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DEFOCUSING FOURTH-ORDER COUPLED NONLINEAR
SCHRÖDINGER EQUATIONS

RADHIA GHANMI, TAREK SAANOUNI

Abstract. We study the initial value problem for some defocusing coupled
nonlinear fourth-order Schrödinger equations. We show global well-posedness

and scattering in the energy space.

1. Introduction

This manuscript is concerned with the initial value problem for some defocusing
fourth-order Schrödinger system with power-type nonlinearities

iu̇j + ∆2uj +
( m∑
k=1

ajk|uk|p
)
|uj |p−2uj = 0;

uj(0, ·) = ψj ,

(1.1)

where uj : R× RN → C for j ∈ [1,m] and ajk = akj are positive real numbers.
Fourth-order Schrödinger equations have been introduced by Karpman [9] and

Karpman-Shagalov [10] to take into account the role of small fourth-order disper-
sion terms in the propagation of intense laser beams in a bulk medium with Kerr
nonlinearity.

The m-component classical coupled nonlinear Schrödinger system with power-
type nonlinearity

iu̇j + ∆uj = ±
m∑
k=1

ajk|uk|p|uj |p−2uj , (1.2)

arises in many physical problems. This models physical systems in which the field
has more than one component. For example, in optical fibers and waveguides, the
propagating electric field has two components that are transverse to the direction
of propagation. Readers are referred to various works [8, 27] for the derivation
and applications of this system. For mathematical point of view, well-posedness
issues of (CNLS)p were investigated by many authors. Indeed, global existence of
solutions and scattering hold [19, 3, 26, 24, 25].
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System (1.1) is a mixture of the two previous problems. A solution u :=
(u1, . . . , um) to (1.1) formally satisfies respectively conservation of the mass and
the energy

M(uj) :=
∫

RN
|uj(t, x)|2 dx = M(ψj);

E(u(t)) :=
1
2

m∑
j=1

∫
RN
|∆uj |2 dx+

1
2p

m∑
j,k=1

ajk

∫
RN
|uj(t, x)|p|uk(t, x)|p dx

= E(u(0)).

To use the conservation laws, it is natural to study (1.1) in H2, called energy space.
Problem (1.1) is a natural extension of the classical one component fourth-order
Schrödinger equation which was first studied in [5], where various properties of
the equation in the subcritical regime were described. Related references [2] gave
sharp dispersive estimates for the biharmonic Schrödinger operator which lead to
the Strichartz estimates. The model case given by a pure power nonlinearity is of
particular interest. Indeed, the question of well-posedness in the energy space H2

was widely investigated. We denote for p > 1 the fourth-order Schrödinger problem

iu̇+ ∆2u± u|u|p−1 = 0, u : R× RN → C. (1.3)

This equation satisfies a scaling invariance. Indeed, if u is a solution to (1.3) with
data u0, then uλ := λ

4
p−1u(λ4 · , λ ·) is a solution to (1.3) with data λ

4
p−1u0(λ ·). For

sc := N
2 −

4
p−1 , the space Ḣsc whose norm is invariant under the dilatation u 7→ uλ

is relevant in this theory. When sc = 2 which is the energy critical case, the critical
power is pc := N+4

N−4 , N ≥ 5. Pausader [20] established global well-posedness in the
defocusing subcritical case, namely 1 < p < pc. Moreover, he established global
well-posedness and scattering for radial data in the defocusing critical case, namely
p = pc. The same result without radial condition was obtained by Miao, Xu and
Zhao [17], for N ≥ 9. See also [15], for similar results in the more general case
sc ≥ 1. The focusing case was treated by the last authors in [16]. They obtained
results similar to one proved by Kenig and Merle [12, 11] in the classical Schrödinger
case. See [23] in the case of exponential nonlinearity.

In this note, which seems to be one of the first papers studying a system of
nonlinear coupled fourth-order Schrödinger equations, we combine in some meaning
the two problems (1.3) and (CNLS)p. Thus, we have to overcome two difficulties.
The first one is the presence of a bilaplacian in Schrödinger operator and the second
one is the coupled nonlinearities. It is the purpose of this manuscript to obtaining
global well-posedness in the energy space and scattering of (1.1) via Morawetz
estimate.

The rest of the paper is organized as follows. The next section contains the
main results and some technical tools needed in the sequel. The third and fourth
sections are devoted to prove well-posedness of (1.1). In section five, scattering
is established. In appendix, we give a proof of Morawetz estimate and a blow-up
criterion.

We close this section with some notations. Define the product space

H := H2(RN )× · · · ×H2(RN ) = [H2(RN )]m,
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where H2(RN ) is the usual Sobolev space endowed with the complete norm

‖u‖H2(RN ) :=
(
‖u‖2L2(RN ) + ‖∆u‖2L2(RN )

)1/2

.

Let us denote the real number

p∗ :=

{
N
N−4 if N > 4;
∞ if 1 ≤ N ≤ 4.

We mention that C will denote a constant which may vary from line to line and if A
and B are non negative real numbers, A . B means that A ≤ CB. For 1 ≤ r ≤ ∞
and (s, T ) ∈ [1,∞)× (0,∞), we denote the Lebesgue space Lr := Lr(RN ) with the
usual norm ‖ · ‖r := ‖ · ‖Lr , ‖ · ‖ := ‖ · ‖2 and

‖u‖LsT (Lr) :=
(∫ T

0

‖u(t)‖sr dt
)1/s

, ‖u‖Ls(Lr) :=
(∫ +∞

0

‖u(t)‖sr dt
)1/s

.

For simplicity, we denote the usual Sobolev space W s,p := W s,p(RN ) and Hs :=
W s,2. If X is an abstract space CT (X) := C([0, T ], X) stands for the set of contin-
uous functions valued in X and Xrd is the set of radial elements in X, moreover
for an eventual solution to (1.1), we denote T ∗ > 0 its lifespan.

2. Background and main results

In what follows, we give the main results and collect some estimates needed in
the sequel.

2.1. Main results. First, local well-posedness of the fourth-order Schrödinger
problem (1.1) is claimed.

Theorem 2.1. Let 1 ≤ N ≤ 8, 2 ≤ p ≤ p∗ and Ψ ∈ H. Then, there exist T ∗ > 0
and a unique maximal solution to (1.1), u ∈ C([0, T ∗), H). Moreover,

(1) u ∈
(
L

8p
N(p−1)

loc ([0, T ∗],W 2,2p)
)(m);

(2) u satisfies conservation of the energy and the mass;
(3) T ∗ =∞ in the subcritical case (2 ≤ p < p∗).

Remark 2.2. The artificial condition p ≥ 2, which is due to some technical diffi-
culty, requires the restriction N ≤ 8.

Second, system (1.1) scatters in the energy space. Indeed, every global solution
of (1.1) is asymptotic, as t→ ±∞, to a solution of the associated linear fourth-order
Schrödinger system.

Theorem 2.3. Let 4 < N < 8 and 2 ≤ p < p∗. Take u ∈ C(R, H) be a global
solution to (1.1). Then

u ∈
(
L

8p
N(p−1) (R,W 2,2p)

)(m)

and there exists (ψ±1 , . . . , ψ
±
m) ∈ H such that

lim
t→±∞

‖u(t)− (eit∆
2
ψ±1 , . . . , e

it∆2
ψ±m)‖H2 = 0.

Remark 2.4. When proving scattering, the intermediate result Proposition 4.2
gives a decay of global solutions to (1.1), in some Lebesgue norms.
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Finally, in the critical case, global existence and scattering for small data hold
in the energy space.

Theorem 2.5. Let 4 < N ≤ 8 and p = p∗. There exists ε0 > 0 such that if
Ψ := (ψ1, . . . , ψm) ∈ H satisfies ξ(Ψ) :=

∑m
j=1

∫
RN |∆ψj |

2 dx ≤ ε0, system (1.1)
possesses a unique global solution u ∈ C(R, H), which scatters.

In the next subsection, we give some standard estimates needed in the paper.

2.2. Tools. We start with some properties of the free fourth-order Schrödinger
kernel.

Proposition 2.6. Denoting the free operator associated to the fourth-order frac-
tional Schrödinger equation

eit∆
2
u0 := F−1(eit|y|

4
) ∗ u0,

yield
(1) eit∆

2
u0 is the solution to the linear problem associated to (1.3);

(2) eit∆
2
u0 ∓ i

∫ t
0
ei(t−s)∆

2
u|u|p−1 ds is the solution to the problem (1.3);

(3) (eit∆
2
)∗ = e−it∆

2
;

(4) eit∆
2

is an isometry of L2.

