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OBSERVABILITY INEQUALITY AND DECAY RATE FOR WAVE
EQUATIONS WITH NONLINEAR BOUNDARY CONDITIONS
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ABSTRACT. We study a class of wave propagation problems concerning the
nonlinearity of dynamic evolution for boundary material. We establish an
observability inequality for the related linear system, and make a connection
between the linear system and the original nonlinear coupled system. Also, we
obtain the desired energy decay rate for the original nonlinear boundary value
problem.

1. INTRODUCTION

We are concerned with the nonlinear boundary value problem

uge(x,t) = Au(x,t), x€Q,t>0; (1.1)

u(z,t) =0, x€Tlo, t>0 (1.2)

u(z,t) + f(z) +9(2) =0 z €Ty, t>0; (1.3)
ou

azzt zel, t>0; (1.4)

u(z,0) =uo(x), wu(x,0)=wui(x), z€Q, 2(x,0)=2z2(x), ze€ly; (1.5)

where A is the Laplacian operator, ) is a bounded domain in R™ with a boundary
I' = TyUT'; (disjoint, closed, and nonempty) of class C2, and f, g are given functions
on R.

For some similar systems with or without source terms in , there exist several
results about uniform decay rate of the solutions to these systems. For instance,
[6] 9] 10, 11] study the porous boundary condition with the interface described by

ug+ f(x)ze +g(x)z=0, zeTly, t>0;
ou
v
where p is a given function. In this paper, we focus on the investigation of the prob-
lem above concerning the nonlinearity of dynamic evolution for boundary material,
which is always described by boundary displacement z. We allow for nonlinear
damping f(z;) and nonlinear potential g(z) (f and g may depend on x also, which

+p(ut)zzta Z‘Erl,t>0,

2010 Mathematics Subject Classification. 35L70, 35B35, 76Q05, 351.20.

Key words and phrases. Nonlinear wave; coupled boundary equations; uniform decay rates;
observability inequality.

(©2017 Texas State University.

Submitted September 8, 2016. Published July 4, 2017.

1



2 YUAN GAO, JIN LIANG, TI-JUN XIAO EJDE-2017/161

can be handled similarly) in the boundary displacement equation (1.3). Such non-
linearity enables our results to possess wide applicability.

Since our system is a coupled system and we hope to control the whole coupled
system by only using a single boundary damping, which is different from and much
more complex than the case of single equations, we will make efforts to establish
the observability of the related linear system, to find a useful connection between
the linear system and the original nonlinear system, and finally to obtain the decay
rate of the energy. We also would like to state that our idea is stimulated by the
significant papers [11 [2, [4, [6, [7] [8] 10} T3], [14].

We first present some notation, basic definitions and assumptions (cf., e.g., [IL[8]).
Throughout this paper, ¢, ¢; are as generic constants whose values may change from
line to line. We make the following assumptions:

(H1) there exists g € R™ such that m(z) - v(z) < 0 for x € Ty, where m(x) =
x — zp and v(z) is the unit normal vector pointing to the exterior of 2.

(H2) The function g € C(R) is monotone nondecreasing such that g(0) = 0; the
function f € C*(R) satisfies f(0) = 0 and infyer f/(s) > 0, and there exists
a continuous strictly increasing odd function p € C([-1,1];R), which is
continuously differentiable in a neighbourhood of 0 with p(0) = p’(0) = 0,
such that

cp(lv]) < [f ()] < e2p™'(0]),  [v] <1, ace. on Ty,

(1.6)

alvl < f(w)] <eslv|, |v] >1, ae. onT}y.

Moreover, g(s) is locally Lipschitz continuous such that
alv] < lg)| < ealv|, |v] >1, ae. Ty. (1.7)

Also we define
H(x) == Vzp(Vx), = €l0,r], (1.8)

ro > 0 being small enough such that H is strictly convex on [0, r3]. We define

Lly) = {f*w)/w e (0.0

Here

H* := sup{zy — H(x)}
r€R

stands for the convex conjugate function of H (the extension of H to R in which
H(x) = +oo for x € R\ [0,73]). Moreover, we define a function Ay on (0,73] by

Ap(z) = x}é(/g(i)’
and write
1 H'(r2) 1 1
V)= gy /W 0= A(E) ) TEHW)

Then, there exists § > 0 such that ¢ is strictly increasing on [0, d].
Let

V() = {u(z) € H'(Q), ulr, = 0},
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and define the inner products and norms on V(Q), L?(Q), and L?(I'1) respectively
as follows

