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TRIGONOMETRIC SERIES ADAPTED FOR THE STUDY OF
NEUMANN BOUNDARY-VALUE PROBLEMS OF
LAME SYSTEMS

BOUBAKEUR MEROUANI, NABIL LIAZIDI

ABSTRACT. In this article, we study the solutions to Neumann boundary-value
problems of Lamé system in a sectorial domains. We study directly this prob-
lem, by using trigonometric series, without going through the Airy functions.
Results using the Airy function are given in [I1].

1. INTRODUCTION

Let S be the truncated plane sector of angle w < 27, and positive radius p:

S ={(rcosf,rsinf) € R?0<r < p,0<6<w} (1.1)
and ¥ the circular boundary part
Y ={(pcosh,psinh) € R* 0 < 6 < w}. (1.2)

We are interested in the study of functions u belonging to the Sobolev space
(H'(S))?, and that are solutions to Lamé type system

Lu=Au+1V(divu) =0, inS

1.3
o(u)-n=0, forf=0w, (13)
where \
vo=(1-2v)"1 = ﬁ,
I

A, u are Lamé constants, with A > 0, g > 0, v is a real number (0 < v < %) called

Poisson coefficient, and
_ (ou(w) o12(u)
U(u) o <012(u) 0'22(U)> ’
)

Here, the components of the stress tensor o(u) are given by Hooke’s law

Oij = u“(axj + Bq:z ) + /\(vu)émv ,] = la 2.
We shall analyze the solutions u of this problem which can be written in a series
of the form:
u(r,0) = Z CaT o (0). (1.4)

ack
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Here FE stands for the set of solutions of the equation in a complex variable a(vp)
sin? aw = a?sin?w, Rea >0 (1.5)
For further studies of the set E, see, for example, Lozi and Merouani [5 [§].

It is well known that the problem is reduced to the problem of Dirichlet
for the bilaplacian of the Airy function. In this work, we study directly problem
(1.3) and find the results by Tcha-Kondor [I1] concerning the Airy function. The
relations between the Airy function and the stress tensor o(u) are given in [4] by
0’H *H 0*H
5275@7 o22(u) = (927:161’ o12(u) = _893183:2’

We will adapt the technique used in [2] 9] [0, [TT], for the bilaplacian and for the
Dirichlet’s boundary conditions for the Lamé’s system. Here, we treat problem of
Lamé system in sector for Neumann boundary-value. As in [9], we establish, thanks
to the Betti formula instead of Green formula, a relation of orthogonality between
the functions v, and vg allowing us to compute the coefficients of the singularities
which can occur in the solutions, this technique is easier and more direct than the
classical one used in [4].

We will focus on the important case of the crack, i.e. w = 27 . The calculations
in that case are more explicit and give the known results for the Laplacian as just
a particular case.

o1 (u) = (1.6)

2. SEPARATION OF VARIABLES

Replacing u by r%(v1,4(0),v2,4(0)) in problem (1.3) and using the change of
variables
wi (0) = cos Ovy(0) + sin Hva(6),

wa(f) = — sin Ovy(0) 4 cos Bva () (2.1)
leads us the system
wy (0) + (vo + 1)(a” = Dwi (0) + (vo(a — 1) = 2)wy(0) =0,
(vo + Dwy (8) + (a® = Dw2(8) + (vo(a + 1) + 2)wy (0) = 0,
wi(0) + (o = Nw2(0) =0,
(vola+1) + Dw1(0) + (vo + l)w%(O) =0; (2.9)
(o +1) + Dws () + Dwy(w)) sinw
)

+ (Wi (w) + (a — Nwa(w
(o +1) + Dwn () +
— (w] (w) + (@ — 1wy (w)) sinw = 0,

) cosw = 0,

(
(vo +
)
(vo + 1)wh(w)) cosw

By Merouani [7], the solutions of ([2.2)) are linear combination of the functions

_ (2vgaccos(a — 2)0 — 2(vo( + 2) + 2) cos ab
Pa(0) = ( 0—21;0a sin(a — 2)6 +02(v0a —2)sinad ) (2.3)
and
_ 2upasin(a — 2)0 — 2(voar + 2) sin af
Val0) = <2v0a ((z)os(a —2)0 — 2(110(0407 2) — 2) cos 0A9> (2.4)

A relationship, similar to classical orthogonality, for this system is given by the
following theorem.
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Theorem 2.1. Let wy = (W1,q,W2,o) and wg = (w1,3,we,3) be solutions of (2.2)
with « and B solutions of (L.5)). Then, for B # &, we have

[wow wﬂ]
_ ¢ ; ’ ’ w1, - (2.5)
_ /0 H(E — ol wha) + (0 D ws.0)] (wzﬁ) Jao =o0.
Proof. We shall use Betti’s formula
/(vLu —ulLv)dx = /[UO'(U) -n —uo(v) - n)do (2.6)
s r

cos
sin 6
of S. For two functions u, v which are solutions of (L.3]), using the Betti’s formula
we obtain

where n = is the outward unit vector normal to 3, and I' is the boundary

/ [vo(u) -n —uo(v) -nldo =0 (2.7)
b

on X, for the function u = r%y,, taking account of the change of variables (2.1),
we have

o(u)-n= lﬁailMa,vo (wa) (2.8)
with My v, (wa) being the matrix

(((Uo = Dwy , + (a(vg + 1) + (vo — 1))wi,a) cos O — (w] , + ( — Dwz o) sin 9)
(w’lva + (@ — Dwa,q) cosb + ((vo — 1)w§a + (a(vo + 1) + (vo — 1))w1,4) sin @

The results follow from the application of formula (2.7)) to the functions u = r®yp,
and u = 7713, and by using relation (2.8)). |

Corollary 2.2. Let w, and wg be solutions of (2.2) with o and (3 solutions of
(1.5). Suppose in addition that

“ w
[ bt (527) =0 (29)
and o # 3. Then

[, wg] = /Ow[((vo D)W a, wa.0)] <“’1»ﬁ) d = 0. (2.10)

w2,5

The above corollary follows by substituting (2.9)) in (2.5)), to obtain (2.10).

