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EXISTENCE OF SOLUTIONS TO FRACTIONAL DIFFERENTIAL
EQUATIONS WITH MULTI-POINT BOUNDARY CONDITIONS
AT RESONANCE IN HILBERT SPACES

HUA-CHENG ZHOU, FU-DONG GE, CHUN-HAI KOU

ABSTRACT. This article is devoted to investigating the existence of solutions
to fractional multi-point boundary-value problems at resonance in a Hilbert
space. More precisely, the dimension of the kernel of the fractional differential
operator with the boundary conditions be any positive integer. We point
out that the problem is new even when the system under consideration is
reduced to a second-order ordinary differential system with resonant boundary
conditions. We show that the considered system admits at least a solution by
applying coincidence degree theory first introduced by Mawhin. An example
is presented to illustrate our results.

1. INTRODUCTION

In this article, we are concerned with the existence of solutions to the following
fractional multi-point boundary value problems(BVPs) at resonance

DG o(t) = f(t,2(t), DETMa(t), 1<a <2, te(0,1),
I(?J:ax(t”t:() = 97 ‘T(l) = Al’(f),
where D, and [, are the Riemann-Liouville differentiation and integration, re-
spectively; 6 is the zero vector in I := {z = (z1,22,...,.) 1 Yooy |2s]* < oo}
A : 1?2 — 12 is a bounded linear operator satisfying 1 < dimker(I — A£*~1) < oo;
€ € (0,1) is a fixed constant; f : [0,1] x I x 2 — [? is a Carathéodory function;
that is,

(i) for each (u,v) € 1? x %, t — f(t,u,v) is measurable on [0, 1];

(i) for a.e. t € [0,1], (u,v) — f(t,u,v) is continuous on 1% x I?;
(iii) for every bounded set Q C I? x 2, the set {f(t,u,v) : (u,v) € Q} is a

relatively compact set in [2. Moreover, the function

pa(t) = sup{|| f(t,u, v)[li= : (u,0) € Q} € L0, 1],
where [|z;2 = /Y sy [#4]? is the norm of z = (z1,22,...,-)" in 2.

System (T.1]) is said to be at resonance in 12 if dim ker(I — A¢*~1) > 1, otherwise,
it is said to be non-resonant. In the past three decades, the existence of solutions for
the fractional differential equations with the boundary value conditions have been
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given considerable attention by many mathematical researchers. The attempts on
dimker(I — A¢*~1) = 0, non-resonance case, for fractional differential equations
are available in [T}, 2} 10, [T, 17, 21), 22} 23], and the attempts on 1 < dim ker(I —
AEY~1) < 2, resonance case, can be found in [3, 4] [8] 9] (13, 14 [18, 20]. However, to
the best of our knowledge, all results derived in these papers are for one equation
with dimker L = 0 or 1 and for two equations with dimker L. = 2. Recently, the
authors in [I6] investigated the following second differential system

o' (t) = ftu(t),d' (1), 0<t<I1,

£ (0) = 6, u(1) = Aun) 2

where f:[0,1] x R” x R™ — R" is a Carathéodory function and the square matrix
A satisfies certain condition. Moreover, fractional order a € (1,2] case was inves-
tigated in [7], where the results for second order ordinary differential equation in
[16] was generalized to fractional order case. However, these considered problems
were investigated in finite dimensional space. Therefore, it is more natural to ask
whether it exists a solution when such kind of boundary value problem considered
in a infinite dimensional space. Recently, in [24], the author discussed the existence
of solution for fractional boundary value problem with non-resonant conditions in
an arbitrary Banach space which, of course, can be in the infinite dimensional space.
However, it is still open for the equation in infinite dimensional space with reso-
nance conditions. It deservers to point out that the problem new even when o = 2
the system becomes second order ordinary differential system with resonant
boundary conditions. In this paper, we investigate the existence of solution for frac-
tional differential equation in (2. There is remarkable difference that any bounded
closed set is compact in finite dimensional space, while bounded closed set may
be not compact in the infinite dimensional, for instance, {z € I? : |jz|| < 1} C I?
is non-compact in [2. Therefore, compactness criterion of the infinite dimensional
space is more complicated, the problem we considered is in the infinite dimensional
setting.
To apply the coincidence degree theory of Mawhin [I5], we suppose additionally
that A satisfies 1 < dimker(I — A£*~!) < oo and one of the following conditions
o J(A1)] A¢>~1 is idempotent, that is, A2£272 = A¢>~1 or;
o ](A2)] A%2¢2*72 = ], where I stands for the identity operator from % to [2.

