 − (tτ − tσ)n−v+1]
Γ(n− v + 2)

−
∫ 1

0

(
∫ 1

u

(s− u)n−1

Γ(n)
dH(s))h(u)du

]
+

i∑
σ=1

n∑
v=1

Ivσ
Γ(α− v + 1)

(t− tσ)α−v

−
∫ t

0

(t− s)α−1

Γ(α)
h(s)ds, t ∈ (ti, ti+1], i ∈ N[0,m].

This is (6.49). On the other hand, if u satisfies (6.49), we can prove that u is a
solution of (6.48) by direct computation similar to the one in the proof of Theorem
3.12. �

7. Applications of impulsive fractional differential equations

It is generally known that integer-order derivatives and integrals have clear phys-
ical and geometric interpretations. In [88], it is shown that geometric interpretation
of fractional integration is “Shadows on the walls” and its Physical interpretation is
“Shadows of the past”. Geometric and physical interpretation of fractional integra-
tion and fractional differentiation were introduced in [89]. The physical meaning of
initial value problems for fractional differential equations was expressed in [45, 51].
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It was shown that some fractional operators describe in a better way some com-
plex physical phenomena, especially when dealing with memory processes or vis-
coelastic and viscoplastic materials [17]. Well known references about the appli-
cation of fractional operators in rheology modeling are [22, 23]. One of the most
important advantage of fractional order models in comparison with integer order
ones is that fractional integrals and derivatives are a powerful tool for the descrip-
tion of memory and hereditary properties of some materials. Notice that integer
order derivatives are local operators, but the fractional order derivative of a function
in a point depends on the past values of such function. This features motivated the
successful use of fractional calculus in population dynamics, control theory, physics,
biology, medicine and so forth see [1, 14, 36, 90] and [88, Chap. 10].

A fractional differential equations (FDEs)-based theory involving 1- and 2-term
equations was developed to predict the nonlinear survival and growth curves of
food-borne pathogens. It is interesting to note that the solution of 1-term FDE
leads to the Weibull model. Two-term FDE was more successful in describing
the complex shapes of microbial survival and growth curves as compared to the
linear and Weibull models [56]. The Schrödinger equation control the dynamical
behaviour of quantum particles. In [2], F. B. Adda and J. Cresson, considered to
study of α-differential equations and discussed a fundamental problem concerning
the Schrödinger equation in the framework of Nottale’s scale relativity theory.

Impulsive fractional differential equations represent a real framework for math-
ematical modeling to real world problems. Significant progress has been made
in the theory of impulsive fractional differential equations [4, 30]. Xu et al. in
their paper [117] have described an impulsive delay fishing model. In [77], the
authors introduced the fractional impulsive logistic model. Fractional impulsive
neural networks, fractional impulsive biological models, Lasota-Wazewska models,
Lotka-Volterra models. Kolmogorov-type models and fractional impulsive models
in economics were introduce in recent book [96].

It is well known that x′(t) = t has solutions x(t) = c + 1
2 t

2 which is continuous
on R, where c ∈ R. Let 0 = t0 < t1 < t2 < · · · < tm < tm+1 = 1 be fixed
points on R. It also has piecewise continuous solutions x(t) =

∑i
j=0 ci+

1
2 t

2, where
ci ∈ R(i ∈ N[0,m].

Example 7.1. We consider the fractional differential equation CDα
0+x(t) = t with

α ∈ (0, 1). It has continuous solutions

x(t) = c+
1

Γ(α)

∫ t

0

(t− s)α−1sds

= c+
1

Γ(α)
tα+1

∫ 1

0

(1− w)α−1wdw

= c+
tα+1

Γ(α+ 2)
, t ≥ 0, c ∈ R.

By Theorem 3.11, it also has piecewise continuous solutions

x(t) =
i∑

j=0

cj +
1

Γ(α)

∫ t

0

(t− s)α−1sds =
i∑

j=0

cj +
tα+1

Γ(α+ 2)
,

for t ∈ (ti, ti+1], ci ∈ R and i ∈ Nm0 .
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Example 7.2. We consider the fractional differential equation RLDα
0+x(t) = t with

α ∈ (0, 1). It has continuous solutions

x(t) = ctα−1 +
1

Γ(α)

∫ t

0

(t− s)α−1sds = ctα−1 +
tα+1

Γ(α+ 2)
, t > 0, c ∈ R.

