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STABILITY OF SOLUTIONS TO IMPULSIVE CAPUTO
FRACTIONAL DIFFERENTIAL EQUATIONS

RAVI AGARWAL, SNEZHANA HRISTOVA, DONAL O’'REGAN

ABSTRACT. Stability of the solutions to a nonlinear impulsive Caputo frac-
tional differential equation is studied using Lyapunov like functions. The
derivative of piecewise continuous Lyapunov functions among the nonlinear
impulsive Caputo differential equation of fractional order is defined. This def-
inition is a natural generalization of the Caputo fractional Dini derivative of
a function. Several sufficient conditions for stability, uniform stability and as-
ymptotic uniform stability of the solution are established. Some examples are
given to illustrate the results.

1. INTRODUCTION

The study of stability for fractional order systems is quite recent. There are
several approaches in the literature to study stability, one of which is the Lyapunov
approach. One of the main difficulties on the application of a Lyapunov function to
fractional order differential equations is the appropriate definition of its derivative
among the fractional differential equations. We give a brief brief overview of the
literature and we use the so called Caputo fractional Dini derivative.

The presence of impulses in fractional differential equations lead to complications
with the concept of the solution. Mainly there are two different approaches: either
keeping the lower limit at the initial time ¢ or change the nature of fractional differ-
ential equation by moving the lower limits of the fractional derivative to the points
of impulses. In this paper the second approach is used. The Caputo fractional
Dini derivative is generalized to piecewise continuous Lyapunov functions among
the studied nonlinear fractional equations with impulses. Comparison results using
this definition and scalar impulsive fractional differential equations are presented.
Several sufficient conditions for stability, uniform stability and asymptotic uniform
stability are obtained. Some examples illustrate the obtained results.

2. NOTES ON FRACTIONAL CALCULUS

Fractional calculus generalizes the derivative and the integral of a function to
a non-integer order [T}, 19 [24] 26] and there are several definitions of fractional
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derivatives and fractional integrals. In engineering, the fractional order ¢ is often
less than 1, so we restrict our attention to g € (0, 1).

(1) The Riemann—Liouville (RL) fractional derivative of order ¢ € (0,1) of m(t) is
given by (see for example [II], Section 1.4.1.1])

1 d [t
RLpa == / — )7 >
t m(t) fi-qdl, (t—s)"9m(s)ds, t>to,

where I'(:) denotes the usual Gamma function.
(2) The Caputo fractional derivative of order ¢ € (0,1) is defined by (see for example

[T, Section 1.4.1.3])

& Dm(t) = ! /l(t —8)79m!(s)ds, t>ty. (2.1)

Il —gq) /i,
The properties of the Caputo derivative are quite similar to those of ordinary deriva-
tives. Also, the initial conditions of fractional differential equations with the Ca-
puto derivative has a clear physical meaning and as a result the Caputo derivative
is usually used in real applications.
(3) The Grunwald-Letnikov fractional derivative is given by (see for example [11]
Section 1.4.1.2])

[52]

G- Dm(t) = lim % S (C1) (qCr)mt —rh), > to,
r=0

and the Grunwald-Letnikov fractional Dini derivative by

t—t
[ hO

. 1 r
tC(’;LDim(t) = h}fn %ip 74 Z (=) (gCr)m(t —rh), t>to, (2.2)
- r=0

where ¢Cr = q(q71)(q7713‘..(q7r+1) and [%5%2] denotes the integer part of the fraction
t—tg
lo,

Proposition 2.1 ([13| Theorem 2.25]). Let m € Ct[tg,b]. Then
gLqu(t) = ﬁLqu(t) fort € (to,b)].

t—t9) "9
Also, by [13, Lemma 3.4] we have § D{m(t) = - Dim(t) — m(to) (F(l(i)q) .
From the relation between the Caputo fractional derivative and the Grunwald-
Letnikov fractional derivative using (2.2)) we define the Caputo fractional Dini de-
rivative as
f Dim(t) = 5 DY [m(t) — mto)], (2.3)
ie.
to DEm(t)

t—t
[

]
= timsup o [m(t) ~ m(to) = 3 (~1)*(qCr)(m(t — rh) — m(1o))]-

h—0+ ha

(2.4)

r=1
Definition 2.2 ([12]). We say m € C([to,T],R™) if m(¢) is differentiable (i.e.
m/(t) exists), the Caputo derivative { D9m(t) exists and satisfies (2.1]) for ¢ € [to, T].

Remark 2.3. Definition [2.2] could be extended to any interval I C R..
If m € C([to, T],R™) then § D{m(t) = ¢ Dimft).



EJDE-2016/58 STABILITY OF SOLUTIONS 3

3. IMPULSES IN FRACTIONAL DIFFERENTIAL EQUATIONS

Consider the initial value problem (IVP) for the system of fractional differential
equations (FrDE) with a Caputo derivative for 0 < ¢ < 1,

D% = f(t,x) fort > 1o with 2(7) = 2o, (3.1)

where z € R”, f € C[Ry x R® R"], and (79, 79) € Ry X R™ is an arbitrary initial
data.

We suppose that the function f(t,z) is smooth enough on Ry x R™, such that
for any initial data (79,209) € R4 x R™ the IVP for FrDE has a solution
x(t) = z(t; 70, 20) € CU([70,00), R™). Some sufficient conditions for the existence of

global solutions to (3.1)) are given in [, [19].
The IVP for FrDE (3.1) is equivalent to the following integral equation

1 .
o(t) = 0+ g [ (= ale)ds for v 2 7

In this article we assume the points ¢;, ¢ = 1,2, ... are fixed such that t; < ts < ...
and limy_, tx = 0o. Let 7 € R4 and define the set Q. = {k: ¢t > 7}.

Consider the initial value problem for the system of impulsive fractional differ-
ential equations (IFrDE) with a Caputo derivative for 0 < ¢ < 1,

& Dix = f(t,x) fort>tg, t #t,
x(t; +0) = D;(x(t;)) fori € Qy,, (3.2)
x(to) = o,
where 7,20 € R, f: Ry x R* — R", tg € Ry, ®; : R® — R™ i =1,2,3,....

Without loss of generality we will assume 0 < ¢y < ;.

Remark 3.1. In the literature the second equation in , the so called impulsive
condition is also given in the equivalent form Az(t;) = I;i(x(t;)), i € 4, where
Ax(t;) = z(t; + 0) — 2(t; — 0) and the function I;(z) = ®;(z) — x gives the amount
of the jump of the solution at the point ;.

