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INVERSE PROBLEMS ASSOCIATED WITH THE HILL
OPERATOR

ALP ARSLAN KIRAC

ABSTRACT. Let ¢, be the length of the n-th instability interval of the Hill
operator Ly = —y” + q(z)y. We prove that if £, = o(n~2) and the set
{(n7)? : n is even and n > no} is a subset of the periodic spectrum of the Hill
operator, then ¢ = 0 a.e., where ng is a sufficiently large positive integer such
that £, < en™2 for all n > ng(e) with some € > 0. A similar result holds for
the anti-periodic case.

1. INTRODUCTION

Consider the Hill operator

Ly = —y" + q(x)y, (1.1)
where ¢(z) is a real-valued summable function on [0, 1] and ¢(z + 1) = ¢(z). Let
An and g, (n =0,1,...) denote, respectively, the n-th periodic and anti-periodic
eigenvalues of the Hill operator ([1.1)) on [0, 1] with the periodic boundary conditions

y(0) =y(1), ¥'(0)=y'(1), (1.2)

and the anti-periodic boundary conditions
y(0) = —y(1), ¥'(0)=-y'(1).
It is well-known [5l [7] that
Ao <po S pp <A <A< pp < pg <o — 00,

The intervals (tom, prom+1) and (Aom41, A2mi2) are respectively referred to as the
(2m + 1)-th and (2m 4+ 2)-th finite instability intervals of the operator L, while
(—00, Ag) is called the zero-th instability interval. The length of the n-th instability
interval of will be denoted by ¢,, (n = 2m+1, 2m+2). For further background
see [15] 16, [14].

Borg [2], Ungar [23] and Hochstadt [14] proved independently of each other the
following statement:

If g(x) is real and integrable, and if all finite instability intervals
vanish then ¢(x) =0 a.e.
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Hochstadt [I4] showed that if precisely one of the finite instability intervals does
not vanish, then ¢(z) is the elliptic function which satisfies

¢"=3°+A¢+B ae.,

where A and B are suitable constants. Hochstadt [14] also proved that g(x) is
infinitely differentiable a.e. when n finite instability intervals fail to vanish. For
more results see [9] 10} [T, [12].

Furthermore, Hochstadt [I3] proved that the lengths of the instability intervals
¢, vanish faster than any power of (1/n) for ¢ in C{°. McKean and Trubowitz
[T7] established the converse: if ¢ is in L?, the space of 1-periodic square integrable
functions in [0, 1], and the length of the n-th instability interval for n > 1 is rapidly
decreasing, then ¢ is in C{°. Later Trubowitz [22] proved the following: if ¢ is
real analytic, the lengths of the instability intervals are exponentially decreasing.
Conversely if ¢ is in L? and the lengths of the instability intervals are exponentially
decreasing, g is real analytic. Denoting the Fourier coefficients of q by

cn = (q,exp(i2n7-)) 2(j0,1);dz), 7 € NU{0}, (1.3)
Coskun [6] showed that
if £, = O(n™?), then ¢, = O(n"?) as n — oo. (1.4)

At this point, we refer to some Ambarzumyan-type theorems in [, 4] 27, [3].
In 1929, Ambarzumyan [I] obtained the following first theorem in inverse spectral
theory: If {n? :n =0,1,...} is the spectrum of the Sturm-Liouville operator
on [0,1] with the Neumann boundary conditions, then ¢ = 0 a.e. In [4], they
extended the classical Ambarzumyan’s theorem for the Sturm-Liouville equation to
the general separated boundary conditions, by imposing an additional condition on
the potential function, and their result supplements the Poschel-Trubowitz inverse
spectral theory (see [18]). In [27], based on the well-known extremal property
of the first eigenvalue, they find two analogs of Ambarzumyan’s theorem to the
Sturm-Liouville systems of n dimension under periodic or anti-periodic boundary
conditions. In [3], by using the Rayleigh-Ritz inequality and imposing a condition
on the second term in the Fourier cosine series (see ), they proved the following
Ambarzumyan-type theorem:

(a) If all periodic eigenvalues of Hill’s equation are nonnegative and they
include {(2mm)? : m € N}, then ¢ = 0 a.e.

