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MORREY ESTIMATES FOR SUBELLIPTIC p-LAPLACE TYPE
SYSTEMS WITH VMO COEFFICIENTS IN CARNOT GROUPS

HAIYAN YU, SHENZHOU ZHENG

ABSTRACT. In this article, we study estimates in Morrey spaces to the hori-
zontal gradient of weak solutions for a class of quasilinear sub-elliptic systems
of p-Laplace type with VMO coefficients under the controllable growth over
Carnot group if p is not too far from 2. We also show a local Holder continuity
with an optimal exponent to the solutions.

1. INTRODUCTION

Let G be a Carnot group of step r > 2, that is, a simply connected Lie group
with Lie algebra g admits a decomposition g = @]_;V; such that [V4,V;] = V1
for 1 < j <r—1and [V;,V;] = 0. The homogeneous dimension of G is defined
as Q = 2221 im;, where m; = dim V; is the topological dimension with m; = m.
For a family of vector fields X = (X1, Xo,..., X,;,) satisfying the Hormander’s

finite rank condition rank Lie[X;, Xs,..., X,,] = r, we assume that each compo-
nent b;(xz) (1 = 1,2,...,m; j = 1,2,...,n) of vector-field X; = Z?:l bij(x)0;
is a smooth function defined in Carnot group G for ¢ = 1,2,...,m. Therefore,

Xu = (Xqu, Xou, ..., X,;,u) may be called the horizontal gradient of u, which is
understood as X;u = (X;, Vu) = ¥ b;;(2)d5u for i = 1,2,...,m if u € C(G),
see [1T, 15 2], [7, 29]. To describe our assumptions and main results better, we first
recall some relevant notations and basic facts.

Definition 1.1. An absolutely continuous path « : [0,7] — G is said X-subunit if

i) =3 e X))

i=1
with >~ ¢;(t) < 1, for almost every ¢ € [0,77].

With X-subunit in hand, we can define the Carnot-Caratheodory’s metric (the
C-C distance) dx (z,y) as follows, see [19] 27].

dx(z,y) =inf{T > 0:3y:[0,T] — G X-subunit with ~(0) =z, v(T) = y}.
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Note that these vector-fields (X7, ..., X,,) are free up to the order r, then there
exists a positive constant C' > 0 satisfying the following relation between the C-C
distance and the Euclidean metric, see [27] [10];

O o —y| < dx(2,y) < Clz —y|!/".

In this context, all balls centered at z of radius R with respect to dx(z,y)
are called metric balls and denoted still by Br(z). The distance function dx(-,-)
satisfies the local doubling property, that is, for Bag(z) € G there exists a positive
constant Ry depending on vector fields X and G such that for all 0 < R < Ry there
holds

[Bar(2)| < Ca|Br(x)], (1.1)
where the number @ = log, Cy is called the local homogeneous dimension of G
with respect to the vector fields X, Xs, ..., X,,. In fact, Q will play a role of the
dimension in the local analysis involving what we are considering problems.

Let ©Q be a bounded open subset in Carnot group G. Let us recall the fol-

lowing horizontal Sobolev space with respect to given a family of vector fields
X = (X1,Xs,...,X). Forany 1 < p < oo and k € N, we define

HW"P(Q) := {u € LP(Q) : X4, ... X;,u € LP(Q) for all {i,...,ix} C {1,...,m}}
with the norm ||ul| gy () = l|[ull L) + || X*ul| Lo(). Furthermore, the closure of
C5° () in HWH P(Q) is denoted by HWEP(Q).

In this article, we consider the estimates in Morrey spaces to the horizontal

gradient of weak solutions in H VVO1 P(Q) for the following degenerate subelliptic
systems of p-Laplace type.

—ZX ( x) Xu, X;u) EZA(x)Xiu) = B(z,u, Xu), a.e xz€Q, (1.2)

where A(az) € VMONL>®(Q) and B(x,u, Xu) satisfies a controllable growth. In
order to more precisely impose structural assumptions on A(zx), B(z,u, Xu) and
state our main results, we need recall two useful notations (see2] 17 28]).

Definition 1.2 (BMO functions). Let Q(x,r) = QN B,(x). For any 0 < s < 400,
we say u € L _(Q) belongs to BMO(Q) if
1

M, (s) := sup T u(y) — Uz, |dy < o0,
(s) veqo<r<s |2z, 7)) Q(mm)‘ (v) (@]

where
1

UQ(x,r) Z]{z(m) u(y)dy = m o) u(y)dy.

