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ASYMPTOTIC PROPERTIES OF THE VON FOERSTER-LASOTA
EQUATION AND INDICES OF ORLICZ SPACES

ANTONI LEON DAWIDOWICZ, ANNA POSKROBKO

Abstract. This article concerns the asymptotic behaviour of the dynamical
systems induced by the von Foerster-Lasota equation. We study chaoticity of

the system in the sense of Devaney and its strong stability in Orlicz spaces

generated by any ϕ-function. We apply Matuszewska-Orlicz indices to a de-
scription of asymptotic properties considered semigroup.

1. Introduction

The aim of this article is to show chaos and stability criteria for a dynamical
system induced by the von Foerster-Lasota equation

∂u

∂t
+ x

∂u

∂x
= γu, t > 0, 0 6 x 6 1, γ ∈ R (1.1)

with the initial condition

u(0, x) = v(x), 0 6 x 6 1 (1.2)

where v belongs to some function space. In 1926 McKendrick [14] proposed the
first age-dependent model of the dynamics of a population where the state of a
population in time t is described by a function u(·, t). From this model follows the
equation

∂u

∂t
+
∂u

∂x
= λ(x)u,

which is called the McKendrick equation or more often as the von Foerster equation.
McKendrick’s model was generalized on many ways. Its generalized form appeared
in paper by Lasota and Ważewska [19], as the part of mathematical description of
a particular population, such as population of red blood cells. Because of biological
application, the equation is still the matter of interest of many mathematicians.
The Lasota equation in its basic form

∂u

∂t
+ c(x)

∂u

∂x
= f(x, u)

is the element of so-called precursor cells model [9] and is studied in different func-
tion spaces, from Lasota [8] onwards [1, 2, 17, 5, 18] (with references therein).
Equation (1.1) with initial condition (1.2) generates a semigroup (Tt)t>0 acting on
some function space V . This paper is devoted to study asymptotic properties of
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the semigroup (Tt)t>0 in the Orlicz space generating by any ϕ-function. In Section
2 we introduce some definitions, notation and basic properties of the Orlicz spaces
appearing subsequently. We next study, among others, chaotic behaviour (Tt)t>0

in the sense of Devaney [6], i.e criteria when the set of all periodic points of (Tt)t>0

is dense in V and (Tt)t>0 is transitive. We also consider strong stability (Tt)t>0 in
a space V , which is equivalent to the condition limt→∞ Ttv = 0 in V . It turns out
that asymptotic behaviour of the solution of the von Foerster-Lasota equation de-
pends on the coefficient γ values. These decisive values are strictly connected with
certain numerical description of considered Orlicz space, i.e. so called indices of
Orlicz space (more in Section 3). The novel contribution of our research is latitude
in the choice of the ϕ-function generated the Orlicz space. Furthermore we apply
Matuszewska-Orlicz indices to the estimation of the decisive value of the coefficient
γ.

2. Preliminaries

In this section we list the principal definitions, notation and symbols (cf. [11, 16]).
Let X be a real vector space. A functional ρ : X → [0,∞] is called s-convex
modular, if it satisfies the following conditions:

• ρ(x) = 0 iff x = 0,
• ρ(−x) = ρ(x),
• ρ(αx+ βy) 6 αsρ(x) + βsρ(y) for x, y ∈ X, α, β > 0, αs + βs = 1.

1-convex modulars are called convex. The modular space generated by ρ is the
subspace

Xρ =
{
x ∈ X : lim

β→0
ρ(βx) = 0}.