Let J C Ry be a given interval and A C R". Let Jimp = {t € J 1 t # ty, k =
1,2,...} and introduce the following classes of functions

CUJimp, &) = UgZoCU((thy try1), Q) C(Jimp, A) = UpZoC((ths try1), A),
PC(J,A) = {u € O Jimp. A) : ulty) = lmu() < o0, u(t +0) = lmu(t) < oo

tlts
o' (t) = lim v/ (t) < oo, u (t, +0) = limu/(¢) < oo
tTtg tlt

for all k : t), € J},

PC(J,A) = {u € O(Jimps A) : u(ty,) = limu(t) < 0o, u(ty, +0) = limu(t) < oo

t1ty tlty

for all k : t, GJ}.

Impulsive fractional differential equations is an important area of study. There
are many qualitative results obtained for equations of type (3.2). We look at the
concept of a solutions to fractional differential equations with impulses. There are
mainly two viewpoints:
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(V1) using the classical Caputo derivative and working in each subinterval, deter-
mined by the impulses (see for example [I} 2] [7, [0 [I0]). This approach is based
on the idea that on each interval between two consecutive impulses (ty,tx+1) the
solution is determined by the differential equation of fractional order. Since the
Caputo fractional derivative depends significantly on the initial point (which is
different for the ordinary derivative) it leads to a change of the equation on each
interval (t,tg+1). This approach neglects the lower limit of the Caputo fractional
derivative at ty and moves it to each impulsive time t;. Then the IVP for IFrDE
is equivalent to the integral equation

xo + ﬁ j:; (t—s)Lf(s,2(s))ds for t € [to,t1]

k ti _
a(t) = {70 Jlr %qt) Doz ftjl(ti —s)d 1]"(.S,:lck(s))ds (3.3)
gy Jo (= )7 (s, 2(s))ds + 300 Tila(t; — 0)
for t € (tg,try1), k=1,2,3,...

where Ij(x) = ®r(z) — 2z, k=1,2,....
Using approach (V1) the solution x(t;tg, o) of (3.2) is

Xo(t;to, zo) for t € [to, t1]
Xl(t;tl,él(Xo(tl;t(hl'o))) for t € (tl,tg]

t;to, =
P02 20) = e 1, @0 (X (b2 1, Bl Kol fo,0)))for £ € (12,13

(3.4)

e Xo(t;tg,x0) is the solution of IVP for FrDE with 79 = to,

o Xy (t;ty, ®1(Xo(t1;t0,x0))) is the solution of IVP for FrDE with 79 =
t1, xo = ®1(Xo(t1;t0, 20)),

o Xo(t;ta, @1 (X1 (te;t1, P1(Xo(t1;to,x0))) is the solution of IVP for the FrDE
with T0 = tg, o = ‘I)Q(Xl(tg;tl,q)l(Xo(tl;to,l‘Q)),

and so on.

Viewpoint (V1) and the corresponding equivalent integral equations are based
on the presence of impulses in the differential equation (see for example book [18]
and the cited references therein).

(V2) Keeping the lower limit ty of the Caputo derivative for all ¢ > ¢, but con-
sidering different initial conditions on each interval (¢y,tx+1) (see for example
[15, 16, 29, 30, B1]). This approach is based on the fact that the restriction of
the fractional derivative { D9x(t) on any interval (tx,tx41), & = 1,2,... does not
change. Then the fractional equation is kept on each interval between two consecu-
tive impulses with only the initial condition changed. Then the IVP for the IFrDE
is equivalent to the following integral equation (see [15], formula(10)])

zo + ﬁ ftto(t —5)17 1 f(s,z(s))ds for t € [to,t1]

2(t) = w0+ m Jo (¢ = )77 f(s,2(5))ds + X0y Li(a(ts — 0)) (3.5)
for t € (tg,trs1], K=1,2,3,...
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As a result using approach (V2) the solution x(¢;tg, xo) of (3.2) is
Xo(t; t071‘0) for t € [to,tl]

a(t;to, %0) = § Xo(t;to, zo) + Z?:l ®;(2(t); to, x0)) (3.6)
fort € (tk,tk+1], k=1,2,...
where Xy (t; to, zo) is the solution of IVP for FrDE (3.1) with 79 = to.
Remark 3.2. From the above any solution of (3.2)) is from the class PC4([to, b)),
b < 0.

In the case f(¢,z) = 0 both formulas (3.3]) and (3.5) coincide and both approaches
(V1) and (V2) are equivalent.

Example 3.3. Consider the initial value problem for the scalar IFrDE with a
Caputo derivative for 0 < ¢ < 1,

t,Dix = Ax, fort >tg, t #t,
z(t; +0) = ®;(x(t; —0)) fori=1,2,..., (3.7)
x(to) = Xy,
where © € R, A is a given real constant.

Case 1. Let ®;(z) = a; + « where a; # 0,4 =1,2,.... Applying (V1) and (3.3)
we obtain the solution of (| -, namely

z(t;to, wo) = (:voHE (ti = +Z“l H Eq( )q)) (3.8)

i=1 j=i+1
X Eq(A(t - tk) ) for t € (tk,tk+1], k=0,1,2,3,...,

where the Mittag-Leffler function (with one parameter) is defined by Eq(z) =

k
> heo F(qk+1)
Applying (V2) and ., we obtain the solution of ., namely

x(t;to, o) = o By (At —t0)?) + Zak (3.9)

for t € (tg,tge1), k= 0,1,2,3,.... In this case it looks hke is closer to the
ordinary case (¢ = 1).

Case 2. Let ®;(x) = a;x where a; # 1,4 =1,2,... are constants. Applying (V1)
and we obtain the solution of , namely

k
w(tsto, w0) = wo( [ aiBalAlt: — ti1)") ) Byl Al — 1)) (3.10)
i=1
for t € (tk7tk+1] k=0,1,2,.
Applying (V2) and ( ., using F fot bzt();‘;q)d E, (A7) — 1 we obtain the
solution of (| ., namely

m(t;to,sco):xo(E( (t — to) +ZE (t; — to)?)(a; — 1) Ha]), (3.11)
J=i+1

for t € (tg,tg+1], £ =0,1,2,3,.... In this case it looks like (3.10)) is closer to the
ordinary case (¢ = 1).
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The concept of the FrDE with impulses is rather problematic. In [I5], the authors
pointed out that the formula, based on (V1) of solutions for IFrDE in [I], [7] is
incorrect and gave a new formula using approach (V2). In [30, BI] the authors
established a general framework to find solutions for impulsive fractional boundary
value problems and obtained some sufficient conditions for the existence of solutions
to impulsive fractional differential equations based on (V1). In [28] the authors
discussed (V1) and criticized the viewpoint (V2) in [I5 B0, BI]. Next, in [I6] the
authors considered the counterexample in [15] and provided further explanations
about (V2). In this article we use approach (V1).