Definition 1.3 (VMO functions). Let M,(s) be defined as above. We say u €
BMO() belongs to VMO(Q) if

lim M, (s) =0,
s—0
where M, (s) is called the VMO modulus of u.

Definition 1.4 (Morrey space). Let p > 1,A > 0. For u € L} (Q), if

A 1/p
||U||L§(,A(Q) = sup (|Q( |u|P dm) < +o00, (1.3)

T0€Q, 0<r<do Lo, T )| Q(zo,r)
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then u € LA (), where do = min{diam(Q), Rp}, and the norm of u is ||'U,HL;;(,/\(Q).

Definition 1.5 (Campanato space). Let p > 1, A > —p. If u € LY () satisfies

,,,)\

1/p
\u|£§éx(9) = sup (|Q( \u—umO,TV’dl‘) < +oo, (1.4)

z0€Q, 0<r<do Lo, T )| Q(zo,r)

then u € E’;{\(Q), and has norm HU||£;;(,>\(Q) = [lullr) + |u|£§,x(ﬂ).

On the basis of the above notation, we are now in a position to impose some
structure assumptions on A(x) and B(z,u, Xu) as follows.

(H1) (Uniform ellipticity) For A(z) = (a?jg(x)), there exist L and v, L > v > 0,

such that for a.e. z € Q and for any ¢ € R™ we have
vI€l® < aif (2)67€] < LIgP:

(H2) af)’(z) € L=(Q) NV MOx;
(H3) (Controllable growth) The inhomogeneity B(z,u, Xu) satisfies

[B(eu, Xu)| < p(1XulP'" ) + g(a),
where
_ &% 1<p<Q
any v > p, p=Q,
g(z) € LY (Q,R™) with ¢ > ﬁ, and @ is the homogenous dimension.
We say that u € HWP(Q,R™V) is a weak solution of (1.2)), if

/<<A(m)Xu,Xu>p%2A(x)Xu,Xga>daz:/B(x,u,Xu)cpdx, (1.5)
Q Q

for all o € HW, P (Q).

Recently several studies on subelliptic PDEs arising from non-commuting vector
fields have been well developed based on the Hérmander’s fundamental work [I8];
see [4, Bl 10, 111, 15, 23] 24, 27, 22] 26], 29, 30]. Many important results about the
fundamental solution to subelliptic operators and the Harmonic analysis theory on
stratified nilpotent Lie groups have been obtained by Folland [I5], Rothschild-Stein
[24] and Nagel-Stein-Wainger [23]. These results laid a solid foundation for further
investigation of subelliptic Partial Differiential Equations theory. Up to the 90s,
the function theory and harmonic analysis tools on Carnot groups, such as the
Sobolev embedding inequality of X-gradient and the isoperimetric inequality, be-
come increasingly mature, cf. [3], 15 [I6] 23] 24]. In fact, such subelliptic problems
have received continuous attention due to their significant applications in geome-
try and physics [I, 24]. In the case of Euclidean spaces (i.e. m = n, X; = 6%),
it was an important observation by Uhlenbeck [25] that there exists the interior
Che_regularity by using the classical De Giorgi-Moser-Nash iteration to the homo-
geneous p-harmonic systems as a prototype. However, it is not true for subelliptic
systems of p-Laplacian with p > 1. Actually, Domokos-Manfredi in [I1] [12] and
Domokos in [I3, [14] have derived I''® regularity for p-harmonic systems only while
p is in a neighborhood of 2 in Heisenberg group and in Carnot group, respectively.
Very recently, Zheng-Feng [29] [B0] also got the estimates and an application of the
Green functions for subelliptic A-harmonic operators, and I''' regularity for weak
solutions to subelliptic p-harmonic systems under the subcritical growth with p
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close to 2, respectively. Notice that Fazio-Fanciullo [8] and Dong-Niu [9] recently
established the estimates of the gradient in Morrey spaces to nonlinear subellip-
tic systems for p = 2. Therefore, this is a natural thought what happens if one
consider a regularity of the gradient in Morrey spaces to subelliptic A-harmonic
systems. In this article, we are devoted to local Morrey regularity of the horizontal
gradient to a class of subelliptic A-harmonic systems with VMO coefficients under
the controllable growth. More precisely, we have the following result.