By Theorem 3.12, it also has piecewise continuous solutions

x(t) =
i∑

j=0

cj(t− tj)α−1 +
1

Γ(α)

∫ t

0

(t− s)α−1sds =
i∑

j=0

cj(t− tj)α−1 +
tα+1

Γ(α+ 2)
,

for t ∈ (ti, ti+1] and i ∈ N[0,m]. Here the ci ∈ R are constants.

Example 7.3. We consider the fractional differential equation CHDα
1+x(t) = log t

with α ∈ (0, 1). It has continuous solutions

x(t) = c+
1

Γ(α)

∫ t

1

(log t− log s)α−1 log s
ds

s
= c+

(log t)α+1

Γ(α+ 2)
, t ≥ 1, c ∈ R.

Let 1 = s0 < s1 < · · · < sm < sm+1 = e be fixed. By Theorem 3.14, it also has
piecewise continuous solutions

x(t) =
i∑

j=0

cj +
1

Γ(α)

∫ t

1

(log t− log s)α−1 log s
ds

s
=

i∑
j=0

cj +
(log t)α+1

Γ(α+ 2)
,

for t ∈ (si, si+1], ci ∈ R and i ∈ N[0,m].

Example 7.4. We consider the fractional differential equation RLHDα
1+x(t) = log t

with α ∈ (0, 1). It has continuous solutions

x(t) = c(log t)α−1 +
1

Γ(α)

∫ t

1

(log t− log s)α−1 log s
ds

s
= c(log t)α−1 +

(log t)α+1

Γ(α+ 2)
,

for t > 1 and c ∈ R. Let 1 = s0 < s1 < · · · < sm < sm+1 = e be fixed. By Theorem
3.13, it also has piecewise continuous solutions

x(t) =
i∑

j=0

cj(log
t

tj
)α−1 +

1
Γ(α)

∫ t

1

(log t− log s)α−1 log s
ds

s

=
i∑

j=0

cj(log
t

tj
)α−1 +

(log t)α+1

Γ(α+ 2)
, t ∈ (si, si+1], ci ∈ R, i ∈ N[0,m].

A typical application of the Logistic equation

u′(t) = ρu(t)(1− u(t)), (7.1)

is a common model of population growth. Let u(t) represents the population size
and t represents the time where the constant ρ > 0 defines the growth rate. Another
application of Logistic curve is in medicine, where the Logistic differential equation
is used to model the growth of tumors. This application can be considered an
extension of the above mentioned use in the framework of ecology. Denoting with
u(t) the size of the tumor at time t.

The fractional order Logistic model

Dα
∗+u(t) = ρu(t)(1− u(t)), t ≥ 0, α ∈ (0, 1), (7.2)

can be obtained by applying the fractional derivative operator on the Logistic
equation. The model is initially published by Pierre Verhulst in 1838 [37, 76].
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In (7.2), Dα
0+ denotes the fractional derivative. One sees that the exact solu-

tions of (7.1) is u(t) = u0
(1−u0)e−ρt+u0

. While it is difficult to solve (7.2). When
D∗+u(t) = CDα

0+u(t), by using the Picard iterative method, we can get its iterative
solutions:

φ0(t) = u0,

φ1(t) = u0 + ρ

∫ t

0

(t− s)α−1

Γ(α)
u0(1− u0)ds = u0 +

ρu0(1− u0)
Γ(α+ 1)

tα,

φ2(t) = u0 + ρ

∫ t

0

(t− s)α−1

Γ(α)
φ1(s)(1− φ1(s))ds

= u0 +
ρu0

Γ(α+ 1)
tα +

ρ2u0(1− u0)
Γ(2α+ 1)

t2α,

φi(t) = u0 + ρ

∫ t

0

(t− s)α−1

Γ(α)
φi−1(s)(1− φi−1(s))ds, . . . .

