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BLOW-UP OF SOLUTIONS TO SOME DIFFERENTIAL
EQUATIONS AND INEQUALITIES WITH SHIFTED
ARGUMENTS

OLGA SALIEVA

ABSTRACT. Using the test function technique, we obtain sufficient conditions
for the blow-up of solutions to some differential equations and inequalities
with advanced and delayed arguments, and for systems. Also we obtain upper
estimates for the blow-up time.

1. INTRODUCTION

Differential equations and inequalities with shifted (advanced or delayed) ar-
gument have been considered by many authors. However most publication are
devoted to obtaining sufficient conditions for existence and uniqueness of solutions.
It is also known that blow-up of solutions occurs for equations and inequalities
with unshifted arguments, under certain assumptions. In this article, we establish
sufficient conditions for the blow-up of solutions to equations with shifted argu-
ments. Our method is based on the test function technique suggested in [3 4] and
developed in [11 2].

The rest of the article consists of four sections. In Section 1, we consider a
single inequality with advanced arguments. In Section 2, we introduce a delayed
arguments in the right-hand side, and in Section 3, in the left-hand side. Finally,
Section 4 is devoted to systems of differential inequalities with advanced arguments.

2. SINGLE INEQUALITY WITH ADVANCED ARGUMENT

Let ¢ > 1. Consider the problem of finding a function y(¢), which satisfies the
first-order differential inequality with advanced argument

dy(t
% > Jy(t+7)7 t>0, (2.1)
and the initial condition
y(0) =yo > 0. (2.2)

Definition 2.1. A function y(¢) which satisfies (2.1)—(2.2)) for all ¢ € (0,¢*), with
t* > 0, is called a local solution.
If (2.1)—(2.2) is satisfied for all ¢ > 0, then y(t) is called a global solution.
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If y(¢) is not a global solution, the largest possible t* is called the blow-up time
for problem (2.1)—(2.2)).

Definition 2.2. Let 0 < t, < oo. A test function for problem (2.1))—(2.2) is a
function o(t) > 0 that is continuous differentiable on [0, 00) and

e(0)=1, ¢ (0) 0, (2.3)
o(ts) = ¢'(t) =
We use test functions of the form
o(t) = or.(t) = @1 (1), = ti (2.5)
where
- J1 o0<t<1)2,
p1(t) = {o P> 1. (2.6)

Lemma 2.3. There erists a function @1 (t) > 0 continuous differentiable on [0, c0),
which satisfies conditions (2.6) and

O -

Y1 dt < o0, (2.7)

where ¢’ = #,

Proof. Take ¢1(f) equal to (1 —#)* with A > 0 large enough in a left neighborhood
of 1. O

Theorem 2.4. If ¢ > 1, then there is a blow-up for problem (2.1])—(2.2)).

Proof. Let 0 < t. < oco. Multiply (2.1) by a test function ¢(t) = @ (t) > 0
satisfying (2.3))—(2.7). Then integrate its left-hand side by parts to obtain

—yo—/o o0 > [+ et a

which, by the sign of on the left, yields

fy0+/ |dt>/0*|y(t+7)|q¢(t)dt. (2.8)

Equation (2.1)) implies y/(¢) > 0, which by (2.2)) leads to
y(t) > y(0) =yo >0 forallt>0.

Apply the Lagrange formula to the function |y(¢ + 7)|? on the right-hand side of

23).

ly(t +7)|" = y?(t +7) = y(t) + Tqy? (¢ + O7)y (¢ + 07),
where 6 = 0(t) € (0,1). Hence by ([2.1) we obtain

ly(t + 7|7 = y2(8) + 7ay? " (¢ + 07)y (t + (1 4+ 0)7) > y(t) + Tayp" "
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Further we have
Ty Ty
/ ly(t + 7)|% () dt > / (W9(8) + Tqud )p(t) dt
0 0
t t./2
> / yI(E)p(t) dt + gy / pydt  (29)
0 0
Ty
> / YI(Op(t) dt + TqyE 0, 2.
0
Combining (2.8)) with (2.9), we obtain

Ty B Ty d
[ e raite e < [Tyl Ela -y, 20)
0 0

Hence by Young’s inequality with a parameter € > 0

’

E q I N¢)
ab S qa/ + qlﬁq,il b ’ CL,b 2 07
where % + % =1, we find
ty T / 4
€ 2¢—1 1 ' ()]
1—-= t)|%(t) dt < —yg — T /2 . —— dt — .
(=) [ wtorrete i < - —rait 2 o [ B =

Thus for any ¢ > € > 0, ¢ > 1, we get an a priori estimate for y(¢). This implies

t. T | / q
¢ (t)| ’ 2¢—1
|yl dt S/ o At — ' (yo + Ty t./2),
/0 o ()71 0
since for ¢ > 1
min _g-1 -1
0<e<q (g —€)ed' 1

is attained at e = 1.
Taking into account that the test function o(t) satisfies (2.6)) and (2.7, we have

ty 1 e q
/O y(0) () di < - / (%( W e e+ 2. (211)