The requirement 1 < dimker(I — A£2~1) is to make the problem to be resonant
and the requirement dim ker(I — A¢®~1) < oo is to make the kernel operator to be
a Fredholm operator which is a basic requirement in applying the Mawhin theorem.

It is also obvious that dim ker(I — A£*~1) can take any integer n € N for suitable
A, which can be regards as a generalization of the previous efforts [3], 4, 8] [9] T3]
T4l 18, 20]. However, we point out that without the above assumptions (Al) or
(A2), it will be difficult to construct the projector @ as below. Actually, the
assumptions (A1) or (A2) play a key role in the process of the proof. This is the
reason why we only choose the two special cases of A. Without such an assumption,
i.e., the general A satisfying dimker(I — A1) < oo, may be a challenge
problem, which we will study in the future.

In particular, when A = &7, it is clear that A satisfies (A2) but with
dimker(I — A¢*~1) = oo, which leads to the kernel operator not to be Fredholm
operator. Thus, such operator is excluded. Unlike the case in R", the opera-
tor A is allowed to be identity operator ¢~ 1I. Let A = diag(¢'~%Iy, B) with
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dimker(I — BE*™1) = 0 and B satisfying (A1) or (A2), where I, is the identity
matrix in R¥. Tt is seen that dimker(] — A¢*~1) =k,
ker L = {(c1,¢2,...,¢,0,0,...) "t i e R =1,2,... k}

and dimker L. = k, where L is defined by below. So under this boundary
condition, the system is at resonance. The goal of this paper is to study the
existence of solutions for the fractional differential equations with boundary value
conditions at resonance in Hilbert space [2.

We proceed as follows: In Section 2, we give some necessary background and some
preparations for our consideration. The proof for the main results is presented in
Section 3 by applying the coincidence degree theory of Mawhin. In Section 4, an
example is given to illustrate the main result.

2. PRELIMINARIES

In this section, we introduce some necessary definitions and lemmas which will
be used later. For more details, we refer the reader to [0l 12, [15] and the references
therein.

Definition 2.1 ([I2]). The fractional integral of order & > 0 of a function z :
(0,00) — R is given by
I ]
I§iz(t) = =— t—s)*" d
pealt) = g [ (4= el
provided that the right-hand side is pointwise defined on (0, c0).

Remark 2.2. The notation I§, x(t)|;=o means that the limit is taken at almost all
points of the right-sided neighborhood (0,¢)(e > 0) of 0 as follows:

IS x(t) =0 = lim I3 z(t).
0+ ()|t 0 ot o+ ()
Generally, 1§, x(t)|;—o is not necessarily to be zero. For instance, let o € (0,1),

z(t) =t=*. Then

1 t
It o= lim —— [ (t—s)*1s %s = lim I'(1 — ) =T(1 — ).
o+ lt=0 im (o) /0( $) s s im IT'( a) ( «)

t—0t t—0t

Definition 2.3 ([12]). The fractional derivative of order a > 0 of a function =z :
(0,00) — R is given by

.50 = iy () [ =g

where n = [a] 4+ 1, provided that the right side is pointwise defined on (0, c0).

Lemma 2.4 ([12]). Assume that x € C(0,+00) N Lioc (0, +00) with a fractional
derivative of order a > 0 belonging to C(0,+00) N Lioe(0, +00). Then

IS Dia(t) = «(t) + At et T2 et
for some ¢; e Rji=1,...,n, where n = [a] + 1.

For any x(t) = (x1(t), z2(t),...)T € 12, the fractional derivative of order a > 0
of x is defined by

DS x(t) = (D a1 (t), DS wa(t),...) " €12
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The following definitions and the coincidence degree theory are fundamental in the
proof of our main result. We refer the reader to [5l [I5].

Definition 2.5. Let X and Y be normed spaces. A linear operator L : dom(L) C
X — Y is said to be a Fredholm operator of index zero provided that

(i) im L is a closed subset of Y, and

(ii) dimker L = codimim L < +o0.

