Electronic Journal of Differential Equations, Vol. 2017 (2017), No. 164, pp. 1-13.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

GROUND STATE SOLUTIONS FOR HAMILTONIAN ELLIPTIC
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ABSTRACT. This article concerns the Hamiltonian elliptic system
—Au+ V(2)u = Hy(z,u,v), z€RY,
—Av+V(z)v = Huy(z,u,v), z€RY,
u(z) — 0, wv(z)—0, as|z]— oo,
where z = (u,v) : RN — R xR, N > 3 and the potential V() is allowed to be
sign-changing. Under weak superquadratic assumptions for the nonlinearities,
by applying the variant generalized weak linking theorem for strongly indefinite

problem developed by Schechter and Zou, we obtain the existence of nontrivial
and ground state solutions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we study the superquadratic Hamiltonian elliptic system
—Au+V(z)u = Hy(z,u,v), xcRY,
—Av+V(z)v = Hy(z,u,v), zcRY, (1.1)

u(z) =0, wv(x)—0, as]z]— oo,

where 2z = (u,v) :RYN =R xR, N >3,V e C(RY,R) and H € C}(RY x R% R).
A number of authors have focused on the case of bounded domain, see for in-
stance [0, @, 10, 11 15, 17] and the references therein. Recently, system or
systems similar to in the whole space RY was considered by some authors.
See for instance I} 23] 4] (12} (13} (14} (18] (19}, 23], 24}, 25, 26, 27, 28, 29 30, 32} 33, 34]
and the references therein. Most of these authors focused on the case that V = 1.
The lack of compactness for Sobolev’s embedding theorem is the main difficulty of
this problem. A usual way to overcome this difficulty is to work on the radically
symmetric function space which possesses compact embedding. In this way, De
Figueiredo and Yang [I2] obtained a positive radially symmetric solution which
decays exponentially to 0 at infinity. Sirakov [19] generalized the results of De
Figueiredo and Yang. Later, Bartsch and De Figueiredo [4] proved that the sys-
tem possesses infinitely many radial solutions as well as non-radial solutions. By a
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linking argument, Li and Yang [18] proved that the system has a positive ground
state solution for that case that V = 1 and with an asymptotically quadratic non-
linearity. Another usual way to overcome the difficulty is to avoid the indefinite
character of the original functional by applying the dual variational method, see
for instance [11 [2, [3].

Very recently, many authors considered system with general periodic po-
tential, see [25 28, B2, [33]. By applying a generalized linking theorem for the
strongly indefinite functionals developed recently by Bartsch and Ding [5] (see also
[16 [§]), the authors obtained the existence of solutions (ground state) and multiple
geometrically distinct solutions under different assumptions. For more detailed de-
scriptions related to the non-periodic potential, see [26] 27] 23] for asymptotically
quadratic case, in [I4} 24] for superquadratic case. Moreover, for other related top-
ics including the superquadratic singular perturbation problem and concentration
phenomenon of semi-classical states, we refer the readers to [13 29] 3] [34] and the
references therein.

Motivated by these works, we continue to consider system with non-periodic
and sign-changing potential and superquadratic nonlinearities. Under some mild
assumptions which are different from those studied previously, we mainly study
the existence of solutions and ground states via variational methods. To state our
results, we need the following assumptions:

(H1) V € C(RY,R) and inf, g~ V(z) > —00, and there exists a constant [y > 0

such that
| llim meas {z € RY : |z —y[ <o, V(z) < h} =0, Vh>0, (1.2)
Yy|—o0
where meas(-) denotes the Lebesgue measure in R”;
(H2) H € CY(RYN xR2,[0,00)) and |H(z,2)| < ¢(1+ |2|P~1) for some ¢ > 0 and
2 < p < 2%, where 2* = % is the Sobolev critical exponent;
(H3) |H(z,2)| < $72|? if |2] < 6 for some 0 < v < p, where § > 0 and p will be

defined later in ([2.14));

(H4) H|(Zl|"zz) — o0 as |z| — oo uniformly in z;

(H5) H(z,z+n) — H(w,2) = rH.(e, 20+ U5 Ha(w,2)z 2 ~Wae), 7 € [0,1),
Wi(x) € LY(RY) and z,n € R2.
On the existence of solutions and ground state solutions we have the following
results.