Now, we give the so-called Strichartz estimate [20].

Definition 2.7. A pair (q, r) of positive real numbers is said to be admissible if

2 ≤ q, r ≤ ∞, (q, r,N) 6= (2,∞, 4) and
4
q

= N
(1

2
− 1
r

)
.

Proposition 2.8. Let two admissible pairs (q, r), (a, b). There exists a positive
real number C := Cq,a such that for any T > 0,

‖u‖LqT (W 2,r) ≤ C
(
‖u0‖H2 + ‖iu̇+ ∆2u‖La′T (W 2,b′ )

)
; (2.1)

‖∆u‖LqT (Lr) ≤ C
(
‖∆u0‖L2 + ‖iu̇+ ∆2u‖

L2
T (Ẇ

1, 2N
N+2 )

)
. (2.2)

The following Morawetz estimate which is essential in proving scattering, is
proved in the appendix, in the spirit of [17, 18].

Proposition 2.9. Let 5 ≤ N ≤ 8, 2 ≤ p ≤ p∗ and u ∈ C(I,H) be the solution to
(1.1). Then,

(1) if N > 5,
m∑
j=1

∫
I

∫
RN×RN

|uj(t, x)|2|uj(t, y)|2

|x− y|5
dx dy dt .u 1; (2.3)

(2) if N = 5,
m∑
j=1

∫
I

∫
R5
|uj(t, x)|4dxdt .u 1. (2.4)

Let us gather some useful Sobolev embeddings [1].

Proposition 2.10. The continuous injections hold
(1) W s,p(RN ) ↪→ Lq(RN ) whenever 1 < p < q <∞, s > 0 and 1

p ≤
1
q + s

N ;
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(2) W s,p1(RN ) ↪→W s−N( 1
p1
− 1
p2

),p2(RN ) if 1 ≤ p1 ≤ p2 <∞.

Now, we give some fractional Gagliardo-Nirenberg inequality [7].

Lemma 2.11. Let 1 < p, p1, p2 <∞, s, s1 ∈ R and µ ∈ [0, 1]. Then, the fractional
inequality

‖u‖Ḣs,p . ‖u‖
1−µ
Lp0 ‖u‖

µ

Ḣs1,p1
,

holds whenever
N

p
− s = (1− µ)

N

p0
+ µ(

N

p1
− s1) and s ≤ µs1.

We close this subsection with some absorption result.

Lemma 2.12. Let T > 0 and X ∈ C([0, T ],R+) such that

X ≤ a+ bXθ on [0, T ],

where a, b > 0, θ > 1, a < (1− 1
θ ) 1

(θb)
1
θ

and X(0) ≤ 1

(θb)
1
θ−1

. Then

X ≤ θ

θ − 1
a on [0, T ].

Proof. The function f(x) := bxθ−x+a is decreasing on [0, (bθ)
1

1−θ ] and increasing
on [(bθ)

1
1−θ ,∞). The assumptions imply that f((bθ)

1
1−θ ) < 0 and f( θ

θ−1a) ≤ 0. As

f(X(t)) ≥ 0, f(0) > 0 and X(0) ≤ (bθ)
1

1−θ , we conclude the proof by a continuity
argument. �

3. Local well-posedness

This section is devoted to prove Theorem 2.1. The proof contains two steps.
First we prove existence of a unique local solution to (1.1), second we establish
global existence in the subcritical case.

3.1. Local existence and uniqueness. We use a standard fixed point argument.

(1) Subcritical case 2 ≤ p < p∗. For T,R > 0, we denote the space

ET,R :=
{

u ∈ (CT (H2) ∩ L
8p

N(p−1)

T (W 2,2p))(m) :

‖u‖
(L∞T (L2)∩L

8p
N(p−1)
T (L2p))(m)

+ ‖∆u‖
(L∞T (L2)∩L

8p
N(p−1)
T (L2p))(m)

≤ R
}

endowed with the distance

d(u,v) :=
m∑
j=1

(
‖uj − vj‖L∞T (L2) + ‖uj − vj‖

L

8p
N(p−1)
T (L2p)

)
.

Define the function

φ(u)(t) := T (t)Ψ− i
m∑
k=1

ajk

∫ t

0

T (t− s)
(
|uk|p|u1|p−2u1, . . . , |uk|p|um|p−2um

)
ds,

where T (t)Ψ := (eit∆
2
ψ1, . . . , e

it∆2
ψm). We prove the existence of some small

T,R > 0 such that φ is a contraction of ET,R.
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• First step 3 < N ≤ 8. Take u,v ∈ ET,R, applying the Strichartz estimate (2.1),
we obtain

d(φ(u), φ(v)) .
m∑

j,k=1

‖|uk|p|uj |p−2uj − |vk|p|vj |p−2vj‖
L

8p
p(8−N)+N (L

2p
2p−1 )

.

To derive the contraction, consider the function

fj,k : Cm → C, (u1, . . . , um) 7→ |uk|p|uj |p−2uj .

With the mean value Theorem,
|fj,k(u)− fj,k(v)|
. max{|uk|p−1|uj |p−1 + |uk|p|uj |p−2, |vk|p|vj |p−2 + |vk|p−1|vj |p−1}|u− v|.

(3.1)

Using Hölder’s inequality, Sobolev embedding and denoting the quantity

(I) := ‖fj,k(u)− fj,k(v)‖
L

8p
p(8−N)+N
T (L

2p
2p−1 )

,

we compute via a symmetry argument

(I) .
∥∥(|uk|p−1|uj |p−1 + |uk|p|uj |p−2

)
|u− v|

∥∥
L

8p
p(8−N)+N
T (L

2p
2p−1 )

. T
8p−2N(p−1)

8p ‖u− v‖
L

8p
N(p−1)
T (L2p)

∥∥|uk|p−1|uj |p−1 + |uk|p|uj |p−2
∥∥
L∞T (L

p
p−1 )

. T
4p−N(p−1)

4p ‖u− v‖
L

8p
N(p−1)
T (L2p)

(
‖uk‖p−1

L∞T (L2p)‖uj‖
p−1
L∞T (L2p)

+ ‖uk‖pL∞T (L2p)‖uj‖
p−2
L∞T (L2p)

)
. T

4p−N(p−1)
4p ‖u− v‖

L

8p
N(p−1)
T (L2p)

(
‖uk‖p−1

L∞T (H2)‖uj‖
p−1
L∞T (H2)

+ ‖uk‖pL∞T (H2)‖uj‖
p−2
L∞T (H2)

)
.

Thus
‖fj,k(u)− fj,k(v)‖

L

8p
p(8−N)+N
T (L

2p
2p−1 )

. T
4p−N(p−1)

4p ‖u‖2(p−1)
L∞T (H)‖u− v‖

L

8p
N(p−1)
T (L2p)

.
(3.2)

Then
d(φ(u), φ(v)) . T

4p−N(p−1)
4p R2(p−1)d(u,v).

Moreover, taking v = 0 in the previous inequality, yields

‖φ(u)‖
(L∞T (L2)∩L

8p
N(p−1)
T (L2p))(m)

. ‖Ψ‖+ T
4p−N(p−1)

4p R2p−1.

It remains to estimate the quantity

(A) := ‖∆(fj,k(u))‖
L

8p
p(8−N)+N
T (L

2p
2p−1 )

. ‖D(fj,k)(u)∆u‖
L

8p
p(8−N)+N
T (L

2p
2p−1 )

+ ‖|∇u|2D2(fj,k)(u)‖
L

8p
p(8−N)+N
T (L

2p
2p−1 )

. (I1) + (I2).

Via Hölder inequality and Sobolev embedding, we obtain

(I1) . ‖∆u‖
L

8p
N(p−1)
T (L2p)

∥∥|uk|p−1|uj |p−1 + |uk|p|uj |p−2
∥∥
L

8p
8p−2N(p−1)
T (L

p
p−1 )
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. T
4p−N(p−1)

4p ‖∆u‖
L

8p
N(p−1)
T (L2p)

(
‖uk‖p−1

L∞T (L2p)‖uj‖
p−1
L∞T (L2p)

+ ‖uk‖pL∞T (L2p)‖uj‖
p−2
L∞T (L2p)

)
. T

4p−N(p−1)
4p ‖∆u‖

L

8p
N(p−1)
T (L2p)

(
‖uk‖p−1

L∞T (H2)‖uj‖
p−1
L∞T (H2)

+ ‖uk‖pL∞T (H2)‖uj‖
p−2
L∞T (H2)

)
. T

4p−N(p−1)
4p ‖∆u‖

L

8p
N(p−1)
T (L2p)

‖u‖2(p−1)
L∞T (H).