(b) If all anti-periodic eigenvalues of Hill’s equation are not less than 72
and they include {(2m — 1)?7? : m € N}, and

1
/0 q(z) cos(2mx) dx > 0, (1.5)

then ¢ =0 a.e.

Recently, in [2T], we obtain the classical Ambarzumyan’s theorem for the Sturm-
Liouville operators with ¢ € L'[0,1] and quasi-periodic boundary conditions in
cases when there is not any additional condition on the potential ¢ such as .

In this paper, we prove the following inverse spectral result, more precisely, a
uniqueness-type result of the following form:

Theorem 1.1. Denote the nth instability interval by £, and suppose that £, =
o(n=2) as n — oo. Then the following two assertions hold:
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(i) If {(nm)? : n even and n > ng} is a subset of the periodic spectrum of the
Hill operator then ¢ =0 a.e. on (0,1);

(ii) If {(nm)? : n odd and n > ng} is a subset of the anti-periodic spectrum of
the Hill operator then ¢ =0 a.e. on (0,1).

Given € > 0, thee exists ng = no(e) € N, a sufficiently large positive integer such
that

2

Ly, <en™*  for alln > ng(e).

Theorem [T.1]is deduced from the following result.

Theorem 1.2. Denote the Fourier coefficients of q by ¢, (see (L.3)), and assume
b, = o(n=2). Then ¢, = o(n~2) as n — oo.

Note that, from Theorem the assertion in holds with the improved o-
terms o(n~2). In Ambarzumyan-type theorems, it is necessary to specify the whole
spectrum. In [§], they proved that it is enough to know the first eigenvalue only.
Unlike the above works, to prove of Theorem we have information only on the
sufficiently large eigenvalues of the spectrum of the Hill operator. Also, the proof
does not depend on multiplicities of the given eigenvalues.

2. PRELIMINARIES AND PROOF OF MAIN RESULTS

We shall consider only the periodic (for even n) eigenvalues of the Hill operator.
The anti-periodic (for odd n) problem is completely similar. It is well known
[T, Theorem 4.2.3] that the periodic eigenvalues Aoy, t1, Aot are asymptotically
located in pairs such that

Aomt1 = Aamao 4+ 0(1) = (2m + 2)%72 + o(1) (2.1)

for sufficiently large m. From this formula, for all k£ # 0, (2m + 2) and k € Z, the
inequality
A= (2(m — k) +2)%7%] > |k|[(2m 4+ 2) — k| > C'm, (2.2)
is satisfied by both eigenvalues Agp,11 and Agp,4o for large m, where, here and
in subsequent relations, C' denotes a positive constant whose exact value is not
essential. Note that, when ¢ = 0, the system {e ! +2)7e i@m+2)721 ig 5 hasis of
the eigenspace corresponding to the double eigenvalues (2m + 2)?7? of the problem
©I-[2.
To obtain the asymptotic formulas for the periodic eigenvalues Aop,41, Aomt2
corresponding to the normalized eigenfunctions ¥, 1(z), ¥y, 2(x) respectively, let
us consider the well-known relation, for sufficiently large m,

Am,j,m—k(‘pm,ja ei(2(m—k)+2)7rx) — (C] \Ijm,j7 ei(?(m—k)+2)7r:c)’ (23)
where Ay, jm—k = (Aomts — (2(m — k) +2)?72), j = 1,2. The relation can be
obtained from the equation by multiplying e?(2(m=k)+2)72 and using integra-
tion by parts. From |25, Lemma 1], to iterate for k = 0, in the right hand-side
of formula , we use the following relations

oo

(q \I]m,ja ei(2m+2)ﬂ-x) — Z Cm, (\I/m,jv ei(Z(m—m1)+2)ﬂx)’ (24)
mp=—0o0
((q U, j, Gm=m) 2wy < 3pp (2.5)

for all large m, where j = 1,2 and M = sup,,cz |cm|.
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First, we fix the terms with indices m; = 0, (2m + 2). Then all the other terms
in the right hand-side of (2.4) are replaced, in view of (2.2 and (2.3) for k = m;,
by