@ o (ea(n))e
Using (2.7), we put

1 / q
o [ B,
o (pa(7))
Then (2.11)) implies

t
/ lylfpdt < erti™ 7 — ' (yo + Tayp” 't /2). (2.12)
0

From this estimate and (2.2)), taking ¢, — oo, we immediately obtain a con-
tradiction implying the nonexistence of a global solution for (2.1)—(2.2) with any
q>1. (I

Remark 2.5. From the proof of Theorem [2:4] it follows that a local solution of
2.1)—(2.2) does not exist on [0, t4x], where t,, is the zero of the right-hand side of
2.12). Thus the blow-up time for problem (2.1)—(2.2)) does not exceed ¢,..
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Note that

1
- c1 \7-1
tew <10 (q,yo) , (2.13)
since for t, — 04 the right-hand side of tends to +oo, and for t, = tit is
negative. As is known, t is the blow-up time for a Cauchy problem consisting of an
ODE with an unshifted argument

dy
=ly(®)|? t>0, 2.14
L Jy(o) (214
and of the initial condition ([2.2)).

3. A SINGLE INEQUALITY WITH DELAYED ARGUMENT

Consider the first-order differential inequality

dg(liiit) >lyt—7)* t>0 (3.1)

with the initial condition

y(t) = f(t) tel-70], (32)
where f € C[—7,0] is a monotone growing positive function satisfying the compat-
ibility condition

f1(0) > fi(=) (3.3)

and the additional condition

0
F(0) +/ [£F(#)]2dt < 0. (3.4)

—T

Theorem 3.1. Let ¢ > 1. Then (3.1)—(3.2) has a blow-up, when f satisfies (3.3)
and (3.4).

Proof. Similarly to Theorem multiplying both parts of (3.1]) by the test function
¢ and integrating by parts, we obtain

_%+A*Mm%$Mﬁ>A*mrwWﬂww (3.5)

Since the function ¢ = ¢;, can be assumed to be monotone decreasing and with
parameter t, > 7, we can estimate the right-hand side of (3.5 from below as

[ e an = [yl

0 - (3.6)
2/LWWM+A y()9(t) dt.

-7
Repeating the arguments from the proof of Theorem concerning the left-hand
side of (3.5) and combining them with (3.6)), we obtain

0

/Ot* ylPpdt < ett™7 — ¢ (f(O) +/ If(t)\th)-

-7

Then we complete the proof similarly to that of Theorem [2.4 (I
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4. A SINGLE EQUATION WITH DELAYED ARGUMENT ON THE LEFT-HAND SIDE

Now consider the first-order differential equation

T O (a.1)

with the initial condition
y(t) = f(t) tel-70], (4.2)
where f € C[—7,0] is a monotone growing positive function satisfying the compat-
ibility condition
fP(=7)f'(0) = f(0). (4.3)
We define local and global solutions, blow-up time, test functions for (4.1)—(4.2)) as
in Definitions 2] and

Theorem 4.1. Let p > 0, ¢ > max(p + 1,2p). Then problem (4.1)—(4.3) has a
blow-up.

Proof. Note that by equation (4.1)) one has y'(¢t) > 0 for all ¢ > 0 where y(t) is
defined, whence

W0 > 5(0) = 1(0) = min f() = f(=7), Ve>0. (4.4)

Multiplying equation (4.1)) by a test function ¢(t) = ¢« (t) > 0 satisfying conditions
(2.3)—(2.7), we obtain

t. t
| ve-nwoemd= [ oo (45)
0 0
We transform the left-hand side of this equality by the Lagrange formula
te te
/ Yt =)y (t)e(t) dt = / [y? (t) — Tpy? = (t = O7)y' (t — O7)]y (D) (t) dt. (4.6)
0 0

By equation (4.1f), we have

oY)
Yy (t) - yp(t—T), (47)
/ _ yq(t B 67—)
y'(t—07) = =0 (4.8)
Substituting and into , we obtain
o / [ Ty e ¥ 0T) ) ()
| re=nwoema = [ o - e ot a

Then (4.4) and the monotonicity of y(t) imply

yIrPTE —0r) Y1)
yP(t = (L4 0)7) yP(t —7)

> [P =)yt () > PP (1),
whence

/ Pt - T (elt) dt < / P (£ () dit - Tpf2q_p_1(—7)/ Cp(t)dr.
0 0 0
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After integration by parts

/0 (- Ty (el dt

fp+1(0) 1 ta (49)
<7 PHL(t)o(t) dt — Tpt, f27 P71 (—7).
<L [ e = )

From (4.5) and (4.9) we have
t 1 t
. fri(o) 1 T optl 2q—p—1
Ut)p(t)dt < — - PEL ) (t) dt — Tpt f29 P (—7).
| woetyan< L - o [T - et o)

(4.10)
Applying the Young inequality to the integral on the right of (4.10]), similarly to

we obtain
ty
/ Y1) (t) dt <
0

which leads to a contradiction for t, > t.., where t.. is a zero of the right-hand
side of (4.11]). This proves the claim. O

— Tpt fRPT N () et T, (4.11)

)
1

Remark 4.2. The proof of Theorem [4.1]implies that a local solution of (.1))—(4.3)
cannot be defined on any interval [0, t,) with t. > t... Thus the blow-up time for

[@1)-(&.3) does not exceed t,, < t, where # is a constant from (2.13)).