Remark 7.5. We see that (1.7) with λ = 0 can be re-written as

RLDβ
0+x(t) = p(t)f(t, x(t)), t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→0+

t2−βx(t) =
∫ 1

0

φ(s)G(s, x(s))ds, x(1) =
∫ 1

0

ψ(s)H(s, x(s))ds,

lim
t→t+i

(t− ti)2−β [x(t)− x(ti)] = I(ti, x(ti)), ∆RLDβ−1
0+ x(ti) = J(ti, x(ti)),

(7.3)

for i ∈ N[1,m]. When λ = 0, BVP (1.8) becomes

CDβ
0+x(t) = p(t)f(t, x(t)), t ∈ (ti, ti+1], i ∈ N[0,m],

lim
t→0+

x(t) =
∫ 1

0

φ(s)G(s, x(s))ds, x′(1) =
∫ 1

0

ψ(s)H(s, x(s))ds,

∆x(ti) = I(ti, x(ti)), ∆x′(ti) = J(ti, x(ti)), i ∈ N[1,m].

(7.4)

If β → 2, we obtain both that (7.3) and (7.4) become the following Dirichlet type
BVP for second order impulsive differential equation

x′′(t) = p(t)f(t, x(t)), t ∈ (ti, ti+1], i ∈ N[0,m],

x(0) =
∫ 1

0

φ(s)G(s, x(s))ds, ;x(1) =
∫ 1

0

ψ(s)H(s, x(s))ds,

∆x(ti) = I(ti, x(ti)), ∆RLDβ−1
0+ x(ti) = J(ti, x(ti)), i ∈ N[1,m].

(7.5)

From the equivalent integral equation (3.33) (Lemma 3.15) of BVP (1.7) with λ = 0,
we know that the equivalent integral equation of (7.3) become the integral equation

x(t) = t
[ ∫ 1

0

ψ(s)H(s, x(s))ds−
∫ 1

0

φ(s)G(s, x(s))ds−
∫ 1

0

(1− s)σ(s)ds

−
m∑
σ=1

((1− tσ)J(tσ, x(tσ)) + I(tσ, x(tσ)))
]

+
∫ 1

0

φ(s)G(s, x(s))ds

+
i∑

σ=1

[(t− tσ)J(tσ, x(tσ)) + I(tσ, x(tσ))] +
∫ t

0

(t− s)σ(s)ds,

(7.6)
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for t ∈ (ti, ti+1] and i ∈ N[0,m]. From the equivalent integral equation (3.41)
(Lemma 3.17) of BVP(1.8) with λ = 0, we know that the equivalent integral equa-
tion of (7.4) becomes the integral equation (7.6) when β → 2.

When G(t, x) = H(t, x) = 0, (7.6) is the so called Dirichlat boundary value
problem for second order impulsive differential equation. Its equivalent integral
equation becomes

x(t) = t
[
−
∫ 1

0

(1− s)σ(s)ds−
m∑
σ=1

((1− tσ)J(tσ, x(tσ)) + I(tσ, x(tσ)))
]

+
i∑

σ=1

[(t− tσ)J(tσ, x(tσ)) + I(tσ, x(tσ))
]

+
∫ t

0

(t− s)σ(s)ds,

for t ∈ (ti, ti+1] and i ∈ N[0,m]. This result was established in [142] when I(t, x) =
0. The solvability of Dirichlet boundary value problems (7.5) or its special cases
were studied in [65, 70, 87, 141].
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8. Addendum posted February 13, 2017

In response to comments from readers, the author wants to correct some typos
and other mistakes in the original article. More precise proofs and extension of the
current results will be presented in a future article.

Page 6, (1.A4): l ∈ max{−β,−2 − k, 0] should be replaced by l ∈ (max{−β +
1,−2− k}, 0].

Page 6, (1.A7): k > 1− β should be replaced by k > −1;
l ∈ max{−β,−β − k, 0] should be replaced by l ∈ (max{−β + 1,−β − k + 1}, 0].

Page 7, (1.A10): l ≤ 0, 2 + k + l > 0 should be replaced by l ∈ (max{−β +
1,−2− k}, 0].

Page 8, (1.A13): l ≤ 0, β + k + l > 0 should be replaced by l ∈ (max{−β +
1,−β − k + 1}, 0].

Page 9, Definitions 2.1: this definition should be replaced by
Definition 2.1 ([58, page 69]) Let −∞ < a < b < +∞. The Riemann-Liouville
fractional integrals Iαa+g and Iαb−g of order α ∈ C with (Re(α) > 0) are defined by

Iαa+g(t) =
1

Γ(α)

∫ t

a

(t− s)α−1g(s)ds, t > a,

Iαb−g(t) =
1

Γ(α)

∫ b

t

(s− t)α−1g(s)ds, t < b

respectively. These integrals are called he left side and the right side fractional
integrals.