Note if for some natural k, a component of the function &, : R* — R",
Oy = (Pp,1,Pr2,- .., Prp) satisfies the equality @y ;j(r) = z; where z € R™ :
x = (x1,22,...,2y), then there will be no impulse at the point ¢; for the compo-
nent x;(t) of the solution of IFrDE and is not correct in this case. To
avoid this confusing situation in the application of approach (V1), mentioned above
we will assume:

(H1) Ifz # Othen @y j(x) # z;forallj =1,2...,nand k =1,2,3,... wherex €

R™, o = (z1,22,...,2,) and @5 : R” —» R™, &) = (Pr.1, P2, .., Pr.n)-
Note that (H1) is equivalent to I j(xz) # 0 if © # 0 for all K = 1,2,3,... and
j=1,2...,n where I}y = (It 1, k2, -, Li.n)-

4. DEFINITIONS ABOUT STABILITY AND LYAPUNOV FUNCTIONS

The goal of the article is to study the stability of zero solution of system IFrDEs
(13.2). We will assume the following condition is satisfied
(H2) f(t,0)=0fort e R} and ®;(0) =0fori=1,2,3....
In the definition below we let z(t;t9,20) € PC9([tg,0),R™) be any solution of
(3-2)-
Definition 4.1. The zero solution of (3.2) is said to be
e stable if for every e > 0 and ty € Ry there exist § = (e, tp) > 0 such that
for any oy € R™ the inequality ||zo|| < ¢ implies || (¢;to, xo)|| < € for t > to;
e uniformly stable if for every € > 0 there exist § = d(e) > 0 such that for
to € Ry, zp € R™ with ||zg]| < 0 the inequality ||z(¢;t0,20)| < € holds for
t > to;
e uniformly attractive if for § > 0: for every ¢ > 0 there exist T = T'(e) >
0 such that for any to € Ry,zg € R™ with ||zg]] < S the inequality
|z (t; to, xo)|| < € holds for ¢ > tg + T
e uniformly asymptotically stable if the zero solution is uniformly stable and
uniformly attractive.

In this article we use the followings two sets:
K ={a € C[R4,Ry] : a is strictly increasing and a(0) = 0},
S(A)={z eR": ||z|]| < A}, A>0.
Furthermore we consider the initial value problem for a scalar FrDE

¢Du = g(t,u) fort>r,
(4.1)
u(T) = ug,

where u,ug e R, 7€ Ry, g: Ry xR — R.
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Consider also the IVP for scalar impulsive fractional differential equations
b, DIu = g(t,u) fort>ty, t #t,
u(t; +0) = ¥, (u(t; = 0)) fori=1,2,..., (4.2)
u(to) = uo,
where u,ug ER, g : Ry xR—-R, U, :R—-R, i =1,2,....
For the scalar IFrTDE we consider approach (V1) and similar to condition
(H1) we assume the following conditions
(H3) If u # 0 then Uy (u) # u for all k =1,2,3,....
(H4) ¢(t,0)=0for t € Ry and ¥;(0) =0 fori=1,2,3,....
Note the stability of the zero solution of the scalar IFrDE is defined in a
similar manner to that in Definition E.11

Remark 4.2. Note in the case U;(u) = u for ¢ = 1,2,... the impulsive fractional
equation (4.2)) is reduced to the fractional differential equation (4.1)).

Example 4.3. Consider the scalar impulsive Caputo fractional differential equa-
tion where A <0, a; € [-1,0)U (0,1], 4 =1,2,3,... are constants.
According to Example the IVP for IFrDE has a solution z(t; o, z)
defined by . Therefore, applying 0 < E¢(A(T —7)?) <1 for T > 7 we obtain
|z(; to, zo)| < |xo| which guarantees that the zero solution is uniformly stable.

Example 4.4. Consider the IVP for the scalar impulsive Caputo fractional differ-

ential equation
t,Du =0, fort>ty, t+#t,

u(ti + 0) = a; u(ti — 0) for i € Qto, (43)
’U,(to) = Uog,
where a; # 0,1, i« = 1,2,3,... are constants and there exists a constant M > 0

The IVP for IFrDE has a solution defined by wu(t;tg,v9) = ug Hle a; for
t € (tg,tp+1], £ =0,1,2,.... Therefore, we obtain |u(t;tg, ug)| < |ug] Hle |a;| for
t € (tg,tgy+1] which guarantees that the zero solution of is uniformly stable.

Note the existence of a constant M > 0 with [[;°, |a;| < M is guaranteed if
a; € [-1,0)U(0,1), i =1,2,3,....

In this article we study the connection between the stability properties of the
solutions of a nonlinear system IFrDE (3.2)) and the stability properties of the zero
solution of a corresponding scalar IFrD or corresponding scalar FrDE ({4.1]).

We now introduce the class A of piecewise continuous Lyapunov-like functions
which will be used to investigate the stability of the system IFrDE (3.2).

Definition 4.5. Let J € Ry be a given interval, and A C R", 0 € A be a given
set. We will say that the function V(¢t,z) : J x A — R4, V(¢,0) = 0 belongs to the
class A(J, A) if
(1) The function V(¢,x) is continuous on J/{tx € J} x A and it is locally
Lipschitzian with respect to its second argument;
(2) For each t;, € J and x € A there exist finite limits

V(ty —0,z) =lim V(t,z), V(tx+0,2)=1limV (¢, x)
t1tg tlty

and the equalities V (¢, — 0,2) = V (tx, x) are valid.
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Remark 4.6. When the function V(¢,2) € A(J, A) is additionally continuous on
the whole interval J, we will say V (¢, z) € A°(J, A).

Lyapunov like functions used to discuss stability for differential equations re-
quire an appropriate definition of the derivative of the Lyapunov function along the
studied differential equations. For nonlinear Caputo fractional differential equations
the following types of derivatives of Lyapunov functions along the nonlinear
Caputo fractional differential equations are used:

- Caputo fractional derivative of Lyapunov functions § D9V (t,x(t)), where x(t)
is a solution of the studied fractional differential equation [21, 22]. This
approach requires the function to be smooth enough (at least continuously differ-
entiable). It works well for quadratic Lyapunov functions but in the general case
when the Lyapunov function depends on ¢ it can cause some problems (see Example
13).

- Dini fractional derivative of Lyapunov functions [19, 20] given by

DiV(t,x) = li}fn S(,)lJlrp %(V(t, z) = V(t—h,x—hf(t z)) (4.4)
where 0 < ¢ < 1. The Dini fractional derivative seems to be a natural generaliza-
tion of the ordinary case (¢ = 1). This definition requires only continuity of the
Lyapunov function. However it can be quite restrictive (see Example and it
can present some problems (see Example .

- Caputo fractional Dini derivative of Lyapunov functions [3), ] B]:

Div<t71’;7'0,x0)

1
= lim sup E{V(t’ x) — V (70, x0)
h—0+ (4.5)
(2]

D DN G ael [Vt = rhyw = h1f(t,2)) = V (0, 0)] }

for t € (79, T), where V(t,z) € A9([r9,T),A), z,79 € A, and there exists h; > 0
such that t — h € [79,T), * — h1f(t,x) € A for 0 < h < hy. The above formula is
based on the formula from fractional calculus. This definition requires only
continuity of the Lyapunov function.

