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EXISTENCE OF MULTIPLE PERIODIC SOLUTIONS FOR
SECOND-ORDER DISCRETE HAMILTONIAN SYSTEMS WITH
PARTIALLY PERIODIC POTENTIALS

QIN JIANG, SHENG MA, ZHIHUA HU

ABSTRACT. In this article, we use critical point theory to obtain multiple peri-
odic solutions for second-order discrete Hamiltonian systems, when the nonlin-
earity is partially periodic and its gradient is linearly and sublinearly bounded.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we are interested in the existence of multiple periodic solutions
for the second-order discrete Hamiltonian system

A?u(t — 1)+ VF(t,u(t)) =0, VteZ, (1.1)

where Au(t) = u(t + 1) — u(t), A%u(t) = A(Au(t)), F(t,z) := [ VF(t,s)ds is
continuously differentiable in x for every ¢ € Z, and satisfies the assumption

(A1) F(t,) = F(t+T,z) for all t € Z[1,T] and = € RV.
Here R denotes the set of real numbers, T' denotes a positive integer, Z denotes the
set of integers, and for a,b € Z with a < b, Z[a, b] denotes the set {a,a +1,...,b}.

It is worthwhile to explore discrete problems since they occur widely in numerous
setting and form both in mathematics and in its applications to combinatorial anal-
ysis, quantum physics, chemical reactions, population dynamics, biology and other
fields. Many authors have studied discrete problems and obtain important conclu-
sions, see for example [T}, 2, @, 12 13]. Especially, in 2003, Yu and Guo [4, 5] [6],
using operator theory, established a variational structure and variational methods
to study discrete Hamiltonian systems and obtained the solvability condition of pe-
riodic solution for discrete systems. Since then many authors have contributed to
the study second-order discrete Hamiltonian systems. Using a powerful tool named
the critical point theory, many interesting results have been obtained; see for exam-
ple [3], [} 0L 15 16} 17, 18, 19]. Xue and Tang [16] constructed a variational setting
unlike the one in [4] to study the second-order superquadratic discrete Hamiltonian
system and obtain the existence of periodic solutions. This result generalized
the one in [3]. Xue and Tang [15] studied system under condition (Al), the
assumption
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(A2) There exist M7 > 0, My > 0, o € [0, 1) such that
[VE(t,x)| < My|z|* + Ma,

for all (¢t,z) € Z[1,T] x RV,
and the condition

T
|x|_2°‘ZF(t,x) — 400 as |z| — oo, z € RN,
=1
for all t € Z[1,T]. Subsequently, Yan, Wu and Tang [17] extended the result in [15]
and obtained multiple periodic solutions of system (1.1) under assumptions (A1),
(A2),
(A3) F(t,z) is T;-periodic in x;, 1 < i < r, where the integer r € [0, N] and z;

is the ith component of z = (21, 22,...,2N) € RY,
and the condition
T
|| 2 ZF(t,x) — 400 or —oo as |z| — oo, x € {0} x RN, (1.2)
t=1
for all t € Z[1,T).

We set

. 2mt g 1 &L \T/8
F(t,w):sm(?)(r—&—l—l—z:sm (xj)—|—§ Z xj)

j=1 Jj=r+1

93/4 . 49 r L 1 N 23/4
- (r—f—l—i—jz_:lsm (xj)—l—zj;lxj) ,

(1.3)

where the integer r € [0, N], \y =2 —2cos(27/T) > 0 and z = (21, 22,...,2N) €
RN,
Let y =r+ 14" sin®(z;) + 3 Z;V:H_l 3. A simple computation yields

