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CRITICAL EXPONENT FOR THE HEAT EQUATION IN
o-MODULATION SPACES

WANG ZHENG, HUANG QIANG, BU RUI

ABSTRACT. In this article, we propose a method for finding the critical ex-
ponent for heat equations in a-modulation space M;,’g. We define an index
o(s,p,q), and use it to determine the critical exponent of the heat equation.
Then we use this exponent to describe well and ill-posedness of the heat equa-
tion in L°°([0, T); Mp’q). In some special case our conclusions are sharp. Fur-
thermore, our method may be applied to other evolution equations.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

It is well known that many dispersive equations have their critical exponents
in either Sobolev spaces or Besov spaces, or both. For instance, the critical ex-

ponent of nonlinear Schrédinger (NLS) equation is § — % when the nonlinear
term is |u|/*~!u in Sobolev spaces. Cazenave and Weissler [3] showed that NLS

is local well-posedness in C([-T,T]; H*) when s > 0 and s > § — % Christ,

Colliander and Tao [5] proved that when s < max{0,% — 727}, NLS is ill-posed
in C([~T,T]; H) for any fixed T > 0. We can see that the domain of well and
ill-posedness is completely described by their critical exponents. Furthermore, the
methods in [3] and [5] relay heavily on the scaling invariance of the work spaces.
In recent years, modulation space emerges and plays a significant role in the study
of certain nonlinear dispersive equations. (We will describe more details of the
modulation space and a-modulation space in the following contents.) Although
modulation space lacks the scaling property, in our previous work[16], we found the
critical exponents for some dispersive equations in modulation space by different
methods. Particularly, we found critical exponents for fractional heat equation in
the modulation space without the scaling property. This exponent also could de-
scribe well and ill posedness in modulation space completely. That description is
quite similar to above conclusions in [3] and [5].

Modulation space was introduced by Feichtinger in [6] to measure smoothness
of a function or distribution in a way different from L? space, and they are now
recognized as a powerful tool for studying wavelet and pseudo-differential operators
(see [2], [l IO, 1T, 17, A8, 19, 22]). The original definition of the modulation space is
based on the short-time Fourier transform and window function. Wang and Hudizk
[20] gave an equivalent definition of the discrete version on modulation space by
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the frequency-uniform-decomposition. With this discrete version, they were able to
find global solutions for nonlinear Schrédinger equation and nonlinear Klein-Gordon
equation in lower regularity space. After then, there have been many studies on
nonlinear PDEs in modulation space. So far, people have found that modulation
has many advantages in study of PDE’s problems.

The a-modulation space My:* was first introduced by Gobner in his unpublished
thesis [9]. Later, the definition was refined by Han and Wang in [I3]. They used
the a-covering and a corresponding bounded admissible partition of unity of order
p (BAPU) to define a-modulation space. The parameter a € [0, 1] determines a
segmentation of the frequency spaces. When a = 0, M;;g is equivalent to the
classical modulation space; When a = 1, M;;; is equivalent to the classical Besov
space. Obviously, it is proposed to be an intermediate function space between Besov
space and modulation space. Hence, it is very important to study some analysis
and PDE’s problems in a-modulation space. So far, there are many good results
on this topic. Below we list some of them, among many others. Guo and Chen
[12] proved the Stricharz estimates on M. For Cauchy problem in a-modulation
space, Han and Wang studied the derivative nonlinear Schrédinger equation in [14];
Chen and Huang studied dispersive equations with noninteger term in [I5]. For the
boundness of operators, Wu and Chen [21] obtained the sharp conditions for the
boundness of fractional integral operators and bilinear fractional integral operators
in M'; Feichtinger, Huang and Wang [7] studied trace operators in M.

Inlzflis article, we find the critical exponents for heat equation in My ¢*. Moreover,
we use this exponent to describe well and ill-posedness for heat equation, and get
sharp results in some special cases. First, we recall some important properties of
Besov space [8] and modulation space [20]. The first one is Sobolev-type embedding

that says Byl . C B2 , if and only if

n n
S9<s; and S8 —— >89 — —.
D1 D2

M3 C M3z if and only if

a1 P.a2

n n

sp<s1 and s — — =83 — —.