Note in [12] the authors defined a derivative of a Lyapunov function and called
it the Caputo fractional Dini derivative of V (¢, x) (see [12], Definition 3.2]):

c : 1 .
DIV(t,z) = h}{risotip o V(t,z) - 2 V(t —rh,x —hif(t,z)) — V(to,z0)], (4.6)
(we feel (—1)"t1qCr is missing in the formula).

The formula (4.6) is quite different than the the Caputo fractional Dini derivative
of a function (2.4). Also, in [I2, Definition 5.1] the authors define the Caputo

fractional Dini derivative of Lyapunov function V' (s, y(¢,s,z)) by
“DiV(t,y(t,s,z))

1
= limsup — [V (¢, y(t, s, x))
h—0+ hq[ (&l ) (4.7)

- Z(—l)”quTV(s —rh,y(t,s —rh,x — hF(t,z)))].
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Formula (4.7) is also quite different than the Caputo fractional Dini derivative of a
function

We will use definition as the definition of Caputo fractional Dini derivative
of a Lyapunov function.

Example 4.7. Consider the quadratic Lyapunov function, i.e. V(t,z) = 2?2 for
x € R. Recall the scalar ordinary case (¢ = 1), i.e. the ordinary differential
equation =’ = f(t,x), * € R, and the Dini derivative of the quadratic Lyapunov
function applied to it,

DLV (t,x(t) = 2xf(t, z(t)). (4.8)

Let z € C([10,T],R) be a solution of FrDE(3.1). Then the Caputo fractional
derivative of the quadratic Lyapunov function ¢ D% (x(t))? exists and the equality

¢ DYy (x(t))? = 2x(t) f(t,z(t)) (4.9)

holds (see for example [0]).
Apply (4.4)) to obtain Dini fractional derivative of the quadratic Lyapunov func-
tion, namely
DIV (t,x(t))
= DY (x(1))?

— limsup %(@(t))? ~(at — ) — ROt 2(t — 1)))?)
h—0+

) 1 qrt ot — x x(t —
_lﬁsolipﬁ(x(t)—x(t—h)-l—h f(t,o(t = h))) ((t) + x(t — h) (4.10)

— hif(t,x(t — h))

= lim sup (thq + f(t,z(t — h))) (x(t) + z(t — h)
h—0+

— hOf(t,z(t — h))
= 2u(t) (¢, x(t)).

Finally, apply (4.5 to obtain the Caputo fractional derivative of the quadratic
Lyapunov function

E DLV (¢t z(t); 70, 20)

= lim sup i{(:ﬂ(t))2 —x}

h—o+ h?
[157] ,
_ (—1)T+1qu[(x(t—rh)—hqf(t,x(t—rh))> —(m0)2]}
r=1 (4.11)
=y
= timsup 5 { g (=1)7qCr |(@(t = h))* = (x0)?]
[t570]

+ ) (—1)TquKx(t —rh) — RUF(t, z(t — rh))>2 (et — rh))2] }
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t—T
Using (2.2)), (2.3) and limsup,,_, o+ ZLZBO](—l)qur = 0 we obtain

Ep DLV (et mo.0)
=G DY (2(0)” ~ (@0)’]

(S50
~limsup Y (~1)7qCrf(t,z(t —rh)) [zx(t —rh) — ROF(t, x(t — rh))}
h—0* r=0
[50] (4.12)
=2, DY(x(t))? — 2limsup Y (=1)"qCrf(t,x(t — rh))a(t — rh)
h—0t r=0
[52]
+limsuph? > (=1)"qCrf(t,x(t — rh)) f(t,x(t — rh))
h—0+ r=0

=, D(x(t))? = 22(t) f (£, 2(1)).

From (4.9)), (4.10) and (4.12) we see that (in the scalar case) the above derivatives
coincide with the ordinary case (4.8)).

Example 4.8. Let V : Ry x R — R, be given by V(t,z) = m?(t)z? for z € R
where m € C*(R,,R). Recall the Dini derivative of the Lyapunov function in the
ordinary case (¢ =1) is

D, V(t,x) =2z m?(t)f(t,x) + % {mQ(t)zz}. (4.13)

If z € CU([0,T],R) is a solution of FrDE(3.1), then to obtain the Caputo frac-
tional derivative ¢ D% <m2 (t)(z(t))?) we need a multiplication rule from fractional

calculus, so it Could lead to some difficulties in calculations of the derivative.
Now, let (t,2) € Ry x R and apply formula (4.4) to obtain Dini fractional
derivative of V', namely

DLV (t,x)

= h;ILIi%l}rp hl [ 2()x? —m2(t — h) (x — hef(t, J:))Q}

= lim sup [—t_h)xhl_q +m(t —h)f(t, x)) (4.14)
h—0+

x ((m(t) +m(t = h))z — m(t — )2 f(t,) )|
= 20 m* (1) (¢, ).

Now we look at (4.13) and (#.14)). Both differ significantly. In the fractional Dini
derivative (4.14) one term is missing. Additionally, the Dini fractional derivative
is independent of the order of the differential equation q. However the be-
havior of solutions of fractional differential equations depends significantly on the
order q.
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Let t,70 € Ry, x,29 € R. Now use (4.5) to obtain the Caputo fractional Dini
derivative of V', namely

DiV(t, TT0, {E())

(2]
. 1 2 2 2 2 T
= hlirg+ supm[m (t)z= — m=(10)xg 2 (=1)"¢Cr
(=72 )
— —1)" 1 qCr m*(t —rh) (z — hIf(t, x
;( )" ( )( H )H (4.15)
) (52
I T 7 2 _ _ 2 2 1\
= lim sup o [m2(O)h?f(t2)(20 — b f(t,x)) — m*(ro)a} > (-1recr
[£570]
e
+ (e =hf(a) > (<1)CrmA (- b))
r=0

Now using (2.2) from (4.15)) we obtain
DiV(t, x; 70, 10) = 22 m*(t) f(t,x) + gLDq (mQ(t)aL"2 - x%mQ(To)). (4.16)

Note the Caputo fractional Dini derivative depends not only on the fractional or-
der ¢ but also on the initial data (79, zg) of which is similar to the Caputo
fractional derivative of a function.

Formula is similar to the ordinary case ¢ = 1 and formula consists
of two terms where the ordinary derivative is replaced by the fractional one.

It seems that formula is a natural generalization of the one for ordinary
differential equations. Also, if the function V(¢,x2) = ¢, ¢ is a constant, then for
any t,79 € Ry, z,z¢ € R the equality DiV(t,$;To, xo) = 0 holds.