5 \1/2
((u,v))V:/QVu(z)'Vv(x)dx, lully = (/Q\vu(xn dz)
u,v) = u\r)v\r)axr u| = UI’QII/Q
(u, ) /Q<><>d, |\ </Q<<>>d> ,
Gy = [ d@p(@)dr, |6l = ( / (é(x))2d) /2,
Fl l_‘1

Clearly, the || - ||y is equivalent to the usual H! norm.
Define the “finite energy space” by

H =V (Q) x L*(Q) x L*(T'y),
where the norm on H is given by
|(u,’v,2)|31 = [luly + of* + |21, -
Define the energy of system —. by

/ |Vul? + uide + - / zZdl + [ G(z)dl,
I I
where G(z fo s)ds is the anti-derivative of g.

2. MAIN RESULTS AND PROOFS

Rewrite the system ([L.1])-(|1.5]) as

o [u Uy u
a0 ) = Au =Alu|. (2.1)
z fH(=wlr, = 9(2)) z

The action of the operator A is given by the matrix of operators that appears in
(2.1). The remaining boundary conditions are encoded in the domain of A, given

by
D(A) = { v| €H;veV(Q),Auc L), % . = f 1 (—vlr, —g(z))}

From (H2), one knows that f is strictly increasing, and its inverse function f~1
is Lipschitz continuous. Thus, using the standard method of nonlinear monotone
operators and the semigroup theory (cf. [3]), we can obtain wellposedness of the
system.

To study the energy decay rates of —, we first give an observability
inequality of the following linear system, which has the same initial values as the
original nonlinear system:

Py (z,t) = AP(z,t), z€Q,t>0; (2.2)
P(z,t)=0, ze€Tly t>0
Pi(x,t) + My(z,t) + M(x,t) =0, x€Tlq,t>0;

dP(z,t
#:Mt, zely, t>0; (2.5)

P(z,0) = up(x), Pi(z,0)=ui(z), =€ (2.6)
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M(z,0) = zo(z), zeTli. (2.7)

Using the multiplier method (cf., e.g., [2 [14]), we can prove the following ob-
servability inequality.

Theorem 2.1 (Observability inequality). There is a constant Ty > 0, depending
only on ), such that for T > Ty, there corresponds a positive constant Cp satisfying

T
CrE,(0) < / M? da dt, (2.8)
0 Iy

where
1 1
E,(t) = 7/ P? 4+ |VPP*dx+ = | M?dl’
2 Ja 2 Jr,
is the energy of (12.2)-(2.7).

Proof. The proof is divided into the following 5 steps.
Step 1: Let £(t) € C3°(R) be the cutoff function defined by

1, te [607T7€0]
£(t) = ¢ a C* function with range in (0,1), ¢ € (0,¢) U(T — €, T)
0, t € (—00,0) U (T, 0),

for €y € (0,77/2).

Let h be a [C?(Q)]"-vector field, which will be specified later. Then, multiplying
by h - VP, integrating in time and space and using the boundary condition,
we obtain

T— €0

T—eo /T 60/ P2 V hp2

T—eq
—V-(*IVPP)} dxdt—/ / h -V PM,dldt
11

€o

T—eo T—eo
/ /J|VP|2dxdt / v—h|VP|2d dt
Q Q

T—e T—eo h -
’ 7// 2 Y(p2 — |VP?)drdt
@ - 2

T—GQ v . h T—€0
+/ /T(PE—IVPP)dde/ /JlVP|2dxdt
€0 Q € Q

T*E()
- / / h -V PM,dTdt,
Fl €0

where J := agx(x) .

By (H1) we can take h such that
h-v=0 onTYy,
8xj

= (h-VP,P)pe

= (h-VP,P)pe

J = > pol on Q,
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for some constant py > 0. Hence,

T*EO

po/ /|VP|2dxdt
€0 Q
T—EU

g/ /J|VP|2dxdt
€0 Q

T—e€o T—e€o h-v
</ h-VPMtdth+/ / ——(P? — |VP|?)dldt
€0 Iy €0 Iy 2

T—e T—co ry.p
I T e R e L
€0 €0 Q

Since
2 2 opP , / 2
‘VP| :(Mt +|E| )7 Ep:_ MtdFSO’
ry
we have
T—Co
po/ /|VP\2dxdt
€0 Q
Tmeo rv.h
< ‘/ /7(133 — \VP|2)dxdt‘ (2.9)
€0 Q 2