1 b}
The second one is algebra property that says By , forms a multiplication algebra if
s—% > 0, and M , forms a multiplication algebra if s— 2> > 0. By comparing these
properties to embedding in M (see proposition and algebra property of M,
(13} Theorem 5.1]), we observe that the index s—a —(1—a) 7 in the a-modulation
space is an analog of the index s — 2 in the Besov space or s — % in the modulation
space. Motivated by such an observation, heuristically, we may use the index
s—ap— (1 — ) to describe the critical exponent for heat equation in M. Of
course, this heuristic idea will be technically supported in our following discussion.
For convenience in the discussion, we denote o(s,p,q) = s —af — (1 — a);, and
0 = 0(8i,pi Gi) = 8i — @

n o_
Pi

A(u,v,w...) X Bu,v,w...)

(1- a)%, we use the inequality

to mean that there is a positive number C' independent of all main variables
u,v,w..., for which A(u,v,w...) < CB(u,v,w...).

Now we state main results in our paper. We only consider the case: © = {(p, ¢q) €
R?:1<p<oo,1<q<o0,q>p} for the technical problem. Now we use the
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index o(s,p, q) to describe well and ill-posedness for following heat equation
ug + Au = u?,  u(0) = ug (1.1)
in M. Following theorems are our main results in this paper:

Theorem 1.1. Let (p,q) €D and o(s,p,q) > —ﬁ There exists a T > 0 such

that equation is local well-posedness in L>([0,T]; M) Precisely, for every

inial data ug € M; o s there exists T' > 0 such that heat equatzon (1.1) has a unique

solution in L>([0, T]; M:&').

Theorem 1.2. Let s € R,1 < p,q < oo, when o(s,2,q) < — k— ors— 5 < —%
for any q € [1,00), then equation (L.1)) is ill-posed in L>°([0,T]; M&) for any fized
T > 0.

Remark 1.3. Equation (1.1]) is a special case of heat equations. For general case,
if we replace the nonlinear term u? by u* for k € Z* or replace Laplacian A by
fractional Laplacian Ag, we can also obtain similar results by the same method.

Remark 1.4. When a = 1, we can see the results are sharp and same as that in
Besov space. But for the case a € (0,1), our results are not sharp for technical
problem. Essentially, this difficulty is due to the shape of a-covering when we prove
the algebra property of Mp:* (see Lemma . In the proof of Lemma when
(p,q) = (1,1) we encounter to this difficulty. But for the case 1 < p < o0, ¢ = 0
we can obtain perfect conclusions. So, when (p,q) = (2, 00), our results are sharp
for any « € [0, 1]. Specifically, we have following corollary.

Corollary 1.5. When o(s,2,00) > —2, heat equation (1.1)) is locally well-posedness
in L*([0,T); Myg); when o(s,2,00) < =2, heat equation (L.1) is ill-posed in
L>([0,T); My&) for any fir T > 0.

This article is organized as follows. In Section 2, we will introduce some basic
knowledge on a-modulation space, as well as some useful propositions that will be
used in our proofs. All proofs of main theorems will be presented in Section 3.

2. PRELIMINARIES

In this section, we give the definition and discuss some basic properties of a-
modulation space. Before giving the definition of M7, we introduce some notation
frequently used in this paper. Let & = S(R™) be the Schwartz function. Its dual
is 8’ = §'(R™), the set of all tempered distribution on R™. For any p € [1,00), p’
will stand for the dual index of p, i.e., % + i = 1 We write L? for L?(R™) and I?
the sequence Lebesgue space For a vector k = (k1,ka,...,k,) € Z™, we denote
k| = (k3 + k2 4+ -+ k2) s |kloo = maxi=1,_n |ki|, (k) = (1 + |k|2)%. Now, we
briefly introduce the definition of a~modulation. More details can be found in [13].
Definition 2.1. Let p be a nonnegative smooth radial bump function supported

in B(0,2), satisfying p(¢§) = 1 for |{] < 1 and p(§) = 0 for |{] > 2. For any
k= (ki,ko,... kn) € Z", we set
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We define the ball
Bi={€R": [¢ — (k)™ak| <r(k)T=}
It is easy to check that {p% }rezn satisfy
supp i C By,
ep(§) =¢, VEe By,
S e =1, £eRr,

kezn
[F ol < 1
Corresponding to the above sequence {¢f }rezn, we can construct an operator se-
quence {0 }rezn by
=F e
where F and F~! donate the standard Fourier transform and inverse Fourier trans-

form respectively. For a € [0,1),0 < p,q < 00, s € R, using this decomposition, we
define a-modulation space as