Theorem 1.6. Let u € HW'P(Q,RYN) is a weak solution of (1.2) with p close to
2. Suppose A(zx) and B(z,u, Xu) satisfy (H1)-(H3). Then Xu € L&A(Q,R”N);
moreover, there exists a constant C > 0 such that for any Q' € Q we have

1

1l gy < Xl oy + 119l T o) (1.6)
where
L[ <o
any A € (0,Q), q> p.

Here, we employ a classical disturbance argument which is compared with subel-
liptic Laplacian due to the lack of regularity to subelliptic systems of p-Laplace.
Indeed, our approach on the singularity (1 < p < 2) and degeneracy (p > 2) for
A-harmonic systems was essentially influenced by way of a comparison with
sub-Laplacian while p is close to 2 because of the Cordes conditions. This is an
important technique to consider PDEs with wild coefficients, also see [6].

With Theorem in hand, as a direct consequence we can obtain an interior
Holder continuity of weak solutions of subelliptic systems while Q—n < A < p.
Let us first recall the concept of Holder space under the Carnot-Caratheodory
metric.

Definition 1.7 (Hélder space). Let Q € G and 0 < a < 1. We say that u € T%*(Q2)
has norm ||'U,||1—\g(,o/(9), if

u(z) —uly
||u||Ff))(,a(Q) = Sl(lzp |u| + sup [u(@) = u()| < 00 (1.7)

o ldx(z,y)*
Now we state the interior Holder continuity of weak solutions with a sharp index
to subelliptic systems (|1.2)) as follows.

Theorem 1.8. Let u € HW'P(Q,RYN) is a weak solution of (1.2) with p close to
2. Suppose A(x) and B(x,u, Xu) satisfy HI-H3. If Q —n < A < p, we have

u € T, (L RY)
witha =1— 2,
P
The remainder of this paper is organized as follows. In Section 2, we present
some preliminaries concerning the sub-elliptic setting and some several technical
lemmas. In Section 3, we are devoted to proving our main results.

2. PRELIMINARIES

We adopt the usual convention of denoting by C a general constant, which may
vary from line to line in the same chain of inequalities. Now let us first recall
the Sobolev embedding inequality with respect to the horizontal vector fields, see
13, 5L [16].
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Lemma 2.1. Let 1 < p < Qand 1 < g < %, where @ is the homogeneous
dimension of X in G. Then we have:
(1) If u(x) € HWYP(Bpg,, X), then there exists a positive constant
C=C(p,q,Q,X) such that for any 0 < R < Ry,

1_1
lu = gl o(s,) < CRTCE) || Xul Lo (s, (2.1)

where g = ‘BilRl fBR udz.

(2) If ue HW,9(Bg,, X), then there exists a positive constant
C =C(p,q,Q,X) such that for any 0 < R < Ry,

(]{B u|q)1/q§CR<]{B \Xu|p)1/p. (2.2)

To obtain the higher integrability of the horizontal gradients of solutions for
(1.2) we recall the following reverse Holder inequality originated from Gehring’s
celebrating work on quasiconformal mappings, see [I7, Theorem 2.3 of Chapter 5].

Lemma 2.2. Suppose that h(xz) and f(x) are nonnegative measurable functions

satisfying h(z) € L*(Q) and f(x) € L*(Q) with t > s > 1. If for all g € Q and all
R:0 < R < Ry <dist(xg,dQ) there holds

/ Fode < b({][ fdx}s +][ h* dz) + 9][ fdr,  (2.3)
Bg (z0) Br(zo) Br(zo) Br(z0)

with constants b > 1 and 0 < 6 < 1, then there exist positive constants 6 =
§(b,Q,q,s) and C = C(b,Q,q,r) such that f € Lt _(Q) for anyt € [s,s+ ) and

loc

{]{3%}(1’0) d dx}l/t = C{]{Sﬂ(zo) r dz}l/s i C{]{B

With the reverse Holder inequality above in hand, We can obtain the following
higher integrability of the horizontal gradients to systems (|1.2)).

