Electronic Journal of Differential Equations, Vol. 2016 (2016), No. 327, pp. 1-12.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

NONLINEAR PARABOLIC EQUATIONS WITH BLOWING-UP
COEFFICIENTS WITH RESPECT TO THE UNKNOWN AND
WITH SOFT MEASURE DATA

KHALED ZAKI, HICHAM REDWANE

ABSTRACT. We establish the existence of solutions for the nonlinear parabolic
problem with Dirichlet homogeneous boundary conditions,

ou L9 du

i=1

(dl(u) ) =p, u(t=0)=uop,

in a bounded domain. The coefficients d;(s) are continuous on an interval

| — 00, m[, there exists an index p such that d,(u) blows up at a finite value m
of the unknown u, and p is a diffuse measure.

1. INTRODUCTION

In this paper we study the existence of solutions of the problem

a“—ia(d-(u)a“) —u nQ (1.1)

ot P 83:, ! 83:1» - ’ ’
u(t=0)=wup inQ, (1.2)
u=0 ondQx(0,T), (1.3)

where ) is an open bounded subset of RY (N > 1), T is a positive real number,
and we have set @Q the cylinder Q x (0,7) and 9Q x (0,T) its lateral surface. The
coefficients d;(s) are continuous on an interval | — oo, m[ of R (with m > 0) with
value in RT U {400}, d;(s) > a > 0, and such that there exists an index p such
that lim, ., d,(s) = +o0, and where ug € L'(2), up < m a.e. in Q and p is a
measure on ) with bounded total variation.

‘When problem — is studied, the a priori estimates on the above problem
do not lead in general to the existence of a weak solution (i.e. in the distributional
sense), there are mainly two type of difficulties in studying problem —.
One consists to define in a proper way the term dp(u)a%‘p on the subset {(x,t) €
Q : u(z,t) = m} of @ on which dp(u) = +00. As an example, one can not set in
general dp(u)% =0 on {(z,t) € Q : u(x,t) = m} to obtain the equation in the
sense of distributions.
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The second difficulty is represented here by the presence of an L! initial datum
and a measure as right-hand side term in . The measure p is just assumed to
be bounded total variation over @) that do not charge the sets of zero p-capacity
(see Section [2| for the definition), the so called diffuse measures or soft measures,
and we will use the symbol M(@) to denote them.

To overcome this difficulty we use the framework of renormalized solutions. This
notion was introduced by Lions and DiPerna [I4] for the study of Boltzmann equa-
tion. This notion was then adapted to elliptic version of — in Boccardo,
Diaz, Giachetti, Murat [12], Lions and F. Murat [22], and Murat [22] 23]. At the
same the equivalent notion of entropy solutions was developed independently by
Bénilan and al. [I] for the study of nonlinear elliptic problems.

The existence of a renormalized solution of (L.I)-(1.3) was proved in [2] in the
stationary case where u € L?(f2). In the stationary and evolution cases of u; —
div(A(x,t,u)Vu) = f in Q, where the matrix A(z,t,s) blows up (uniformly with
respect to (x,t)) as s — m~ and where f € L*(Q), the existence of renormalized
solution was proved by Blanchard, Guibé and Redwane in [3].

The existence and uniqueness of renormalized solution of (L.1)-(L.3) was proved
in [] in the case where le\il 8%1_ (dl(u)(%‘) is replaced by the p-Laplacian operator
Apu, ug € LH(Q) and u is replaced by b(u); and for every measure p which does
not charge the sets of null parabolic p-capacity.

Note that, the existence result in [4] is strongly based on a decomposition theorem
given in [I5] for diffuse measure (i.e. p € My(Q)), this decomposition of p can not

be easily used for problem ([1.1)-(1.3). Indeed (for p = 2), for every pu € Mo(Q)
there exist f € LY(Q), g € L*(0,T; H}(R2)) and F € L?(0,T; H-*(€)) such that

p=f+F+g inD(Q), (1.4)

note that the decomposition of x is not uniquely determined. Therefore, equation

(1.1) is equivalent to

o D o ,
m—;axi(di(wg)axi):fw in Q,

where v = u — ¢. Since g ¢ L*°(Q) in general and lim,_.,,- d,(s) = 400, then the
term d,(v+g) can not be easily handled. To overcome this difficulty, we use in this
paper the following approximation property for the measure p (see Theorem [2.2]).
Indeed, every pu € Mo(Q) can be strongly approximated by measures which admit
decomposition with g € L>°(Q) (see [I7, Theorem 1.1]).