MyE = {f €8 : |l < o0}

where

Il = (D2 )

kezn

2 og )

Proposition 2.2 (Isomorphism [I3]). Let 0 < p,q < 00,5,0 € R. J, = (I-A)7/?:
Mge — My %% is an isomorphic mapping, where I is the identity mapping and A
is the Laplacian.

Proposition 2.3 (Embedding [13]). Suppose 0 < p1 < pa < 00, 0 < ¢1,¢2 < 00,
we have

(i) if @1 < g2 and 51> 52 +na(y; — o), then
M;ll 7111 M;lfj ’Q2 (21)

(ii) if g1 > g2 and sy — - — (1 —a)7r >32—a——(1—a) e then

MEve C MEe (2.2)

P1,91 p2,92

3. PROOF OF MAIN RESULTS
Before proving Theorem [I.1] we state some key lemmas.

Lemma 3.1. Let1 <p; <p3<00,1<q1 <@ <0, 820 <81. Whenoy—o2 > R,
2
heat semigroup e!® = F~le tel F satisfy estimate

A
e Fllaggz.e = (L4272 fllagz

P2,92 P1.91

Proof. We first consider the case p = p1 = p2, ¢ = ¢1 = g2. For the low frequency
part |k| < 100y/n, by the multiplier estimate of 2, we have

slq s24q
S TelOpet G, = > (R TEOp L, = £ 1z, -
|k|<100y/m |k|<100y/7m
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For the high frequency part, note that the operator O%e!” can be written as

Ope'® = > Op 207
le]<1
and Oy Hem are convolution operators with the kernels
2
Qk+€(y) _ ez(k+€,y)/ e—t|§+k+€\1*a ez<y,f>(p(§)d§-
Hence, when |k| > 100+/n it is easy to prove that

2
||D%€tAf||Lp < e_%lk‘ T—a

iy
Now, we have

51782 t

. =5, 2y
(YT [Oge™ flloe = () 50 e 87 () 75 g ) 1
< 2 (sm92) () 755 O £ o

Taking the (7 norm in both sides, we obtain

_Llig,—5s
e fFllagsze < (L4 3C D) £ or.o

(3.1)

Next, we estimate the case 1 < p; < p2,1 < g1 < ¢2 and 51 > s2. By (2.2) and

(3.1), we have

_R
€2 Fllagrg, %N Fllagzz-me = 1+t H)fllaszzs, -

P1,491 P2,492

O

Lemma 3.2. Let (p,q) € D, so > 0. When o(s,p,q) > —3°%, we have following

2—
estimate:

gz = Tl -

Proof. We start with some notation and basic conclusions which were obtained in

[13]. For every (k1,ks) € Z*", we introduce
Alky, ko) = {k € Z" - 002 (0%, w2, u) # 0}
We write
Kj(ki, ko) = (k1) T kyy + (k) T kg,
K(k1, ko) = max |K;(ky ko)l

To obtain a more precise estimate, we divide Z2" of all (k1, k2) in to the sets
Qo = {(k1, k2 € Z2") = (k1) ~ (k2)},
O = {(k1, k2 € Z2™) = (k1) > (ko)
Qo = {(k1, bk € Z%") = (k1) < (k2)
and separate (1o into the sets
Qo1 = {(k1, ka2 € Qo : K(k1, ko) < (k)77 },
Qo2 = {(k1, k2 € Qo : K(k1, k) > (k1)T-7 }.