A sequence (xk) of elements of Xρ is called modular convergent to x ∈ Xρ if there
exists λ > 0 such that ρ(λ(xk−x))→ 0, as k →∞. Let (Ω,Σ, µ) be measure space,
where Ω is a nonempty set, Σ is a σ-algebra of subset of Ω and µ is a nonnegative,
complete measure not vanishing identically. A real function ϕ : R+ → R+, where
R+ = [0,∞), is called ϕ-function if it is nondecreasing, continuous and such that
ϕ(0) = 0, ϕ(u) > 0 for u > 0, ϕ(u)→∞ as u→∞. We will say that a ϕ-function
satisfies 42-condition if for some ω > 0 we have ϕ(2u) 6 ωϕ(u) for all 0 6 u <∞.
Let X be the set of all real-valued, Σ-measurable and finite µ-almost everywhere
functions on Ω, with equality µ-almost everywhere. Then for every x ∈ X

ρ(x) =
∫

Ω

ϕ(|x(t)|)dµ

is a modular in X. Moreover, if ϕ is a s-convex function, then ρ is a s-convex
modular in X. The respective modular space Xρ will be called an Orlicz space and
denoted by Lϕ(Ω,Σ, µ) (or briefly Lϕ):

Lϕ =
{
x ∈ X :

∫
Ω

ϕ(β|x(t)|)dµ→ 0 as β → 0+
}
.

Moreover, the set

Lϕ0 =
{
x ∈ X :

∫
Ω

ϕ(|x(t)|)dµ <∞
}

will be called the Orlicz class. Lϕ0 is a convex subset of Lϕ. In a modular space

|x|F = inf
{
s > 0 :

∫
Ω

ϕ
(
|x(t)
s
|
)
dµ 6 s

}
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is a F -norm. If ϕ is convex then the functional

‖x‖L = inf
{
s > 0 :

∫
Ω

ϕ
(
|x(t)
s
|
)
dµ 6 1

}
is a norm in Lϕ, called the Luxemburg norm. For a ϕ-function ϕ we can define (see
[11])

Ma(t, ϕ) = sup
u>0

ϕ(tu)
ϕ(u)

,

M0(t, ϕ) = lim sup
u→0+

ϕ(tu)
ϕ(u)

,

M∞(t, ϕ) = lim sup
u→∞

ϕ(tu)
ϕ(u)

.

All the above functions are non-decreasing, submultiplicative and are equal to 1
at the point 1. Matuszewska and Orlicz [12, 13] introduced certain numerical
descriptions for a ϕ-function i.e.

pi = lim
t→0+

lnMi(t, ϕ)
ln t

,

qi = lim
t→∞

lnMi(t, ϕ)
ln t

where i = a, 0,∞. These numbers are called indices of Orlicz spaces or Matuszewska-
Orlicz indices (lower and upper index, respectively). We quote modified definition
of the indices after Montgomery-Smith [15].

Definition 2.1. For a ϕ-function ϕ, we define the lower Matuszewska-Orlicz index
to be

p = sup
{
p : for some C > 0 we have ϕ(at) > Capϕ(t)

for 0 6 t <∞ and a > 1
}
.

We define the upper Matuszewska-Orlicz index to be

q = inf
{
q : for some C <∞ we have ϕ(at) 6 Caqϕ(t)

for 0 6 t <∞ and a > 1
}
.

The above definition of the indices is consistent with the notation used in [7] and
[10].

It is obvious that we have the inequalities 0 6 p 6 q 6∞ for the Matuszewska-
Orlicz indices. Moreover, a ϕ-function satisfies the 42-condition if and only if
q <∞.

3. Chaotic and stable solutions of the von Foerster-Lasota equation

We consider the partial differential equation

∂u

∂t
+ x

∂u

∂x
= γu, t > 0, 0 6 x 6 1, γ ∈ R (3.1)

with the initial condition

u(0, x) = v(x), 0 6 x 6 1 , (3.2)
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where v belongs to some normed vector space V of functions defined on [0, 1]. The
function Tt is given by the formula (see [4])

(Ttv)(x) = u(t, x) = eγtv(xe−t), x ∈ [0, 1] (3.3)

where u is the unique solution of (1.1) and (1.2). In paper [5] we studied the as-
ymptotic properties of the von Foerster-Lasota equation in the Orlicz space Lϕ(0, 1)
with homogeneous ϕ-function ϕ(x) = xp, 0 < p < 1, for which both lower and up-
per Matuszewska-Orlicz indices equal p. In such space the equation displays chaotic
behaviour in the sense of Devaney for γ > − 1

p and is strongly stable for γ 6 − 1
p .