(q U,, i ei(Z(m—m1)+2)7r:v)

¢
ml Am,j,mfml

In the same way, by applying the above process for the eigenfunction e~#*(2m+2)7z
corresponding to the eigenvalue (2m + 2)?72 of the problem (1.1)-(1.2) for ¢ = 0,

we obtain the following lemma (see also Section 2 in [20) [19]).

Lemma 2.1. The following relations hold for sufficiently large m: (i)

2 2
[Amjom = o= Y aihamij)tm,; = [Camra + Y bi(Aams;)|vm,; + Ra,  (2.6)

=1 i=1

where j = 1,2,
Um,j = (Wi, js 6i(2m+2)m)7 U j = (@m7j7e—i(2m+2)wz)’
a1(Namij) = ﬁﬂ’
my m,j,m—m;y
Cry Crmy C— g —mmis (2.7)
xans) = ¥ gt |
mi,mso m,j,m—miiim,jm—mi—ms
Cm, C _
by(Agmyj) = Y | —atmtzom

1 Am,j’m*ml

Cmi1CmsC2m+2—mqi—ma
ba(A2m+j) = E A )
m,j,m—miiim,jm—mi—ms

miy,ma

ei(2(m—m1—m2—m3)+2)7rw)

R _ le cm2 cmg (qumd (fL‘),
2= , A A
Mo g m,j,m—my I m,jm—mi—moilm, jm—mi—mo—ms

The summations in these formulas are taken over all integers my, mo, ms such that
my,my + meo, my + mo +ms # 0, 2m + 2.

(i)

2 2
Amjim = o= Y aiAam i )vmj = [c_2m—2 + D Vi(Nam)|tm ; + Ry, (2.8)
o1 i=1

where j = 1,2,
CmyCem,
all()\2m+j): E —_—,

my L edmeatmy

Cm Cms C— _
!/ E my=ma2 mi1—ma
a2 ()\2m+j ) = A A ’
m,j,m+my dm,j,m+mi+mo

my,msa

2 : Cm1C—2m—2—m
/ mi m 1
b1<)\2m+j) = 5

my m,j,m+m1q

C C C_2m—2— —
/ o mq Cmo m mi1—mso
bh(Nomj) = D :

m,j,m+m1 Am,j7m+m1+m2

my,m2

6i(2(m+m1 +mo +m3)+2)7r:1:)

R/2 _ Z Cmy CmyCmg (q\I’m,j (SL’),

(2.9)

- Am,j,m+m1 Am,j7m+m1 +ma AmJ,m-&-ml +ma+ms3
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and the sums in these formulas are taken over all integers my,mso, ms such that
my,my + mo, my +mo +mgz # 0, —2m — 2.

Note that, by substituting m; = —k; and m1 + mo = —ky, ms = ko into the
relations af (Agm+;) and ab(Agmy;) respectively, we have

ai()\Qm_H) = ag()\gm+j) for i = ]., 2. (210)

Here, using the equality

1 1 1 1
mi(2m 42 —my) 2m—|—2(m71+ 2m+2—m1)’

we obtain the relation

1 In |m|
2 Im (2m—|—2—m)|:O< m )
m17#0,(2m+2) ! !

This, together with (2.2)), (2.3]) and (2.5]), gives the following estimates (see, respec-
tively, (2.1) and (2.9) for Ry and R})

Ry, R, = O((%)‘?). (2.11)

Moreover, in view of (2.2), (2.3)) and (2.5)), we obtain (see [25] Theorem 2], [19])
, 1
S @ e =0(=5). (2.12)

m2
kEZ; k#+(m+1)