5. SYSTEMS OF INEQUALITIES WITH ADVANCED ARGUMENTS

Now we consider a system of inequalities with advanced arguments

dy(t
% > lz(t+ )" t>0,
; ﬁt) (5.1)
z
> |y(t 2 >0
Dyt >
with initial conditions
0) =yo >0,
y( ) Yo (5'2)
Z(O) =2z2>0

with 7,70 > 0. We define solutions of this system and test functions similarly to
the previous sections.

Theorem 5.1. Let q1,q2 > 1. Then a blow-up situation takes place for problem
B-1)-(-2).

Proof. Let 0 < t, < oco. Multiply inequalities (5.1) by a test function p(t) =
@« (t) > 0, which satisfies conditions (2.3)—(2.7). Then integrate their left-hand
sides by parts to obtain

|
<
[=)
I
Nﬁ
<
=
U
S
=
L
S
vV
O\,,.
~
—
~
Jr
=
N~—
S
S
—
=
IS8
=
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which, by the sign of Z—f on the left, yields

b dep(t b
—wot [ a0 > [ e+ et
0 0

t t (53)
A0 )
—20 + z2(t)|——=|dt > ly(t + 72) ]2 p(t) dt.
0 di 0
Equation (5.1)) implies y/(¢) > 0. This fact and (5.2)) lead to
y(t) > y(0) =yo >0 forallt>0.

Apply the Lagrange formula to the functions |z(t 4+ 71)|% and |y(t + 72)|% on the
right-hand side of (5.3),

‘Z(t + ,7_1)|q1 =N (t + ’7'1) =0 (t) + qulqu_l(t + 91T)Z’(t + 017’),
ly(t +72)|% =y (t + 72) = y=(t) + T2qoy™ ' (t + 017)y (t + 027),
where 6 = 0(t) € (0,1). Hence by inequalities (5.1]) we obtain
|z(t + 1) |7 = 29 (t) + Tiquz® T (¢ + 0171y (t + 01711)
> 20 (t) + 71 el Ty,
ly(t +72)|% = y®(t) + T2q2y® " (t 4 0272) 2% (t + (1 4 02)72)
>y (t) + 7o - gyl 28

Further,
Ty Tty
/ l2(t +71)| () dt > [ (z7(t) + Tiqrzd yd) () dt
0
L. ta/2
> 2 ()p(t) dt + 11 - ey / o(t)dt
0
ty
> [ 2N (t)p(t)dt+ Tz T Yt /2,

ts
/0 ly(t +72)[p(t)dt > [ (™ (8) + 72 - qoyf 20 (1) di

b tu/2
wmwmﬁ+mqu%$/ o(t) dt
0
Yy (1)p(t) dt + T - qoyd 28 . /2.

Combine (5.3) and (5.4) and use the Young inequality with parameters e; > 0 for
the terms with y and e for those with z, (2.6) and (2.7)). Similarly to Section 2 we
obtain

te t. ,
/ |z| o dt < —yo —71Q1281_13132t*/2+61/ |2 dt + ety ™,
0 0 (5.5)

t, te ,
/ ly|2pdt < —2 —qugygrlzglt*ﬂ—i—q/ |Z|Q1<pdt—|—02t17q2,
0 0
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and, substituting the second inequality into the first and vice versa,
(- [ empar
0
< —yo — qulzgl_lygzt*/Q —é€1(z0 + qugng_lzglt*/Q) + c;»,t};q1 + c;;t}fq;,
a-a) [ " et

< —20 — ToqeyP 28, /2 — ea(yo + T2 T YLt /2) + este M cth 2,

(5.6)
where 0 < ¢4 < 1,0 < €3 < 1, and ¢q,...,cg are some positive constants. From
(5.6, taking ¢, — oo, we immediately obtain a contradiction implying nonexistence
of global solution for problem (5.1)—(5.2) for any ¢1,g2 > 1. O

Remark 5.2. From the proof of Theorem it follows that a local solution of
(2.1)—(2.2) does not exist on [0,t.], where t.. can be defined similarly to the
previous section. Thus the blow-up time for problem (2.1)—(2.2) does not exceed
[

Remark 5.3. Combining the techniques from this section and the previous ones,
one can easily obtain similar results for systems with delayed arguments in left-hand
or the right-hand side.
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ADDENDUM POSTED ON MARCH 23, 2016

In response to comments from a reader, the author wants to correct the inequality

in (3.4). It should be
0
7(0) +/ |f(®)]?dt > 0. (3.4)

-7

End of addendum.
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