A large number of papers was then devoted to the study the existence of renor-
malized solution of parabolic problems with rough data under various assumptions
and in different contexts: for a review on classical results, see [5l 6] [8, 9] [I8] 19, 20,
24, 25, 26, 301, 52).

We organize this article as follows. In Section [2] we give some preliminaries
and, in particular, we provide the definition of parabolic capacity and some basic
properties of diffuse measures. Section [3]is devoted to specifying the assumptions
on d;, ug and u. We also give the definition of a renormalized solution of —.
In Section [4| we establish (Theorem |4.1f) the existence of such a solution. In Section
(Appendix) we prove Theorem t will be a key point in the existence result.
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2. PRELIMINARIES ON PARABOLIC CAPACITY AND DIFFUSE MEASURES

We recall the notion of parabolic p-capacity (with p = 2) associated to our
problem (for further details see [29, [15]). Let @ = Q x (0,T) for any fixed T' > 0,
and let us recall that

W ={ue L*0,T;Hy(Q)) : ue € L*(0,T; H*(Q))},
endowed with its natural norm || - |[z20,7;m2 () + | - l22(0,7;-1(02)), remark that
W is continuously embedded in C([0,77; L?(2)) and C°([0,T] x ) is dense in W.
Let U C @ is an open set, we define the parabolic 2-capacity of U as
capy(U) = inf{||ullw : v € W, u > xy a.e. in Q},
where as usual we set inf{(}} = +oo. Then for any Borel set B C Q we define
capy(B) = inf{capy(U) : U is open subset of Q, B CU}.

We denote by My(Q) the set of all Radon measures with bounded variation on
@, while, as we already mentioned, My(Q) denotes the set of all measures with
bounded variation over ) that do not charge the sets of zero 2-capacity, that is if
€ Mo(Q), then p(E) =0, for all E C @ such that cap,(E) = 0.

In [I5] the authors proved the following decomposition theorem.

Theorem 2.1. Let u be a bounded measure on Q. If n € My(Q) then there exists
(f, F,g) such that f € LY(Q), F € L*(0,T; H-1(Q)), g € L?(0,T; H}(Q)) and

T T
[odn=[ fotzars [ Roya- [ (gt occxor)x0).
Q Q 0 0
Such a triplet (f, F,g) will be called a decomposition of p.

Note that the decomposition of x is not uniquely determined. In [I7] the authors
proved the following approximation of diffuse measures theorem.

Theorem 2.2. Let p € Mo(Q), then, for every e > 0 there exists v € My(Q) such
that
I —vlime) <e and v=w,—Aw in D'(Q),
where w € L2(0,T; H(Q)) N L>=(Q).
The following Theorem will be a key point in the existence result given in the
next section. The proof follows the arguments in [27], Theorem 1.2].

Theorem 2.3. Let d; € C°(R) N L®(R) for everyi € {1,...,N}, u € Mo(Q) N
L2(0,T; H-Y(Q)) and up € L*(2), let u € W be the (unique) weak solution of

Oua N9 ou .
ot ; O, (di(u)%) =p inQ,
u=0 on (0,T) x 09,
u(t=0)=1uy n Q.

(2.1)

Then o
capy{lu| > K} < TR VK > 1,
K
where C' > 0 is a constant depending on ||| pm), [[wollz2()-

The proof of the above theorem is postponed to the Appendix in Section
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Definition 2.4. A sequence of measures (u,,) in @ is equidiffuse if for every n > 0
there exists § > 0 such that

capy(F) < d = |un|(E) <n Vn>1.
The following result is proved in [27]:

Lemma 2.5. Let p, be a sequence of mollifiers on Q. If n € My(Q), then the
sequence (pp * in) 1s equidiffuse.