Using the interpolation inequality ‖∇ · ‖22p . ‖ · ‖2p‖∆ · ‖2p, we obtain

‖|∇u|2(fj,k)ii(u)‖
L

2p
2p−1
x

. ‖|∇u|2(|uk|p−2|uj |p−1 + |uk|p|uj |p−3)‖
L

2p
2p−1
x

. ‖∇u‖2
L2p
x

(
‖uk‖p−2

L2p
x
‖uj‖p−1

L2p
x

+ ‖uk‖pL2p
x
‖uj‖p−3

L2p
x

)
. ‖∆u‖L2p

x
‖u‖2p−2

H .

This implies that

(I2) . ‖‖∆u‖L2p‖u‖2p−2
H ‖

L

8p
p(8−N)+N
T

. T
4p−N(p−1)

4p ‖∆u‖
L

8p
N(p−1)
T (L2p)

‖u‖2p−2
L∞T (H).

Then

‖φ(u)‖
(L∞T (L2)∩L

8p
N(p−1)
T (L2p))(m)

+ ‖∆(φ(u))‖
(L

8p
N(p−1)
T (L2p)∩L∞T (L2))(m)

≤ C
(
‖Ψ‖H + T

4p−N(p−1)
4p R2p−1

)
.

Choosing R > C‖Ψ‖H and T > 0 sufficiently small via the fact that 2 ≤ p < p∗, φ
is a contraction of ET,R.
• Second step 1 ≤ N ≤ 3. In this case, we use the Sobolev embedding H2 ↪→ L∞.
Applying Strichartz estimate to u,v ∈ ET,R yields

d(φ(u), φ(v)) .
m∑

j,k=1

‖|uk|p|uj |p−2uj − |vk|p|vj |p−2vj‖L1
T (L2)

.
m∑

j,k=1

‖|uk|p−1|uj |p−1 + |uk|p|uj |p−2‖L∞T (L∞)‖u− v‖L1
T (L2)

. T‖u‖2(p−1)
L∞T (H2)‖u− v‖L∞T (L2)

. TR2(p−1)d(u,v).

(3.3)

It remains to estimate

(B) := ‖∆(fj,k(u))‖L1
T (L2)

. ‖D(fj,k)(u)∆u‖L1
T (L2) + ‖|∇u|2D2(fj,k)(u)‖L1

T (L2).

Thanks Hölder and Sobolev inequalities, we obtain

‖D(fj,k)(u)∆u‖L1
T (L2) . ‖∆u‖L1

T (L2)‖|uk|p−1|uj |p−1 + |uk|p|uj |p−2‖L∞T (L∞)
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. T‖∆u‖L∞T (L2)‖u‖
2(p−1)
L∞T (H2)

. TR2p−1.

Using the Sobolev injection H2 ↪→W 1,4, we obtain

‖|∇u|2(fj,k)ii(u)‖L1
T (L2) . ‖|∇u|2(|uk|p−2|uj |p−1 + |uk|p|uj |p−3)‖L1

T (L2)

. T‖∇u‖2L∞T (L4)‖u‖
2p−3
L∞T (H2)

. TR2p−1.

This implies

‖φ(u)‖
(L

8p
N(p−1)
T (L2p)∩L∞T (L2))(m)

+ ‖∆(φ(u))‖
(L

8p
N(p−1)
T (L2p)∩L∞T (L2))(m)

≤ C
(
‖Ψ‖H + TR2p−1

)
.

Choosing R > C‖Ψ‖H and T > 0 sufficiently small, φ is a contraction of ET,R.
Finally, thanks to a classical fixed point Theorem, We deduce the existence of a

fixed point u ∈ BT (R), which is a solution to (1.1). Moreover, uniqueness follows
thanks to (3.2) and (3.3).

(2) Critical case 4 < N ≤ 8 and p = p∗. The proof follows by arguing as in the
subcritical case, where we take rather than ET,R, the complete space

FT,ρ :=
{

u ∈ (L
8p

N(p−1)

T (W 2,2p))(m) : ‖u‖
(L

8p
N(p−1)
T (W 2,2p))(m)

≤ ρ
}

endowed with the distance

d(u,v) = ‖u− v‖
(L

8p
N(p−1)
T (L2p))(m)

,

via the fact that limT→0 ‖T (t)Ψ‖
(L

8p
N(p−1)
T (L2p))(m)

= 0 and the next result.

Lemma 3.1. Let Ψ ∈ H and suppose that u ∈ (L
8p

N(p−1)

T (W 2,2p))(m) is a solution
to (1.1). Then, there exists 0 < T ′ ≤ T such that u ∈ CT ′(H).

Proof. Using the previous computation via Duhamel formula (second point in
Proposition 2.6), yields

‖u‖L∞T (H) . ‖Ψ‖H + ‖u‖2(p−1)
L∞T (H)‖u‖

(L

8p
N(p−1)
T (W 2,2p))(m)

.

The proof is complete thanks to Lemma 2.12. �

3.2. Existence of global solutions. We prove that the maximal solution of (1.1)
is global in the subcritical case. The global existence is a consequence of energy
conservation and previous calculations. Let u ∈ C([0, T ∗), H) be the unique max-
imal solution of (1.1). We prove that u is global. By contradiction, suppose that
T ∗ <∞. For 0 < s < T ∗ consider the problem

iv̇j + ∆2vj =
( m∑
k=1

|vk|p
)
|vj |p−2vj ;

vj(s, ·) = uj(s, ·).
(3.4)

By the same arguments used in the local existence, we can find a real number τ > 0
and a solution v = (v1, . . . , vm) to (3.4) on C

(
[s, s+ τ ], H). Using the conservation
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of energy we see that τ does not depend on s. Thus, if we let s be close to T ∗ such
that T ∗ < s+ τ , this fact contradicts the maximality of T ∗.

4. Scattering

This section we establish Theorem 2.3 about the scattering of (1.1). For any
time slab I, take the Strichartz space

S(I) := C(I,H2) ∩ L
8p

N(p−1) (I,W 2,2p)

endowed the norm

‖u‖S(I) := ‖u‖L∞(I,H2) + ‖u‖
L

8p
N(p−1) (I,W 2,2p)

.

The first intermediate result is as follows.

Lemma 4.1. For any time slab I, we have

‖u(t)− eit∆
2
Ψ‖(S(I))(m) . ‖u‖

2pN(p−1)−8p
N(p−1)(

L∞(I,L2p)
)(m)‖u‖

8p−N(p−1)
N(p−1)(
L

8p
N(p−1) (I,W 2,2p)

)(m) ,

where eit∆
2
(Ψ1, . . . ,Ψm) := (eit∆

2
Ψ1, . . . , e

it∆2
Ψm).

Proof. Using Strichartz estimate, we have

‖u(t)− eit∆
2
Ψ‖(S(I))(m) .

m∑
j,k=1

‖fj,k(u)‖
L

8p
p(8−N)+N (I,W

2, 2p
2p−1 )

.

Thanks to Hölder inequality, we obtain

‖fj,k(u)‖
L

2p
2p−1
x

.
∥∥|uk|p|uj |p−1

∥∥
L

2p
2p−1
x

. ‖uk‖pL2p
x
‖uj‖p−1

L2p
x
.

Letting θ := 8p−N(p−1)
2N(p−1) , we obtain the inequality

1
2
≤ θ ≤ p− 1

2
.

The left part of the inequality follows from p ≤ p∗. Denoting X := p− 1, the right
part of the claim is equivalent to

T (X) := NX2 + (N − 4)X − 4 ≥ 0.