In this section we generalize these results. We consider an Orlicz space Lϕ(0, 1)
and in the sequel we assume that a ϕ-function satisfies the 42-condition. This
clearly forces the followings: the separability of the Lϕ space, the continuity of the
modular ρ, the condition q <∞ and Lϕ0 = Lϕ.

Theorem 3.1. If γ > −1/q, then for any t0 > 0 there exists a periodic point
v0 ∈ Lϕ of the dynamical system (Tt)t>0.

Proof. Let w be an arbitrary function belonging to Lϕ(e−t0 , 1). We can define a
function v0 on the interval (0, 1] = ∪∞n=0(e−(n+1)t0 , e−nt0 ] by squeezing the graph
of the function w into the intervals (e−(n+1)t0 , e−nt0 ]. We put

v0(x) =

{
e−nγt0w(xent0) for x ∈ (e−(n+1)t0 , e−nt0 ]
w(x) for x ∈ (e−nt0 , 1].

(3.4)

It is sufficient to prove that v0 belongs to the Lϕ(0, 1) space.

ρ[0,1](βv0) =
∫ 1

0

ϕ(β|v0(x)|)dx =
∞∑
n=0

∫ e−nt0

e−(n+1)t0

ϕ(β|v0(x)|)dx

=
∞∑
n=0

∫ e−nt0

e−(n+1)t0

ϕ(βe−nγt0 |w(xent0)|)dx

=
∞∑
n=0

e−nt0
∫ 1

e−t0

ϕ(βe−nγt0 |w(x)|)dx.

According to Definition 2.1, if −1/q < γ < 0 then there exists constant C that

ρ[0,1](βv0) 6 C
∞∑
n=0

e−nt0(1+qγ)

∫ 1

e−t0

ϕ(β|w(x)|)dx

= Cρ[e−t0 ,1](βw)
∞∑
n=0

e−nt0(1+qγ).

Whereas γ > 0, we obtain

ρ[0,1](βv0) 6
∞∑
n=0

e−nt0
∫ 1

e−t0

ϕ(β|w(x)|)dx

= Cρ[e−t0 ,1](βw)
∞∑
n=0

e−nt0 .

In the both cases we obtain the geometric convergent series. It gives the conclusion
ρ[0,1](βv0)→ 0 as β → 0+ because of the assumption w ∈ Lϕ. �
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Theorem 3.2. If γ > −1/q then the set of periodic points of (1.1) is dense in the
Lϕ(0, 1) space.

Proof. Let w be an arbitrary function from the Lϕ(0, 1) space and let ε > 0. Define
v by (3.4). Fix t0 so large that |w|F

[0,e−t0 ]
< ε

2 and |v|F
[0,e−t0 ]

< ε
2 . For x ∈ [e−t0 , 1]

v(x) = w(x) so finally we have

|v − w|F[0,1] = |v − w|F[0,e−t0 ] 6 |v|
F
[0,e−t0 ] + |w|F[0,e−t0 ] < ε.

This completes the proof. �

Theorem 3.3. If γ > −1/q then the dynamical system (Tt)t>0 is transitive in the
Lϕ(0, 1) space.

Proof. Let

B(v1, ε1) = {σ ∈ Lϕ(0, 1) : |v1 − σ|F[0,1] < ε1},

B(v2, ε2) = {σ ∈ Lϕ(0, 1) : |v2 − σ|F[0,1] < ε2}

be two open balls with centers in v1, v2 ∈ Lϕ(0, 1). Let us define the function

w(x) =

{
e−γtv2(xet) for x < e−t

v1(x) for x > e−t

at the suitable choice of t. We should show that the above function w belongs to
the space Lϕ(0, 1).

ρ[0,e−t](βw) =
∫ e−t

0

ϕ(β|e−γtv2(xet)|)dx = e−t
∫ 1

0

ϕ(β|e−γtv2(x)|)dx.