It follows from definition that there exist continuous projectors P : X — X
and @ : Y — Y such that
imP=kerL, kerQ=imL, X=kerL&kerP, Y =imL®imQ

and the mapping L|qom Lrker p : dom L Nker P — im L is invertible. We denote the
inverse of L|gom Lrkerr by Kp : im L — dom L Nker P. The generalized inverse
of L denoted by Kpg : Y — dom L NkerP is defined by Kpg = Kp(I — Q).
Furthermore, for every isomorphism J : im () — ker L, we can obtain that the
mapping Kpg + JQ : Y — dom L is also an isomorphism and for all x € dom L,
we know that

(Kpo+JQ) 'e = (L+J 'P). (2.1)

Definition 2.6. Let L be a Fredholm operator of index zero, let 2 C X be a
bounded subset and dom L N {2 # (). Then the operator N : Q — Y is called to be
L-compact in 2 if
(i) the mapping QN : Q — Y is continuous and QN (2) C Y is bounded, and
(ii) the mapping KpqoN : Q — X is completely continuous.
Assume that L is defined by Definition and N : Q — Y is L-compact. For
any = € €0, by (2.1)), we shall see that
L= (Kpg+JQ) 'ow—J 'Px
=(Kpq+JQ) "' [Ix — KpqJ 'Px— JQJ ' Pz
= (Kpg +JQ) Iz — Px).
Then we can equivalently transform the existence problem of the equation Lz =
Nz,z € Q into a fixed point problem of the operator P+ (Kpg + JQ)N in Q.

This can be guaranteed by the following lemma, which is also the main tool in
this paper.
Lemma 2.7 ([I5]). Let Q C X be bounded, L be a Fredholm mapping of index zero
and N be L-compact on Q. Suppose that the following conditions are satisfied:
(i) Lx # ANz for every (z, ) € ((dom L\ ker L) N 982) x (0, 1);
(ii) Nz €im L for every x € ker L N 09);
(iil) deg(JQN|ker Lnog, 2Nker L,0) # 0, with Q : Y — Y a continuous projector
such that ker Q =im L and J : im @ — ker L is an isomorphism.

Then the equation Lx = Nz has at least one solution in dom L N €.
In this paper, we use spaces X, Y introduced as
X = {z(t) e > 2(t) = I§7 ut),u e C([0,1];1%),t € [0,1]}
with the norm ||[x = max{|[z||c(,1u2), | D5} #lloqoa } and Y = L'([0,1];1%)
with the norm [|y||z1(j0,1742) = fol ly(s)i2ds, respectively, where ||z||c(jo,1);2) =
supyeo,1) llz(t)lz2-
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We have the following compactness criterion on subset F' of X which is a slight
modification of [I9] Lemma 2.2] (see also the Ascoli-Arzela theorem [6 Theorem
1.2.5, p. 15)).

Lemma 2.8. F C X is a sequentially compact set if and only if F(t) is a relatively
compact set and equicontinuous which are understood in the following sense:
(1) for any t € [0,1], F(t) := {z(t)|z € F} is a relatively compact set in 1%;
(2) for any given £ > 0, there exists a 6 > 0 such that
lz(t1) = 2(t2)lliz <&, |DGT a(t) — Dy a(ta)llie <e,
forti,ta €10,1], [t1 —to| <6, for allx € F.
Now we define the linear operator L : dom L C X — Y by
Lz = D, x, (2.2)
where dom L = {z € X : D§,x € Y,2(0) = 0,2(1) = Az(§)}. Define N : X — Y
by
Na(t) = f(t,z(t), DI x(t)), te[0,1]. (2.3)
Then the problem can be equivalently rewritten as Lz = Nz.

The next lemma plays a vital role in estimating the boundedness of some sets.
Lemma 2.9. Let 21,29 > 0, 71,72 € [0,1) and A\, p; > 0,4 = 1,2,3, and the
following two inequalities hold,

21 < A12]" 4 daza + As,

(2.4)
29 < 121 + pozg® + ps
Then z1, z9 is bounded if Aapy < 1.
Proof. From 7 we have
. A2Tt + Aopozg® + Aoz + As
= 1— o ’ (2.5)
2 < Ap1z]t + pozg® + Azpg + 3
1— Ao

Let z = max{z1, 22}, k1 = max{A1, \1p1 } and ko = max{Aapua, uo}. It follows from

(2.5) that

< K127 4+ K227 + Aoz + Agp1 + Ag + ps

- 1—dop
This, together with 1,2 € [0, 1), yields that z is bounded. (]

Lemma 2.10. The operator L, defined by (2.2), is a Fredholm operator of index
zero.