T has two roots X1 = −1 < 0 < X2 = 4
N , since 2 ≤ p ≤ p∗, it follows that

X = p− 1 ≥ X2. This proves of the inequality.
Now, using an interpolation argument, write

‖fj,k(u)‖
L

8p
p(8−N)+N (I,L

2p
2p−1 )

.
∥∥‖uk‖pL2p‖uj‖p−1

L2p

∥∥
L

8p
p(8−N)+N (I)

. ‖uk‖
p− 1

2−θ
L∞(I,L2p)‖uj‖

p− 1
2−θ

L∞(I,L2p)

∥∥‖uk‖θ+ 1
2

L2p ‖uj‖
θ− 1

2
L2p

∥∥
L

8p
p(8−N)+N (I)

. ‖uk‖
p− 1

2−θ
L∞(I,L2p)‖uj‖

p− 1
2−θ

L∞(I,L2p)‖uk‖
θ+ 1

2

L
8p

N(p−1) (I,L2p)

‖uj‖
θ− 1

2

L
8p

N(p−1) (I,L2p)

.
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Then
‖fj,k(u)‖

L
8p

p(8−N)+N (I,L
2p

2p−1 )

. ‖uk‖
p− 1

2−θ
L∞(I,L2p)‖uj‖

p− 1
2−θ

L∞(I,L2p)‖uk‖
θ+ 1

2

L
8p

N(p−1) (I,L2p)

‖uj‖
θ− 1

2

L
8p

N(p−1) (I,L2p)

. ‖uk‖
p− 1

2−θ
L∞(I,L2p)‖uk‖

θ+ 1
2

L
8p

N(p−1) (I,L2p)

‖uj‖
p− 1

2−θ
L∞(I,L2p)‖uj‖

θ− 1
2

L
8p

N(p−1) (I,L2p)

. ‖u‖
2pN(p−1)−8p

N(p−1)(
L∞(I,L2p)

)(m)‖u‖
8p−N(p−1)
N(p−1)(
L

8p
N(p−1) (I,L2p)

)(m) .

(4.1)

It remains to estimate the quantity (I) := ‖∆(fj,k(u))‖
L

8p
p(8−N)+N (I,L

2p
2p−1 )

. We

write

(I) .
m∑
i=1

‖∆u(fj,k)i(u)

‖
L

8p
p(8−N)+N (I,L

2p
2p−1 )

+ ‖|∇u|2(fj,k)ii(u)‖
L

8p
p(8−N)+N (I,L

2p
2p−1 )

. (I1) + (I2).

Using Hölder inequality, we obtain

‖∆u(fj,k)i(u)‖
L

2p
2p−1
x

.
∥∥∆u

(
|uk|p−1|uj |p−1 + |uk|p|uj |p−2

)∥∥
L

2p
2p−1
x

. ‖∆u‖(L2p
x )m

(
‖uk‖p−1

L2p
x
‖uj‖p−1

L2p
x

+ ‖uk‖pL2p
x
‖uj‖p−2

L2p
x

)
.

Letting µ := 4p−N(p−1)
N(p−1) , we obtain the inequality

µ ≤ p

2
≤ p− 1.

Note that

p ≥ 2µ⇔ p ≥ 8p− 2N(p− 1)
N(p− 1)

⇔ Np(p− 1) ≥ 8p− 2N(p− 1)

⇔ T (X := p− 1) := NX2 + (3N − 8)X − 8 ≥ 0.

T has two roots p1 < 0 < p2. Since T (1) = 4(N − 4) ≥ 0 and X = p− 1 ≥ 1. The
inequality is proved.

Now, using Hölder inequality

(I1) .
∥∥∥‖∆u‖(L2p)m

(
‖uk‖p−1

L2p ‖uj‖p−1
L2p + ‖uk‖pL2p‖uj‖p−2

L2p

)∥∥∥
L

8p
p(8−N)+N

. ‖∆u‖(
L

8p
N(p−1) (I,L2p)

)(m)

×
(
‖uk‖p−1−µ

L∞(I,L2p)‖uj‖
p−1−µ
L∞(I,L2p)

∥∥‖uk‖µL2p‖uj‖µL2p

∥∥
L

8p
8p−2N(p−1)

+ ‖uk‖p−2µ
L∞(I,L2p)‖uj‖

p−2
L∞(I,L2p)‖‖uk‖

2µ
L2p‖

L
8p

8p−2N(p−1)

)
. ‖∆u‖(

L
8p

N(p−1) (I,L2p)
)(m)

×
(
‖uk‖p−1−µ

L∞(I,L2p)‖uj‖
p−1−µ
L∞(I,L2p)‖uk‖

µ

L
8p

N(p−1) (I,L2p)

‖uj‖µ
L

8p
N(p−1) (I,L2p)
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+ ‖uk‖p−2µ
L∞(I,L2p)‖uj‖

p−2
L∞(I,L2p)‖uk‖

2µ

L
8p

N(p−1) (I,L2p)

)
.

Then, A :=
∑m
i,j,k=1 ‖∆u(fj,k)i(u)‖

L
8p

p(8−N)+N (I,L
2p

2p−1 )
satisfies

A . ‖∆u‖(
L

8p
N(p−1) (I,L2p)

)(m)

( m∑
k=1

‖uk‖p−1−µ
L∞(I,L2p)‖uk‖

µ

L
8p

N(p−1) (I,L2p)

×
m∑
j=1

‖uj‖p−1−µ
L∞(I,L2p)‖uj‖

µ

L
8p

N(p−1) (I,L2p)

+
m∑
k=1

‖uk‖p−2µ
L∞(I,L2p)‖uk‖

2µ

L
8p

N(p−1) (I,L2p)

m∑
j=1

‖uj‖p−2
L∞(I,L2p)

)
.

So,

A . ‖u‖(
L

8p
N(p−1) (I,W 2,2p)

)(m)‖u‖
2pN(p−1)−8p

N(p−1)(
L∞(I,L2p)

)(m)‖u‖
8p−2N(p−1)
N(p−1)(
L

8p
N(p−1) (I,L2p)

)(m) . (4.2)

Similarly

B :=
m∑

j,k=1

‖|∇u|2(fj,k)ii(u)‖
L

8p
p(8−N)+N (I,L

2p
2p−1 )

.
m∑

j,k=1

∥∥|∇u|2
(
|uk|p−2|uj |p−1 + |uk|p|uj |p−3

)∥∥
L

8p
p(8−N)+N (I,L

2p
2p−1 )

.

Using the interpolation inequality ‖∇ · ‖22p . ‖ · ‖2p‖∆ · ‖2p, we obtain

‖|∇u|2(|uk|p−2|uj |p−1 + |uk|p|uj |p−3)‖
L

2p
2p−1
x

. ‖∇u‖2
L2p
x

(
‖uk‖p−2

L2p
x
‖uj‖p−1

L2p
x

+ ‖uk‖pL2p
x
‖uj‖p−3

L2p
x

)
. ‖∆u‖L2p

x
‖u‖L2p

x
‖u‖2p−3

L2p
x

. ‖∆u‖L2p
x
‖u‖2p−2

H .

Thus, arguing as previously, we obtain

B . ‖u‖(
L

8p
N(p−1) (I,W 2,2p)

)(m)‖u‖
2pN(p−1)−8p

N(p−1)(
L∞(I,L2p)

)(m)‖u‖
8p−2N(p−1)
N(p−1)(
L

8p
N(p−1) (I,L2p)

)(m) . (4.3)

Finally, thanks to (4.1)–(4.3), it follows that

‖u(t)− eit∆
2
Ψ‖(S(I))(m) . ‖u‖

2pN(p−1)−8p
N(p−1)(

L∞(I,L2p)
)(m)‖u‖

8p−N(p−1)
N(p−1)(
L

8p
N(p−1) (I,W 2,2p)

)(m) .

�

The next auxiliary result is about the decay of solutions.

Proposition 4.2. For any 2 < r < 2N
N−4 , we have

lim
t→∞

‖u(t)‖(Lr)(m) = 0.



12 R. GHANMI, T. SAANOUNI EJDE-2016/96

Proof. Let χ ∈ C∞0 (RN ) be a cut-off function and ϕn := (ϕn1 , . . . , ϕ
n
m) be a sequence

in H satisfying supn ‖ϕn‖H <∞ and

ϕn ⇀ ϕ := (ϕ1, . . . , ϕm) ∈ H.
Let un := (un1 , . . . , u

n
m) (respectively u := (u1, . . . , um)) be the solution in C(R, H)

to (1.1) with initial data ϕn respectively ϕ). In what follows, we prove a claim.
Claim. For every ε > 0, there exist Tε > 0 and nε ∈ N such that

‖χ(un − u)‖(L∞Tε (L2))(m) < ε for all n > nε. (4.4)

Indeed, denoting the functions vn := χun and v = (v1, . . . , vm) := χu, we compute
vnj (0) = χϕnj and

iv̇nj + ∆2vnj = ∆2χunj + 2∇∆χ∇unj + ∆χ∆unj + 2∇χ∇∆unj

+ 2
(
∇∆χ∇unj +∇χ∇∆unj + 2

N∑
i=1

∇∂iχ∇∂iunj
)

+ χ
( m∑
k=1

|unk |p|unj |p−2unj
)
.