|2
}

In [I3], it had been proved that when (k1,k2) € Qo 1, we have (k) < (k1)®; when

(k1,k2) € Qo 2, we have (k) = (ki)Y for some y := y(k1, k2) € (o, 1].
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First, we consider the case (p,q) = (1,1), by the triangle inequality, we have

s57s0
2o = 3 (B2 O]

kezm

<X (O IO, w0 )

k1,k2
s—sg
:Z > > (k) 0RO w0 w) |
1=0 (k1,k2)€Q keA(k1,k2)
By the multiplier estimate and Hélder’s inequality, we have
1505 (OF, w0z, w)ll e =107, wbg, ull oo = [JOF, wll o 105, wll Lo
For (k1,k2) € Qo,1, choose b = o(s,1,1) — e, we have

> Yo ()T 0R(OF, w0 )l

(k1,k2)€Q01 kEA(K1,k2)

U S) __b _b
< () S e e 0wl (k) T O,
(k1,k2)

< ||u||Ml(;slfso)ai»na(lfa)fb,a ||U||A/Igoa1

Choosing e — 07, the domain of (s, 1, 1) guarantees that (s—sp)a+na(l—a)—b <
s. Hence, by (2.2) we have

(S P T
For (k1,k2) € Q,2, we have

> S (k)T Op(Of uOgw) |

(k1,k2)€Qo2 kEA(K1,k2)

(g 50)Y nao
< S () SRS ()
(k1,k2)

_b
= |0 | (k) T | O | e

< Hu”M{:*‘;So)wrna(lfy)—b,a ||’U/||Mgca1

Similarly, Choosing € — 07, the domain of o(s,1,1) and y € [a, 1) also guarantees
that (s — so)y + na(l —y) — b < s. So we also have
I
For (ki,ks) € Q1, we recall the refined Hodler inequality:
1f9lle 2 1 JafllLes | ogllLe:,

where % = p% + p%’ Jo, and Jp are Bessel potentials which satisfy a4+ b > 0. Also, it

had been proved that §A(k1, k2) ~ 1 in [I3} 5.17]. By this conclusion and the above
Hodler inequality, choosing b = o(s,1,1) — ¢, a = 2¢ — o(s,1,1), and ¢ — 0" we

have
a—sg
> > (k)T |0 (O, w0, u)|
(k1,k2)€Q kEA(K1 ko)

(s=s0) «a @
< Y (k) e 107 Jaull Y OR, Jullne

ki€Zn ko€Zn
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< Mlull ypgso+eallull pyee,
< HUH?w;‘;;!

For (ky1,ks) € Qs, we can get the same estimate by using the method above.
Next, we consider the case 1 < p < 0o, ¢ = co. We also choose b = (s, p, 00) —e¢,
a=2¢—0(s,p,), and let ¢ — 07. By the triangle inequality,

[ pgoroe = sup () =2 O] s
’ kezn

IN

s—sg
sup (k) 7o Z (1007 (O, ubi, w) e
kezr k1, kaCA(K)

=50 a (o a
= Sugz > (k) T== |00 (O, w0, ) [ e
REL™ 120 (ky ko) EA(K) N

For a ® C Z>", we denote
(I)T = {kl € Z" : dky € Z" s.t. (kl, k2) € (I)},
(I)§ = {1{32 eZm: dk, € 7" s.t. (kl,kig) S (I)} .

It had been proved that §A(—k2,k) < 1 in [I3]. Then for any ko € {{Qo U1} N
A(k)}5 with every fixed k, we have

2250 (e [0 [0
> (k) == |03 (Of, uOg, u) || Lo
(k1,k2)€{QoUQ1 }NA(K)
=< sup (k) == |02 Jul| o > > 1Iog, ull
k1€{{QoUQ1}NA(K)}} k1 €{{Q0UQ1 }NA(K)}T ko €A(—Fk1,k)
S — 8o @ o
= kf2§n<k1> T Bk Jaf e > >0, Tl e

ko e{{Q00UQ1}NA(k)}5 k1 €A(—Ek2,k)

<l el <l
For ko € {{Q0 U Q1 } N A(k)}5 with every fixed k, symmetrically, we have