Theorem 1.1. Let (H1)-(H5) be satisfied, then system (1.1)) has at least one so-
lution.

Theorem 1.2. Let M be the collection of solutions of system . Then there is
a solution that minimizes the energy functional ® over M, where ® will be defined
later. In addition, if |H,(z,2)| = o(|z|) uniformly in x as |z| — 0, then there is a
nontrivial solution that minimize the energy functional over M\ {0}.

Remark 1.3. Condition (H5) was first introduced by Schechter [20] in studying the
scalar Schrodinger equation, it replaces the usual monotonic condition. Our main
results provide general existence results for semilinear elliptic systems of Hamilton-
ian type with general superquadratic nonlinearities and can be viewed as extension
to the main results in [20] from the scalar Schrédinger equation to the elliptic
system.
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Remark 1.4. It is not difficult to find the functions V satisfying (H1). For example,
let V(z) be a zig-zag function with respect to |x| defined by

V(z) = {%'x' —2n(n =1)+ao, n-l<la] <(@n—=1)/2,

1.3
—2n|z| + 2n? + ao, (2n—1)/2 < |z| < n, (1.3)

where n € N and ag € R.

Remark 1.5. There are functions satisfying conditions (H2)-(H5). For example,
1

H(z,2) = —|z|P and H.(z,2) =|z|P"%2, wherep > 2. (1.4)
p

Clearly, the function H satisfies the conditions (H2)-(H4). Note that h(|z]) :=
|2[P=2 is strictly increasing on [0, +0c), Therefore, H satisfies the condition (H5)
by the argument in [20].

The rest of this article is organized as follows. In Section 2, we establish the
variational framework associated with , and we also give some preliminary
lemmas, which are useful in the proofs of our main results. In Section 3, we give
the detailed proofs of our main results.

2. VARIATIONAL SETTING AND PRELIMINARY LEMMAS

Here, by | - ||; we denote the usual L%-norm, (-,-)2 denote the usual L? inner
product, ¢;, C, C; stand for different positive constants. Let X and Y be two
Banach spaces with norms || - ||x and || - ||[y. We always choose equivalent norm
(@, )l xxy = (|z|% + |lyl|3-) on the product space X x Y. In particular, if X
and Y are two Hilbert spaces with inner products (-,-)x and (-, )y, we choose the
inner product ((z,y), (w, 2)) = (x,w)x + (y, 2z)y on the product space X x Y.

For the sake of simplicity, let A := —A+V and o(A), o4(A) be the spectrum of
A, the discrete spectrum of A, respectively. It is well known that under condition
(H1), the operator A is a selfadjoint operator on L? := L*(RY R?) with D(A) C
H?(RN,R?). To establish a variational setting for the system (L.I)), we have the
following result.

Lemma 2.1. Suppose (H1) holds, then o(A) = o4(A).

Following the ideas of [7, [35], it is easy to prove the above lemma, so we omit its
proof. From Lemma[2.1] we know that the operator A has a sequence of eigenvalues

M <A< <Ay < ek — 00, (2.1)
and corresponding eigenfunctions {e;};en, forming an orthogonal basis in L2. Let
n~ = #{i|\; < 0}, n® = #{i|]\; = 0} and n* = n~ + n% Moreover, we have an
orthogonal decomposition