Here is some notation we will use throughout the paper. For any nonnegative
real number K we denote by Tk (r) = min(K, max(r, —K)) the truncation function
at level K. For every r € R, let

7o) = [ Tye(s) ds

We consider the following smooth approximation of Tk (s): for m > 0,  €]0, 1] and
o €]0,1[, we define Si¢ , : R — R by
1 if —K+n<s<m-—20,
Spl(s) =<0 ifs<—-K and s >m — o, (2.2)

)

affine otherwise,
and let us denote Ty '(z) = [ Sx'2(s) ds and
s if —K <s<m,
To(s)={ K ifs<—K,
m if s > m.

By (-,-) we mean the duality between suitable spaces in which function are in-
volved. In particular we will consider both the duality between HE () and H~1(Q)
and the duality between Hg(Q) N L*°(Q) and H~1(Q) + LY(Q).

3. MAIN ASSUMPTIONS AND DEFINITION OF RENORMALIZED SOLUTION

Throughout the paper, we assume that the following assumptions hold: €2 is a
bounded open set on RN (N >2), T > 0 is given and we set Q = Q x (0,7).

d; € C°(] — 0o, m[,RT U {+00}) with di(s) < +ooVs <m, Vie {1,...,N};

Joa > 0 such that d;(s) > aVie {1,...,N}, Vs €] — oo, m];
dpe{l,...,N}such that lim dp(s) = —+oo and / dp(s)ds < +o0;  (3.3)
S—m— 0
p € Mo(Q); (34)
ug € L'(2) such that ug < m a.e. in Q.
The definition of a renormalized solution for Problem (1.1))-(1.3) is as follows.
Definition 3.1. Let u € Mo(Q). A function u € LY(Q) is a renormalized solution

of Problem (1.1)-(1.3)) if
u<mae inQ, Ti(u)eL*0,T;H} Q) VK >0; (3.6)

ai) KW, oy €12@Q) VK0, Vi {1 N}, (37)
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if there exists a sequence of nonnegative measures (Ax) € M(Q) and a nonnegative
measure I' € M(Q) such that

A ([Ax v =0, (3.8)
[ ear=0 vpecio.n. (3.9)
Q

and if, for every K >0,

TR (1) <~ 9 (,, TP B .
e —;8mi(d2(u) a Nwemy) =#+Ax +T in D'(Q).  (3.10)

Remark 3.2. (1) Note that, in view of (3.6), and (3.8)) all terms in (3.10)

are well defined.

(2) The study of (LI)-(L3) under the assumption [;"dy(s)ds = +oo is easier
(see [28] for the elliptic case), because one can then show there exists at least a
renormalized solution such that v < m a.e. in Q.

(3) Let us point out that, in the function ¢ € C3([0,T[) which does not
depend on the variable z, we are not able to prove with any function ¢ €
L2(0,T; HY(Q)) N L>=(Q) such that Vo = 0 a.e. in {(x,t) ;u(x,t) = m} because of
a lack of regularity on u with respect to ¢ in the parabolic case.

4. EXISTENCE OF SOLUTIONS
This section is devoted to establish the following existence theorem.

Theorem 4.1. Under assumptions (3.1)-(3.7]) there exists at least a renormalized
solution u of Problem (1.1)-(1.3]).

Proof. The proof is divided into 4 steps. In Step 1, we introduce an approximate
problem. Step 2 is devoted to establish a few a priori estimates. At last, Step 3

and Step 4 are devoted to prove that u satisfies (3.7)), (3.8)), (3.9) and (3.10) of
Definition 3.1

Step 1. Let us introduce the following regularization of the data: for n > 1 fixed

d(s) =di(T,,_1(s7) = Tu(s7)) VseR,Vie{l,...,N}, (4.1)
ton € C2°(R) & g, — up strongly in L'(Q2) as n tends to +oo, (4.2)

we consider a sequence of mollifiers (p,,), and we define the convolution p,, * u for
every (t,z) € Q by

WPt ) = pr kit ) = /Q pult — 5,7 — y)du(s, ). (4.3)
Let us now consider the regularized problem
uy o D du,
" _ —(d™(up)=—) = p™ inQ, 4.4
ot ;8xi<’(u)8xi) ptoinQ (4.4)
Up(t =0) = ug, in £, (4.5)
u, =0 on 90 x (0,7T). (4.6)

As a consequence, proving existence of a weak solution w, € L?(0,T; H}()) of

(4.4)-(4.6) is an easy task (see e.g. [21]).