Similarly, vj(0) = χφj and

iv̇j + ∆2vj = ∆2χuj + 2∇∆χ∇uj + ∆χ∆uj + 2∇χ∇∆uj

+ 2
(
∇∆χ∇uj +∇χ∇∆uj + 2

N∑
i=1

∇∂iχ∇∂iuj
)

+ χ
( m∑
k=1

|uk|p|uj |p−2uj
)
.

Denoting wn = (wn1 , . . . , w
n
m) := vn − v and zn = (zn1 , . . . , z

n
m) := un − u, we have

iẇnj + ∆2wnj = ∆2χznj + 4∇∆χ∇znj + ∆χ∆znj + 4∇χ∇∆znj

+ 4
N∑
i=1

∇∂iχ∇∂iznj + χ
( m∑
k=1

|unk |p|unj |p−2unj −
m∑
k=1

|uk|p|uj |p−2uj
)
.

Thanks to Strichartz estimate, we obtain

‖wn‖(
L∞T (L2)∩L

8p
N(p−1)
T (L2p)

)(m)

. ‖χ(ϕn − ϕ)‖(L2)(m) + ‖∆2χzn‖(L1
T (L2))(m) + ‖∇∆χ∇zn‖(L1

T (L2))(m)

+ ‖∇χ∇∆zn‖(L1(L2))(m) + ‖∇∂iχ∇∂izn‖(L1(L2))(m)

+
m∑

j,k=1

∥∥χ(|unk |p|unj |p−2unj − |uk|p|uj |p−2uj
)∥∥
L

8p
p(8−N)+N
T (L

2p
2p−1 )

.

Thanks to the Rellich Theorem, up to subsequence extraction, we have

ε := ‖χ(ϕn − ϕ)‖L2
x
→ 0 as n→∞.

Moreover, by the conservation laws via properties of χ,

I1 := ‖∆2χzn‖(L1
T (L2))(m) + ‖∇∆χ∇zn‖(L1

T (L2))(m) + ‖∇χ∇∆zn‖(L1
T (L2))(m)

+ ‖∇∂iχ∇∂izn‖(L1
T (L2))(m)
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. ‖zn‖(L1
T (L2))(m) + ‖∇zn‖(L1

T (L2))(m) . CT,

where
C := ‖u‖(L∞(R,H2))(m) + ‖un‖(L∞(R,H2))(m) .

Arguing as previously, we have

I2 := ‖χ(|unk |p|unj |p−2unj − |uk|p|uj |p−2uj)‖
L

8p
p(8−N)+N
T (L

2p
2p−1 )

. ‖χ(|unk |p−1|unj |p−1 − |uk|p|uj |p−2)|un − u|‖
L

8p
p(8−N)+N
T (L

2p
2p−1 )

. ‖χ(un − u)‖
L

8p
p(8−N)+N
T ((L2p)(m))

(
‖unk‖

p−1
L∞T (L2p)‖u

n
j ‖
p−1
L∞T (L2p)

+ ‖uk‖pL∞T (L2p)‖uj‖
p−2
L∞T (L2p)

)
. T

8p−2N(p−1)
8p ‖wn‖

L

8p
N(p−1)
T ((L2p)(m))

(
‖unk‖

2(p−1)
L∞T (H2)‖u

n
j ‖

2(p−1)
L∞T (H2)

+ ‖uk‖2pL∞T (H2)‖uj‖
2(p−2)
L∞T (H2)

)
. T

4p−N(p−1)
4p ‖wn‖

L

8p
N(p−1)
T ((L2p)(m))

.

As a consequence

‖wn‖(
L∞T (L2)∩L

8p
N(p−1)
T (L2p)

)(m) . ε+ CT + T
4p−N(p−1)

4p ‖wn‖
L

8p
N(p−1) ((L2p)(m))

.
ε+ T

1− T
4p−N(p−1)

4p

.

The claim is proved.
By an interpolation argument it is sufficient to prove the decay for r := 2 + 4

N .
We recall the following Gagliardo-Nirenberg inequality

‖uj(t)‖
2+ 4

N

2+ 4
N

≤ C‖uj(t)‖2H2

(
sup
x
‖uj(t)‖L2(Q1(x))

)4/N

, (4.5)

where Qa(x) denotes the square centered at x whose edge has length a. We proceed
by contradiction. Assume that there exist a sequence (tn) of positive real numbers
and ε > 0 such that limn→∞ tn =∞ and

‖uj(tn)‖
L2+ 4

N
> ε for all n ∈ N. (4.6)

By (4.5) and (4.6), there exist a sequence (xn) in RN and a positive real number
denoted also by ε > 0 such that

‖uj(tn)‖L2(Q1(xn)) ≥ ε, for all n ∈ N. (4.7)

Let φnj (x) := uj(tn, x+ xn). Using the conservation laws, we obtain

sup
n
‖φnj ‖H2 <∞.

Then, up to a subsequence extraction, there exists φj ∈ H2 such that φnj conver-
gence weakly to φj in H2. By Rellich Theorem, we have

lim
n→∞

‖φnj − φj‖L2(Q1(0)) = 0.
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Moreover, thanks to (4.7) we have, ‖φnj ‖L2(Q1(0)) ≥ ε. So, we obtain

‖φj‖L2(Q1(0)) ≥ ε.

We denote by ūj ∈ C(R, H2) the solution of (1.1) with data φj and unj ∈ C(R, H2)
the solution of (1.1) with data φnj . Take a cut-off function χ ∈ C∞0 (RN ) which
satisfies 0 ≤ χ ≤ 1, χ = 1 on Q1(0) and supp(χ) ⊂ Q2(0). Using a continuity
argument, there exists T > 0 such that

inf
t∈[0,T ]

‖χūj(t)‖L2(RN ) ≥
ε

2
.

Now, taking account (4.4), there is a positive time denoted also T and nε ∈ N such
that

‖χ(unj − ūj)‖L∞T (L2) ≤
ε

4
for all n ≥ nε.

Hence, for all t ∈ [0, T ] and n ≥ nε,

‖χunj (t)‖L2 ≥ ‖χūj(t)‖L2 − ‖χ(unj − ūj)(t)‖L2 ≥ ε

4
.

Using a uniqueness argument, it follows that unj (t, x) = uj(t+tn, x+xn). Moreover,
by the properties of χ and the last inequality, for all t ∈ [0, T ] and n ≥ nε,

‖uj(t+ tn)‖L2(Q2(xn)) ≥
ε

4
.

This implies that

‖uj(t)‖L2(Q2(xn)) ≥
ε

4
, for all t ∈ [tn, tn + T ] and all n ≥ nε.

Moreover, as limn→∞ tn = ∞, we can suppose that tn+1 − tn > T for n ≥ nε.
Therefore, thanks to Morawetz estimates (2.3), we obtain for N > 5, the contra-
diction

1 &
∫ ∞

0

∫
RN×RN

|uj(t, x)|2|uj(t, y)|2

|x− y|5
dx dy dt

&
∑
n

∫ tn+T

tn

∫
Q2(xn)×Q2(xn)

|uj(t, x)|2|uj(t, y)|2 dx dy dt

&
∑
n

T
( ε

4
)4 =∞.

Using (2.4), for N = 5, we write

1 &
∫ ∞

0

‖uj(t)‖4L4(R5)dt

&
∑
n

∫ tn+T

tn

‖uj(t)‖4L4(Q2(xn))dt

&
∑
n

∫ tn+T

tn

‖uj(t)‖4L2(Q2(xn))dt

&
∑
n

(
ε

4
)4T =∞.