Therefore, the expansion of the normalized eigenfunctions ¥,, ;(z) by the orthonor-
mal basis {e??*™ : k € Z} on [0, 1] has the form

Uy (2) = Uy €CMFDTE gy 51T L (), (2.13)
where
(A, €TCMHEITE) =0, by || = O(m ™),
sup ()] = O(I), fu st foms P = 14 O ). B
z€[0,1] m

Proof of Theorem First, let us estimate the expressions in (2.6)) and (2.8]).
From (2.1, (2.2) and (2.12)), one can readily see that

Z }A : A : |
m#£0,4(2m+2) m,j,mFm m,0,mFm,

SCAmgml D ImalF2m o 2F ma| 7 = o(m?),
m1#0,£(2m+2)

(2.15)

where Ay, 0.mem, = ((2m +2)27% — (2(m F mq) + 2)?72). Thus, we obtain

a;i(Aomtj) = a;((2m +2)*7%) + o(m™2) fori=1,2. (2.16)
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Here, by (2.15]), we also have, arguing as in [I9, Lemma 3] (see also [26, Lemma
6]),

1 CmqiC2m+2—m —92

bi(Aamsj) = —= d !
1(A2m+5) A2 Z my(2m + 2 —my) +0(m )
m17#0,(2m+2)

1
_ 7/ (Q(SC) o Q0)2 67i2(2m+2)7rxdz + O(TI’L?Z)
0

-1 1 ,
- oy [ 20~ Qo)) o),
(2.17)
where
Q(x) - QO = Z Qm1 ei?"hﬂ'x,
ma7#0 . (2.18)
—. 2mimxy __ mi
le - (Q(m)7€ ) - i27rm17 mi 7é 07

are the Fourier coefficients with respect to the system {e®?™17 : m; € Z} of the
function Q(z) = for q(t) dt. For the proof of Theorem we suppose without loss
of generality that ¢g = 0, so that Q(1) = ¢o = 0.

Now using the assumption ¢, = o(n~2) of the theorem it is also true that £, =
O(n=?). In view of (T.4), we obtain ¢, = O(n~?) as n — oo. Thus, from [I4
Lemma 5], we obtain that ¢(z) is absolutely continuous a.e. Hence integration by
parts, together with Q(1) = 0, gives

b1(A2m+5)

— WI_FQ)?/O (q2(x) + (Q(x) _ Qo)q'(x)) 6_i2(2m+2)7mdx + o(m_2).
(2.19)

Since ¢(z) is absolutely continuous a.e., (¢*(z) + (Q(z) — Qo)¢(z)) € L'[0,1]. By
the Riemann-Lebesgue lemma, we find that

bi(A2m+j) = o(m™?). (2.20)
Similarly
by (Aam+j) = o(m™?). (2.21)
Let us prove that
bo(Aam+j), bh(Aam+j) = o(m™?). (2.22)

Taking into account that ¢(z) is absolutely continuous a.e. and periodic, we obtain
Cry Cima Ct (2m42) —my —ms = 0 (M™1) (see [26] p. 665]). Using this and arguing as in
the proof of (2.11]), we obtain

-1 1
[b2(A2m45)] = 0 (m )mgw Ima(2m +2 —mq)(m1 + m2)(2m + 2 — my — mo))|
1 In|m|,2 _
—o(m~ )O((#) ) =o(m™?).

Thus, the first estimate of (2.22)) is proved. Similarly b5 (Aap;) = o(m™2). Sub-
stituting the estimates given by (2.10)), (2.11)), (2.16) and (2.20)-(2.22) into the
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relations (2.6) and (2.8]), we find that

2

A jom = Y ai((2m +2)*7) |t j = Comiavm,; +o(m™?), (2.23)
i=1
2
A jm — Z ai((2m + 2)*7) v = c_om—2 Um.j + 0(m72) (2.24)
i=1
for j =1,2.