In this article we use piecewise continuous Lyapunov functions from the class
A(J, A). We define the derivative of piecewise continuous Lyapunov functions using
the idea of the Caputo fractional Dini derivative of a function m(t) given by
and based on . We define the generalized Caputo fractional Dini derivative of
the function V(¢t,z) € A([to,T),A) along trajectories of solutions of IVP for the
system IFrDE as follows:

B DLV (L, z;t0, o)
1
= lim sup —{V(t, x) — V(to,xo0)
n—ot N (4.17)

t—to]

=3 (O [Vt = b — Hf(t,2)) = Vito,a0)] )

for t € (to,T) : t # tx, where z,z9 € A, and there exists h; > 0 such that
t—helty,T), x—hif(t,x) € Afor 0 < h < hy.
Example 4.9. Consider the scalar IFtDE (4.3) with tg =0, ty =k, ar, = \%, k=

1,2,..., and ug = 2v/a, a > 0 is a constant. According to Example the solution
of (4.3)) is z(¢;t0,u0) = 2¢/5r on (k,k+1], k=0,1,2,....
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Consider the IFrDE (4.3)) with tg =0, tx =k, ar = % k= ..., and ug = a.
Then IFrDE (4.3) has an unique solution w*(t;to,up) = 3¢ for t 6 (k,k + 1],
k=0,1,2,....

Let the Lyapunov function V : Ry x R — R, be given by V(t,z) = x?sin’t.

It is locally Lipshitz with respect to its second argument x. According to Exam-
ple and formula we obtain the Dini fractional derivative of V', namely
DLV (t,x) = 2xsin®(t) f(t,z) = 0.

All the conditions in [27), Theorem 3.1] are satisfied and therefore, the inequal-
ity V(¢,z(t;to, 9)) < ut(t;t9,up)) has to be hold for all ¢+ > tq. However, the

inequality
[ a a . 4 a
V(t,2 27]6) :42? Sin tS 27]67

ie. sin?t < i is not satisfied for all t > 0.

5. COMPARISON RESULTS FOR SCALAR IMPULSIVE CAPUTO FRACTIONAL
DIFFERENTIAL EQUATIONS

We use the following results for Caputo fractional Dini derivative of a continuous
Lyapunov function.

Lemma 5.1 (Comparison result [3]). Assume the following conditions are satisfied:

(1) The function z*(t) = x(t; 70, 20) € C([70, T),A) is a solution of the FrDE
where A C R", 0 € A, 10, T € Ry, 190 < T are given constants,
Ty € A.

(2) The function g € C([ro,T] x R, R).

(3) The function V € A€ ([r9, T],A) and

DiV(t,m;To,xo) <g(t,V(t,x)) for(t,x)€ [TO,T] x A .

(4) The function u*(t) = u(t; 70, uo), u* € C4([r0,T],R), is the mazimal solu-
tion of the initial value problem (4.1)) with 7 = 79.

Then the inequality V (1o, x0) < uo implies V(t,z*(t)) < u*(t) fort € [10,T].
When ¢(t,2) =0 in Lemma [5.1| we obtain the following result.

Corollary 5.2 ([3]). Let (1) in Pemma be satisfied and V € AC([ry,T],A) be
such that for any points t € [19,T], x € A the inequality DiV(t,x;To, x9) <0
holds. Then for t € [0, T] the inequality V (t,z*(t)) < V (79, 20) holds.

If the derivative of the Lyapunov function is negative, the following result is true.

Lemma 5.3 ([3]). Let Condition (1) of Lemma [5.1] be satisfied and the function
V € A%([to, ],A) be such that for any points t € [, ], T € A the

DLV (tas 70, 20) < —c(al]).

where ¢ € K. Then fort € [1y,T),

V(t,2*(t)) < V(ro,x0) — . /(t*S)q*IC(IIr*(S)II)dS- (5.1)

L(g) /7,
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Now we prove some comparison results for the system of IFrDE and piece-
wise continuous Lyapunov functions applying the generalized Caputo fractional
Dini derivative . Recall limy_, ot = co. In this section we assume without
loss of generality that 0 <ty <ty <T.

As a comparison scalar equation we use the impulsive Caputo fractional differ-
ential equation or the Caputo fractional differential equation (4.1)).

Lemma 5.4 (Comparison result by scalar IFtDE). Assume that the following con-
ditions are satisfied:
(1) Let conditions (H1) and (H3) be satisfied for all k € {i : t; € (to,T)} where
to, T € Ry, ty <T are given constants.
(2) The function z*(t) = x(t;to,z0) € PCU([to,T],A) is a solution of the
IFrDE (3.2) where A CR™, 0 € A, xg € A.
(3) The function g € C([to,T] x R,R) and the IVP for the IFrDE (4.2)) has a
unique mazximal solution u*(t) = u(t;to,ug) € PC([to, T],R).
(4) The functions ¥ : R—R, ke {i: t; € (to,T)}, are nondecreasing.
(5) The function V € A([to, T],A) and
(i) for any 19 € [to,T) and zog € A, the inequality DiV(t,ac; 70, To) <
g(t, V(t,x)) for (t,x) € [10,T] X A, t # ti, holds;
(i) for any points t € (to,T) and x € A we have
V(tk +0,Pr(z)) < Ui (V(tg, x)).
Then the inequality V (to, z0) < ug implies V (¢, 2*(t)) < u*(t) fort € [to, T).
Proof. We use induction. Let ¢ € [to,t1]. By Lemma the claim in Lemma
holds on [tg, t1].

Let ¢ € (t1,t2] N [to, T]. Then the function @ (t) = u*(t) is the maximal solution
of IVP for FrDE " for 7 = tl and ﬂl(tl) = \Ill(u*(tl — O))(: \Ill(u*(tl))) =
u*(t1 + 0) and the function Z;(t) = x*(¢) is a solution of IVP for FrDE (3.1) for
7o = t1 and zg = P1(x*(t1 — 0)) = z*(¢1 + 0). Using conditions (4), (5)(ii) and the
above proved inequality V (t1,2*(t1)) = V(¢t1,2*(t1 — 0)) < u*(¢; — 0) we obtain

V(tl + 0751(1;1)) = V(tl + Oax*(tl + O))

= V(tl + 0, <I>1(x*(t1 — O))) = V(tl + 0, <I>1(J:*(t1)))
S W (V(t, 27 (1)) < Ua(u” (1 = 0))

= U*(tl + 0) = ﬂl(tl).

(5.2)

By Lemma for 7o = t, and T = min{T, 5} we obtain V (t,T;(t)) < @ (t) for
t € [t1,t2] N [to, T]. Therefore, V(¢,2*(t)) < u*(¢t) for t € (t1,t2] N [to, T], i.e. the
claim of Lemma [5.4] holds on [to, t2] N [to, T].

Continuing this process and an induction argument proves that the claim is true
on [to,T]. O

Example 5.5. Consider the scalar IFrDE (4.3)) with tq =0, tx, = k, ax = %, k=

1,2,..., and ug = 24/a, a > 0 is a constant. According to Example the solution
of is x(t;to, u0) = 2y/5r on (k,k+1], k=10,1,2,....