1/t
Kt da:} . (2.4)

r(zo0)

Lemma 2.3 (Higher integrability). Let u € HWYP(Q) be any weak solution of
quasilinear subelliptic systems with A(z), B(xz,u, Xu) satisfying assumptions
(H1) and (H3). Then, there exists a higher exponent r : p < r < p+ 4 such that
for Q' € Q, we have Xu € HWY7 (). Moreover, there exists a positive constant
C =C(Q, L,v,p) such that for any Br(xg) € Q with the estimate

i 1/r
(]{B};(%) | X ul )dx)
< c(]{gR(m) \Xu|”dx>l/p + C(R<]ZB |g(:v)|qu)1/q>ﬁ.

Proof. Given any xg € 2, we take R > 0 such that B := Br(zo) € Q. Let p be a
cutting-off function with n € C§°(Bg) such that 0 < n(z) <1, n =1 for x € Bp/s,
n =0 for z € R"\ Bg and |Xn| < &. Let us take a test function ¢ = nP(u — g)

in (1.2), it follows from (1.5 that
/ <<A(;v)Xu, Xu)pTQA(x)Xu, 7P Xu + pnP 1 (u — ﬁR)Xn>da:
Q

(2.5)

r(zo)

/ B(z,u, Xu)n?(u — ug)dz,
Q
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By considering the uniformly ellipticity (H1) and the controllable growth, it yields

vP/? / 7P| Xu|Pdx
Q

< /an(A(a?)Xu,Xu>”/2dx

== | (A X0 X0) 5 Aw) X ™ 0 = ) X
+/QB(x,u,Xu)77p(u—aR)dgg

< pLP/? /Q InXulP~|(u — agr)Xn|dz + u/ﬂnp|u — ag|| XuPY ) dy

+u/ WPl — aigl|g(x)|dz
Q

= pLP? 1) + uly + pls.

Next, we estimate I, Is and I3. For I, using Young inequality with €; > 0 and
Sobolev inequality we have

I :/ X uP~|(u — ag) Xn|dz
Q

Sel/ \nXu\pderC’({—:l)/ |(u —agr)XnPde
Q Q
C
§€1/ |Xu|pd:r+ﬂ/ |lu — ag|Pdx
Br Rr Jp,
Qtp

Sel/ |Xu|pdx—|—@(/ |Xu|Qprdx> ¢
Br R Br

For estimating I, by Sobolev inequality and Holder inequality, it follows that

(2.7)

Igz/np|u—fLRHXu\p(1_%)dx
Q

< (/BR |u—uR|7dx>1/v(/BR \Xu|pdx)17% (2.8)

1
< CRHQ(%_%)(/ |Xu|pd:17)p ! (/ \Xu|pdas>7
BR BR

where v > p is defined as the assumption H3 with 1 + Q(% — %) > 0.
Similarly, to estimate I3 we use Holder inequality, Young inequality with eo > 0
and Sobolev inequality; it yields

I = / 7P lu — | lg(z)|d
Q
1/ N =
<([ lu—anlde / l9(@)| 7T de
(/] ) (), )
~—1

< CRHQ(%*%)(/B |Xu|pdx)1/p(/3 |g($)|ﬁdl")T
R R

<o [ WuPde+ ClerP 0D ([ g Fran) T
Br .

R
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Now let us put the estimates of I, I, I3 together into (2.6]), we obtain

/ [nXu|Pdx
Br

Qtr
< LL’W”(/ Xu| )
<= (),

y=1l._p

+C(M»52)R%(1+Q(%*%))(/B |g(x)|ﬁdm> o
R

1_1
+ {uag + pLP/%e; + uC’RHQ(%*%)(/ |Xu|pda:> " }(/ |Xu|pdx>.
Br

Br

Let us write

1
5

=

0= s + pLP2ey + uCROG D ( /

|Xu|pdx)
Br

Notice that from the absolute continuity of the Lebesgue integral, we have that

R1TRG %) fBR |XulP — 0 as R — 0. Consequently we can take small R > 0 such
that 0 < ¢ < 1, and