Now suppose that, contrary to what we want to prove, there exists an increasing
sequence {my} (k=1,2,...) such that

|camy 2| > Cm; 2 for some C > 0. (2.25)

Further, the formula (2.14) for m = m; implies that either |u,,, ;| > 1/2 or
|Um,,j| > 1/2 for sufficiently large my. Without loss of generality, we assume
that |y, ;| > 1/2. Then it follows from both (2.23) and (2.24)) for m = my, that

2
A g = D @il (2mi +2)°7%)] ~ camy 42, (2.26)

i=1
where the notation a,, ~ b,, means that there exist constants c;, ¢y such that
0< e <coand ¢ < |Gy, /bn| < cg for all sufficiently large m. This, together with

(2.24) for m = my, (2.25) and |um, ;| > 1/2, implies that

Umy,j ~ Umy,j ™~ 1. (2.27)
Multiplying (2.24) for m = my by cam, +2, and then using (2.23) for m = my in
(2.24), we arrive at the relation

2

Ao = 3 @i+ 2)272)] (v m

i=1

2 5 5 . (2.28)
_ Zai((ka + 2)*7%) |, ; + o(my, ))
i=1
= lezmiral” tmyj + C2my+2 0(my ),
which, by (2.26]) and (2.27)), implies
2
A jomy = D ai((2my, +2)°7%) = E|comy 12| + 0(my; %) (2.29)

i=1
for j =1,2.

Let us prove that the periodic eigenvalues for large my, are simple. Assume that
there exist two orthogonal eigenfunctions ¥,,, 1(z) and ¥,,, 2(x) corresponding to
A2my+1 = Aam,+2. From the argument of [26, Lemma 4], using the relation
with [|hy, || = O(m; ") for the eigenfunctions ¥,,, ;(z) and the orthogonality of
eigenfunctions, we can choose these eigenfunctions such that either u,,, ; = 0 or
Um,,; = 0, which contradicts (2.27).

Since the eigenfunctions V¥,,, 1 and ¥,,, » of the self-adjoint problem correspond-
ing to the different eigenvalues Aoy, +1 # A2m,+2 are orthogonal we find, by ,
that

0 = (\Ijmk,la \Ijmk,Z) = umk72vmk71 + umk,lvmkﬂ + O(m,:l) (230)
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Note that, for the simple eigenvalues in (2.29)), there are two cases. First case: The
simple eigenvalues Az, +1 and Ao, 42 in (2.29) corresponds respectively to the

lower sign — and upper sign +. Then
ngk-i-Q = Amk%mk - /\mml,mk = 2|szk+2| + O(mI:Q)v

which implies that (see (2:25)) fom,42 > Cmj? for some C. This contradicts
the hypothesis that fa,,,, 12 = o(m; ?). Now let us consider the second case: We
assume that both the simple eigenvalues correspond to the lower sign — (the proof
corresponding to the upper sign + is similar). Then Ay, 2.m, — Ay 1,mp = o(m,;Q).
Using this, (2.23) and (2.29), we have
o(m,f)umk,g = Comy+2Umy.2 + [Comp+2|Umy,2 + o(m,:2), (2.31)
O(mf)“mk,l = —Comp+2Umy,1 — |c2mk+2|umk>1 + 0(m1;2)~ (2'32)
Therefore, multiplying both sides of (2.31) and (2.32) by vy, 1 and vy, 2 respec-
tively and adding the results, we have, in view of ([2.25)),
Ump,2Umy,1 — Umy,,1Vmy,,2 = o(1).

This, together with , gives U, 2Um,,1 = 0(1) which contradicts . Thus
the assumption is false, that is, capm2 = o(m™2). A similar result holds for
the anti-periodic problem, that is, ca;41 = o(m™2). The theorem is proved.

For the proof of Theorem [1.1} we need the sharper estimates in the following
lemma.

Lemma 2.2. Let q(x) be absolutely continuous a.e. and co = 0. Then, for all
sufficiently large m, we have the following estimates

—1 ! 2 -2
a1(A2mj) = m/o ¢ (x)dz +o(m™), (2.33)
ag(Agm+j) = o(m™?).