=50 « « «
> (k) 7= || 0% (O, ubg, u) || e
(k17k2)692ﬂ/\(k})

< sup (k) TR IOG Lulle Y S 1B el e
ka2 €Zm k1 €{Q2NA(K) ) k2 €A(—ki k)

< Nl soroe lull g, <l

Finally, using the complex interpolation (see [I3, Theorem 2.2]) and combining
above estimates, we obtain the desire conclusion. O

Based on the above lemmas, now we can prove Theorem |1.1

Proof of Theorem[1.1] 1t is well known that heat equation (1.1]) is equivalent to the
integral equation

t
u = ®(u) = eug +/ =Ry 2dr
0
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To prove that the above equation is local well-posed in M, ", we use the standard
contraction method. To this end, we define the space

X ={u: ||lullpeoqo,r,m5:0) < Col

with the metric

d(u,v) = [lu — ”||L<>°([0,T];M;;‘;g<) )
where the positive numbers Cy and T will be chosen later when we invoke the
contraction. Choosing £ > 0 small enough to ensure that o(s,p,q) > — (21:2)0‘, by

(3.1) and Lemma[3.2] we have

t
1@ (u)llx = luollasgs + | / =8 27|

t
_2—¢
ol + s [ )

K _2—e 2
= luollarge + sup [ (& —7)" "7 drlullys2tzadr
) te(0,77 Jo b4
= uollagge + T2 lull -
By the contraction mapping argument, we obtain the conclusion of Theorem
after choosing 7' such that T°/2 < 1/2, and Cy = 2||uollarg:a- O
Proof of Theorem[1.4 Before the proof, we recall a crucial conclusion which was

obtained by Bejenaru and Tao [I]. They consider equation

u = L(ug) + Ng(u, ..., u)

where L is a linear operator, ug is the initial data, Ny (v, ..., ) is a k-linear operator.
Also we define A (ug) := L(ug),
Ap(u) = Z Ni (A (uo)s -+ > Ang(uo)) forn € A

ni,...,ng>Ling++np=n

They proved that if above equation is well posed from space X to Y, then for each
i € Z*, A; is continuous from X to Y (see [I, Proposition 1]). So, if we want to
prove ill-posedness of equation , we only need to choose a special i € Z* and
prove A; is discontinuous. Here, we choose i = 2. So, it suffices to show that the
map from My& to L>°([0, T]; M,&") defined by

¢
UO*)/ =B (e7B ) 2dr. (3.2)
0

is discontinuous in our domain of s, p,q. Actually, if the map is continuous, we will
have

t
sup H/ e(t_T)A(eTAuO)QdTHMs,a = ||u0||?\/[;,3. (3.3)
te[0,T] 0 p.a ’

So, we only need to find a ug such that fails.
First, we consider the case o(s,p,q) < —%. We choose
u0(&) = X[n1/0-a) gN1/-a]n (§),
where N > 1. Obviously, the number of j € Z" that satisfy
supp @5 N [N/ (A=) gy1/(=alin £ g
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is CN™. By the definition of M, we have

p.q’
N\ 54 1/q
luollagzy = (3 () 105 wollf )
jGZ"
_sq_ _— 1/q
< (> M= el
JEL™

L NSt il
Now, we estimate || fot =8 (B ug)?d7 ||, 00 - 1t is easy to obtain
P,q

[[_,6NT= —p;, ne[ANT= 6NT=]"
(@ *a0)(n) = { [I'_ymi —2NT=, pe2NTa ANT=]n
0, otherwise .

Then by taking t = Nﬁﬁ, we obtain

2

N TI—-«a 2
H/ 6_(N T—a _T)A(eTAuO)QdT”Z[;_
0

v
-2
o\ 2L «a N (N_%fT)A TA 2 q
= Z <]> tme |||:|j € (e UO) dTHLQ
jezn 0
It is easy to see that
e > 050
for 7 € [O,N_ﬁ] and & € suppug(£), and that

1

e~ (==l > 0 >
for 7 € [0, N~ =] and 7 € supp(ug * Ug)(1).
‘We denote
By = [IN™=, (DNTS] UGN, ()N ]
2 2 2 9

Also, the number of j € Z™ which satisfy supp ¢ N Ey # 0 is CN™. By the
Plancharel theorem, for such set of j, we have

2

11
)Nﬁy( 9 1 1

N 11—« 2
S [ e A
sq

2

N 1-«a 2
> 3 () o / N T A (A 2,
jezn 0

- Zu%uso;*@/o

jezn

2
I—a

T PR e [Py k(P ) g
e {(e ug) * (e uo)} ar||%.