Q+p

C =P
/ | Xu|Pdr < —(/ |Xu|%dac) ©
B RP A\ Jpg

2
=1, _p

+CRFE G ([ Jg@)ran) T T w0 [ xups,
Br

Br
which implies

Qtp 2
][ | XulPdz < C’(][ |Xu\%dx) 4 C’(][ |Rg(z)|" dx) T+ 19][ | Xu|Pdz,
B% Br Br Br

with p’ = 1% and 7 = ﬁ Therefore, we obtain

<]{9R |Xu|pda:)1/p < c(]{g

2

Q+p 4

|Xu|%dx)w+c(]{9 (IRg(w) " /7yPdz) "™

R

o =

R

+91/P (]{3 |Xu|pdm) v
R

Using the reverse Holder inequality of Lemma it yields

(fB |Xu|’”dx)1/T§C<]{3 |Xu|1%za;)l/p+c(]{B (|Rg(x)\7//p)rdx)%%, (2.9)

2

for some p < 1 < @ due to q¢ > ﬁ Note that

(], Graterr i)™ = me ([ i)
< (f latopas) 7

because r < W, then we obtain (2.5) which completes the proof. O
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The following elementary inequalities concerning A(x) are useful to our main
proof, see [20].

Lemma 2.4. Suppose that A = (A;j) is a symmetric matriz and satisfies uniform
ellipticity (H1). Then there exists a positive constant C = C(p,v, L) such that for
1 < p < oo we have

((A€,€)"% A — (An,m) "= A, € — ) > C(EP + )T | — . (2.10)
In addition, for p > 2 there holds
({46,6)"7 AC = (An,m) " An.& —n) = V"¢ =P (2.11)

and for 1 < p < 2, there exists C = C(p,v, L) such that for every 0 < & < 1 we

have
—2

€ — P < Ce™F ((AL,€)"T A¢ — (An,n) "= An,& —n) +e|n|P. (2.12)

To use Campanato’s freezing argument, we obverse the following local Dirichlet

problems of homogeneous elliptic systems with constant coefficients.
—X*({(ApXv,Xv)"® ApXv) =0, =€ Bp
(2.13)
v=u, x € IBg,

where Ap = |BIT\ [5,, A(x)dz is the integral average of A(z). Now we recall [30),
Lemma 3.4] while p is close to 2, and have the following perturbation estimates.

Lemma 2.5. Letv € HWYP(Q) be a weak solution to the Dirichlet problems (2.13))
with p close to 2. Then for any u € HWYP(Q), there exists C > 0 such that for
any xg € Q0 we have

/ | XuPdz < C(%)Q/ | XulPdx + C | Xu— XvPdz, (2.14)
Bp(mo)

Br(xo) Br(zo0)

forall0 < p < R < Ry.

Moreover, by a direct calculation we obtain the following conclusion, see [30,
Lemma 6].

Lemma 2.6. Let v € HWYP(Q) be any weak solution to the Dirichlet problem
(2.13) with any xg € Q and 0 < R < Ry. Then we have

/ | XvPdr < C/ | Xu|Pdx.
BR(Z’()) BR(IO)

In addition, we need the following iteration lemma from [I7] in the proof of our
main theorem.

Lemma 2.7. Let ®(p) be a non-negative and non-decreasing function on (0, R).
Suppose that

(p) < A{ (%)a +e}O(R) + BR®, V0 < p<R < Ry = dist(zo, 09),

with non-negative constants A, B,a and 3, and o > 3. Then there exist two con-
stants eg = €9(A, a, 8) and C = C(A, «, B) such that for any 0 < € < €y we have

B
o(p) < C{(£) @(R) + Bp"},
for any 0 < p < R < Ry = dist(zg, 09).
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Finally, the following equivalence of spaces is useful to prove a local Holder
continuity of the weak solutions based on the main Theorem, see [9] [§].

Lemma 2.8. If 0 < XA < Q, the Campanato space Eé’{\(Q) is isomorphic to the
Morrey space I&’A(Q), If —p < XA < 0, then the Campanato space ﬁg(”\(Q) is
isomorphic to the Holder space 1"(})(’0‘ (Q) with a = =\/p.

3. PROOF OF THE MAIN RESULTS

Proof of theorem[1.6, Let u(z) € HW"P(Q) be any weak solution of (1.2). To
obtain an interior estimate for the horizontal gradients to the solutions, for any
fixed point zg € Q let us take a ball Br(zg) € 2, and write Bg =: Bgr(x¢) in the
context. Suppose that v(z) is a Weak solution of the local Dirichlet problem (2.13).
Computing the difference between and - 2.13)) yields

- X" ((A(x)Xu, Xu)pTJA(x)Xu — (ApXu, Xu)pT_QARXu>
—X*((ARXu, Xu) " ApXu — (ApXv, Xv) T ARX’U>
= —B(z,u, Xu).