This completes the proof of Proposition 4.2. �
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Finally, we are ready to prove scattering. By the two previous lemmas, via the
fact that 2 ≤ p < p∗, we obtain

‖u‖(S(t,∞))(m) . ‖Ψ‖H + ε(t)‖u‖
8p−N(p−1)
N(p−1)

(S(t,∞))(m) ,

where ε(t)→ 0, as t→∞. It follows from Lemma 2.12 that u ∈ (S(R))(m). Now,
let v(t) = e−it∆

2
u(t). Taking account of Duhamel formula,

v(t) = Ψ + i

m∑
k=1

ajk

∫ t

0

e−is∆
2(
|uk|p|u1|p−2u1, . . . , |uk|p|um|p−2um

)
ds.

Thanks to (4.1),(4.2) and (4.3),

fj,k(u) ∈ L
8p

p(8−N) (R,W 2, 2p
2p−1 ),

so, applying Strichartz estimate, for 0 < t < τ , we obtain

‖v(t)− v(τ)‖H .
m∑

j,k=1

∥∥|uk|p|uj |p−2uj
∥∥
L

8p
p(8−N) ((t,τ),W

2, 2p
2p−1 )

→ 0

as t, τ →∞. Taking u± := limt→±∞ v(t), we obtain

lim
t→±∞

‖u(t)− eit∆
2
u±‖H2 = 0.

Scattering is proved.

5. Global existence and scattering in the critical case

We establish the existence of a global solution to (1.1) in the critical case p = p∗

for small data when 4 < N ≤ 8 as claimed in Theorem 2.5. Several norms have
to be considered in the analysis of the critical case. Letting I ⊂ R a time slab, we
define the norms

‖u‖M(I) := ‖∆u‖
L

2(N+4)
N−4 (I,L

2N(N+4)
N2+16 )

;

‖u‖W (I) := ‖∇u‖
L

2(N+4)
N−4 (I,L

2N(N+4)
N2−2N+8 )

;

‖u‖Z(I) := ‖u‖
L

2(N+4)
N−4 (I,L

2(N+4)
N−4 )

;

‖u‖N(I) := ‖∇u‖
L2(I,L

2N
N+2 )

.

Let M(R) be the completion of C∞c (RN+1) with the norm ‖ · ‖M(R), and M(I) be
the set consisting of the restrictions to I of functions in M(R). We adopt similar
definitions for W and N . An important quantity closely related to the energy, is
the functional ξ defined for u ∈ H by

ξ(u) =
m∑
j=1

∫
RN
|∆uj |2 dx.

We give an auxiliary result.

Proposition 5.1. Let 4 < N ≤ 8 and p = p∗. There exists δ > 0 such that for
any initial data Ψ ∈ H and any interval I = [0, T ], if

m∑
j=1

‖eit∆
2
ψj‖W (I) < δ,
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then there exits a unique solution u ∈ C(I,H) of (1.1) which satisfies u ∈
(
M(I)∩

L
2(N+4)
N (I × RN )

)(m). Moreover,
m∑
j=1

‖uj‖W (I) ≤ 2δ;

m∑
j=1

‖uj‖M(I) +
m∑
j=1

‖uj‖L∞(I,H2) ≤ C(‖Ψ‖H2 + δ
N+4
N−4 ).

Furthermore, the solution depends continuously on the initial data in the sense that
there exists δ0 depending on δ, such that for any δ1 ∈ (0, δ0), if

∑m
j=1 ‖ψj−ϕj‖H2 ≤

δ1 and v is the local solution of (1.1) with initial data ϕ := (ϕ1, . . . , ϕm), then v
is defined on I and for any admissible couple (q, r),

‖u− v‖(Lq(I,Lr))(m) ≤ Cδ1.

Proof. The proposition follows from a contraction mapping argument. For u ∈
(W (I))(m), we let φ(u) given by

φ(u)(t) := T (t)Ψ− i
m∑
k=1

ajk

∫ t

0

T (t− s)
(
|uk|

N
N−4 |u1|

8−N
N−4u1(s),

. . . , |uk|
N
N−4 |um|

8−N
N−4um

)
ds.

Define the set

XM,δ :=
{

u ∈ (M(I))(m) :
m∑
j=1

‖uj‖W (I) ≤ 2δ,
m∑
j=1

‖uj‖
L

2(N+4)
N (I,L

2(N+4)
N )

≤ 2M
}

where M := C‖Ψ‖(L2)(m) and δ > 0 is sufficiently small. Using Strichartz estimate,
we obtain

‖φ(u)− φ(v)‖(
L

2(N+4)
N (I,L

2(N+4)
N )

)(m) .
m∑

j,k=1

∥∥fj,k(u)− fj,k(v)
∥∥
L

2(N+4)
N+8 (I,L

2(N+4)
N+8 )

.

Using Hölder inequality and denoting the quantity

(J ) :=
∥∥fj,k(u)− fj,k(v)

∥∥
L

2(N+4)
N+8 (I,L

2(N+4)
N+8 )

,

we obtain

(J ) .
∥∥(|uk| 4

N−4 |uj |
4

N−4 + |uk|
N
N−4 |uj |

8−N
N−4

)
|u− v|

∥∥
L

2(N+4)
N+8

T (L
2(N+4)
N+8 )

. ‖u− v‖
L

2(N+4)
N

T (L
2(N+4)
N )

(
‖uk‖

4
N−4

L

2(N+4)
N−4

T (L
2(N+4)
N−4 )

‖uj‖
4

N−4

L

2(N+4)
N−4

T (L
2(N+4)
N−4 )

+ ‖uk‖
N
N−4

L

2(N+4)
N−4

T (L
2(N+4)
N−4 )

‖uj‖
8−N
N−4

L

2(N+4)
N−4

T (L
2(N+4)
N−4 )

)
.

By Proposition 2.10, we have the Sobolev embedding

‖u‖
L

2(N+4)
N−4 (I,L

2(N+4)
N−4 )

. ‖∇u‖
L

2(N+4)
N−4 (I,L

2N(N+4)
N2−2N+8 )

,

hence

(J ) . ‖u− v‖
L

2(N+4)
N

T (L
2(N+4)
N )

(
‖uk‖

4
N−4

W (I)‖uj‖
4

N−4

W (I) + ‖uk‖
N
N−4

W (I)‖uj‖
8−N
N−4

W (I)

)
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. δ
8

N−4 ‖u− v‖
L

2(N+4)
N

T (L
2(N+4)
N )

.

Then

‖φ(u)− φ(v)‖(
L

2(N+4)
N (I,L

2(N+4)
N )

)(m) . δ
8

N−4 ‖u− v‖(
L

2(N+4)
N (I,L

2(N+4)
N )

)(m) .

Moreover, taking in the previous inequality v = 0, we obtain for small δ > 0,

‖φ(u)‖(
L

2(N+4)
N (I,L

2(N+4)
N )

)(m) ≤ C‖Ψ‖(L2)m + 2δ
8

N−4M

≤ (1 + 2δ
8

N−4 )M
≤ 2M.

With a classical Picard argument, there exists u ∈ (L
2(N+4)
N (I, L

2(N+4)
N ))m a solution

to (1.1) satisfying
‖u‖(

L
2(N+4)
N (I,L

2(N+4)
N )

)(m) ≤ 2M.

Taking account of Strichartz estimate we obtain

‖u‖(M(I))(m) . ‖∆Ψ‖(L2)(m) +
m∑

j,k=1

‖∇fj,k(u)‖
L2
T (L

2N
N+2 )

.

Let (J1) := ‖∇fj,k(u)‖
L2
T (L

2N
N+2 )

. Using Hölder inequality and Sobolev embedding

with, yields

(J1) .
∥∥|∇u|

(
|uk|

4
N−4 |uj |

4
N−4 + |uk|

N
N−4 |uj |

8−N
N−4

)∥∥
L2
T (L

2N
N+2 )

. ‖∇u‖
L

2(N+4)
N−4

T (L
2N(N+4)
N2−2N+8 )

(
‖uk‖

4
N−4

L

2(N+4)
N−4

T (L
2(N+4)
N−4 )

‖uj‖
4

N−4

L

2(N+4)
N−4

T (L
2(N+4)
N−4 )

+ ‖uk‖
N
N−4

L

2(N+4)
N−4

T (L
2(N+4)
N−4 )

‖uj‖
8−N
N−4

L

2(N+4)
N−4

T (L
2(N+4)
N−4 )

)
. ‖u‖(W (I))(m)

(
‖uk‖

4
N−4

W (I)‖uj‖
4

N−4

W (I) + ‖uk‖
N
N−4

W (I)‖uj‖
8−N
N−4

W (I)

)
.