2

N T2&
. sq — — q
= Z (j) == (/0 l[uo * UOHL?(ENﬂsuppwj-*)dT)

jezn

sq _ _2q o gn qn
- Nt tia T Ti-a

1—a 1—a
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So, one has

2

N TI—-«a 2
H/ e~ (N 1=a *T)A(eTAuo)2d7-||Ms,n = NTaterateati—ra,
0 2.9

Hence, when o(s,2,¢q) < —2, map (3.3) fails to be continuous; this leads to the heat
equation (1.1)) being ill-posed. O

Next, we consider the case s < —2. Here we choose

uo(§) = x (&)

Similarly, by the almost orthogonal property of {¢% }(see [L3]), the number of j € Z"
satisfying supp ¢§ N supp g # () is a constant. Hence, we have

I 1/q
luollagzg = (3 (Y= 105 wollf )

1 _a 1 _a
[NT-=a —NT-a NT-a 4 NTI-a]n

Jjezr
_sq_ _— 1/q
< (> = s
jezn

o

< NTEtTE

Also, by simple calculations, we have

[T, (2N ™= +2NT% —n,), ne€[2NT= —2NT= 2NTa]",

(@ * @) (n) = { [17oy (i — 2NT= + 2NT%), p e [2NT=,2N T 4+ 2N =],

0 otherwise.

Note that « € [0, 1), when choose t = N _ﬁ, we also have
eI’ >C>0
for 7 € [O,Nfﬁ] and ¢ € suppug(€), and that
e~ F=—Dl® > 0 s 0

for 7 € [O,Nfﬁ] and 7 € supp(up * Up)(n). Fixed jo € Z" such that supp ¢ N
supp(ug * uo)(n) # 0, we have

> G)

JjeEZ™

v Nfﬁ 7%
HH/ e G ORGP
0 M0

2
I—a

—__2
6(1\/ i—o _T)A(GTAUO)2dTH%2

sq N
> (o) #5105, |
0
-2
v a e [ e R ol [Py« (P L g
= (o) ™= 5 (€) ¢ {€G) « (7 ) } arllg,
0

N NS —~ q
= <j0> 1me (/ HUO * u(]“Lz(suppgp;Yo)dT)
0

a qan

_sq__ _2q an
~ NT-a T-atT-a 2 Ti-a
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So, we have

Nﬁlfa _ 2 2
I e s B m N
O sq

Hence, when s — fo < —2, map (3.3)) fail to be continuous; this lead the heat
equation (L.1)) being ill-posed in L*>([0,T]; M) for any fixed 7' > 0.

3.1. Acknowledgments. This work is supported by the NSF of China (Grants
11271330 and 11471288)

REFERENCES

[1] I. Bejenaru, T. Tao; Sharp well-posedness and ill-posedness result for a quadratic nonlinear
Schrédinger Equation, J. Funct.Anal, 233 (2006), 228-259.

[2] A. Bényi, K. Grochenig. K. A. Okoudjou, et al.; Unimodular Fourier multipliers for modula-
tion spaces, J. Funct.Anal, 246 (2007), 366-384.

[3] T. Cazenave, F. B. Weissler; Critical nonlinear Schodinger Equation, N. Anal. TMA,
14(1990), 807-836.

[4] J. Chen, D. Fan, L. Sun; Asymptotic estimates for unimodular Fourier multipliers on mod-
ulation space. Discret. Contin. Dyn. Syst, 32 (2012), 467-485.

[5] M. Christ, J. Colliander, T. Tao; Asymptotics, frequency modulation, and low regularity
ill-posedness for canonical defocusing equationss, Amer. J. Math., 2003 1235-1293.