Consider the IFrDE (4.3)) with to =0, tx =k, ar. = 5, k=1,2,..., and ug = a.
Then IFrDE has an unique solution u™(t;to,uo) = 5% for t € (k,k + 1],
k=0,1,2,....

~— N[
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Let the Lyapunov function V : Ry x R — R, be given by V(t,z) = 22sin®t. By
Example and formula we obtain the Caputo fractional Dini derivative of
V', namely DiV(t7 7;0,20) = 225 D?[sin” t]. Using sin® t—0.5—0.5 cos(2t) and
FED cos(2t) = 2¢ cos(2t+4F) it follows that the inequality DiV(t, 2;0,20) <0
is not satisfied, i.e. condition (5)(i) of Lemma is not satisfied for g(¢t,z) =0 so
we cannot claim that the inequality V (¢, z(¢;0,29)) < u™(¢;0,u0)) has to be hold
for all t > tg, i.e. the application of Lemma and the Caputo fractional Dini
derivative does not lead to a contradiction as in [27] (compare with Example .

The result in Lemma [5.4]is also true on the half line (recall [3] that Lemma
extends to the half line).

Corollary 5.6. Suppose all the conditions of Lemma are satisfied with [to,T)
replaced by [to,00). Then the inequality V (to,xo) < ug implies V(t,2*(t)) < u*(¢)
fort >tg.

If Up(u) =wuforall k=1,2,..., we consider the scalar FrDE (4.1]) as a compar-
ison equation.

Lemma 5.7 (Comparison result by scalar FrDE). Assume
(1) Condition (H1) is fulfilled for all k € {i : t; € (to,T)} where to, T €

Ry, tg < T are given constants.
(2) Condition (2) of Lemma[5.4] is fulfilled.
(3) The function g € C([to,T] x R,R) and the IVP for the FrDE with
T = to has a unique mazimal solution uw*(t) = u(t;to,uo) € C([to, T],R).
(4) The function V € A([to, T),A), it satisfies the condition (5)(i) of Lemma

and
(i) for any points t € (to,T) and x € A we have

V(tg +0,Px(x)) < V(tg,x).

Then the inequality V (to, zo) < ug implies V (¢, 2*(t)) < u*(t) fort € [to, T.
Proof. The proof is similar to the one of Lemma where the inequality is
replaced by

Vit +0,%1(t)) = V(t, + 0, 2" (t; + 0))

=V(t1+0,P1(z"(t1 — 0))) = V(t1 +0,P1(2%(t1)))

<V(ty —0,2"(t1 — 0)) < u*(t; — 0)

=u"(t1 +0) =1 (t1).

The result of Lemma is also true on the half line.

Corollary 5.8. Suppose all the conditions of Lemma are satisfied with [to,T)
replaced by [to,00). Then the inequality V (to,zo) < ug implies V(t,2*(t)) < u*(¢)
fort >tg.

Recall limy_, o tp = co. In our next result we assume with loss of generality that
t, < T < t,11 for some p € {1,2,...}. Next we present a comparison result for
negative Caputo fractional Dini derivative.

Lemma 5.9. Assume the following conditions are satisfied:
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(1) Conditions (1) and (2) of Lemmal[5.7 are fulfilled.
(2) The function V € A([to, T, A) and
(i) for any 1o € [to,T) and g € A, the inequality DiV(t,x; To, o) <
—c(||z]|) for (t,x) € [10,T] x A, t # t). holds;
(i) for any pointsty € (to,T) and x € A the inequalities V (t;+0, P (z)) <
V(t,x) hold.
Then for t € [tog, T] the following inequalities hold:

V(t,2*(t)) < V(to, zo) — / (t = )" e(l2* (s)Il)ds (5-4)

T(q) Ji,
fort € [to,t1], and
k—1 .
* — L . — ) te(l|lz*(s S
V(' 0) < Vo) = 3 s [ e = el )10 -
1 ! qg—1 *
‘m@A“‘” (5% (s) ) ds

forte (tp,ty 1], k=1,2,...,p; hereti,, =tpp1 ifk=1,....p—1landt;, , =T.

Proof. We use induction. Let ¢ € [tg,t1]. By Lemma with 70 = to and T = #
inequality (5.4) holds on [tg, t1].

Let t € (t1,t2] N [to, T]. Then the function % (t) = x*(¢) is a solution of IVP for
FrDE " for 79 = t1 and fl(tl) = <I>1(x*(t1 — O) (Z ‘I)l(l‘*(tl))) = .I‘*(t1 + O)
Using condition (2)(ii) we obtain

V(t1+0,71(t1)) = V(t1 + 0,27 (t1 +0))
=V(t1+0,9(z"(t1 — 0))) = V(t1 +0,P1(2%(t1))) (5.6)
< V(t,2"(t1)) = V(t1, 2" (t1 — 0)).
By Lemma with 70 = t; and T = min{7, ¢z}, inequality (5.6) and inequality
(5.4) with t = t; we obtain

1 t
V(t, (1) < V(t 40,71 (t)) — 7/ (t = )" te(llz*(s)l)ds
F(q) t1
I .
< V(t, 2" (t = 0)) - 7/ (t =) c(llz"(s)[)ds
' ' I'(q) Ji,
IS 1
<Vito,z0) = s [ 0= 9 el (5) s
L'(q) Ji,
1 [ "
——— [ (t=9)T"c(||lz*(s)])ds.
I'(q) /tl |
Therefore, inequality (5.5) holds on (t1, t2] N [to, T]. Continuing this process and an
induction argument proves the claim is true on [tg, T1. O

The result in Lemma [5.9]is also true on the half line (recall [3] that Lemma
extends to the half line).

Corollary 5.10. Suppose all the conditions of Lemma are satisfied with [to, T

replaced by [to,00). Then for any t > to the inequalities (5.4), (5.5) (where k =
1,2,...,p is replaced by k = 1,2,...) hold.
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Remark 5.11. In this paper we assumed an infinite number of points t;, i =
1,2,... with t; < ts < ... and limg_,o tx = 0o. However it is worth noting that
the results in Section 5 (and elsewhere) hold if we only consider a finite of points
ti,i=1,2,...,pfor some p e {1,2,...} and t; < ta < --- < t,.

6. MAIN RESULT

In this section we obtain sufficient conditions for stability of the zero solution of
nonlinear impulsive Caputo fractional differential equations.

Theorem 6.1. Let the following conditions be satisfied:

(1) Conditions (H1)—(H4) are satisfied.

(2) The functions f € PC(R4,R™), & : R* - R™, k=1,2,..., are such that
for any (to,zo) € Ry x R™ the IVP for the scalar of IFrDE has a
solution x(t;tg, zg) € PCI([tg, 00), R™).