L? :L_EBLO@L+, u:u_+u0+u+,
such that A is negative definite on L~ and positive definite on Lt and L° = KerA.
Let |A| denote the absolute of A and |A|'/? be the square root of |A|, {Fy : A € R}
be the spectral family of A, A = U|A| is the polar decomposition of A, where
U=1-Fy— F_g, I is the identity operator. Then U commutes with A, |A| and
|A|Y/2. Set H := D(]A|'/?) be the domain of the selfadjoint operator |A|'/? which
is a Hilbert space equipped with the inner product

(w,0)r = (|A] 2w, J A 20)2 + (u®,0°):
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and the norm ||ul|%, = (u,u)n. Let

H™ :=span{ey,...,e,-}, H°:=span{e, 41,...,en+},

H" :=span{e,+,1,...}-

Then there is an induced decomposition H = H~ @& H° @ H*t which is orthogonal
with respect to the inner products (-, )2 and (-, -)g. Let E = H x H with the inner
product

((uav)’ (%W) = (u7 SO)H + (Ua ¢)H

and the corresponding norm

1/2
[y )| = [llallF + llollz] -
Setting
Et=HtYxH, E-=H xH" E'=H"xH"
Then for any z = (u,v) € E, we have z = 2~ + 20 + 2%, where z+ = (ut,v7),
2= = (u",v") and 20 = (u%,v°). Clearly, E~, E°, E* are the orthogonal with
respect to the products (-,-)2 and (-,-)g. Hence E = E- @ E° @ E*.

Lemma 2.2. E — L7 := LY(RN R2) is continuous for q € [2,2*] and E — L9 is
compact for q € [2,2%).

Next, on E we define the functional

~(H - =) - (), =€ B, (2.2)

O(z) = B

where
U(z) = H(z,z)dx.
RN
Clearly, @ is strongly indefinite, and our hypotheses imply that ® € C1(E,R), and
a standard argument shows that critical points of ® are solutions of system
(see [8, 22]).

The following abstract critical point theorem plays an important role in proving
our main results. Let F be a Hilbert space with norm || - || and have an orthogonal
decomposition £ = N @& N, , N C E being a closed and separable subspace. There
exists a norm |v|, < ||v| for all v € N and induces a topology equivalent to the
weak topology of N on a bounded subset of N. For z =v+w € E = N ® N+
with v € N,w € Nt we define |z|2 = |[v|2 + ||w|?. Particularly, if z, = v, + w, is

"lw

| - |,-bounded and z, —> z, then v,, — v weakly in N, w, — w strongly in N+,
zZn — v+ w weakly in E.

Let E=E @& E'® ET, e € ET with |le| = 1. Let N := E~ & E & Re and
Ef =Nt =(E- @ E°®@Re)*. For R> 0, let

Qi={z=2"+2"+se:5eR", 27 +2°c E- @ E,|z| < R}. (2.3)
For 0 < sg < R, we define
D:={z:=se+w" :5>0,w" € Ef,|se +w"| = s0}. (2.4)

For ® € C'(E,R), define
.= {h th:RxQ — Eis |- |,-continuous, h(0,z) = z and ®(h(s, z)) < ®(2)
for all z € Q, For any (sg,20) € R x Q, there is a | - |,-neighborhood
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Ulso, 20) 5. t. {2 — h(t,2) : (t,2) € U(s0, 20) N (R x Q)} C Eﬁn.}

where g, denotes various finite-dimensional subspaces of E; I # 0 since id € T.
Now we state the following variant weak linking theorem which will be used later
(see [21]).
Lemma 2.3. The family of C'-functionals ® has the form
Dy (2) = AK(2) — J(2), VA€l A, (2.5)
where \g > 1. Assume that
(a) K(2) >0,V ze E, & =9,
(b) 1J()| + K(2) — 00 as 2] — oo;
(c) Dy is |- |w-upper semicontinuous, @) is weakly sequentially continuous on
E, &) maps bounded sets to bounded sets;
(d) SUpyg ®) <infp ®y, VIe [1, /\0]
Then for almost all X € [1, \o], there exists a sequence {z,} such that

sup ||z || < 0o, ®4\(2n) — 0, Pr(2n) — ca, (2.6)
where
cy = ég%jgg Dy(h(1,2)) € [i%f(I)A,sgp D, . (2.7)