Page 9, Definition 2.2: this definition should be replaced by
Definition 2.2 ([58, page 70]) Let −∞ < a < b < +∞. The Riemann-Liouville
fractional derivatives Dα

a+g and Dα
b−g of order α ∈ C with with Re(α) ≥ 0 are
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defined by

RLDα
a+g(t) = (

d

dt
)nIn−αa+ g(t) =

1
Γ(n− α)

dn

dtn

∫ t

a

g(s)
(t− s)α−n+1

ds, t > a,

RLDα
b−g(t) == (− d

dt
)nIn−αb− g(t) =

1
Γ(n− α)

dn

dtn

∫ b

t

g(s)
(s− t)α−n+1

ds, t < b

where n = [Re(α)] + 1. In particular, when α = n ∈ N, then D0
a+g(t) = D0

b−g(t) =
g(t) and Dn

a+g(t) = g(n)(t), Dn
b−g(t) = (−1)ng(n)(t), where g(n)(t) is the usual

derivative of g(t) of order n.
Page 9, Definition 2.3: this definition should be replaced by

Definition 2.3 [58, page 91] Let −∞ < a < b < +∞. The Caputo fractional
derivatives CDα

a+g and CDα
b−g of order α ∈ C with with Re(α) ≥ 0 are defined via

the fractional integrals by

CDα
a+g(t) =

∫ t

a

(t− s)n−α−1

Γ(n− α)
g(n)(s)ds, t > a,

CDα
b−g(t) =

∫ b

t

(s− t)n−α−1

Γ(n− α)
g(n)(s)ds, t < b

respectively, where n = [Re(α)] + 1 for α 6∈ N and n = α for α ∈ N. These
derivatives are called left side and right side Caputo fractional derivatives of order
α.

Page 10, Definition 2.4: this definition should be replaced by
Definition 2.4 [58, page 110] Let 0 < a < b < +∞. The left side and the right
side Hadamard fractional integrals HIαa+g and HIαb−g of order α ∈ C(Re(α) > 0)
are defined by

HIαa+g(t) =
1

Γ(α)

∫ t

a

(log
t

s
)α−1g(s)

ds

s
, t > a,

HIαb−g(t) =
1

Γ(α)

∫ b

t

(log
s

t
)α−1g(s)

ds

s
, t < b

respectively.
Page 10, Definition 2.5: this definition should be replaced by

Definition 2.5 [58, page 111] Let 0 < a < b < +∞. The left side and the right
side Hadamard fractional derivatives RLHDα

a+g and RRHDα
b−g of order α ∈ C with

Re(α) ≥ 0 are defined by

RLHDα
a+g(t) =

1
Γ(n− α)

(t
d

dt
)n
∫ t

a

(log
t

s
)n−α−1g(s)

ds

s
, t > a,

RRHDα
b−g(t) =

1
Γ(n− α)

(−t d
dt

)n
∫ b

t

(log
s

t
)n−α−1g(s)

ds

s
, t < b

respectively, where n = [Re(α)] + 1.
Page 10, Definition 2.6: this definition should be replaced by

Definition 2.6 [53] Let 0 < a < b < +∞. The left side and right side Caputo
type Hadamard fractional derivatives CHDα

a+g and CHDα
b−g of order α ∈ C with

Re(α) ≥ 0 are defined by

CHDα
a+g(t) =

∫ t

a

(log t− log s)n−α−1

Γ(n− α)
(s
d

ds
)ng(s)

ds

s
, t > a,
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CHDα
b−g(t) =

∫ b

t

(log s− log t)n−α−1

Γ(n− α)
(s
d

ds
)ng(s)

ds

s
, t < b

respectively, where n = [Re(α)] + 1 for α 6∈ N and n = α for α ∈ N.
Page 12, line 10: j ∈ N [0, n− 1] should be replaced by j ∈ N[0, n− 1].
Page 12, equation (3.3) should be replaced by

RLHDα
1+x(t) = B(t)x(t) +G(t), a.e. t ∈ (1, e),

lim
t→1+

(log t)n−αx(t) =
ηn

Γ(α− n+ 1)
,

lim
t→1+

RLHDα−j
1+ x(t) = ηj , j ∈ N[1, n− 1],

(3.3)

Page 12, equation (3.4) should be replaced by
CHDα

1+x(t) = B(t)x(t) +G(t), a.e. t ∈ (1, e),

lim
t→1+

(t
d

dt
)jx(t) = ηj , j ∈ N[0, n− 1].