T—¢
0 aP
+Ch[ Mfdrdt+/ / Pt2+|g|2dl“dt} + ChE,(0),
21 €0 1N

where X1 := (0,7) x I'y, and C}, is a positive constant depending on h. Write

Lo.t(P, M) == ||(P, PtaM)HC([O,T];Hl*E(Q)XH*E(Q)xH*ﬁ(Fl))a

for € > 0.
Multiplying (2.2]) by PV - h, integrating in time and space, and using the bound-
ary condition and Sobolev Trace Theory, we obtain

T*E()
‘/ /V-h(Pf—|VP|2)dmdt’
€0 Q

T—e¢ T—eo
<Pt,Pv.h>H_g(Q)XHE(Q)] °+/ /PVP~V(V~h)dxdt
€o €0 Q

Tee (2.10)
- / / PV - hMydTdt|
) I
T*G()
<C. Mfdrdt+e/ /\VP|2dxdt+1.o.t(P,M).
P €0 Q
Let min{Vh} = dy > 0. Combining (2.10)) and (2.9)) gives
T760
/ / VP> + P?dxdt
€0 Q
(2.11)

T—eo aP
<C. M2drdt P2+ | = ?)dldt
<Cal [ +/€O /F1<t+|87|) }

+ CLE,(0) + Lo.t(P, M).
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Using [2, Lemma 4] to estimate fi_eo Jr, 921241 dt in (2.11)), we obtain

T—Eo
/ /\VP|2+PE dz dt
€0 Q

T—Eo
< CT’EO,h{ / M? + €2P2drdt + / Pfdrdt}
31 €0 I

+ CrLE,(0) + Lo.t(P, M).

(2.12)

Step 2: We estimate fT_EO

o Jp, PPdTdt + [ € P?dldt. The boundary condition
on I'y shows that

T—Eo
/ P2dUdt < [ €*P2dTdt <2 | M? 4 M?dldt.
€0 Iy PN P
By (2.12)), we have

T—Eo
/ Ey(t)dt < Cr.eo n.t / (M} + M?)dUdt + CE,(0) + Lo.t(P, M). (2.13)

€0 21

From Ej, = — [, M?dT, it follows that

(T — 2¢0) [Ep(o) - Mtzdfdt}

P
< (T — 2¢0) E,(T)

T—eo (2.14)
< / E,dt

€0

< Cregh.f /E (M? + M?)dl'dt + CyE,(0) + Lo.t(P, M).
1

Step 3: We estimate le M?2dl'dt. Multiplying (2.4) by M and integrating in time
and space, we obtain

0= [ M(P,— M, + M)dldt
3

t=T
:/ MPdI“ —/ (M, P + MM, — M?)dUdt.
r, t=0 o

Hence
t=T
M?drdt = ‘ M MdUdt + M, Pdl'dt — M Pdr . ‘
t=
> > > t (2.15)
<€ [ M2*dUdt+C., | MZdldt+lo.t.(P, M),
N 31
where ¢; is arbitrarily small. Combining this with ([2.14]), we obtain
(T —2¢0 — Ch)E,(0) < Oreopn | MEdDdt +lot(P, M). (2.16)

31
Therefore, for T' > Ty := 2¢p — Ch, we almost get (2.8) except for the lower-order
terms l.o.t(P, M).

Step 5: We claim that for
T > Ty = max{Tp, 2diam ()},
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there exists a constant C7 > 0 such that the solution of (2.2)-(2.7)) satisfies the
inequality
Lo.t(P, M) < Cr|[Mi|32s,)- (2.17)
Suppose this is false. Then there exists a sequence
(P(0)", P(0)", M(0)") C H,
and a corresponding solution sequence (P™, P*, M™) of (12.2)-(2.7) such that
Lo.t(P*,M") =1 Vn,
M 7205, = 0 n — oo
Thus, by (2.16), we see that ||(P(0)™, P,(0)™, M(0)™)||x is bounded for T large
enough. Hence there is a subsequence, still denoted by
(P(O)n’ Pt(o)nv M(O)n)’ (P(O)*’ Pt(o)*a M(O)*)’
such that
(P(0)™, P,(0)", M(0)") — (P(0)*, P,(0)*,M(0)*), in H weakly. (2.18)

Let (P*, P, M*) be the solution corresponding to (P(0)*, P;(0)*, M (0)*). Then
from