Proof. For any x € dom L, by Lemma and z(0) = 6, we obtain
x(t) = I§ La(t) + et ', cel? te0,1], (2.6)
which, together with z(1) = Az(£), yields
ker L = {zx € X:a(t) = ct* 1t €[0,1],¢ € ker(I — A*™1)}
« ker(I — Ago 1)L,

Now we claim that

(2.7)

imL={ycY:h(y) €im(l - A* 1)}, (2.8)
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where h : Y — [? is a continuous linear operator defined by

3 1
M) = i | (€= o) — s [ weas 29

Actually, for any y € im L, there exists a function € dom L such that y = Lz. Tt
follows from (2.6) that z(t) = I, y(t)-+ct®~'. From this equality and z(1) = Axz(¢),
we obtain

A ¢ a—1 7L ' 750471 $)ds = . ailc ‘ 2
1“(@)/0(63) yle)ds r(a)/o(l )*ty(s)ds = (I — A€ Ve, cel?,

which means that h(y) € im(I — A¢>71).

On the other hand, for any y € Y satisfying h(y) € im(I — A£*~1), there exists
a constant ¢* such that h(y) = (I — AE>1)e*. Let a*(t) = I y(t) + 't~ A
straightforward computation shows that x*(0) = 0 and z*(1) = Axz*(§). Hence,
x* € dom L and y(t) = D§, x*(t), which implies that y € im L.

Next, put p4 = k(I — AE*1), where

: : 2¢200—2 a—1.
. {1, if (A1) holds, i.e., A% = Ag> (2.10)

1, if (A2) holds, i.e., A%2*72 =]
For A2¢2972 = A¢2~1 we have
pA = (I = AE*1) = [ — 24071 4 AP€202 = [— A = py,
(= pa)(E A=) = A (@A =02 - At (2
= (" —1)A ! = (€% = 1) — pa).
For A%¢2*~2 = |, we have
1 1

B o o 1 a—
ph = (T = 4G = (1= 246571 4 A3 — (T - A" = p,

(I—pa)(&*tA-T)
:%u+A$”U@M*A—I) (2.12)

2
= (" =D = pa).

It follows from (2.11)) and (2.12) that p4 satisfies the following properties

_ }[5204—1A _ I—l—f?’a_QAQ _ Afa_l] _ %(ga _ 1)(I+A£a_1)

pa=rpa, (I—pa)ETA-T) = (" =1)(I - pa). (2.13)
Furthermore, we note that if y = ct®~!, ¢ € {2, then
A [t I [t
o) = oo [ (€= 9" uo)ds = s [ (=97 Ny(e)ds
(@A D
 T(a)T(20)
Define the continuous linear mapping @ : Y — Y by
I'a)I'(2a _
Qut) = HOTC) L hyet, te) yey.  (215)

-1
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By the first identity in (2.13)), we obtain (I —pa)? = (I — p4), which together with
(2.13) implies

Qy(t) = F(g;)r_@f‘)u — pa)h(Qy(t)t" !
) W(I ) (gfza)l%_a)[) F(fa) F_(21a> (I = pa)h(y)t™
- WU pa)*h(y)i*™ = Qy(1);

that is, ) is a projection operator. The equality ker Q = im L follows from the
trivial fact that

yeker@ < h(y) € ker(I —pa) < h(y) €impga
& h(y) €im(I — A ') <y cim L.
Therefore, we get Y =ker@Q @ im@Q =im L & im Q.

Finally, we shall prove that im (Q = ker L. Indeed, for any z € im Q, let z = Qy,

y € Y. By (2.13)), we have
_ I'la)I'( 2
K= A€ )2(0) = paslt) = paQu(t) = o2
which implies z € ker L. Conversely, for each z € ker L, there exists a constant
c* € ker(I — A¢“~1) such that z = ¢*t®~! for t € [0,1]. By (2.13) and -, we
derive

pa(l —pa)g(y)t*' =0,

T'(a)'(2
Qz(t) = W(I —pa)h(c et = et = 2(t), telo,1],
which implies that z € im Q. Hence we know that im @Q = ker L, i.e., the operator
L is a Fredholm operator of index zero. The proof is complete. [l

Define the operator P : X — X as follows

Px(t) = (I — pa)Dyy z(0)t 1. (2.16)

1
(@)
Lemma 2.11. The mapping P : X — X, defined by (2.16), is a continuous projector
such that

imP =kerL, X=KkerL @®kerP

and the linear operator Kp : im L — dom L Nker P can be written as

Kpy(t) = I3 y(t),
also
Kp = (Llaomrrkerp) "5 IKpylx < 1/T(@) |yl 1 (o,1532)-

Proof. By (2.16]), one can see that P is a continuous operator. From the first
identity of , we have (I — pa)? = (I — pa), which implies that the mapping
P is a projector. Moreover, if v € im P, there exists a x € X such that v = Pz. By
the first identity of again, we see that