(3.4)

Page 12, (3.A1): the assumptions should be replaced by
(3.A1) there exist constants ki > −α+n−1, li ≤ 0 with li > max{−α+n−1,−α−

ki+n−1}(i = 1, 2), MA ≥ 0 and MF ≥ 0 such that |A(t)| ≤MAt
k1(1−t)l1

and |F (t)| ≤MF t
k2(1− t)l2 for all t ∈ (0, 1)

Page 16, line 3: ηj
j! ” should be replaced by ηj

j! t
j .

Page 20 line -5: From Cases 1, 2 and 3 should be replaced by From Claims 1, 2
and 3.

Page 20, line -4: j ∈ N [0, n− 1] should be replaced by j ∈ N[0, n− 1].
Page 52, equation (3.25) should be replaced by

RLHDα
1+x(t) = λx(t) +G(t), a.e. t ∈ (si, si+1], i ∈ N[0,m], (3.25)

Page 52, equation (3.26) should be replaced by
CHDα

1+x(t) = λx(t) +G(t), a.e. t ∈ (si, si+1], i ∈ N[0,m], (3.26)

Page 52, line 8: where n − 1 < α < n, dots (3.25) and (3.26). should be
replaced by where 0 = t0 < t1 < · · · < tm < tm+1 = 1 in (3.23) and (3.24),
1 = s0 < s1 < · · · < sm < sm+1 = e in (3.25) and (3.26).

Page 74, line -1: P1C1−α(0, 1] should be replaced by PmC2−β(0, 1].
Page 75, line 3: for (x, y) ∈ Ω should be replaced by x ∈ Ω.
Page 75, line 12: Using (3.33) should be replaced by Using the definition of T .
Page 76 line -12: Ascoli-CArzela should be replaced by Ascoli-Arzela
Page 101: equations (5.1)–(5.4) should be replaced by

CDα
0+x(t) = G(t), a.e. t ∈ (ti, ti+1], i ∈ N[0,m], (5.1)

RLDα
0+x(t) = G(t), a.e. t ∈ (ti, ti+1], i ∈ N[0,m], (5.2)

RLHDα
1+x(t) = G(t), a.e. t ∈ (si, si+1], i ∈ N[0,m], (5.3)

CHDα
1+x(t) = G(t), a.e. t ∈ (si, si+1], i ∈ N[0,m]. (5.4)

Page 151: equation (6.31) should be replaced by

x(t) =
i∑

j=1

Ij(x(tj))Eγ,1(−a(log t− log tj)γ)
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−
[[ m∑

i=1

αi

[ i∑
j=1

Ij(x(tj))Eγ,1(−a(log τi − log tj)γ)

+
∫ τi

1

(log τi − log s)γ−1f(s, x(s), y(s))
ds

s

]]
÷
[
1 +

m∑
i=1

αiEγ,1(−a(log τi))
]]

Eγ,1(−a(log t)γ)

+
∫ t

1

(log t− log s)γ−1f(s, x(s), y(s))
ds

s
, t ∈ (ti, ti+1], i ∈ N[0,m].

y(t) =
i∑

j=1

Jj(y(tj))Eγ,1(−b(log t− log tj)γ)

−
[[ m∑

i=1

βi

[ i∑
j=1

Jj(y(tj))Eγ,1(−b(log τi − log tj)γ)

+
∫ τi

1

(log τi − log s)γ−1g(s, x(s), y(s))
ds

s

]]
÷
[
1 +

m∑
i=1

βiEγ,1(−b(log τi))
]]

Eγ,1(−b(log t)γ)

+
∫ t

1

(log t− log s)γ−1g(s, x(s), y(s))
ds

s
, t ∈ (ti, ti+1], i ∈ N[0,m].

(6.31)

Page 170, line 1: Dα
0+ should be replaced by Dα

∗+ .
Page 170, equation (7.5): “;” should be deleted.
Page 171, line 3: label (7.6) should be replaced by label (7.5).
End of addendum
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