For wy, = 7%, we define the operator

Tew. — po—1 ((Uo + 1)w1,a> .

W2, o

Corollary 2.3. From C’omllary if a # 3, we have
/E(Twa - wg + we.Twg)do = 0. (2.11)
Proof. From the definition of the operator T" and Corollary we have
/E(Twa.@ + wo Twg)do = 2rotF=1 /((vo + Dwi,aw; 5 + w2,awy 5)d0 = 0.

O
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Corollary 2.4. Suppose that u = CaT®@o is uniformly convergent in S. If

[pg, 08l # 0, then

acl

C- — }p—2§+1 Js(Tu -5 + w1 ug)da.
2 (o5 8]
Proof. Foru =3} pcar®p, and taking into account the definition of the operator
T we have

/(Tu~u75+u~T%)da
by

L (3
+ (D carpa)r?! <(”° * 1)*01#3) )do

el Y28
— w 1 —
=> carﬂ-i-a—l/ ( ((Uo + 1)<P1,a> o5 + 0a ((Uo + )<P1,ﬁ> )dg_
aclE 0 ¥2,0 (pziﬁ

From Corollary if o # 3, then

/ (Tu-ug +u-Tug)do = 2C3[pg, @g]pﬁ*l.
b
Expression cz of Corollary @ results from this last equality. O

The technique we develop for the study of the trigonometric series is based on
Theorem and Corollary To illustrate this, we study the following trigono-
metric series in the particular case of the crack (w = 2), which is an important
case of singular domains. The explicit knowledge of the roots of simplifies
computations

3. COMPLETE CASE STUDY OF THE CRACK

To simplify calculations, we decompose every solution u of (1.3) in two parts
with respect to 6
u =3 + Us.

3.1. Study of the first part. The first part is the expression ¢, and is given by
(2.3)), where

E= {g, ke N*}
because w = 2x. After some calculation, we obtain
[Pa pa] = 4[v5 (vo + 2)a” + (vo( + 2) + 2)*(1 + vg) + (vor — 2)*]mp™* ™1 # 0.
We define the sub-sector
Sy =SN{(rcosf,rsinf) € R* r<po}, po<p.
We define the traces on X,
=& e (HY2(R)?, Ty = ¢ € (HV*(R))2

27
Ca = Aa,uo/0 (& ((v“ * 1)‘01""> + po <“01’°‘> é1)(po, 0)d6, (3.1)

©2,a ©2,a

Let
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with

po
Aawe = .
O 8m[vd (vo + 2)a? + (1 + vo)(vo(a + 2) + 2)2 + (voo — 2)2]

Corollary 3.1. If {; is a solution of (1.3), then

Uy = Z caro‘gpa (3.2)
acE

where c,, is given by ([B3.1). The series converges uniformly in S,, for all py < p.
Moreover (3.2)) converges globally in (H'(S,))?, if a3/2cop® € 12.
Proof. (i) if (3.2) occurs, then ¢, is expressed by (3.1)) under Corollary

(ii) if ¢4 is solution of (1.3) and ¢, given by (3.1)) then co = o(apy ®). This

implies the uniform convergence of the series in S,, towards some W; satisfying

3.

From Grisvard-Geymonat [3], there a exists positive e, sufficiently small such
that the solution of problem (|1.3)) is written as

Wy = Z Kara(POM

aclE
which converges for r < e. Then Theorem implies that K, = ¢, therefore W,
and 4 coincide in S;. They coincide in S, since they are real analytic. (]

Remark 3.2. If & belongs to the space (H%(]0,27[))? and ¢; to (H(]0,2x][))?,

then ¢, = o(apy®) and we have uniform convergence of the series in S, for all
Po < p-
3.2. Study of the second part. The second part is the expression v, given by

, where
o {g ke N}
because w = 27. After some calculations, we obtain
(o, a] = 4[vg (vo + 2)a® + (v + 1) (voer + 2) + (vo(a — 2) — 2)%|mp®* ! #£ 0
We define the following trace of X,
Uy =& € (HY2(R))?, Ty = ¢o € (HV?(X))%

2m
4 = Bavg /0 (& ((Uo zzliwl,a> o @;Z) &) (o0 0)d0.  (33)

Po "
8m[vE(vo + 2)a? + (vo + 1) (voar + 2)2 + (vo(a — 2) — 2)?]

Corollary 3.3. If Uy is solution of problem (1.3)) then
LlQ = Z da’f’ad)a (3.4)

aEl

Let

with

B%vo =

where dy, is given by (3.3). The series converges uniformly in S,, for all py < p.
Moreover (3:4) converges globally in (H*(S,))?, if a®/2d,p* € 12.
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Remark 3.4. For vy = 0 we obtain the trigonometric series for the Laplace equa-
tion in a sector. This is compatible with (1.3]) with vg = 0,

Remark 3.5. Using the formulas (1.6)), we find the results concerning the Airy
functions.

Equation (2.8) in [10] is false (Typing error). We have to write pur® =1 M, ,, (wq)

and not ir“‘lMa,UO (wq).
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