If −1/q < γ < 0 then for C > 0 we have

ρ[0,e−t](βw) 6 Ce−t(1+qγ)

∫ 1

0

ϕ (β|v2(x)|) dx = Ce−t(1+qγ)ρ[0,1](βv2),

hence

ρ[0,1](βw) 6 ρ[0,e−t](βw) + ρ[e−t,1](βw) 6 Ce−t(γq+1)ρ[0,1](βv2) + ρ[0,1](βv1).

When γ > 0 we obtain

ρ[0,e−t](βw) 6 e−t
∫ 1

0

ϕ (β|v2(x)|) dx = e−tρ[0,1](βv2),

ρ[0,1](βw) 6 ρ[0,e−t](βw) + ρ[e−t,1](βw) 6 e−tρ[0,1](βv2) + ρ[0,1](βv1).

In the both cases we have ρ[0,1](βw) → 0, as β → 0+. It turns out from the fact
that v1, v2 ∈ Lϕ(0, 1) and in the first case from the assumption γq + 1 > 0. So
w ∈ Lϕ(0, 1). Besides, from the above equality we can draw the following conclusion
|w|F[0,e−t] 6 K(t), where K(t) can be made arbitrarily small. Then

|v1 − w|F[0,1] = |v1 − w|F[0,e−t]

6 |v1|F[0,e−t] + |w|F[0,e−t]

= |v1|F[0,e−t] +K(t).

It turns out that for t large enough we obtain |v1−w|F[0,1] < ε1, hence w ∈ B(v1, ε1).
Therefore Ttw ∈ Tt (B(v1, ε1)) and v2 = Ttw ∈ B(v2, ε2). We learn from the above
that the intersection two sets B(v2, ε2) and Tt (B(v1, ε1)) is not empty. So we
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obtain the conclusion about transitivity of the dynamical system (Tt)t>0 in the
space Lϕ(0, 1). �

Corollary 3.4. If γ > −1/q then the dynamical system (Tt)t>0 is chaotic in the
sense of Devaney in the Lϕ(0, 1) space.

Theorem 3.5. If γ 6 −1/p then the semigroup (Tt)t>0 is strongly stable in the
Lϕ(0, 1) space.

Proof. Let v ∈ Lϕ(0, 1) be an arbitrary function and let λ > 0. We obtain

ρ[0,1] (λ(Ttv)) =
∫ 1

0

ϕ (λ |Ttv(x)|) dx

=
∫ 1

0

ϕ
(
λ
∣∣eγtv(xe−t)

∣∣) dx
= et

∫ e−t

0

ϕ
(
λ
∣∣eγtv(x)

∣∣) dx
6 Cet(1+γp)

∫ e−t

0

ϕ (λ |v(x)|) dx

= Cet(1+γp)ρ[0,e−t] (λv)

for some C < ∞. It is obvious that ρ[0,e−t] (λv) → 0 as t → ∞, for any λ > 0.
Moreover, e1+γp 6 1. It proves the strong stability of the system (Tt)t>0 in the
Lϕ(0, 1) space, that is |Ttv|F[0,1] → 0 in Lϕ(0, 1). �

It is important to notice that if µ(Ω) < ∞ then Lϕ0 (Ω) ⊂ Lψ0 (Ω) if and only
if lim supu→∞

ψ(u)
ϕ(u) < ∞ (see for example [11]). It follows that two ϕ-functions,

satisfying the 42-condition, generate the same Orlicz space if they differ only on
any finite subset of Ω. For example Lψ = Lϕ where

ψ(t) =

{
ϕ(t) for t > 1
ϕ(1)tp for t < 1 ,

p > 0 and the ϕ-function ϕ satisfies the 42-condition. Therefore the replacing the
ϕ-function by another on any finite subset of Ω has not influence on asymptotic
behaviour in the Lϕ space. According to the above remark, we can consider only
the function M∞ and the indices p = p∞, q = q∞. We give some example showing
that the dynamical system (Tt)t>0 is not stable for the value of the coefficient γ
from the interval (− 1

p , 0).