Then

‖u‖(M(I))(m)

. ‖Ψ‖H +
m∑

j,k=1

‖u‖(W (I))(m)

(
‖uk‖

4
N−4

W (I)‖uj‖
4

N−4

W (I) + ‖uk‖
N
N−4

W (I)‖uj‖
8−N
N−4

W (I)

)
. ‖Ψ‖H + δ

N+4
N−4 .

By Proposition 2.10, M(I) ↪→W (I) and

‖u‖(W (I))(m) . ‖u‖(M(I))(m) . (5.1)

Thanks to Strichartz estimates, it follows that

‖u− eit∆
2
Ψ‖(W (I))(m) . ‖

m∑
k=1

∫ t

0

T (t− s)(f1,k(u), . . . , fm,k(u)) ds‖(W (I))(m)

. ‖
m∑
k=1

∫ t

0

T (t− s)(f1,k(u), . . . , fm,k(u)) ds‖(M(I))(m)
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. ‖u‖
N+4
N−4

(W (I))(m) .

So, by Lemma 2.12,
‖u‖(W (I))(m) ≤ 2δ.

Now, take an admissible couple (q, r) and denote (J2) := ‖u − v‖(Lq(I,Lr))(m) −
‖Ψ− ϕ‖(L2)(m) . By Hölder inequality and Strichartz estimate, we have

(J2)

.
m∑

j,k=1

‖fj,k(u)− fj,k(v)‖
L

2(N+4)
N+8 (I,L

2(N+4)
N+8 )

.
m∑

j,k=1

∥∥(|uk| 4
N−4 |uj |

4
N−4 + |uk|

N
N−4 |uj |

8−N
N−4

)
|u− v|

∥∥
L

2(N+4)
N+8 (I,L

2(N+4)
N+8 )

.
m∑

j,k=1

‖u− v‖
L

2(N+4)
N (I,L

2(N+4)
N )

(
‖uk‖

4
N−4

L
2(N+4)
N−4 (I,L

2(N+4)
N−4 )

‖uj‖
4

N−4

L
2(N+4)
N−4 (I,L

2(N+4)
N−4 )

+ ‖uk‖
N
N−4

L
2(N+4)
N−4 (I,L

2(N+4)
N−4 )

‖uj‖
8−N
N−4

L
2(N+4)
N−4 (I,L

2(N+4)
N−4 )

)
. δ

8
N−4 ‖u− v‖(

L
2(N+4)
N (I,L

2(N+4)
N )

)(m) .

The proof ends by taking δ small enough. �

We are ready to prove Theorem 2.5.

Proof of Theorem 2.5. Denote the homogeneous Sobolev space H = (Ḣ2)(m). Us-
ing the previous proposition via (5.1), it suffices to prove that ‖u‖H remains small
on the whole interval of existence of u, which is a consequence of the inequalities

‖u‖2H ≤ E(u(t)) = E(Ψ) ≤ C
(
ξ(Ψ) + ξ(Ψ)

N
N−4

)
.

Now, we prove scattering. Let v(t) = e−it∆
2
u(t). Taking account of Duhamel

formula

v(t) := Ψ + i

m∑
k=1

∫ t

0

e−is∆
2
(
|uk|

N
N−4 |u1|

8−N
N−4u1(s), . . . , |uk|

N
N−4 |um|

8−N
N−4um

)
ds.

Therefore, for 0 < t < τ ,

v(t)− v(τ) = i

m∑
k=1

∫ τ

t

e−is∆
2
(
|uk|

N
N−4 |u1|

8−N
N−4u1(s), . . . , |uk|

N
N−4 |um|

8−N
N−4um

)
ds.

Applying Strichartz estimate and Sobolev embedding, we obtain

‖v(t)− v(τ)‖H .
m∑

j,k=1

‖(1 +∇)(|uk|
N
N−4 |uj |

8−N
N−4uj)‖

L2((t,τ),L
2N
N+2 )

. ‖(1 + |∇u|)
(
|uk|

4
N−4 |uj |

4
N−4 + |uk|

N
N−4 |uj |

8−N
N−4

)∥∥
L2((t,τ),L

2N
N+2 )

.
(
1 + ‖∇u‖

L
2(N+4)
N−4 ((t,τ),L

2N(N+4)
N2−2N+8 )

)
×
(
‖uk‖

4
N−4

L
2(N+4)
N−4 ((t,τ),L

2(N+4)
N−4 )

‖uj‖
4

N−4

L
2(N+4)
N−4 ((t,τ),L

2(N+4)
N−4 )
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+ ‖uk‖
N
N−4

L
2(N+4)
N−4 ((t,τ),L

2(N+4)
N−4 )

‖uj‖
8−N
N−4

L
2(N+4)
N−4 ((t,τ),L

2(N+4)
N−4 )

)
. (1 + ‖u‖(W (t,τ))(m))‖u‖

8
N−4

(W (t,τ))(m) .

Using the proof of Proposition 5.1, we have u ∈ (W (R))m. Hence,

‖v(t)− v(τ)‖H
t,τ→∞
→ 0 .

Taking u± := limt→±∞ v(t), we obtain

lim
t→±∞

‖u(t)− eit∆
2
u±‖H = 0.

Scattering is proved. �

6. Appendix

6.1. Blow-up criterion. We give a useful criterion for global existence in the
critical case.

Proposition 6.1. Let 4 < N ≤ 8, p = p∗ and u ∈ C([0, T ), H) be a solution of
(1.1) satisfying ‖u‖(Z([0,T ]))(m) < +∞. Then there exists

K := K(‖Ψ‖H , ‖u‖(Z([0,T ]))(m))

such that

‖u‖(
L

2(N+4)
N

T (L
2(N+4)
N )

)(m) + ‖u‖(
L∞T (H)

)(m) + ‖u‖(M([0,T ]))(m) ≤ K (6.1)

and u can be extended to a solution ũ ∈ C([0, T ′), H) of (1.1) for some T ′ > T .

Proof. Let η > 0 be a small real number and M := ‖u‖(Z([0,T ]))(m) . The first step
is to establish (6.1). In order to do so, we subdivide [0, T ] into n slabs Ij such that

n ∼ (1 +
M

η
)

2(N+4)
N−4 and ‖u‖(Z(Ij))(m) ≤ η.

Denote (A) := ‖u‖(M([tj ,t]))(m) and Ij = [tj , tj+1]. For t ∈ Ij , by Strichartz estimate
and arguing as previously,

(A)− ‖u(tj)‖H .
m∑

i,k=1

‖∇fi,k(u)‖(
L2([tj ,t],L

2N
N+2 )

)(m)

.
m∑

j,k=1

‖∇u‖
L

2(N+4)
N−4 ([tj ,t],L

2N(N+4)
N2−2N+8 )

×
(
‖uk‖

4
N−4

L
2(N+4)
N−4 ([tj ,t],L

2(N+4)
N−4 )

‖uj‖
4

N−4

L
2(N+4)
N−4 ([tj ,t],L

2(N+4)
N−4 )

+ ‖uk‖
N
N−4

L
2(N+4)
N−4 ([tj ,t],L

2(N+4)
N−4 )

‖uj‖
8−N
N−4

L
2(N+4)
N−4 [tj ,t],(L

2(N+4)
N−4 )

)
. ‖u‖(W ([tj ,t]))(m)‖u‖

8
N−4

(Z([tj ,t]))(m)

. ‖u‖(M([tj ,t]))(m)‖u‖
8

N−4

(Z([tj ,t]))(m) . η
8

N−4 ‖u‖(M([tj ,t]))(m) .
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Take (B) := ‖u‖(
L

2(N+4)
N ([tj ,t],L

2(N+4)
N )

)(m) . Applying Strichartz estimates, we ob-

tain

(B)− C‖u(tj)‖(L2)(m)

.
mX

j,k=1

‖|uk|
N
N−4 |uj |

8−N
N−4 uj‖

L
2(N+4)
N+8 ([tj ,t],L

2(N+4)
N+8 )

.
mX

j,k=1

‖uk‖
N
N−4

L
2(N+4)
N−4 ([tj ,t],L

2(N+4)
N−4 )

‖uj‖
8−N
N−4

L
2(N+4)
N−4 ([tj ,t],L

2(N+4)
N−4 )

‖uj‖
L

2(N+4)
N ([tj ,t],L

2(N+4)
N )

. ‖u‖
8

N−4`
L

2(N+4)
N−4 ([tj ,t],L

2(N+4)
N−4 )

´(m)
‖u‖`

L
2(N+4)
N ([tj ,t],L

2(N+4)
N )

´(m)

. η
8

N−4 ‖u‖`
L

2(N+4)
N ([tj ,t],L

2(N+4)
N )

´(m) .