(3) The functions g € C(Ry x R,R), Uy : R - R, k=1,2,..., are such that
for any (to,uo) € Ry xR the IVP for the scalar IFrDE has a solution
u(t; to, ug) € PC([tg,00),R) and in the case of nonuniqueness the IVP has
a unique mazximal solution.

(4) The functions ¥; : R =R, i=1,2,..., are nondecreasing.

(5) There ezists a function V € A(R4,R™) such that

(i) for any points to € Ry and x,x9 € R™ we have

DiV(t,x;to,xo) <g(t,V(t,x))
fort>to, t£tg, k=1,2,...;
(ii) for any points ti, k=1,2,... and x € R"™ we have
V(te +0,x(2)) < Ui (V(tk, x));
(iii) b(||z]]) < V(t,z) fort € Ry, x € R™, where b € K.
(6) The zero solution of the scalar IFrDE (4.2)) is stable.
Then the zero solution of the system of IFrDE (3.2)) is stable.

Proof. Let ¢ > 0 and ty € Ry be given. Without loss of generality we assume
to < t1. According to condition (6) there exists 6; = d1(to,€) > 0 such that the
inequality |ug| < 1 implies

|w(t; to, uo)| < b(e), > to, (6.1)

where u(t;tg, ug) is a solution of the scalar IFtDE (£.2)). Since V(ty,0) = 0 there
exists d; = 02(tg,01) > 0 such that V(tg,x) < 41 for ||z]| < d2. Let zp € R”
with ||g|| < d2. Then V(tg,x0) < d;. Consider any solution x*(t) = z(¢;to, xo) €
PC(Jty, 0),R™) of the IFrDE which exists according to condition (2). Now
let uf = V(to, 7). Then uj < §; and inequality holds for the unique maximal
solution %(t; to, ug) of the scalar IFYDE (4.2) (with 7 =t and ug = uf).

According to Corollary the inequality V' (¢, 2*(t)) < u(¢; o, uy) holds for ¢ >
to. Then for any t > tg from condition (5)(iii) and inequality we obtain

b(l[z*(@)[) < V(t,2"(t)) < alt;ito, up) < ble),
so the result follows. O

If we consider the scalar FrDE (4.1)) as a comparison equation then the following
result holds.
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Theorem 6.2. Let the following conditions be satisfied:
(1) Conditions (H1)—(H2) are satisfied.
(2) Conditions (2) and (5) of Theorem are satisfied where the condition
(5)(ii) is replaced by
(ii) for any points tx, k =1,2,... and x € R™ we have
V(tk + 0, (I)k(ZL')) < V(tk, {E)

(3) The function g € C(Ry x R,R), ¢(¢,0) =0 is such that for any (to,ug) €
Ry X R the IVP for the scalar FrDE (4.1) has a solution u(t;to,ug) €
C([tg,00),R) and in the case of nonuniqueness the IVP has a unique maz-

imal solution.
(4) The zero solution of the scalar FrDE (4.1)) is stable.

Then the zero solution of the system of IFrDE (3.2) is stable.

The proof of above theorem is similar to the one of Theorem [6.1} applying
Corollary instead of Corollary

Now we present some sufficient conditions for stability of the zero solution of the
IFrDE in the case when the condition for the Caputo fractional Dini derivative of
the Lyapunov function is satisfied only on a ball.

Theorem 6.3. Let the following conditions be satisfied:

(1) Conditions (1)~(4) of Theorem[6.1) are fulfilled.
(2) There exists a function V € A(R4, S(N)) such that
(i) for any points to € Ry and x,z9 € S(A) we have

DiV(t,x;to,xo) <yg(t,V(t,x))
fort>to, t£ty, k=1,2,...;
(i) for any points ty, k =1,2,... and x € S(\) we have
V(tr + 0, Pk (z)) < Ui(V(tg, x));
(iii) o(||z])) < V(t,z) < a(||z|) fort € Ry, x € S(A), where a,b € K.
(3) The zero solution of the scalar IFrDE (4.2)) is uniformly stable.
Then the zero solution of the system of IFrDE (3.2)) is uniformly stable.

Proof. Let € € (0,A] and ty € Ry be given. From condition (3) of Theorem
there exists §; = d1(e) > 0 such that for any 79 > 0 the inequality |ug| < é; implies

|’Lb(t, 7—07U‘0)| < b(ﬁ), t> 70, (62)

where u(t; 79, uo) is a solution of (4.2)).

Let §; < min{e, b(e)}. From a € K there exists o = da(e) > 0 so if s < Jy
then a(s) < 0;. Let 6 = min(e, d3). Choose the initial value zy € R™ such that
lzo|| < &. Therefore zy € S(A). Also, let ul = V(tg,z9). From the choice of
the point u§ and condition (3)(iii) we obtain uf < a(|lzo|]) < a(d2) < d1. Let
x*(t) = x(t; to, zo), t > to be a solution of the IVP for IFrtDE and u*(¢;to, uy)
be the maximal solution of the IVP for scalar IFrDE (2). Note u*(¢; to, ug) satisfies
. We now prove that

lz* ()| <€, t>to. (6.3)
Assume inequality is not true. Denote t* = inf{t > to: |[x*(t) > ¢}. Then

lz* ()] <& forte [to,t*) and [z*(t")] = e. (6.4)
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If t* # ty, k € Z4 or t* =t, for some natural number p and ||z*(¢, — 0)|| = ¢ then
is true. If for a natural number p we have t* = ¢, and ||z* (¢, — 0)|| < ¢, then
according to Lemma [5.4] for T = ¢* and A = S()) we get V (¢, z*(t)) < u*(t;to, ug)
on [tg,t*]. Then applying condition (3)(iii) and inequality we obtain b(e) =
b(||lz*(#9)]) < V(t*,2a*(t*)) < u*(t*;to,ug). Thus [|z*(t*)|| < b~ (u*(t*)) < e and
this contradicts the choice of t*. Therefore, holds and then the zero solution
of IFrDE is uniformly stable. ([

Corollary 6.4. Suppose
(1) Conditions (H1)—(H2) are satisfied.

(2) Condition (2) of Theorem is satisfied.
(3) Condition (3) of Theorem 0.5 is satisfied with g(t,xz) = Au and Vj(u) =
aru for k=1,2,... where A <0 and aj, € (0,1).