6 K. ZAKI, H. REDWANE EJDE-2016/327

Step 2. Using Tk (u,,) as a test function in (4.4)) leads to

/TK dw+2/ d(u

for almost every ¢ in (0,7, and where Tk (r) = fo Tk (s)ds. The properties
Tk (Tx > 0,Tk(s) > |s| —1 Vs € R), and since [|u" ||L1(Q) and |lugn| r1(q) are
bounded, we deduce from (4.7) that

8TK

T avat < K (a3 @)+ ol ) (47

u" is bounded in L>(0,T; L' (Q)), (4.8)
Tk (u™) is bounded in L?(0,T; H3(R2)),
T n
d?(u")lpagi(u) is bounded in L?(Q) (4.10)
z;

independently of n for any K > 0 and any ¢ € {1,2,...,N}.
In view of (3.1])-(3.3)), we have that for any K > 0,

u” m
‘ / di' ($)X {—K<s<m} d:v‘ < / d;(s)ds = Ckg < 400,
0 K

then we can use foun d?(s)X{—Kk<s<m} ds in L?(0,T; H}(Q2)) N L>=(Qr) as a test
function in (4.4) obtaining

OT™(u™) |2
// / X{ K<s<m} dsdzdx+/(d?(un))2‘%
Q X

< (all o) + loler @) max [ ai(s)as

(4.11)

for all i € {1,2,...,N}. Since [, [ fo dj(s) ds dz dx is positive and ||p" | 1)
and |[ugn| £1(q) are bounded, from (4.11f) we deduce that

d™(u™)VTE (u™) is bounded in (L*(Q))V. (4.12)
For any S € W2 (R) such that S’ has a compact support (supp(S’) C [-K,m]),
we have
S(u™) is bounded in L*(0,T; Hy(2)), (4.13)
a5 (u™
ot

independently of n. In fact, as a consequence of (4.9)), by Stampacchia’s Theorem,

we obtain (4.13). To show that (4.14) holds true, we multiply the equation (4.4))
by S’(u™) to obtain

) is bounded in L'(Q) + L*(0,T; H~1(Q)), (4.14)

(4.15)

2
S| S )+ ) i D(Q)

as a consequence of . - -, we obtain
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Arguing again as in [5, 0 [7, O] estimates (4.13) and (4.14]) imply that, for a

subsequence still indexed by n,

u™ — u almost every where in Q, (4.16)

Tr(u™) — Tk (u) weakly in L?(0,T; Hi(Q2)), (4.17)
(d"(u") 2V Tk (u™) = X weakly in (L2(Q))V, (4.18)
d"(u")VTR (u™) — Yi  weakly in (L*(Q))", (4.19)

as n tends to +oo, for any K > 0.
Using the admissible test function T, (u™) — T, (u™) in ([4.4) and the Poincaré
inequality, leads to

m——/ﬂ T ()|

In view of (3.3), ([.2) and ({.16) (since d,(m — L) — +00 as n tends +00) passing
to the limit in (4.20)) as n tends to +oo, we deduce that T3 (u) — Tif (u) = 0 a.e.
in @, hence

i dt < (|l @) + lwonll @) (4:20)

u<m a.e. in Q. (4.21)
Now, in view of (4.18)), (4.19) and (4.21)) we deduce

Xg = d(u)?*VTk(u) and Y = d(u)VTE(u) ae. in {(z,t) € Q : u(x,t) < m},

(4.22)
for any K > 0.
For fixed K > 1,7 €]0,1[ and o €]0, 1], we define the functions, hg , and Z, by
0 if —K <s 0 if s<m-—2c
hin(s) =14 —1 ifs<-K-n Z,(s)=41 ifs>m-—o (4.23)
affine  otherwise, affine  otherwise.