E,=— [ M2dl <0,
Iy
it follows that

(P, P',M™) — (P*, P}, M*), weak star in L>(0,T;H). (2.19)

Clearly, |[(P", P*, M™)||c(o,r;n) is bounded by the wellposedness of the system.
Let

X := H Q) x L*(Q) x L*(Ty),

B:=H'"(Q) x H¢(Q) x H¢(T'1),

Y = H Q) x (HY(Q)) x H ¢(Ty).
We claim that X — B compactly. Indeed, for all s, € R with s > t,Afor an
arbitrary bounded set {¢,} C H*(Q2), we can extend the domain of 1, to 2, such
that 1|46 = 0. It is known that H§ (Q) is compactly embedded in H(€2). Hence,
there exists a ¢ € HE(Q) such that [|¢b,, —z/JHHé(Q) — 0. Hence |[¢,, —t|| gt (o) — 0.

We also claim that
(P, Piy, M{")|| 20,7y < C  uniformly.

Indeed, it suffices to estimate ||Pf}|z2(0,7;(a1(0)))- By (2.2) and the boundary
condition, we see that for all ¢ € (0,T) and u € H(Q),

(P, u) = / APudx = Miudll —/ VP - Vudz (2.20)

Q T Q
is meaningful. Hence P, € L>(0,T; (H*(Q))).
We deduce then by a classic compactness result (see [I2]) that
(P*", P M"™) — (P*,P;,M") in L*(0,T; B) strongly.

Therefore,

[(P*, P, ME) oo, r=e (@) x H=<() x H=<(T'1)) = 1- (2.:21)
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On the other hand, by (2.18]), we have M;* = 0. Differentiating (2.4)) in time, we
obtain Pj|r, = 0. Let a(t,z) = P;;(t,x) such that
ay = Aa, inQx(0,T),

da OP

(T, = T x(0,T

v ((9V )tt Oa on X (07 )a

a=0, onlj.

Using Holmgren’s Uniqueness Theorem [10], with 7' > 2diam(€?),

a(t,z) = PL(t,z) =0, inQx(0,T).

Then from
AP* =0, in ,
. oP*
P ‘Fo =0, erl =0,
we know that P* = 0. So we obtain M* = 0 due to (2.4). Thus (P*, M*) = (0,0)
contradicts (2.21]). A combination of Steps 1-5 completes the proof. (]

Next we show a connection between linear and nonlinear systems.

Theorem 2.2. Assume that (u,us, z) and (P, Py, M) are solutions of system (|L.1))-
(1.5) and (2.2)-(2.7) respectively. Then

MZdTdt < C | 22 + f(z)*dUdt. (2.22)
1 31

Proof. Set £ =u— P, n=2z— M. Then (£,&,n) is the solution of
&z, t) = Al(z,t), z€Q,t>0;

t
(1) =0 zecly t>0;
v
§t(x,t)+f(zt)—Mt—i—g(z)—M:O $€Fl,t>0, (2 23)
5 .
a—i(x,t) =mn(x,t) x €Ty, t>0;
E(ZE,O) :07 gt(fﬁ,O) :07 HARS Q7
n(xz,0) =0, zely.
Multiplying (2.23)) by &, integrating in time and space, we obtain
t 2 2
&, IV¢l
= dx dt
/0 /Q( 9 + 9 )t X
t
= / / %ﬁtdth
0 Jr, 9 (2.24)

- / / 0(M; — f() + M — g(2))dTdt
- / / (2 — M)[M; — f(z2) + M — g(z)dTdr.

Take ¢ > 0 small enough. (1.7]) implies that there exist ¢; > 0, co > 0 such that

alo] <lgv)| < eofvl,  [o] = ¢ ae T
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Assuming z > ¢, we have, by (2.24) and [. —2f(z;)dl' <0,
\V4 2
/ / & VR g < / ~MZ + Myf(2) + % M,dUdt
0o Ja 2 2 o Jr,
t
+/ / max{—nn, —cinn: }dldt
0 JT1N{n>0}
t
+/ / max{—nn, —conn; tdldt.
0 JIin{n:<0}
Therefore
t 2 2 t
/ /(5—t+ Vel )tdxdt—k/ MZdrdt
0o Ja 2 2 0o Jry
t
S/ Mtf(zt) +ZtMtdth
/ / max{— (’L) fcl(i) Ydrdt
Ty {n:>0} 2 2
/ / max{— (’L) ,—02(1) Ydrdt.
1N {n, <0} 2 2
Noting the initial values and using Young’s inequality, we obtain
t 2 2 t
/ /(%+ Wf' )tdde/ MZdrdt
0 e 0 : (2.25)

¢
< c/ f(2)* + 22d0dt
Iy

giving (2.22)). Similarly, we obtain (2.22) for z < —e.