To apply Lemma[2.3] we shall prove a few Lemmas. We pick Ao such that \g > 1.
For 1 < X\ < \g, we consider

By (2) = %||z+||2 _ (%nz—n? + /RN Hz2)de) = AK(2) = J(2). (28)

It is easy to see that &, satisfies condition (a) in Lemma To check (c), if

"lw

Zn — z, and ®y(z,) > ¢, then 27 — 2% and 2z, — 2~ in E, 2z, — 2z a.e. on
RY, going to a subsequence if necessary. Using Fatou’s lemma, we know ®(z) >
¢, which means that ®, is | - |,-upper semicontinuous; @) is weakly sequentially
continuous on E, see [22].

Lemma 2.4. Under the assumptions of Theorem |[1.1
J(z)+ K(z) >0 as|z]] — oo. (2.9)

Proof. Suppose to the contrary that there exists {z,} with ||z,| — oo such that
J(zn) + K(z,) < My for some My > 0. Let w, = T = Yo +w? + w;, then
[lwn] =1 and

M() > K(Zn) + J(Zn)

[2nll® — l[2n 1
1 — H(xazn)
= gt g )+ [ S (2.10)
1 2 012 H(z,2,)
= - — ———~dx.
el )+ [ S e

Going to a subsequence if necessary, we may assume that w, — w™, w;f — wt,
wl — w® in £ and w,(z) — w(x) a.e. on RY. If w® = 0, by (H2) and (2.10) we

have
My

lzn I’

1 H n 1
shoall+ [ EEE g < L ugye + (.11)
2 R

znl|?
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which implies ||w,|| — 0, this contradicts [|w,| = 1. If w® # 0, then w # 0.

Therefore, |z,| = |wy|||zn|| — co. By (H2), (H4) and Fatou’s lemma we have
H(x,z,
(xi’z)mnﬁdx — 00. (2.12)
RY |2l
Hence by (2.10) again, we obtain 0 > +o0, which is a contradiction. The proof is
complete. O

Lemma implies condition (b) holds. To continue the discussion, we still need
to verify condition (d); that is done by the following two Lemmas.

Lemma 2.5. Under the assumptions of Theorem[I.1] there are two positive con-
stants Kk, p such that

®r(2) >k forze€ ET, |z|| = p, X €[1, Aol (2.13)
Proof. Set
poe=min{—X\,—, A+ 41} (2.14)
Obviously, for any z € E*, ||z]|> > pl|z||3. Thus, for any z € E*, by (H2), (H3)
and Lemma [2.2] we have

A
B(:) = 5lel = [ A 2o

1
zamﬁ—/’ H@JMx—/ Hi(x, 2)dz
{lz|<é} {lz|>5}

1 1
ol =37 [ fePdec (Pl (219)
{lz|<8} {|z|>6}

1 1
> 51l = 25 lel? = el

1 0% _
:5||2||2(1f;f20’||2\|p ), 0<y<p

This implies the conclusion if we take ||z|| sufficiently small. (]

Lemma 2.6. Under the assumptions of Theorem[I]], there exists a constant R > 0
such that
®y(2) <0, forzedQr, €L, A, (2.16)

where
Qr:={z:=v+se:5>0,0c B~ E’ ec ET with|le]| =1,|z| < R}. (2.17)
Proof. By contradiction, we suppose that there exit R, — oo, A, € [1,Ao] and

Zn = Up + Spe = v, + 08 + s,e € OQg,, such that @y (z,) > 0. If s, =0, by (H2),
we get

1 1
D5, (20) = =5 [log |12 —/ H(z,2,)de < = [log ||* < 0. (2.18)
2 RN 2
Therefore,
sn# 0, |znl® = llval® + 5. (2.19)
Let .
Zp = —— = §pe + Up. (2.20)
(E
Then

1Za]* = [15a]l* + 55 = 1. (2.21)
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Thus, passing to a subsequence, we may assume that

Sp— 8, Ap — A,
~ Z’n,
2y = — =
"zl

5, — 2 a.e. on RY.