We remark that max(||hx | L~®), | Zo||Lc®)) = 1 for any K > 1 any 0 <n <1
and any 0 < ¢ < 1. Using the admissible test functions hg ,(u") and Z,(u™) in

(4.4) leads to

n Oy, Ol (un)
/th, dx—i—Z/d aIszmdt

(4.24)
:/ th(’U,n)/J,ndl'dt‘*‘/hK,n(UOn)dCE,
Q Q
and
/ dx+Z/ 0 () Lin 0260 (n) 4y
Q 8% ox;
(4.25)
:/ ZK,U(Un)Mnd$dt+/m(u%)d%
Q Q
where

hicy(r) = /07‘ hixn(s)ds >0, Zy(r)= /(: Z,(s)ds > 0.
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Hence, using (4.2)), (4.3) and dropping a nonnegative term,
ou™ |2

N1
so1 / a7 (u™) da dt
im1 1 J{—K—n<ur<-K} O (4.26)
g/ \,u”|dxdt+/ o] dz < C,
{un<—K} {uno<—K}
and
2
Z / " (u™) Z“ dz dt
n Ty

{m—20<un<m-—o} (427)

< / Zo(up )™ da dt +/ |uon| de < Cs.
{un>m—20} {uno>m—20}

Thus, there exists a bounded Radon measures A% and v, such that, as 1 tends to
zero and n tends to infinity

N
AR = Z Edi (u™) X{—K—-n<un<—K} — A *-weakly in M(Q), (4.28)
i=1
and
N
1 ou™|?
vl = Z ;dln(un) Y X{m—20<un<m—o} — Vo *-weakly in M(Q). (4.29)

=1

Step 3. In this step, u is shown to satisfy (3.10)). For all real numbersn > 0, o > 0
and K > 0, let Si] be the function defined by (2.2), and let us denote T (2) =

Jo Skl (s)ds. Since supp(Sg'7)' € [-K —n,—K] U [m — 20, m — o], the equation
[4.15) with S = Ty gives

0T (u") 0 (g OTK (un)

Oup |2
8£EZ'

X{-K-n<un<—K} (430)

N
1 Ouy, |2
- d™ (u,)) | ="

LY artun| o

in D/(Q). Passing to the limit in (4.30) as 1 tends to zero, and using (4.17)), (4.19)),
[@21), (#22), (4.28) and ([@.29), we deduce

X{m—20<u,<m—o}

8T}}LU um) —Z (n GTI%;Eun))

=p" = " X un<—xy — 1" Zo(u") + N + 17

(4.31)

in D'(Q). Now, using the properties of convolution p,, = p,*u and in view of (4.26)),
@27, (#28) and ([@.29), we deduce that A = —p"Xqun<—k) + Mg and I} =
— " Zy(u™) + 1" are bounded in L*(Q). Then there exists a bounded measures A g
and Ty such that (—p"X{un<—x} + A )n converges to Ax and (—p" Z,(u™) +v"),
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converges to I'y in x—weakly in M(Q). From (4.16), (4.17), (4.19), (4.21), (4.22)
and (4.31) We deduce that u satisfies

TR, (u) &Ko . OTR,(u) o
5 e (0T ) =t T D@ (432

i=1

To complete this step, we use

/|Fg|dxdt§hminf/ T2 dx dt
Q n—-+00 Q

= liminf/ | — u"Z,(u™) + vl da dt
Q

n—-+oo
< 2|l m@) + llwollzr @)

then there exists a bounded measure I' such that I', converges to I' in x—weakly
in M(Q). Therefore, as o tends to zero in (4.32)), it is easy to see that u satisfies
(3.10).

Step 4. In this step, Ax and I' are shown to satisfy (3.8)) and (3.9)). From (4.26)
and (4.28) we deduce

Ak @) = I — " X{ur<—k} + Ml (@)

§2/ |/¢”|dxdt—|—-/ |uon | dz.
{u"<—K} {u0n<_K}

[Arllameg) < lnlglfg " X fur <=3 + Nl Mm(Q)s

(4.33)

Since

the sequence (u,,) is equidiffuse, and the function wg, converges to wug strongly in
L'(Q), we deduce from Theorem [2.3| and that [[Ax|| (@) tends to zero as K
tends to infinity, then we obtain (3.8)).