[6] H. G. Feichtinger; Modulation spaces on locally compact Abelian group, Technical Report,
University of Vienna, 1983. Published in: Proc. Internat. Conf. on Wavelet and Applications,
99-140. New Delhi Allied Publishers, India, 2003.

[7] H. G. Feichtinger, C. Y. Huang, B. X. Wang; Trace operator for modulation, a-modulation

and Besov spaces, Appl Comput Harmon Anal., 30 (2011), 110-127

L. Grafakos; Classical and Modern Fourier Analysis, Prentice Hall, NJ 2004.

[9] P. Grobner; Banachriume glatter Funktionen und Zerlegungsmethoden, Doctoral Thesis,
University of Vienna, 1992.

[10] W. Guo, D. Fan, H. Wu, G. Zhao; Sharpness of complez interpolation on a-modulation
spaces, J. Fourier Anal. Appl., (2015), 1-35.

[11] W. Guo, D. Fan, H. Wu, G. Zhao; Full characterization of embedding relations between alpha
modulation spaces, ArXiv e-prints, Jun 2016.

[12] W. C. Guo, J. C. Chen; Strichartz estimates on a-modulation spaces, Electron. J. Differential
Equations, 2013 (2013) no. 118, 1-13.

[13] J.S. Han, B. X. Wang; a-modulation spaces (I) scaling, embedding and algebraic properties,
J. Math. Soc. Japan, 66 (2014), 1315-1373.

[14] J. S. Han, B. X. Wang; a-modulation spaces and the Cauchy problem for nonlinear
Schr?dinger equations. Harmonic analysis and nonlinear partial differential equations, Res.
Inst. Math. Sci. (RIMS), Kyoto, (2014), 119-130.

[15] Q. Huang, J. C. Chen; Cauchy problem for dispersive equations in a-modulation spaces,
Electron. J. Differential Equations, 2014 (2014), no. 158 1-10

[16] Q. Huang, D. S. Fan, J. C. Chen; Critical exponent for evolution equation in Modulation
space, J. Math. Anal. Appl., 443 (2016), no. 1, 230-242.

[17] A. Miyachi, F. Nicola, S. Rivetti, A. Tabacco, N. Tomita; Estimates for unimodular Fourier
multipliers on modulation spaces, Proc Amer Math Soc, 137 (2009), 3869-3883.

[18] J. Sjostrand; An algebra of pseudodifferential operators, Math Res Lett., 1 (1994), 269-305.

[19] J. Toft; Continuity properties for modulation spaces, with applications to pseudo-differential
calculus. 1., J. Funct. Anal., 207 (2004), no. 2, 399-429.

[20] B. Wang, H. Hudizk; The global Cauchy problem for NLS and NLKG with small rough data,
J. Differential Equations, 232 (2007), 36-73.

[21] X Wu, J. Chen; Boundedness of fractional integral operators on -modulation spaces Applied
Mathematics-A Journal of Chinese Universities, 29(3) (2014), 339-351.

[22] G. Zhao, J. Chen, W. Guo; Remarks on the unimodular Fourier multipliers on a-modulation
spaces, J. Funct, Spaces, 2014 (2014).

=



12 W. ZHENG, H. QIANG, B. RUI EJDE-2016/338

WANG ZHENG
SCHOOL OF MATHEMATICAL SCIENCES, ZHEJIANG UNIVERSITY, HANGZHOU 310027, CHINA
E-mail address: wangzheng10.17@163.com

HUANG QIANG (CORRESPONDING AUTHOR)
SCHOOL OF MATHEMATICAL SCIENCES, ZHEJIANG UNIVERSITY, HANGZHOU 310027, CHINA
E-mail address: huangqiang0704@163.com

Bu Rul
DEPARTMENT OF MATHEMATICS, QINGDAO UNIVERSITY OF SCIENCE AND TECHNOLOGY, QINGDAO
266061, CHINA

E-mail address: buruiO@163.com



	1. Introduction and statement of main results
	2. Preliminaries
	3. Proof of main results
	3.1. Acknowledgments

	References