Sne+Up — 7 in E,

It follows from @, (z,) > 0 and the definition of ® that

q) n 1 H »~N ~
0< 2l _ Lo g2 o) - / A, P

2 2
B I 02
(,2n) . o
An+1)5 Zn| dx.
S0+ Tz s
From (H2) and (2.22), we know that (A +1)3%2 — 1 > 0, that is
1 1
P> ——>——>0.
TETIA T TN
Thus Z # 0. It follows from (H4) and Fatou’s lemma that
H(z, zn
(xi’?|2n|2dx — 00 asn — oo, (2.23)
RN |20l
which contradicts (2.22)). The proof is complete. O

Hence, Lemmas and imply condition (d) of Lemma Applying Lemma
we obtain the following result.

Lemma 2.7. Under the assumptions of Theorem for almost all X € [1, X\g],
there exists a sequence {z,} such that

sup [|znl| < 0o, ®\(2n) — 0, Pa(2n) — ca, (2.24)

where cy is defined in Lemma 2.3

Lemma 2.8. Under the assumptions of Theorem for almost all X € [1, \g],
there exists a z) € E such that

CI)IA(Z)\) = 0, (I))\(ZA) = C). (225)

Proof. Let {z,} be the sequence obtained in Lemma [2.7} Since {zn is bounded,
we can assume z, — 2, in F and z, — 2z a.e. on RY. By Lemma [2.7and the fact
9’ is weakly sequentially continuous, we have

<<I)/)\(Z>\)a 90> = T}i{g()(q)/)\(zn% <P> =0, Vpek. (2'26)

That is @) (2x) = 0. By Lemma 2.7 we have

Dy (2,) — %(@&(zn), Zn) = /]RN [%HZ(:E, 2n)zn — H(z,2,)]dz — ca. (2.27)

On the other hand, by Lemma it is easy to prove that
/RN %Hz(x,zn)zndt — /]RN %Hz(x,zx)zxd:ﬂ, (2.28)
H(x, z,)dt — H(z,zy\)dx, (2.29)

RN RN



8 W. ZHANG, X. XIE, H. MI EJDE-2017/164

Therefore, by (2.28), (2.29) and the fact @ (z5) = 0, we obtain

Dy (z)) = <I>>\(z,\)—%<<1>’)\(z>\),z,\> = / [le(m,zA)zA—H(m,z,\)]dx =cy. (2.30)

ox L2
The proof is complete. O

Applying Lemma [2.8] we obtain the following result.

Lemma 2.9. Under the assumptions of Theorem for almost all A € [1, A\g],
there exists sequences z, € E and A, € [1,\g] with \,, — X\ such that

D) () =0, @5, (2n) =cn,-
Lemma 2.10. Under the assumptions of Theorem (1.1

1472

/RN [H(z,z) — H(z,rw) + r*H.(z, z)w — H.(z,2)z]dz < C, (2.31)

where z € E, w e ET, 0 <r <1 and the constant C does not depend on z,w,r.
Proof. This follows from (H5) if we take z = z and n = rw — z. O

Lemma 2.11. Under the assumptions of Theorem the sequences {z,} given
in Lemmal2.9 are bounded.

Proof. Suppose to the contrary that {z,} is unbounded. Without loss of generality,
we can assume that ||z,| — oo as n — oo. Let w,, = =7 = w4+ wl +w,;, then
|lwn|| = 1. Going to a subsequence if necessary, we can assume that w, — w in E,
wy, — w in L? for p € [2,2*), w,, — w(z) a.e. on RY. For w, we have only the
following two cases: w # 0 or w = 0.