ﬁ(I—Aﬁ_l)(I—PA)DSTIx(O) kFl( )pA(I pa)DE(0) =0,
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which gives us v € ker L. Conversely, if v € ker L, then v(t) = c,t®~! for some
cx € ker(I — A¢®™1), and we deduce that

1
Pu(t) = m([—pA)DS‘_Zlv(O)tafl = (I—pa)e ™t =c,t* P =w(t), telo,1],
@
which gives us v € im P. Thus, we get that ker L = im P and consequently X =
kerL @ ker P.
Moreover, let y € im L. There exists x € dom L such that y = Lz, and we obtain
Kpy(t) = x(t) + ct*?

where ¢ € [? satisfies ¢ = £ !Ac. It is easy to see that Kpy € dom L and
Kpy € ker P. Therefore, Kp is well defined. Further, for y € im L, we have

L(Kpy(t)) = DG, (Kpy(t)) = y(t)
and for x € dom L Nker P, we obtain that
Kp(Lz(t)) = 2(t) + et + cpt® 1,

for some c1,co € (2. In view of € dom L N ker P, we know that ¢; = ¢o = 6.
Therefore, (KpL)x(t) = z(t). This shows that Kp = (L|qom Lrker )+ Finally, by
the definition of Kp, we derive

ID6 Kpyllegoe) = H/O y(S)dch([O,u;p) < lyllz o,1352) (2.17)
and
1 ’ o1 1
||KPZ/HC([0,1];12) = H@ o ( - 5) y(S)dSHC([O,”;p) < @||QHL1([O,1];Z2)~
(2.18)

It follows from (2.17)) and (2.18)) that
1K pyllx = max{||D§; " Kpyllco.2), 1 Kpyllcgoz)

1
< max { ||3/HL1([0,1];12), @ ||3/||L1([0,1];12)} (2.19)

=L
= F(a) YliLr(o,1);12)-

This completes of the proof. O
Lemma 2.12. Let f be a Carathéodory function. Then N, defined by (2.3))), is

L-compact.

Proof. Let Q be a bounded subset in X. By hypothesis (iii) on the function f, there
exists a function ¢q(t) € L1[0,1] such that for all x € ,

Hf(ta x(t)7Dg-f-_1x(t))”l2 < @Q(t)’ a.e. te [Ov 1]7 (220)
which, along with implies
[R(Nxz(t))]|;> = I\A/g(é— )* ! f(s,x(s), Dy ta(s))d
T 12 = ) /s S s,x(s), Dy x(s))ds
1
- e [ 0 ). D e (22D
Al +1

= F(Ot) H(&OQ”LI[OJ]'
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Thus, from (2.15) and ([2.21)) it follows that
INEHINE b
IQNz| L1 o,172) = HWU—PM(MHH/ S
0
< P@a)(lAf +1)
- 11 —¢of
This shows that QN (Q) C Y is bounded. The continuity of QN follows from the
hypothesis on f and the Lebesgue dominated convergence theorem.

Next, we shall show that Kp N is completely continuous. First, for any = € (2,
we have

KRQN.”L'(t) = KP(I — Q)N:v(t) = KpN.’)S(t) — KPQN.”L'(t)

(2.22)

I—pA
” H leallzio,) < oo

« o 2.23
= IngNl‘(t) — 1_‘(50?1_‘_(21)(] _ PA)h(Nx(t))Ig+t"_1 ( )

and
DT KpgNa(t) = Iy, Na(t) — W([ — pa)h(Nz(®)IL 27, (2.24)

By the hypothesis on f and the Lebesgue dominated convergence theorem, it is
easy to see that KpgIV is continuous. Since f is a Carathéodory function, for
every bounded set Qo C [? x [2, the set {f(t,u,v) : (u,v) € Qo} is relatively
compact set in [2. Therefore, for almost all ¢ € [0,1], {KpoNz(t) : € Q} and
{Dg‘fle,QN;v(t) : x € Q} are relatively compact in 2.
From , (2.23) and , we derive that
I1KpoNzlleqom2)

T'(a)l(2c)

-1
1 L2a)[l1 = pall

= ||I§ Na(t) — (I — pA)h(Nx(t))Ig;t“*lHC([OJ];P)