2wt 23/4 . 4
R

8\ 4
where z = (sin 2y, ...,sin 22, y41,... 2x). Then one has
7 23/4.49 3
Fl(t < L,-1/8 47 "9 9 —1/4
[VE( )] < gy olel + =gy 3v /1
7, 23/4.49 3 _
< Lyt U89/ L 2L TE 2, ~1/409,)1/2
< gy (2y)/= + 1Y (2y)
V2 gz 2%/4.49 3
< 1 /fp 2.2 1 2)1/4
< — (r+1+|z|*)° 4+ W 1 (r+1+|z|%)
V2 ,
< (?‘f +e)|z** + Ae)

where A(g) > 0 is a function for € € (0,1).
Set a = 3/4, My = 7v/2/8 + &, My = A(e). Thus F(t,r) satisfies (A1)—(A3)

with T; = 7, i = 1,...,r. However, noting |z|? = Z;VZT_H 3, for x € {0} x RN,

one obtains

7/8  93/4.49

1 3/4
142 2)
8\, (H + 3l

2nt 1
F(t,z) = sin(%)(r Tl 5\x|2)
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and .
. > F(tx) 49
lim ==—F——+* = ——
|| —00 |$‘2'Z 81
which means that such a function F' does not satisfies ([1.2]). Hence it is valuable
to further improve conditions (|1.2)).
Hence, it is natural to ask if existence of multiple solutions still holds for oo = 1.

With a = 1, (A2) changes to the linearly bounded gradient condition:
(A2’) There exist constants M7 € (0, 1) and My > 0 such that

[VE(t,z)| < My|z| + Mo

for all (t,z) € Z[1,T] x RV, where Ay = 2 — 2cos(2:X) are the eigenvalues
of the problem
—A%u(t —1) = Mu(t), ke Zo,[T/2]],
and
0:)\0<A1 <<A[T/2] §4
Motivated by references [14} [T5], [17], we study the multiple periodic solutions for

the second-order discrete Hamiltonian system (1.1)) under the following assump-
tions:

(A4) liminfy) oo 2|20 Y1, F(t,2) > PELENNRT e {0} x RN
1

)
(A5) msupyy|_. 4o |2] 22 S0, F(t,) < =287 2 € {0} x RN,
)

1 b
(A6) Timinfiy 4o |22 3, F(t,2) > 2EAZMNMET, 2 € {0} x RN

(A7) Tmsupp, o0 |21 235, F(t,2) < —ybi, 2 € {0} x RN,

Our main results read as follows.

Theorem 1.1. Under assumptions (Al)—(A4), problem (1.1) possesses at least
r 4+ 1 geometrically distinct periodic solutions.

Theorem 1.2. Under asumptions (A1)-(A3), (A5), problem (1.1) possesses at
least r + 1 geometrically distinct periodic solutions.

Theorem 1.3. Under asumptions (A1), (A2’), (A3), (A6), problem (1.1]) possesses
at least r + 1 geometrically distinct periodic solutions.

Theorem 1.4. Under assumptions (A1), (A2°),(A8), (A7), problem (L.1) pos-

sesses at least r + 1 geometrically distinct periodic solutions.

Remark 1.5. Theoremsandextend [I7, Theorems 2.1 and 2.2] respectively.
Theorems and are extensions of [I7, Theorems 2.1 and 2.2] corresponding
to @ = 1. There are functions F' satisfying our Theorems but not satisfying the
existing results. Detailed examples can be seen later.

2. PROOFS OF MAIN RESULTS

To apply critical point theory, we first define the Hilbert space
Hpr ={u:Z —RY |[u(t+T) =u(t), t € Z}
and equip it with the inner product
T

(u,v) = Z(u(t),v(t)), for u,v € Hr.

t=1
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and the induced norm
T 1/2
Jull =l = (D fu(®)?) , forwe Hr
t=1
where (-,-) and | - | denote the usual inner product and the usual norm in RY.

Obviously, Hilbert space Hrp is finite dimensional. We define a functional ¢ on Hp
by

1 I T
=5 Do Au@)]? =Y Pt u(t))
Then one has ¢ € C(Hr,R) andﬁ .
T T
(' (u),v) = > (Au(t), Z VF(t,u(t)),v(t))

for all w,v € Hy. From reference [I6], we know that the problem of finding a T-
periodic solution of is equivalent to finding a critical point of the functional
@ on Hrp.