Proof. First, let us consider aj(Agm+;). By (2.15) we obtain

1 Cyy C—
Aomti) = —= mi Ty -2\
@1 (Aamt5) 472 Z m1(2m—|—2—m1)+0(m )
m1#0,(2m+2)

Arguing as in [19, Lemma 3] (see also [24, Lemma 2.3(a)]), we obtain, in our
notation,

ai ()‘2m+j)
1 CmyCemy »
e +
" m1>‘)""zﬁ‘:é(2m+2) (2m +2 4 m1)(2m + 2 —my) o(m™?)
1
:/ (G (@,m) — Gt (m))? 24m 972 4o 4 (™) 050
0
-2 1
_ =2 . I
= Za 7, (€@ = G(m)

~ (q(x)67i2(2m+2)7rz _ 62m+2)ei2(4m+4)7rzdx + 0(m72)

where

+ . + i2mimzy _ CmiE(2m+2)
Gm1 (m) = (G (x;m);e ! ) — W, (2.35)
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for my # 0, are the Fourier coefficients with respect to {€??™1™ : m; € Z} of the
functions

G*(x,m) = / q(t) eFREmIAt gy C(2m+2)T (2.36)
0

and

@ .
GE(z,m) - Gy(m)= > - my 21 F (2m+2))mz
m1#(2m—+2) ZQT((ml T (2m + 2))

Here, taking into account the [19, Lemma 1] and (2.36]), we have the estimate
1
ﬁ@mynmm:ﬁ@my/Qﬁ@mwzm)%mem (2.37)
0

uniformly in .
From the equalities (see ([2.36]))
G*(1,m) = G*(0,m) = 0, (2.38)
and since ¢(z) is absolutely continuous a.e., integration by parts gives, for the right
hand-side of (2.34)), the value

! ' ' / i2(2m T
ar(A2mj) = m {/0 ¢ +/0 (GT(z,m) — Gf (m))q'()e 2(2m+2) dx}

|cam 2|2 _
(27r(2m+—|— 2))2 +o(m™)

for sufficiently large m. Thus, by using the Riemann-Lebesgue lemma, this with
(G (z,m) — G (m))¢'(z) € L*[0,1] implies the first equality of (2.33).

Now, it remains to prove that as(Aomyj) = o(mfz). Similarly, by for
i = 2, we obtain

(27) ™" €y Cmy C—my —my
ag(Aam+j) =
m;nz m1(2m—|—2—m1)(m1 —|—m2)(2m—|—2—m1 —mg) (239)

+ o(m_2).
As in [I9, Lemma 4], using the summation variable my to represent the previous
my + mse in (2.39)), we write (2.39) in the form

Cmi1 Cmy—m, C—my

1
az(Azm+j) = (2m)4 Z my(2m 4+ 2 — my)ma(2m + 2 — ma)

mi,ma

+o(m™?),

where the forbidden indices in the sums take the form of my,my # 0, 2m + 2. Here
the equality

1 B 1 (14_ 1 )
E2m+2—-k) 2m+2\k 2m+2—k

gives
4

1
a2(/\2m+j) - m Jz:; Sj, (2.40)

where

Crmy Crmg —my C— Crmy Crry—mmy C—
S — mi1~moa—m1 mao S — mq~Mmo—1m1 mao
! mZ’rn myms roR mzm mo(2m +2 —my)’
1,Mm2 1,2
Cmy Cmy—m1 C—m CmyCmy—my C—m
S — 1 2 1 2 S — 1 2 1 2 .
3 Z mi2m+2—my) * Z (2m+2 —my1)(2m + 2 — my)

mi,ma mi,ma2
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Using (2.18]), integration by parts and the assumption ¢y = 0 which implies Q(1) =
0, we deduce that