< — h(Nz(t))||:=
= T(@) leallzio,1) + co 1] [A(Nz ()l
1 T(2a) |7 — pall(JAIl +1)
<
= F(Oé) H@Q”Ll(o,l) + F(O{)|§a — 1| ||QOQHL1(O,1) < 0,

and

1D57 K p.o Nl ogo.2)
I'(a)D(20) _
%(I = pA)(NE) ot ¢ 10,1729
§*—1 A
L2a)[[I — pal
|€> —1]

L(2a)[[ — pall(IA] +1)
F(OL)|£O‘71| HQ)OQHLl(O,l) < o0,

= g Nat) -

<lleallLro,1) + [R(Nz(t))]]2

< lleallzro,1) +

which shows that KpoNQ is uniformly bounded in X. Noting that
b —a? < (b—a)? foranyb>a>0,0<p<I1. (2.25)
for any t,t € [0,1] with ¢; < t2, we shall see that
I1KpqNx(tz) — KpoNz(ti)l:2
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_L " — )1 — ) NNz(s)ds " — 8)* I Nz(s)ds
- F(a)H/O ((ts — s) (ty — 8)* " Nxz(s)d +/tl (ta — 5)* " Nux(s)d
- OB (1 N 0) 55, 15— It

1 /fl . 1"
< — to —t1)” gpgzsds+—/ wa(s)ds
[ = patonts + gy [ ens)

I2(a)||I — pal|(JJA]] +1 o o
Wl ems oo s

12

and
| DS KpoNxz(ts) — DS KpoNz(t) |

= H /t 2]\73;(3)618”[2 + ||W(I—pA)h(Nx(t))/t2 5a71d$|}12

t2 T2a)|[I = pall(J|A|l +1

< / po(s)ds + (20| = —|1(| [+1)
t1

Then K p7QN§ is equicontinuous in X. By Lemma K prNﬁ C X is relatively

compact. Thus we can conclude that the operator N is L-compact in . The proof
is complete. O

||<)0§2|‘L1(0,1)‘tg — t(ll| — 0 as tg — tl.

3. MAIN RESULTS

Theorem 3.1. Let f be a Carathéodory function and the following conditions hold:

(H1) There exist five nonnegative functions ai,as,by,ba,c € L0,1] and con-
stants 1,72 € [0,1) such that for all t € [0,1], u,v € I,

1f (s v)lle < ar()lJulliz + br(B)l[vlle + a2 (@) [[ullz + b2(B) ][0l + ?).

(H2) There exists a constant A1 > 0 such that for x € dom L, if HDS‘flx(t)le >
Ay for allt € [0,1], then

3
F?Oé)/o (€ =) f(s,2(s), Do7 'a(s))ds
1
a ﬁ/o (1= )7 f(s,a(s), Df5 "a(s))ds ¢ im (1 — AE®TH).

(H3) There exists a constant Ay > 0 such that for any e = {(e;)} € I? satisfying
e=£E%1Ae and ||el|;2 > As, either

(e,QNe);z <0 or (e,QNe);z >0,

where (-,-);2 is the inner product in [2.
Then (1.1) has at least one solution in space X provided that

P(a) > max {(IT = pall + Dllasllzro). (1 = pall + Dlball 20y }-
(I = pall + Dl 2 0. 1512 01y JRCE
(@) — (17— pall + Dlarlzr0.)(T(@) — (I — pall + DIbi T 0.0)

Proof. We shall construct an open bounded subset 2 in X satisfying all assumption
of Lemma 2.7 Let

Qy = {z € dom L\ ker L : Lz = ANz for some X € [0,1]}. (3.2)
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For any x € Q4, « ¢ ker L, we have A\ # 0. Since Nz € im L = ker Q, by (2.8)), we
have h(Nz) € im(I — A¢*~1), where

A ¢ a—1 a—1
o / (€ — )71 f(s,2(s), DS Lar(s))ds

R 1 —5)* L f(s,2(s), DY a(s))ds
I‘(a)/o(l )" f (s, 2(s), Dyt a(s))ds.