Case 1: w # 0. It follows from (H4) and Fatou’s Lemma that
H H
L?)dm = @7’?)|wn|2da§ — 00 asmn — oo, (2.32)
I EAY | By |20l
which, together with Lemma [2.5] and imply
C) q)/\, (Zn) An
O S n — n - 7
lzall> Nzal® 2

as n — oo. This is a contradiction.

H(x,z,)
(B

1, _
i 11 = 5 llwn 1 = dx — —o0

Case 2: w = 0. We claim that there exist a constant C independent of z, and A,
such that

O, (rz) — @, (2,) <O, ¥relo,1]. (2.33)
Since
Ly Lyt o = L oy 2 2
7<(b)\"<zn)7go> = 7A1’L(Zn7tp )_ 7(Zn7tp ) Y HZ(J?,ZTL)QDdJ?:O,
2 2 2 2 Jan

for all p € E, it follows from the definition of ® that
), (rzh) — @z, (22)

1 1,
= 52 = DIl + 5l 12 + /RN [H(w, zn) = H(z,rz)] de g 4

1 1 1
+ Az o) — Z(27,07) — 7/ H.(z,z)pdz.
2 2 2 Jan



EJDE-2017/164 GROUND STATE SOLUTIONS 9

Take
o=*+1)z, —(r* =Dzf +(r* +1)20 = (r* + 1)z, — 2r°2, (2.35)
which together with Lemma and (2.34)) imply that
5, (rz;) — @i, (2n)
1, _
=gl [ [~ Hrs + 25

1472

H,(z, zn)zn] dx < C.

Hence, (2.33) holds. Let Cy be a constant and take
Co

=———0 asn— oo.
[[2nll

Tn -

Therefore, (2.33) implies
Oy, (rnzt) = @, (20) < C

. Z+
for all sufficiently large n. From w;} = A and Lemma we have

@y, (Cow) < C' (2.36)
for all sufficiently large n. Note that Lemmas and and (H2) imply
o) Dy, (2n)
0< o = =
[znll® llznll?
A 1 Jon H(z,2)dz
= 20 w2 = 2w ]? - 2R )
i P - 5 e P
Ao 1, _
R o

therefore
2 —12
ol I 2wz
If w;" — 0, then from the above inequality, we have w,, — 0, and therefore

al? = llwg [* — 1. (2.37)

lwnll* =1 = JJwy

Hence, w? — w® because of dim E° < co. Thus, w # 0, a contradiction. Therefore,

w0 and ||w;’||? > ¢o for all n and some ¢y > 0. By (H2) and (H3), we have

H(z,Cow]!)dx
RN

1 1
26 [ pwiPdevge | (Rl CllulP)de (2
2 {|Cow;t |<6} {|Cow;t |>6}

IA

1
3163 [ wiPde+Ci [ i .
2 {|Cowit | <8} {|Cowst |>6}

For all sufficiently large n, if follows from (2.36)), (2.38) and the fact A\, — A,
w,l — wt =0in LP for all [2,2*) that

IN

1
By, (Cowf) = MGl = [ H(w Cou o
RN
1 2 1 +12 ’ +p
> 5/\nCoa - 5700 |wyr|*dx — C |w;T |Pdx
{ICowi| <6} {ICow;} |>6}
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1
— 5)\&03’ as n — 00.