1
Sy = 47r2/ (Q(x) — Qo)*q(z) dx = 0. (2.41)
0
Similarly, in view of (2.18) and (2.35])-(2.38)), we obtain, by the Riemann-Lebesgue

lemma,
8o = —4r’ /01<Q<m> — Q)G (w,m) — G (m))g(@)e 2@+ Dmdy — o(1),
S5 = —4r? /0 1(Q(x) — Qo)(G™ (z,m) — Gy (m))q(z)e 2CEMTID™r 4y = o(1)
and, by ,
Sy =4n° /01(G+(567m) = Gg (m))(G™ (z,m) — Gg (m)) q(z) dz = o(1).
Thus, implies that az(A2m+;) = o(m™2). The proof is complete. O
Proof of Theorem [L.1] (i) First let us prove that ¢o = 0. Considering the first

step of the procedure in Lemma and using the estimate in (2.11)), we may
rewrite the relations (2.6 and (2.8]) as follows:

In|m
Um,j = Com+2Um,j + O<J)7
m (2.42)

In |m|
[Amjm = €oJUm,j = C—2m—2 Um,j + O(T)

for j = 1,2 and sufficiently large m. By using the assumption fo,, 12 = o(m~2),
namely, £,, = o(n~2) for even n = 2m+2 and Theoremwhich implies ¢ (2my2) =
o(m™?), we obtain the relations (see (2.42))) in the form

In |m
A jim — Colum,j = O(J), (2.43)
m
1
[Awm,jm = colvm,; = O nilm|). (2.44)

Again by (2.14), we have either |uy, j| > 1/2 or |v,, ;| > 1/2 for large m. In either
case, in view of (2.43]) and (2.44)), there exists a sufficiently large positive integer Ny
such that both the eigenvalues Ao+, (see definition of (2.3)) satisfy the estimate

1
)‘2m+j = (2m + 2)27'('2 + Co + O(M)

(2.45)
for all m > Ny and j = 1,2. Under the assumption of Theorem (i), when
m > max{(no—2)/2, No}, the eigenvalue (2m+2)%7? corresponds to the eigenvalue
A2m+1 OF Agpmt2. In either case we obtain ¢y = 0 by .

Finally, for sufficiently large m, substituting the estimates of a;(Aam+5), @} (A2m+;),
bi(A2m+j)s bi(Aamj), Ra, Ry for i = 1,2, given by Lemma with the equalities
a;(Aam+5) = af(Aam+j) (see (2.10)), (2.20)-(2.22) and into the relations (2.6))
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and (2.8)) and using ¢y = 0, we find the relations in the form

1 1
Am j,m o o 1 oo 2:| m,j — C2m m,j -2
|: 5Ty + (27T(2m+2))2/0 q |u 3J C2 +2U 5] +O(m )a
| ) (2.46)
Am j,m To 76— o9 2} m,j — C—2m—2 Umj -2
{ gym T (27T(2m—|—2))2/0 q | Um,j C—2m—2 Um,j +0(m )
for 7 = 1,2. In the same way, by using the assumption /3,12 = o(m~2) and
Theorem (1.2} we write (2.46|) in the form
1 1
Am j,m T e oo 2] m,j — -2
|: 5T + (277(2m+2))2 /0 q |u 5] O(m )7

[Am,j,m + m/o qﬂ Um,j = o(m™?).

Thus, arguing as in the proof of (2.45)), there exists a positive large number N;
such that the eigenvalues Az, ; satisfy the following estimate

Aomtj = (2m +2)%7? — m/o q° +o(m™?) (2.47)

for all m > Ny and j = 1,2. Let m > max{(ng — 2)/2,N1}. Using the same
argument as above, by (2.47)), we obtain fol g% = 0 which implies that ¢ = 0 a.e.
(ii) The procedure in Section [2| works for the anti-periodic boundary conditions

y(0) = —y(a), ¥'(0) =—y'(a).
Thus, it is readily seen that the corresponding results for the anti-periodic eigen-
values fiam, fom+1 hold, replacing (2m + 2) in (2.1)-(2.3) by (2m + 1).
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