Example 3.6. Let us consider Lasota equation (1.1) with initial condition (1.2)
where

v(x) = ϕ−1
(
αxα−1

)
,

−1/p < γ < 0 and α = 1 + γp > 0. Note that v is positive function and

ρ[0,1](v) =
∫ 1

0

ϕ(|v(x)|)dx =
∫ 1

0

αxα−1dx = 1 <∞.

It follows that v ∈ Lϕ(0, 1). Moreover,

ρ[0,1] (Ttv) =
∫ 1

0

ϕ (|Ttv(x)|) dx =
∫ 1

0

ϕ
(∣∣eγtv(xe−t)

∣∣) dx
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= et
∫ e−t

0

ϕ
(∣∣eγtv(x)

∣∣) dx = et
∫ e−t

0

ϕ (v(x))
ϕ (eγtv(x))
ϕ (v(x))

dx

= et
∫ e−t

0

αxα−1ϕ (eγtv(x))
ϕ (v(x))

dx > et
∫ e−t

0

αxα−1M∞(eγt, ϕ)dx

> et
∫ e−t

0

αxα−1eγtpdx = eαt
∫ e−t

0

αxα−1dx = 1.

Hence, Ttv 9 0. Therefore, the system (Tt)t>0 is not stable.

Remark 3.7. We can consider a more general form of equation (1.1), i.e.

∂u

∂t
+ x

∂u

∂x
= λ(x)u, t > 0, 0 6 x 6 1 (3.5)

with the initial condition
u(0, x) = v(x), (3.6)

where λ : [0, 1] → R is a continuous function. Brzeźniak and Dawidowicz prove in
[3] that the asymptotic behaviour of the semigroup (T̃t)t>0 generated by (3.5) in a
Banach space depends only on the behaviour of the function λ in the neighborhood
of 0. Let the dynamical system (T̂t)t>0 be generated by the equation

∂u

∂t
+ x

∂u

∂x
= λ̂(x)u, t > 0, 0 6 x 6 1 (3.7)

where
λ̂(x) = λ(x) for every x ∈ [0, δ]. (3.8)

According to [3], there exist such t0 > 0 and a continuous function g : [0, 1] → R
that

g(x) = 1 for x ∈ [0, e−t0 ],

T̃tu = gT̂tu for every t > t0.

We have the same property for the dynamical systems (T̃t)t>0 and (T̂t)t>0 in the
Orlicz space Lϕ(0, 1). If λ is the continuous function satisfying the condition

(H1) there exist numbers δ > 0 and γ > −1/q such that λ(x) > γ for x ∈ [0, δ]
then the function κ : [0, 1]→ R defined by

κ(x) = exp
(
−
∫ 1

x

λ(s)− γ
s

ds
)
, x ∈ [0, 1]

is well-defined, continuous and κ(0) = 0 (see [3]). The multiplication by κ defined
a bounded, injective linear operator R on the space Lϕ(0, 1). If u is a solution to
(1.1) then ũ defined by the formula

ũ(t, x) = κ(x)u(t, x)

is the solution to (3.5) and the diagram

Lϕ
Tt−−−−→ Lϕ

R

y yR

Lϕ −−−−→eTt

Lϕ
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is commutative. For every ε > 0 there exists δ > 0 such that κ(x) ∈ [δ, 1
δ ] for all

x ∈ [ε, 1]. Let us defined

un(x) =

{
u(x) for x ∈ ( 1

n , 1]
0 for x ∈ [0, 1

n ]

where u ∈ Lϕ. It is obvious that ρ(un − u) → 0, as n → ∞ and un

κ ∈ L
ϕ. Hence

un = R
(
un

κ

)
∈ R (Lϕ). It follows that the set R (Lϕ) is dense in Lϕ. Therefore the

dynamical system (T̃t)t>0 is chaotic in Lϕ under the assumption (H1). To prove
the stability it is necessary to put the condition

(H2) there exist numbers δ > 0 and γ 6 −1/p such that λ(x) < γ for x ∈ [0, δ]
Under assumption (H2) the operator R is bounded on Lϕ.

ρ[0,1](T̃tv) 6 Cρ[0,1](Ttv)

for some C > 0, which proves strong stability of the system (T̃t)t>0 in Lϕ.
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