Finally, choose € small enough such that |g(z)| < ce and |z| < e. By (2.24) we

have

t 2 2 t
/0 /Q(%t‘f' |V2§| )tdxdt:/o /Fl(zt—Mt)[Mt—f(Zt)—i-M—z—i-z—g(z)]dI‘dt,

¢ 2 2
& | Iv¢® 1
/0 /Q( 5 T3 5 )¢ dx dt
¢
< / [—M?2 4 2. My + My f(2) + 22 — Myz — z,9(2) + Myg(2)]dDdt.
Iy

By Young’s inequality and Hélder’s inequality, we obtain

2 t
// Et |V£' )d dt+/ MZdrdt
0 JI

S/o /rl[EOMtQ +Cleo) (27 + f(21)? + €)]dIdt.

(2.26)

Since the constant in (2.25) dose not depend on €, we can let ¢ — 0 in (2.26).

Noticing the initial values, we then obtain ([2.22)).

O



10 YUAN GAO, JIN LIANG, TI-JUN XIAO EJDE-2017/161

Theorem 2.3 (Decay rate). Suppose that
H/
lim (2)
z—0t AH(.’E)

and T is a time such that (2.8) holds. Then the energy of system (1.1))-(1.5) satisfies

=0,

B#) < O, EO)E( s )

for t large enough; moreover, if

limsup Ay (z) <1,
z—0t
then we have
B0 < o BN (2
Here, C(T,E(0)) is a positive constant depending on T and E(0), and Ty, > 0
depends on T.

> ,  fort large enough.

Proof. Clearly, we see that
G(z)dl’ 2/ / g(s)ds
I I'y JO
g/ / czsdsdl"—i—/ / c1sdsdl’
rin{z>1} Jo rin{z<-1} Jo
+/ / g(s)dsdl’
rin{jz|<1} Jo

c
<= 22dr.
2.

Setting ¢p = max(c, 1), we have

E(0) < coE,(0). (2.27)
Let w satisfy
e (u(s) = 252, seo,od)
where
E(0) E(0)
> max{coL(Hf(rg))’ 0 2 (2.28)

ro is as in (1.8), and 6 > 0 is a constant such that 1) is strictly increasing on [0, 4].
Then the definition of L implies

w(s) =L} (;) . Vs el0,8r2). (2.29)

From the property of L, it follows that w is a strictly increasing function from
[0, BrZ) onto [0, +00). Thus, by using the optimal-weight convexity method (cf. [I}
Lemma 2.1]), we deduce that

w(E,(0)) / 22 4 (=) dldt

< e3sTH*(w(Ep(0))) + ca(w(Ep(0)) + 1) /E z¢ f (z¢)dDdt.
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This and Theorems [2.1] and [2.2] yield
CrEy(0)w(Ep(0))

<w(Ep(0))/OT A Mdedt<C’w(Ep(0))/oT/F 22 + f(z)%dldt

< TésH* (w(Ep(0))) + co(w(EL(0)) 4+ 1) / 21 f (z)dDdt

3
< T05p(0)wﬁ(Ep(O)) +co(H'(12) + 1)/ 2 f(2¢)dDdt,

DY
where we used (2.29) and 8 > % in the last inequality. From this and
0
(2.27)), we have

(OT - %) Ec(f)w(@) < E(0) — E(T).

Thanks to § > :855, we set
T
1/~ Té
pr = f(c 05) >0 (2.30)
and deduce that

B(1) < BO)[1 - pra 2] = BO)[1 - prrt B

E(kT)

g We obtain

Denoting By, :=

E1 < Eo[1 — pr L™ (Ep)).
From the invariance by time translation t— kT for system (1.1])-(1.5)) and (2.2)-(2.7]),

we have
Ejt1 < Ex[1 — pr L™ (Ey)).

E©) "we can apply [T, Theorem 1.5] to complete the proof. O

Because 8 > s

Remark 2.4. Under the assumptions of Theorem 2.3 we have
1

L(7_> — 0, ast — 0.

()

Moreover, by taking special f and g, we can see clearly the meaning of the decay

rate (please see the examples in [I Section 4]).
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