We can equip Hr with another norm |||, for any positive number > 1, where

T 1/r
Jully = (3 lu)7) © for we Hy,
t=1

From reference [16], one has
T Hully <llull < Tlul,, Yue Hr. (2.1)
For the reader’ convenience, we give some useful lemmas presented in [16] [8] [1T].
Lemma 2.1 ([I6]). As a subspace of Hr is defined as
Ny = {u € Hp : —A%u(t — 1) = \u(t)},

where A\, = 2 — 2cos(2kw/T), k € Z[0,[T/2]]. Then we claim that

(i) NxLNj, k#j, k,j € Z[0,[T/2]].

(i) Hr = a2 Ny

Lemma 2.2 ([16]). Define Hy := ®%_,N;, Hi := @l N;, k € Z[0,[T/2] - 1],
then one has
T
> Aut)]? < Mellull?,  Vu € Hy, (2.2)
t=1
T
S IAu®)? = Neqallul®, Vu e Hy. (2.3)
t=1

For v e Hp, put

ﬁ:%Zu(t), () = u(t) — @, a(t) = Pi+ Qa+ (),

where
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where {e;]1 <1i < N} is the canonical basis of R and k; is the unique integer such
that
0<(u,e)— kT <Ti,
for 1 <i <r. Hence, there is a constant M > 0 satisfying
|Qu| < M. (2.4)
By (A3), one obtains

F(tu(t) = F(La() + Y kiTie:) = F(t,a(t),
i=1

VE(t,u(t)) = VF (t, a(t) + Z kiTie,) — VF(t,a(t)).
Thus, ¢(u) = p(i) and ¢'(u) = @' (1). Set

G={) kiTie; ki Z1<i<r},
=1
Y =span{e,11,...,en}, V =span{e,...,e.}/G,
1 T
X=Y+W, W:{UEHTW:?;u(t):O}.

It is obvious that Hp /G = X x V and V is isomorphic to the torus T", Define
f:XxV = R by f(n(u)) = ¢(u), where 7 : Hp — Hp/G is the canonical
surjection.

Lemma 2.3 (generalized saddle point theorem [8]). Let X be a Banach space with
a decomposition X =Y +W , whereY and W are two subspaces of X with dim W <
+o0o. Let V be a finite-dimensional, compact C?-manifold without boundary. Let
f: X xV — R be a C*-function and satisfy the (PS) condition. Suppose that
there exist constants p > 0 and v < 3 such that

(a) infmGYXV f(x) > /6;

(b) SUPgpecsxv f(CE) < Vs
where S = 0D,D = {z € W]||z| < p}. Then the functional ¢ has at least
cuplength(V') + 1 eritical points.

Lemma 2.4 ([11, Theorem 4.12]). Let p € C*(Hr, R) be a G-invariant functional
satisfying the (PS) condition. If ¢ is bounded from below and if the dimension r of
the space generated by G is finite, then ¢ has at least r + 1 critical orbits.

Proof of Theorem[I.1 This proof relies on Lemma [2.3] Firstly, we prove that ¢
satisfies the (PS) condition. Suppose that {m(uy)} C Hr is a (PS) sequence, that
is f(m(ug)) is bounded and f'(m(ux)) — 0 as k — oo. Then ¢(ug) is bounded, and
¢’ (u) — 0 as k — oo. Then for sufficiently large k, one has

—llunll < @' (ur), un) < [lull.
By (A4), one chooses a constant a; > 1/\? such that

T
liminf [x|72* Y F(t,z) > (2\gza1 +4y/a1)) MiT, x € {0} xRN (2.5)
t=1

o]+
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By (A2), (2.1), (2.4), Holder inequality and Young inequality, one has

yz F(t,Pa))|

1
|(VFE(t, Pu+ s(Qu+u(t))), Qu+ u(t))|ds

ﬁ
Il
_

IA
M*ﬂ
S—

1
(My|Pu+ s(Qu + a(t))|* + Ma) - |Qu + u(t)|ds

ﬁ
Il
_

IA
B
S—

T
2° My |Pal*|Qu| + Y 2% My | Pul®|a(t)]
t=1

+ Y 2°Mi(|Qal + [a(t) )+ + Y Ma(|Qal + a(t)))
t=1

t=1

M=

-
Il
—

(2.6)