From (H2) there exists tg € [O 1] such that |D8‘flx(to)|l2 < A;. Then from the
equality D§; 'z(0) = D§ 'z (to fo D, x(s)ds, we deduce that
ID5 2 (0) i < Ax + |\Do+$|\L1(0,1;z2) = Ay + || Lafly < Ay + [Nzl L1 (0,102),

h(Nz) =
(3.3)

which implies
! o1 ooty < 11— pal
”m(l - PA)D0+ -Z'(O)t ||X < W(Al + “Nx||L1(0,1;12))~ (3.4)

Further, for = € 4, since im P = ker L, X = ker L @ ker P, we have (I — P)z €
dom L Nker P and LPxz = 6. Then

(I = P)z|[x = [KpL(I — P)z|x < IIKPLxIIX

[1Pa]lx =

(3.5)

| Lx|| 10,02y < T(a )||N37HL1(0112)

1
- F( )
From ([3.4) and (3.5, we conclude that
Jallx = 1Pz + (I — P)allx < | Pxllx + (I - P)zlx

I =pall , . = pall +1 (3.6)
< A N J2Y.
= T 1+ T(a) I CU||L1(0,1,12)

Moreover, by the definition of N and (H1), one has

1IN 22 0,12)

- / 1 £(5. 2(s), D (s)) et

(3.7)
< larllzr o llleogey + Ibrllzr .01 D5 2l e o2

+ ||a2HL1(0,1)||$||g1([0’1];12) + ||b2||L1(0,1)||D34:1x||g2([0,1];l2) + llellz1(0,1)-

Thus,
I—py I—pall+1
el < P+ 22 (anloson el oo
7= pall +1
ol 1055 lleom ) + .

X <Ha2||L1(0,1)Hx”g([o,u;lz) + 10222 0,1) 1D+ ch( 0,1];12)
+ llell o)

It follows from (3.1)), (3.8)), Hx||c([071];lz) < |lz|lx, ||D0 :c||c([01 2y < lz|lx and
Lemma [2.9] that there exists M > 0 such that

max{[|z(|c (o122, | D+ 2l oo.aya2)} < M,
that is to say €2y is bounded.
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Let
Qo ={zreckerL: Nx€imlL}. (3.9)

For any x € Qy, it follows from = € ker L that # = et®~! for some e € ker(I —
Age=1) C 12, and it follows from Nz € im L that h(Nz) € im(I — A¢*~1), where
h(Nz) is defined by . By hypothesis (H3), we arrive at HDS‘;lx(to)Hloo =
llell2T(a) < A;. Thus we obtain

] < [leflieT () < Ay
That is, 25 is bounded in X. If the first part of (Hs) holds, denote
Qs={ze€kerL: -dz+(1-NQNz =0, \€[0,1]},
then for any = € Q3, we know that
z=et® ! with e € ker(I — A¢*™!) and Az = (1 — \)QNu.

If A =0, we have Nz € ker Q = im L, then = € ()5, by the argument above, we get
that ||z|| < A;. Moreover, if A € (0,1] and if ||e||;z > Ao, by (H3), we deduce that

0 < Melz = Me,e)z = (1 = A){e,QNe)2 <0,

which is a contradiction. Then |z|x = |let®~!|lx < max{]e|;z,T(c)|le]l;=}. That is
to say, Q3 is bounded. If the other part of (H3) holds, we take

Qy={ze€kerL:  z+(1—-XNQNx =06, A€[0,1]}.

By using the same arguments as above, we can conclude that 23 is also bounded.
Next, we show that all conditions of Lemma are satisfied. Assume that € is
a bounded open subset of X such that U?_,Q; C Q. Tt follows from Lemmas
and that L is a Fredholm operator of index zero and N is L-compact on €.
By the definition of 2 and the argument above, to complete the theorem, we only
need to prove that condition (iii) of Lemma is satisfied. For this purpose, let

H(z,A\) =+ z+ (1 - N)QNx, (3.10)

where we let the isomorphism the J : im @) — ker L be the identical operator. Since
Q3 CQ, H(xz,\) #0 for (z,A) € ker LN IN x [0, 1], then by homotopy property of
degree, we obtain
deg (JQN |xer Lno, 2 Nker L,0) = deg (H (-,0), Q2 Nker L, 0)
=deg(H (-,1),Q2Nker L,0)
=deg (£Id,Q2Nker L,0) = +1 # 0.

Thus (H3) of Lemma is fulfilled and Theorem is proved. d

4. EXAMPLE

In this section, we shall present an example to illustrate our main result in (% with
dim ker L = 2k, which surely generalize the previous results [3] 48] 9, T3], T4} [18] 20],
where the dimension of dimker L is only 1 or 2.
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Consider the following system with dimker L = 2k, k =1,2,3,... in 2.