Then the zero solution of the IFrDE ([3.2)) is uniformly stable.
The above corollary follows from Example (if A < 0) and Example (if
A = 0) and Theorem If we consider the scalar FrDE (4.1) as a comparison
equation then the following result for uniform stability is true:
Theorem 6.5. Let the following conditions be satisfied:
(1) Conditions (1) and (3) of Theorem[6.9 are fulfilled.
(2) Condition (2) of Theorem [6.1] is fulfilled.
(3) There ezists a function V. € ARy, S(N)) satisfying condition (2)(i) and
2(iii) of Theorem[6.5 and
(i) for any points ty, k =1,2,... and x € S(\) we have
Vit + 0, Pk (z)) < V(tg,x);
(4) The zero solution of the scalar FrDE (4.1)) is uniformly stable.
Then the zero solution of the system of IFrDE (3.2)) is uniformly stable.
Now we present some sufficient conditions for uniform asymptotic stability of
the zero solution of a system of nonlinear IFrDE.
Theorem 6.6. Let the following conditions be satisfied:
(1) Conditions (H1) and (H2) are fulfilled.
(2) Condition (2) of Theorem [6.1] is fulfilled.
(3) There exists a function V € A(R,R™) such that
(i) for any points to € Ry, and x,x9 € R™ we have
G DLV (k2 to,20) < —c(|lal)
fort>to, t #£tg, k=1,2,..., where c € K;
(ii) for any points tx, k=1,2,... and x € R™ we have
V(tk + 0, (I)k(IL')) < V(tk, {E);
(iii) o(||z]]) < V(t,z) < a(||z|]) fort € Ry, z € R™, where a,b € K.
Then the zero solution of the system of IFrDE (3.2)) is uniformly asymptotically
stable.
Proof. From condition (3)(i) we have Df{_V(t, x;tg, x9) < 0. Applying Theorem
[6-5] with g(t,up) = 0 we see that the zero solution of the system of IFtDE (3.2) is
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uniformly stable. Therefore, for the number A there exists a = a(}) € (0,A) such
that for any to € Ry and Zp € R™ the inequality ||Zo|| < « implies

llz(t; to, To)|| < A for t >ty (6.5)

where x(t; 1, Zo) is any solution of IFrDE (3.2) (with initial data (o, Zo))-

Now we prove the zero solution of IFrDE ({3.2)) is uniformly attractive. Consider
the constant 3 € (0,a] such that b=*(a(8)) < a. Let € € (0,)\] be an arbitrary
number and z*(t) = z(t; to, o) be any solution of such that ||zo|| < 0, to € Ry
Then b(||zol]) < a(|lzol]) < a(B), ie. |zo| < b7 1(a(B)) < a and therefore the
inequality

lz* ()] <A fort >t (6.6)
holds. Choose a constant v = ~(¢) € (0,¢] such that a(y) < b(e). Let T >

(%)1/[1, T=T()>0andm e {1,2,...} with ¢, <tg+T < typt1. We now
prove that
lz*(@)|| <e fort>ty+T. (6.7)
Assume
lz* ()| >~ for every t € [to,to + T1. (6.8)
Then from Lemma (applied to the interval [t,,,to + T] and A = R™) and the
inequality a? 4+ b? > (a + b)? for a,b > 0 we obtain

V(to+T,2"(to + 1))

m—1 t,
1 i4+1 _ N
<Vitoo) = Y s [ (b = 9 el (9))ds
i—0 L(q) Ji,
1 to+T L
i omy (to+T — )" c(l|lz"(s)[)ds
I'(q) ~/tm
m—1 t: to+T
c(y) [T —1 c(y) [ -1
<a(lool) = Y- 50 [ = st = 00 [ o4 T - 9)17ds
; T'(q) Ji, L'(q) Ji,,
C( ) m—1
< a(a) — z ( (tiv1 — )+ (T +to — tm)q)
(g \ =
) (N “
) — ( tl‘ 7ti + (T + ¢ 7tm)
( ) qF(q) pard ( +1 ) ( 0 )
=a(a) — <) T <0.
qal'(q)
This contradiction proves the existence of t* € [tg,tg + T such that [|z*(¢*)]| < 7.
Now there are two cases to be considered, namely t* # ¢y for k =1,2,... ort* = ¢,
for some n € {1,2,...}.
Case 1. Let t* # t; for k = 1,2,.... Without loss of generality assume there

exists j € {1,2,...} with t; < t* < tj41. From Corollary for any t > t* and
A =R" we have
1

V(t, 2" (1) < V(52" (")) — O /t (t = s)" e(ll=*(s)l)ds

<V, 2* (7)) for t € [t t,,4)
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and

Vi () < Vo ) = g ([ = ol 9) s
-1

+ D /Hl(tm—S)Q_IC(Ilw*(S)II)dS

i=j+17t

+ [ et 6)1as)

t
<V, e () forte (bl l=j+1,5+2,....

Then for any ¢t > t* we obtain
b(llz"@))) < V(L2 (1)) < V(" 2" (t)) < a(llz*()]) < a(y)-
Then |z*(t)|] < b~ '(a(y)) < & for any ¢ > t*.

Case 2. Let t* = t,, for some n € {1,2,...}. Applying Corollary for any
t>t* =ty t € (t,tiy1],l=n,n+1,..., and A =R" and obtain

-1

1 tit1 - .
T(g) Z/ (tirs = 8)"e(la*(s)ds

s [ el @)

ty
< V(tn, +0,z*(t, +0)).

V(t,z*(t)) < V(t, +0,2%(t, +0)) —

Then for any ¢ > t* = t,, from conditions (2)(ii) and (2)(iii) we get
b(llz=) < V(E,27(t)) < V(tn, 2" (tn +0))
= V(tn, ®n(2”(tn = 0))) < V(tn, 2" (tn = 0))
< a([|lz"(tn = 0)I) < a(v).
Then [|z*(t)|| < b~*(a(y)) < € and therefore (6.7) holds for all ¢ > t* (hence for
t>to+T). O

Remark 6.7. The study of stability of a nonzero solution z*(¢) of the IVP for
IFrDE (3.2) could be easily reduced to studing stability of the zero solution of an
appropriately chosen system of IFrDE.

7. APPLICATIONS
Consider the generalized Caputo population model.

Example 7.1. Let the points tg, tx < tgy1, liMg—ootr = 0o be fixed. Consider
the scalar impulsive Caputo fractional differential equation

cDYz = —g(t)x(1 +2?) fort>te, t £ty k=1,2,...,

z(ty +0) = ®p(2(tr — 0)), k=1,2,3,..., (7.1)

where z € R, the functions g € C(R4,Ry) : g(t) > m, ®, € CR,R) :

|k (z)] < cglzl, ek € (0,1), k=1,2,..., are given constants.
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Consider the function V(t,z) = x2. Then the inequality (®(x))? < Wy (2?),
k=1,2,... holds with ¥ (x) 22. The Caputo fractional Dini derivative of the
t g1

quadratic function for t > 0, is
1
& DIV (t, ;0 =2z(—g(t)x(1 + 22 ) P —
+ (ax7 7370) x( g( )x( +x ))+($ ‘rO)th-\(l_q)
1
<2 _ 2 (7.2)
<a?( = 29(t)(1 + %) + t‘?F(l—q)>

< —2¢(t)z* <0.

Then by Theorem the trivial solution of IFYDE (7.1)) is stable.
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