If η is sufficiently small, the conservation of the mass yields

‖u‖(
L

2(N+4)
N ([tj ,t],L

2(N+4)
N )

)(m) ≤ C‖Ψ‖(L2)(m)

and
‖u‖(M([tj ,t]))(m) ≤ C‖u(tj)‖H.

Applying again Strichartz estimates, yields

‖u‖(
L∞([tj ,t],H)

)(m) ≤ C‖u(tj)‖H.

In particular, ‖u(tj+1)‖H ≤ C‖u(tj)‖H. Finally,

‖u‖(
L∞([tj ,t],H)

)(m) + ‖u‖(M([tj ,t]))(m) ≤ 2Cn‖Ψ‖H < +∞.

The first step is done. Choose t0 ∈ In, Duhamel’s formula gives

u(t) = ei(t−t0)∆2
u(t0)− i

m∑
k=1

ajk

∫ t

t0

ei(t−s)∆
2

×
(
|uk|

N
N−4 |u1|

8−N
N−4u1, . . . , |uk|

N
N−4 |um|

8−N
N−4um

)
ds.

Thanks to Sobolev inequality and Strichartz estimate,

‖ei(t−t0)∆2
u(t0)‖(W ([t0,t]))m ≤ ‖u‖(W ([t0,t]))m + C

m∑
j,k=1

∥∥|uk| N
N−4 |uj |

8−N
N−4uj

∥∥
N([t0,t])

≤ ‖u‖(W ([t0,t]))m + C‖u‖
N+4
N−4

(W ([t0,t]))m
.

The dominated convergence theorem ensures that ‖u‖(W ([t0,T ]))m can be made ar-
bitrarily small as t0 → T , then

‖ei(t−t0)∆2
u(t0)‖(W ([t0,T ]))m ≤ δ,

where δ is as in Proposition 5.1. In particular, we can find t1 ∈ (0, T ) and T ′ > T
such that

‖ei(t−t0)∆2
u(t0)‖(W ([t1,T ′]))m ≤ δ.

Now, it follows from Proposition 5.1 that there exists v ∈ C([t1, T ′], H) such that
v solves (1.1) with p = N

N−4 and u(t1) = v(t1). By uniqueness, u = v in [t1, T )
and u can be extended in [0, T ′]. �
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6.2. Morawetz estimate. In what follows we give a classical proof, inspired by
[4, 18], of Morawetz estimates. Let u := (u1, . . . , um) ∈ H be a solution of

iu̇j + ∆2uj +
( m∑
k=1

ajk|uk|p
)
|uj |p−2uj = 0

in N1-spatial dimensions and v := (v1, . . . , vm) ∈ H be a solution to

iv̇j + ∆2vj +
( m∑
k=1

ajk|vk|p
)
|vj |p−2vj = 0

in N2-spatial dimensions. Define the tensor product w := (u⊗ v)(t, z) for z in

RN1+N2 := {(x, y) s. t x ∈ RN1 , y ∈ RN2}
by the formula

(u⊗ v)(t, z) = u(t, x)v(t, y).
Denote F (u) :=

(∑m
k=1 ajk|uk|p

)
|uj |p−2uj . A direct computation shows that w :=

(w1, . . . , wn) = u⊗ v solves the equation

iẇj + ∆2wj + F (u)⊗ vj + F (v)⊗ uj := iẇj + ∆2wj + h = 0 (6.2)

where ∆2 := ∆2
x + ∆2

y. Define the Morawetz action corresponding to w by

M⊗2
a := 2

m∑
j=1

∫
RN1×RN2

∇a(z).=(uj ⊗ vj(z)∇(uj ⊗ vj)(z)) dz

= 2
∫

RN1×RN2

∇a(z).=(w̄(z)∇(w)(z)) dz,

where ∇ := (∇x,∇y). It follows from equation (6.2) that

=( ˙̄wj∂iwj) = <(−i ˙̄wj∂iwj)

= −<
(
(∆2w̄j +

m∑
k=1

ajk|ūk|p|ūj |p−2ūj v̄j +
m∑
k=1

ajk|v̄k|p|v̄j |p−2v̄j ūj)∂iwj
)
;

=(w̄j∂iẇj) = <(−iw̄j∂iẇj)

= <
(
∂i(∆2wj +

m∑
k=1

ajk|uk|p|uj |p−2ujvj +
m∑
k=1

ajk|vk|p|vj |p−2vjuj)w̄j
)
.

Moreover, denoting the quantity
{
h,wj

}
p

:= <
(
h∇w̄j − wj∇h̄

)
, we compute

{
h,wj

}i
p

= −∂i
( m∑
k=1

ajk|ūk|p|ūj |p−2ūj v̄j +
m∑
k=1

ajk|v̄k|p|v̄j |p−2v̄j ūj

)
wj

+
( m∑
k=1

ajk|uk|p|uj |p−2ujvj +
m∑
k=1

ajk|vk|p|vj |p−2vjuj

)
∂iw̄j .

It follows that

Ṁ⊗2
a = 2

m∑
j=1

∫
RN1×RN2

∂ia<
(
w̄j∂i∆2wj − ∂iwj∆2w̄j

)
dz

− 2
m∑
j=1

∫
RN1×RN2

∂ia
{
h,wj

}i
p
dz
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= −2
m∑
j=1

∫
RN1×RN2

[
∆a<(w̄j∆2wj) + 2<(∂ia∂iw̄j∆2wj)

]
dz

−
m∑
j=1

2
∫

RN1×RN2

∂ia
{
h,wj

}i
p
dz

:= I1 + I2 − 2
m∑
j=1

∫
RN1×RN2

∂ia
{
h,wj

}i
p
dz.

Similar computations as those in [18], give

I1 + I2 = 2
m∑
j=1

<
∫

RN1×RN2

{
2
(
∂xik∆xa∂iūj∂kuj |vj |2 + ∂yik∆ya∂iv̄j∂kvj |uj |2

)
− 1

2
(∆3

x + ∆3
y)a|ujvj |2 +

(
∆2
xa|∇uj |2|vj |2 + ∆2

ya|∇vj |2|uj |2
)

− 4
(
∂xika∂i1iūj∂i1kuj |vj |2 + ∂yika∂i1iv̄j∂i1kvj |uj |

2
)}
dz.

Now, we take a(z) := a(x, y) = |x− y| where (x, y) ∈ RN × RN . Then calculation
done in [18], yield

Ṁ⊗2
a ≤ 2

m∑
j=1

<
∫

RN1×RN2

(
− 1

2
(∆3

x + ∆3
y)a|ujvj |2 − 2∂ia{h,wj}ip

)
dz.

Hence, we obtain
m∑
j=1

∫ T

0

∫
RN1×RN2

(
(∆3

x + ∆3
y)a|ujvj |2 + 4∂ia{h,wj}ip

)
dz dt ≤ sup

[0,T ]

|M⊗2
a |.

Then
m∑
j=1

∫ T

0

∫
RN1×RN2

(
(∆3

x + ∆3
y)a|ujvj |2 + 4(1− 1

p
)∆xa

m∑
k=1

ajk|uk|p|uj |p|vj |2

+ 4(1− 1
p

)∆ya

m∑
k=1

ajk|vk|p|vj |p|uj |2
)
dz dt ≤ sup

[0,T ]

|M⊗2
a |.

Taking account of the equalities ∆xa = ∆ya = (N − 1)|x− y|−1 and

∆3
xa = ∆3

ya =

{
Cδ(x− y), if N = 5;
3(N − 1)(N − 3)(N − 5)|x− y|−5, if N > 5,

when N = 5, choosing uj = vj , we obtain
m∑
j=1

∫ T

0

∫
R5
|uj(t, x)|4 dx dt . sup

[0,T ]

|M⊗2
a |.

If N > 5, it follows that
m∑
j=1

∫ T

0

∫
RN⊗RN

|uj(t, x)|2|u(y, t)|2

|x− y|5
dx dy dt . sup

[0,T ]

|M⊗2
a |.

This completes the proof.
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