T
< 2My MT|Pul® + ) 2M, | Pul[a(t)]
t=1

T
+ 3 2My(|Qal + [a(t)) ! + MyMT + Mov/T

< 2M MT|Pu|* + 2\/a; M2T|Pu|>* + f” il
+ 8M, MOHIT 4+ 8M VT o+|a)|“Ft + My MT + MoV/'T ||l

By using the same method, we obtain
T
| Z(VF(A a(t)), a(t))|

T
=Y [(VF(t,Qu + (t) + Pu),i(t))|

1
< 2000 MPT|PaP® + o——[[al| + 2My VT [af| *+!
1

+ (2M M + Mo)VT ||
It follows from (2.7)) and ({2.3]), respectively, that

T T

3 (A (t), At (1)) = —{( (wr), @) + Y (VE(t, ur(t)), an(t))

t=1 t=1

< g || + 2a1 M M2T| Py |*® + |||

+ 2M VT |y || + (2My M + Mo)VT ||

and

Mﬂ

T
(Aug(t), Adig(t)) = D (Adig(t), A (£)) > M ||| *. (2.8)
t=1

#
Il
_
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Thus from the two inequalities above, one has
2a; A\ M T| Py

> (M = o)l = DMTF [l oY = (1+ 2M, MOTY? 4 MTY?) i |
aiAl

Al -
> Sl + €,

where
i A1 ! 2 odl a4l 1/2 1/2
Cy = = —2M T s —(142M M TY 2+ Mo TY?)s) < 0.
! GE[I(I)l,l-{loo){ 2 2(11/\1)8 ! 5 ( + 1 +Ma )S}

Hence one gets

~ |12 2 — 2« 2C’l

lak]]* < 4ai M;T|Ptg| — Tl (2.9)
and so

k|| < 2My\/arT|Pig|* + Cs, (2.10)

holds for all large k, where Cy > 0. From the boundedness of p(ux), (2.6), (2.9)
and (2.10) it follows that, for all large k,

Cs > o(ur) = (i)
1< T T
=3 S A (t) + > [F(tak(t) — F(t, Pug)] + Y F(t, Puy)

t=1

]. ~ — |l - «
> =5 Nr2) \|in]|? — 2My MT|Piig|* — 2+/a; MET| Piiy)?

1 9 .
_ — 8M+ MY — 8 MV Ta+1 a+1
2\/a|‘uk” 8M; 8M; (7]
T
— MyMT — MyVT|[iig || + ) F(t, Pix,)
t=1
Alr/2) 1 2 — 12 20, -
> — —— ) (4ay M{T|Pug|** — —) — 2M1 M T|Pug|*
2T Ty UmMITIPI = 55) —2MMIIPG™

— 2\/ar M?T|Pug|*® — Cy — 8MVTo+1 (2My\/a, T| Py, |
T
+Co) T = MyVT(2My/ai T Pt | + Cy) + > F(t, Piy)
t=1

> _(2)\[T/2]a1 + 4\/0,71)M12T|P1]k|2a —C5 — CG‘P’U;CP(OH_U

T
— Cr|Pug|* + > P(t, Pug)

t=1
T _
_, F(t, Pu
= |Puk|2a|:2t_|}gﬂi|2a k) - (2)\[T/2}a1 +4\/a1)M12T

— C6|Pﬂk|a(a_1) — C7|Pﬂk|_a] — C5,

where C; > 0, i = 3,4,5,6,7. With it and (2.)), { P} is bounded. Then it follows
from that {d} is bounded. Hence {ux} is bounded. Since Hyp is a finite
dimensional space and 7(ug) = 7(tx), {ug} contains a convergent subsequence in
Hp. Thus ¢ satisfies (PS) condition.
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Secondly, we need to verify the linking conditions (a) and (b) of Lemma[2.3] For
m(u) €Y x V, u= Qu+ Pu, we have

flr(u) = p(u) = Y F(t,Qu+ Pu).
t=1
It follows from (A4) that
T
> F(t,Qu+ Pu) — 400
t=1
uniformly for 7(Qu) € V as |Pu| — oco. Thus part (a) of Lemma [2.3]is verified.
By (A2), there is a constant Cg > 0, such that for all ¢+ € Z[1,T] and x € RV,
1
F(t.o)] <| [ (VF(ts2),2)ds) + F(¢.0)
0
1
< / |VE(t,sz)||z|ds + Cs
0