Let us take ¢ = u — v as a test function in the weak sense to the equations above,
then we have

((ApXu, Xu)= ARXu— (ApXv, Xv) = ARXU Xu— Xv)dz
Br

:/ ((ArXu, Xu)7 ARXu - (A(x)Xu,XuyT_QA(x)Xu,Xu — Xv)dz (3.1)
Br
+/ (B(z,u, Xu),u — v)dz.
Br
Note that (2.14) implies that if p is close to 2, for any 0 < p < R there holds
/ | XulPdx < C(%)Q/ | Xu|Pdx 4+ C [ Xu— XvPdz. (3.2)
By (zo)

Br(zo) Br(wo)

Next, we focus on the estimate of fBR(wo) |Xu — Xv|Pdz. To that end, we will
estimate it by dividing into two cases.

Case 1: p > 2. Let us put an elementary inequality (2.11)) and (H3) into the
equation (3.1)) above it follows that

I/p/z/ | Xu— Xv|Pdx

Br

g/ <<ARXu,Xu> *ApXu— (ApXv, Xv) 7 ARXU Xu— Xv)dx
Br

:/ <<ARXu Xu> ARXu— (A(x)Xu,Xu>pTJA(x)Xu,Xu—Xv>dx
Br
—l—/ (B(x,u, Xu),u — v)dz

<C/ |Ar — A(z)|| XulP ™ Xu — Xv|dx+,u/ |Xu|p(17%)-|u—v\dx

Br
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[ gl fu—olde
Br

=J1+ Jo + J3. (33)
For estimating J;, the Holder inequality and Young inequalities with any € > 0

yield

/ |Ar — A(z)|| XulP~ Y Xu — Xv|dx

Br

1-1 1/p
< (/ |Ap — A(x)|ﬁ\xu\fﬂdx) (/ 1 Xu — Xu|de)
Br Br

§C(54)/ |AR—A(m)|ﬁ\Xu\pdx+s4/ | X v — XvPdz
Br Br

P_._r_ 1-2 r p/
<ColBal(f |An- AP rdn) (] xuras)
Br Br
+€4/ | Xu— Xv|Pdx,
Br

where an r > p is the same integrable index as that in Lemma Setting t =
m, and by a higher integrability from Lemma we obtain

D

<o, e e o)

+64/ | Xu— Xv|Pdx
Br

—o P
= lgllze"

g0(64)MA(R)1—%/ (XulPdz + CROF7
Br

+54/ | Xu — Xv|Pdz.
Br

To estimate Jo, we employ Hoder inequality and Young inequality again, and obtain

1—% 1/~
Jo < u(/ |Xu|pd:17) (/ |u — v|7d:c)
BR BR

<es / XulPdz + C (1, Q. pye5) / fu — o] da
Br B

R
JI—P

§55/ | Xu[Pdz + CR7TOU—3 (/ |Xu—Xv|”dac) !
Br B

R

/ | Xu — Xv|Pdz.
Br

=P

Observing §(R) := R7+R01~% (fBR | Xu — Xv|pdx) " —0as R — 0, then there
holds

Jy < C'§(R)/ | Xu — Xv|Pde + 65/ | Xu|Pdx. (3.4)
Br Br

To estimate Js3, by using Holder inequality, Sobolev embedding inequality and
Young inequality it follows that

J3 SM(/BR |g|ﬂldx)w”l(/BR |u_v|vd:c)l/V
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< (/BR |g|%dx) RHQ(’" (/BR |Xu—Xv|pdx)1/p

§€6/ | Xu — Xv[Pdz + C(e6)R7T +Q(,_,)](/
Br

Br

1._p_

|g|ﬁdx) oo

< 56/ |Xu— Xv[Pdz + CRO 71" °
Br
Putting estimates of Ji, Jo and Js together in (3.3)), one deduces

yp/z/ | Xu — XvPdz
Br

< C(&(R)+54+£6)/ | Xu— XvPde + (C’(&;)MA(R)I_% +E5)/ | X u|Pdx
Br Br

-Q

_Db
+CROTFT T ||gll7

Therefore, by choosing arbitrary positive constants e4,66 and 0 < R < Ry small
enough that C((R) + &4 + 6) < vP/2 we obtain

/ | Xu — Xv|Pdz
Br

(3.5)