This implies that @y, (Cow,’) — oo as Cy — oo, contrary to (2.36). Therefore,
{zn} are bounded. The proof is complete. O

3. PROOFS OF MAIN RESULTS

Proof of Theorem[1.1 From Lemma there are sequences 1 < )\, — 1 and
{#zn} C E such that @ (z,) = 0 and @), (2,) = c,. By Lemma we know
{zn} is bounded in F, thus we can assume z, — zin E, z,, — z in L? for q € [2,2*),
2z, — z(z) a.e. on RY. Therefore,

(B (2n)s0) = Ml ) — (22 0) — / H.(2,2)pde =0, Vpe B (3.1)
RN
Hence, in the limit
(@(2),0) = (+,0) — () — / Ho(e,2)pde =0, YoeE.  (3.2)
RN

Thus ®'(z) = 0. Note that

Oy, (2n) — %< l)\n(zn)7zn> = /RN [;Hz(x,zn)zn - H(x,zn)} dz =cy, > c1. (3.3)

Similar to (2.28) and (2.29)), we know that
1 1
/ [sz(a:, zn)zn — H(z, Zn)}dl‘ — [fHZ(m, z)z — H(x, z)]dx,
RN 2 RN 2
as n — oo. It follows from ®’(z) = 0, (3.3) and Lemma [2.5] that

B(2) = B(z) — 5 (¥'(2), 2

Therefore, z # 0. ]

Proof of Theorem[I.3. By Theorem M # 0, where M is the collection of

solution of (|1.1)). Let

6:= inf @(2). (3.4)

If z is a solution of (L.1)), by Lemma (take r = 0)
1
0(2) = 0(2) — 5(¥'(2).2)
1
:/ [H.(z,2)z — H(z,z)|dx
e 12

> _C= —/ Wi ()] da-
]RN

Thus, 6 > —oco. Let {z,} be a subsequence in M such that
B(2,) — 6. (3.5)
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By Lemma the sequence {z,} is bounded in E. Thus, 2z, = 2z in E z, — z in
L4 for g € [2,2%) and 2, — z a.e. on RY after passing to a subsequence. Therefore

@ ah = (50 = (ra0) = [ Heloz)edo =0, Yec B (30
R
Hence, in the limit
(@' (2),0) = (27, 0) — (27, ) — / H,(z,2)pdr =0, Vo€ E. (3.7)
RN
Thus, ®'(z) = 0. Similar to (2.28]) and (2.29)), we have
1 1
D(z,) — 5(@’(zn),zn> = / [§Hz(x,zn)zn — H(:z:,zn)]dx
RN
— [le(x, 2)z — H(z,2)|dz  asn — oo.
RN 2
If follows from ®'(2) = 0 and (3.5 that
1 1
(I)(Z) = q>(z) - *<¢/(2)7Z> = / [*HZ(J?,Z)Z - H(l‘,z)]dﬂ?
2 v 12

1
= lim [in(x, 2n)zn — H(w, 2,)]da

n—oo [pN

= lim ®(z,) =0.

Now suppose that |H,(z,z)| = o(|z]) as |z| — 0. It follows from (H2) that for any
€ > 0, there exists a constant C. > 0 such that

|H. (2, 2)] < elz] + Calel? ™. (38)
Let
o= zler}\f/l’ D(2),
where M’ := M\ {0}. Let {z,} be a sequence in M \ {0} such that
D(z,) — a. (3.9)
Note that
0= (D (zn),20) = Iz} ||* — /N H,(z,2,)z dx, (3.10)
R

which together with (3.8, Holder inequality and the Sobolev embedding theorem
implies

41 = [ Bzt

Se/ |zn\|z,'f|dx+C€/ |zn|p_1\z:[|dx
RN RN

. / TR (3.11)
< ellznlllzn I + Collznlly 1z
< ellzalllzf Il + CNlzallb 2 znllll 2 I
< ellzall® + CZ Nl zallp ™2 |21
Similarly, we obtain
Iz I* < ellznll® + CLllzallE [z 1. (3.12)

From (3.11)) and (3.12)), we have

lznll* < 2¢ll2al1® + 207 |2 152|201, (3.13)
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which means ||z,||, > ¢ for some constant ¢ > 0. Since z, — z in LP, we know
z # 0. As before, ®(z,) — ®(z) = a as n — 0. O
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