M,
< —|z]*t 4+ M. Cs.
< a+1|$| + Ma|z| + Cg

By (2.1)), (2.4) and the above inequality, for any w(u) € W x V, u = Qu + 4, one
obtains

f(r(u)) = f(n(Qu+ 1)) = ¢(Qu + u)

1 & a
—5 2 |Aa(b)* + > F(t.Qu+a(t))

T

1., M N .

< gl + 30 [ S IQa + a)e ! + Ma|Qu + a(t)| + Cs
t=1

1 o )
< —§>\1||UH2 + Cylla)|*** + Cyollall + Cua,

where C; > 0, ¢ =9,10,11. Noting 0 < a < 1, we choose ||u|| so large enough that

sup  f(m(u)) <v < B
m(u)EW XV

Then part (b) of Lemma holds and f has at least r + 1 critical points. Thus
the proof of Theorem [T.1]is complete. O

Proof of Theorem[I.3 We use Lemma in this proof. By (A5), one takes a
constant ag > /\1—1 satisfying

T
lim sup || 2 ZF(t,x) < —2a;MPT, x€ {0} x RN™", (2.12)

|| =00 t=1
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In a way similar to (2.6]), one obtains

T
| > _(F(ta(t)) — F(t, Pa))l

— o 2 — 12« 1 ~112 (213)
< 2M, MT|Pa|® + 2ao M2T|Pul?® + 2—||u||
as
+ SMVTo+1|a|| T + MoV T||a|| + Clo,

where C12 > 0. We se ¢(u) = —p(u), w € Hy. It is easy to see that ¢(u) is a
G-invariant functional. Hence, from (2.13)), for all w € Hp, we obtain

P(u) = w<a>
T

meu 2= [F(t,a) - F(t,Pu)] —

t=1 t

1
||u||2 (2M; MT|Pa|® + 2ao M2T|Pul** + 2—||a|\2

[M]=

F(t, Pa)
1

>\1

T (2.14)
+ 8M VT o+ ||| *F + MoVTa + Crz) Z (t, Pa)

A _
> (%3 = 5o )lalP = VIt~ MoVT ] - Cra

" F(t,P .
—|Pal* (W + 2as M2T + 2M, MT| P4l )

Thus (2.11)) and (2.14) imply that v is bounded from below.

Moreover, we draw a conclusion that the functional ¢ satisfies the (PS) condition.
In fact, the boundedness of ¥ (ux), (A5) and imply that |Puy| and ||dg]|
are bounded and then 4, = Pur + Qur + g is bounded by . In finite-
dimensional space Hr, {ix} contains a convergent subsequence. Hence, m(ug)
contains a convergent subsequence by 7(uy) = m(d). Then the proof is complete
by using Lemma [2.4] O

Proof of Theorem[I-3 By (A6), one chooses a positive constant ag > /\1_1 a7 such
that

T
)\T/Q}+M1 1 as as
liminf |22 S F(t, 2 >[([7+—>7+—M2T, 2.15
Spinf lal™ 3 Fta) > taa)noan T MIT 21

for all z € {0} x RN=". In a way similar to (2.6)), one has

T
| (F(t,a(t) - F(t, P))]

M=

/0 (VE(t, Pu+ s(Qu+u(t))), Qu+ u(t))|ds

H_
Il
-

MH

(M, |Pul| + MllQu +a(t)| + Ma) - |Qu + a(t)]

o~
Il
_
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T T
<" My|PallQal + 3 My |Palla(t)
t—; . t=1 .
5 2 QA + [0+ Q) + 32 Ma((Ql + fi(1)
=1 t=1
< urripal + ST pge 4 L oo lal?
oMyl + (MM + M2>ﬁ||au + O (2.16)
and
T
SR ), ab)|
t=1
T
= S (VE(t, Qi+ alt) + Pa), a(t))| (2.17)
t=1