On the other hand, for all ¢ € C3([0,T[), we can write

/ pdl'=1lim | ¢dl', = lim lim eI dx dt (4.34)
Q o—0 Q oc—0n—-+4oo Q
where
1 Ouy, |2
FZ = ; Zz:; d?(un) 87(;: X{m—20<up<m—o} — Za(“")ﬂn-

Using the admissible function Z,(u™)¢ in ([@.4)), since p € CL([0,T]), it is easy to
see that

| Zew)e0)de+ [ Zoaryendo
Q Q

N
= *Z/ di (un) cpdmdt—/ Zo(u™)p"pdxdt  (4.35)
g i—1 J{m—20<up<m—o} ox; Q
E/ eI'l dz dt,
Q

where Z,(r) = fOT Z4(s) ds. Next we pass to the limit in (4.35]) as n tends to infinity,

and then o tends to zero. Since Z,(u™) converges to Z,(u) strongly in L!(Q) and
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Z,(ul) converges to Z,(ug) strongly in L*(Q) as n tends to infinity, we deduce

lim Zo(u™) gy dx = / Zo(u)py dz
Q

n—-+o0o

lim Z(uﬁ)@dwz/i(uo)@dz
n—-+00 Q O

(4.36)

Moreover, since Z,(r) converges to (r —m)T for all » € R and v < m,uy < m
almost everywhere, then it is easy to see that

lim lim Zo(u™)py dz = / (u—m)Tp,dz =0, (4.37)
Q

oc—0n—-+oo Q

lim lim Zo(ug)p dr = / (ug —m)Tpdr = 0. (4.38)
Q

oc—0n—-+4oo Q

Then, from (4.34)), (4.35)), (4.37) and (4.38)) we deduce (3.9).

As a conclusion from Step 1, Step 2, Step 3 and Step 4, the proof is complete. [

5. APPENDIX: PROOF OF THEOREM

Sketch of the Proof. For simplicity we assume that g > 0 and ug > 0. Using the
admissible test function Tk (u) in . ) leads to

< K[HMHM(Q) + HUoHLl(Q | =KM,

for almost any t in ]0, T and where T (r) = [ Tk (s) ds. Since $T%(r) < Tg(r) <
Kr, from we deduce that

’ dz dt
(5.1)

max {|| T (u) | Lo (12(0))  IVTw (W)ll72g) } < KM, | Toc(u)|Za (g () < K—

(5.2)

Moreover, for i € {1,...,N} let us choose fOTK(u) di(r)dr € L2(0,T;H(Q)) N
L>(Q) as test function in Then

6

M
o

TK
D ot < K Il + ol lileeisy. 59)

Let v € W be the solution of

- T,
Z ((91'1 &cl Z 8:51 (u) ox; ) in@,
v=0 on (0, ) x 09,
v(t=T)=Tk(u(lt=T)) in Q.

Using the admissible test function v in ([5.4)) and integrate between 7 and T', and
by Young’s inequality we obtain

/'” do+ = /|v 12 d dt

O (u B
i ‘ dz dt+/ﬂ w(u(t = T)) dz

(5.4)
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In view of (5.2), (5.3) and (5.5), we deduce that

maX{”U”Loo(O’T;Lz(Q)) : ||VU||L2(Q)} < CKM. (56)
Moreover, by (5.4) we obtain

[vellz(0,1.m-1(0)) < C(|\v||L2(o,T;H5(Q)) + HTK(U)HL2(O,T;H01(Q)))~ (5.7)
Hence, by (5.6) and (5.7) we conclude that
Jv|lw < CVE. (5.8)

Since p > 0 and ug > 0, it follows that

and v > 0 in @, and by a nonlinear version of Kato’s inequality for parabolic
equations (see [27]), we deduce that

8TK 8TK( )
>
Z 3zz 0x; “om, )20
hence by (5.4]), we obtain

Ov 0 Ov 8TK 5’TK( | N
_E_;(Tm(d( )6:UZ)> Zaxz oz, ——=) in D'(Q).

Now using the standard comparison argument, we easily see that v > Tk (u) a.e.
in @, hence v > K a.e. on {u > K}, and by we conclude that

C
||W = \/7’

the proof is complete. O

capa{u > K} < ||
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