Qil(t)

l‘g(t)

D3/2 .Tg(t)

O | zalt)

{L if | DYz ()]l < 1
D%mw+w$mur—1iw%ﬁmmzl (4.1)

:i ( () 0+ 1'3(t))/2
10 (z3(t) + Dy 3(t)) /2
(za(t) + wmef

2:(0) =0, z:12
z(1) = Az(1/9).

Let « =3/2,£ =1/9. Forallt € [0,1], let u = (x1,22,23,...),v = (Y1,Y2,Y3,...) €
l2 and f = (flva; .. .)T with

1/10, if ol < 1,

fl(t,U;,’U) = o .
(1 +y7t = 1)/10, if o]z > 1,

fa(t,u,v) = (z2 +y3)/20 and fi(t,u,v) = $ 258 =3 4, ... Moreover,

By 0 0 0 00
0 B, 0 0 0O

3.0 0
A=|0 0 0 B, 0 0 with B;= [0 -3 6], (4.2)
0 0 0 0 00 0 0 3

i=1,2,...,k, k € N. Obviously, we see that B? = 913 and dim ker(I3 —£(*"1B;) =
dimker(ls — B;/3) = 2,1 =1,2,..., where I3 is the 3 x 3 identity matrix. Then
A%2¢20=2 = [ dimker(I — A¢*~1) = 2k, k € N and the problem , with A and
f defined above, has one solution if and only if problem admits one solution.

Checking (H1) of Theorem For some 7 € R, Q = {(u,v) € 12 x ? : |Julj;2 <
r ol <}, let po(t) = w5 [(r+1/r+1)%+ 422]1/2 € L1[0,1]. Since ||A];2 < 9VF,
letting

1 r+1/r+1

at) =hit) = ==, @) =ba(t) =0, o)=L (4.3)

condition (H1) is satisfied.
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Checking (H2) of Theorem From the definition of f it follows that f; >
1/10 > 0 when || D}/ %z (t)|;2 > 1. This,

fi -8/9 0 0 fi %fl
Big® =D | fol=| 0 —10/9 2/9|[fe] =] =
f3 0 0 —8/9| \ f3 *

and im(I — A¢*~1) = {(0,0,73,0,0,76,...,0,0,73;,...) : 73; € R,i = 1,2,...}
implies that condition (H2) is satisfied.
Checking (H3) of Theorem Since dimker(/ — A¢*~1) = dimker(I — A/3) =
2k, k € N, for any e € I? satisfying e = Ae, e can be expressed as e = e; + e +
-« + e, with

e = 0i1€3i—2 + 0po(€3i—1 +€3:), 0y ER, i=1,2,...k,j=1,2,

where €; = ((), 0,...0,1j—¢4,0,0,.. ) € 12 is a vector with all elements equaling to
0 except the j-th equaling to 1, j = 1,2,.... In addition, for any y € Y, by (2.15)
and pa = 3(I — A/3), we have

(o = "B 1 e = ZDE AR @)
where
13 1
hy) = ré@ / (€ - 5)*Yy(s)ds — ﬁ / (1= s)* Yy(s)ds.  (45)

By . let d = t*/? + ‘f , we have

(1@@@@@
2 9792 » 23 5 94 995 sy

T
da'“ d0'1',2 dUiQ
923i—33 93i—23 23i—1y - -~

1f‘0’11|<1,2§l§k,

N(et'/?) = — (4.6)
10 ] (g, 4 L _ 1 douz doyy doy dogy doyy
11 011 979 97922 9 923 5 94 9 95 st
T
dO’il do’iz do'i2
23i—39 923i—29 231—19y ¢+

1f‘0’11|21,2§l§k

Suppose that |o11| > 1, 012 # 0, and let Ay =1, d= _27”6%208‘/; < 0. From (4.4)
and (4.6]) it follows that

Q(Net/2) = 22V (1 Asg)n(NetV/2)e/2

520
- —27ﬁt1/2 1 1 JO’Q CTO'Q 50’21 670'22 (70'22
520 (27\/>( 11+ )a 22 ) 22 ) 23 ) 25 ) 25 )

C?O’il dO'iQ dO’iQ T
o 231'73’ 231'71 ’ 231'71 [ )
and
=27/t ? 1 —64
520 {27\f («

(208, | 03 | 203, o 20%
+d(2—2+2—3+ Zyr g2 )] >0

(e,QNet!/?) = o1 —1/2)2 4 3/4)
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Therefore, (4.1]) admits at least one solution.
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