1. - -
o MET|Pul* + o—||al]® + My [al* + (MM, + Mo)VT|al],
3

where C13 > 0. By (2.17)), one obtains
T

D (Aux(t), Aiig(t))

t=1

T
- +Z VF t uk uk(t))
t=1

< Jliuell + % 5 MT|Puf® + a3||ﬂ||2+M1IIﬂkH2+(MM1+Mz)\/Tllﬂkll~
With this and (2.8)),

a 1 N N
?3 MET|Pug|* > (M — My — S Wagl|? = (1 + MM T + VT M,)|| i
3

AN — My
> 2L a2 + Cuy

is implied, where

M —M 1
Cu= min {(—"L - ) —(1+MMT+ \/TMQ)S} <0.
5€[0,+00) 2 2a3

Hence one gets

- 2 ang 2 2014
7P . 2.18
el < 2 P - (213)
So
- MivasT
fiul < ST Py + Cis 2.19)

holds for all large k, where Cy5 > 0. It follows from the boundedness of p(uy),
(2.16)), (2.18) and (2.19)) that

C3 > p(ur) = (i)
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T

T
1
=-3 > |Ada () + Z (t,k(t)) — F(t, Pur)] + Y _ F(t, Piy)
t=1

t=1

anggT

1 .
| Piig|* — —— | |?

AT/2 - o ~
2 ||Uk|| 1 | uk‘ 2(13

T
1 - N - _
— Ch3 — §Ml||ukn2 — MyMV/Tlfiiy,|| — MoV'T g || + Y F(t, Py

t=1
Ay, My 1N agMPT 2 20y i}
> (/e o 2 (el It S R
= ( 2 73 +2a3)<A1 Pl = ) M MT| P
M?T Miva
a3 1 |P’u,k‘ —015—(M1M+M2)\/T<\/>\lj|PUk|+Cl5)
1
T
+ ) F(t, Puy)
t=1
T _
_ _ F(t P'U,k) )‘[T/Z] + M, 1 as
—|P 2 Zt-l ) _ = MT
‘““{ | Pl | K 2 +2a3))\1 T2 } 1

- C16|Pﬁk|_1} — Chr,

for all large k, where Ci6, C17 > 0. This inequality, with (2.15]), implies that { Py}
is bounded. Then from (2.19) it follows that {ay} is bounded. Thus, in a way
similar to the proof of Theorem one obtains ¢ satisfies (PS) condition.

Subsequently, we verify the linking conditions (a) and (b) of Lemma Part
(a) is easy to verify by (A6) and the same method in the proof in Theorem By
(A2’), there exists a constant Cyg > 0, such that for all ¢t € Z[1,7] and € R

M
|F(t,z)| < 71|x|2 + My|z| + Cis. (2.20)
By (2.4) and (2.20), for any m(u) € W x V, u = Qu + @, one obtains
f(r(w) = f(n(Qu+ 7)) = p(Qu + @)

_ _% S laa)? + 3 F(t.Qa + a(h))
t=1 t=1

IN

T
1 . My, .
sl + Y (SHQE+ A + MalQa + a(t)] + Cr)
t=1

1 - -
—5()\1 — M1)||UH2 + (MMl + MQ)\/?HUH + Clg.
With it and the fact M; € (0, A1),
sup  f(m(u)) <y <p

IN

m(u)EW XV
is implied for all large enough [@||. Thus part (b) of Lemma [2.3]holds and then the
proof is complete. O
Proof of Theorem[1.4 Via (A7), one takes ay > =5 > 0 such that
a a
lim sup || 2 ZF —;MET, r e {0} x RN, (2.21)

|| =00 =1
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In a way similar to (2.16)), one obtains
1
| S (B a0) ~ (2, Pa))| < MMTIPa| + S0 PaP + P
as
(2.22)
My, . -
5l + (MM + Mo)VTfa]| + Cho,

where C19 > 0. It is easy to know (u) is a G-invariant functional. Hence, from

(2.22)), we obtain

Y(u) =p(a)
1 T T T
=3 S lAat))? = Y [F(t,a) — F(t, Pu)] - > _ F(t, Pa)
t=1 t=1 t=1
> (% _ 271!4 - %) 12 — (MM, + Mo)VT|[a] — Cro

F(t, P
- (B S Pl

for all w € Hp. With it and the fact M; € (0, A1), one deduces that ¢ is bounded
from below.