< (Cle)MA(R)F +55) / | XulPdz + CROVET "5
< (Clennar)~ +65)/ [ Xuldz + CRF 715 g 753

Let us set @ = C(c4)Ma(R)' ™7 +e5 in (3.5), and put the estimate (3.5) into (3-2),

then for any 0 < p < R we have

/B \Xu\pdeC[(%)Q+w]/ Xulde + CROT#5 5 g 7L, (3.6)

P Br

While ¢ > p such that Q + p%l . % > Q, it follows from Lemma that

“a
/ Xurdr < C(2)° / Xulde + CoO N g T e ()

P

for any 0 < A < Q. This implies Xu € LZ;(’ loc (8) for " € Q with the estimate

1
Xl oy < C(HXUHLP(Q) + HQHE;(Q))'

While -1 < ¢ < p such that @ + L % < @, then we deduce from Lemma
that

XuPde < C(2) 7% [ | XuPde + CpQ 7T
[ XulPdz < (R) ; | XulPda + CpP 71 HgHLw (3.8)
R

P

.y
which implies Xu € LX e (Q’) with the estimate

\wwﬁﬁ#;mfoMwmm+wmwm)
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Case 2: 1 < p < 2. Using inequality (2.12)) yields

/ | Xu — Xv|Pdx

P

< CEPT?Q/ ((ApXu, Xu)= ARXu— (ApXv, Xv) 7 ARX’U Xu— Xv)dzs
B

P

+ s/ | XulPdx
B

P

:C(a)/B ((ApXu, Xu)= ARXu—(A(x)Xu,Xu)¥A(a:)Xu,Xu—Xv>dx

P

+ B(z,u, Xu) + 5/ | X u|Pdz

P

SC(p,u,L)/ |AR—A(:c)||Xu|p_1\Xu—Xv\dx+,u/ | X PPy — vl
Br B

R
+M/ lgl - \u—v|dx+6/ | X u|Pdz
Br Br

= J1+J2+J3+E/ |XU|pd£B
Br

Considering the estimates of Jp, Js, J3 in Case 1, and for any € > 0 we obtain

(3.9)

/ | XuPde < C[(%)Q—&—w’]/ | Xu[Pdz + CROT7 1"

B, Br

with @’ = C(eq)Ms(R)'~7 + &5 +¢&. While g > p, it follows form Lemma as
the same as Case 1 that

P\Q-2
| XulPde < C(2) (XulPde + Cp? Mgl 7,0, .
R By

P

for any 0 < A < Q. It yields Xu € L?XEOC(Q’) for any ' €  with the estimate
1Xull @y < C(I1Xullzoi@) + 9l f oy )

Whlle 7 < q < 1, by Lemma [2.7| we obtain

/|Xu|pdx§C(B)Q_ﬁ%/ | Xu|Pdz + Cp® “e
B R Br

P

p_pH—aq
PipE

which implies Xu € L'yi>" 7 (') with the estimate

IXull e < C(IXulo) + 1917 oy )

X

This completes the proof. O

Proof of Theorem[I.8 For any 0 < p < R with Bg(zo) € §, by Poincare inequality
we have

/ = |Pda < Cpp/ XulPdz < Op O Xull (3.10)

P
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Note that by Theorem [1.6]

Lyo-» 2
Xl (B) < () | XuPde - Clalfgh s,y 1Y)
Therefore, combining (3.10) and (3.11)) yields
P » L e v st
A lu — u,|Pdx < C(E) - [ Xul?dz + Cllgl 7o g,y (3.12)

which implies
A=
u € ‘CI))(,IOCP<Q)'
Note that @ —n < A < p implies —p < Q@ —n —p < A —p < 0, it follows from
Lemma [2.§] that
0,

u € FX:XIOC(Q)7

A-p 1 _
P

Remark 3.1. We would like to point out that Theorems [I.6] and [I.8] are valid
only under the assumption of p close to 2 when we consider subelliptic ([1.2)) in
Carnot group. Indeed, we employ the perturbation inequality (2.14) in our main
proof, which is attained by a local Lipschitz boundedness of subelliptic p-harmonic
only if p close to 2. However, it is not necessary to limit p close to 2 if X =

(i 2. i) is a classical usual gradient in the Euclidian spaces R".
Oxq? Oxg? ? Oy
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