We prove that the functional v satisfies the (PS) condition by the same method
in the proof of Theorem[I.2] Then the proof is complete by using by Lemma[2:4 O

3. EXAMPLES
In this section, some examples illustrate our results.

Example 3.1. Let

. 27Tt " ) 1 N 2 7/8
F(t,x) :mn(T)(r—i— 1+Zsm () + = Z xj)
j=1

[\)

j=r+1
23/4.49(2 + Ap) L 1 oL ,\3/4
+2>\%<'F+1+;Sln (xj)+2]_;_1mj) s

where A\; = 2 — 2cos(2r/T) > 0 and = = (z1, 22, ...,7x) € RY. Then one has

IVE(t,z)| < (7% +e) |zt + Ai(e),

where A;(e) > 0 is a function in € € (0,1).
Set o = 3/4, My = 7\/2/8 + &, My = Ay(¢). Thus F(t,x) satisfies (A1)-(A3)
with T; =m,i=1,...,r. Also, for z € {0} x RNV~ one obtains

o= Y

Jj=r+1
and

o ing S Fltz) 492+ A g A4+ 20) (7\/5
|z|— o0 |x|2% 2)\% QA% 8
2)\[T/2] + 4\
> 7)\2
1

+€)*T

MET
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for all € € (0,1). This implies that such a function F satisfies (A4). By Theorem
problem (1.1)) has at least  + 1 geometrically distinct periodic solutions.

Example 3.2. Let F(t,z) be defined as in (T.3). a = 3/4, My = 7V2/8 + ¢,
My = A(e). Thus F(t,z) satisfies (A1)—(A3) with T; = m, i = 1,...,r. Also, for
x € {0} x RN~" one obtains

, ST F(t, ) 49 (DL 1 ¢)? M?
limsuyp=t=t— "2 - " T« -~ 8 - _—1
|m|ﬂoop |z|> 1 81 A1 A1

for all € € (0,1). This implies that such a function F satisfies (A5). By Theorem
problem (I.1)) has at least r + 1 geometrically distinct periodic solutions.

Example 3.3. Let

N
F(t,x) = sin( Zsm zj)+a Z x?,

j=r+1
A2
A1/ (A1 +1)2 =S

I . Then one has
|VF(t,2)| < 2alz|+ r.

Set My = 2a, My = +/r. A computation yields M; < Ay and F(¢,x) satisfies (A1),
(A2’) and (A3) with T; = 7, i = 1,...,7. On the other hand, for z € {0} x RN¥-",
one has

where a =

. 23_1 F(t, JJ) 4+ 2)\1 Ml A[T/Q] + 2)\1 - M1

liminf ==——= =aT > 7M

|| — o0 |J)|2 2()\1 — ) ! 2()\1 — M1)2
This implies that F satisfies (A6). By Theorem problem (|1.1)) has at least r+1
geometrically distinct periodic solutions.

MZT

Example 3.4. Let

F(t,x) = sin( Zsm (x5) Z x?

Then one has
A
IVF(t,2)] < ZHal + V.

Set My = A\1/4, My = /r. Obviously, F(¢,z) satisfies (A1),(A2’) and (A3) with
T;=m, i =1,...,r. On the other hand, for z € {0} x R¥~" one has
Zt 1 F(t,x) _ A1 A1 M1

limsup=—""~——"=—-——"T< —-——T=—

= —-T.
|z|—00 |£L’|2 8 12 A1 — M

Then F satisfies (A7). By Theorem [1.4] problem (1.1]) has at least r + 1 geometri-
cally distinct periodic solutions.
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