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CHANGE OF HOMOGENIZED ABSORPTION TERM IN
DIFFUSION PROCESSES WITH REACTION ON THE
BOUNDARY OF PERIODICALLY DISTRIBUTED
ASYMMETRIC PARTICLES OF CRITICAL SIZE

JESUS ILDEFONSO DIAZ, DAVID GOMEZ-CASTRO,
TATIANA A. SHAPOSHNIKOVA, MARIA N. ZUBOVA

ABSTRACT. The main objective of this article is to get a complete charac-
terization of the homogenized global absorption term, and to give a rigorous
proof of the convergence, in a class of diffusion processes with a reaction on the
boundary of periodically “microscopic” distributed particles (or holes) given
through a nonlinear microscopic reaction (i.e. under nonlinear Robin micro-
scopic boundary conditions). We introduce new techniques to deal with the
case of non necessarily symmetric particles (or holes) of critical size which leads
to important changes in the qualitative global homogenized reaction (such as
it happens in many problems of the Nanotechnology). Here we shall merely
assume that the particles (or holes) GZ, in the n-dimensional space, are dif-
feomorphic to a ball (of diameter a. = Coe”, v = =5 for some Cp > 0). To
define the corresponding “new strange term” we introduce a one-parametric
family of auxiliary external problems associated to canonical cellular problem
associated to the prescribed asymmetric geometry Go and the nonlinear mi-
croscopic boundary reaction o(s) (which is assumed to be merely a Holder
continuous function). We construct the limit homogenized problem and prove
that it is a well-posed global problem, showing also the rigorous convergence
of solutions, as ¢ — 0, in suitable functional spaces. This improves many
previous papers in the literature dealing with symmetric particles of critical
size.

1. INTRODUCTION

It is well-known that the asymptotic behaviour of the solution of many relevant
diffusion processes with reaction on the boundary of periodically “microscopic” dis-
tributed particles (or holes) is described through the solution of a global reaction-
diffusion problem in which the global reaction term (usually an absorption term if
the microscopic reactions are given by monotone non-decreasing functions) main-
tains the same structural properties as the microscopic reaction (see, for instance,
[3]) and its many references to previous results in the literature).

A certain critical size of the “microscopic particles” may be responsible of a
change in the nature of the homogenized global absorption term, with respect to
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the structural assumptions on the microscopic boundary reaction kinetic. It seems
that the first result in that direction was presented in the pioneering paper by V.
Marchenko and E. Hruslov [I5] dealing with microscopic non-homogeneous Neu-
mann boundary condition (see also the study made by E. Hruslov concerning linear
microscopic Robin boundary conditions in [I2, I1]). A —perhaps— more popular
presentation of the appearance of some “strange term” was due to D. Cioranescu
and F.Murat [2] dealing with microscopic Dirichlet boundary conditions (see also
[13)).

This change of behavior from the microscopic reaction to the global homo-
geneized reaction term is one of the characteristics of the nanotechnological effects
(see, e.g., [20]) and it does not appear for particles of bigger size (relative to their
repetition) than the critical scale (see, e.g., [6] and the references therein). The to-
tal identification of the new or “strange” reaction term is an important task which
was considered by many authors under different technical assumptions. In the case
of nonlinear microscopic boundary reactions the first result in the literature was
the 1997 paper by Goncharenko [I0] (see also the precedent paper [I3]). The identi-
fication (and the rigorous proof of the convergence in the homogenization process)
requires to assume that the particles (or holes) are symmetric balls of diameter
a. = Coe?, v = -5, for some Cy > 0. Many other researches were developed for
different problems concerning critical sized balls (see [22] [I8] 5] and the references
therein). Recently, a unifying study concerning the homogenization for particles
(or holes) given by symmetric balls of critical order was presented in [7]: the treat-
ment was extended to a microscopic reaction given by a general maximal monotone
graph which allows to include, as special problems, the cases of Dirichlet or nonlin-
ear Robin microscopic boundary conditions. The case of particles of general shape
when n = 2 was studied in [19], with the limit behaviour being similar to the case
of spherical inclusions and n > 2.

The main task of this paper is to get a complete characterization of the homog-
enized global absorption term in the class of problems given through a nonlinear
microscopic reaction (i.e. under nonlinear Robin microscopic boundary conditions)
and for non necessarily symmetric particles (or holes). Here we will merely assume
that the particles (or holes) G are a rescaled version of a set G, diffeomorphic
to a ball (where the scaling factor is a. = Coe?, v = "5 for some Cy > 0). To
define the corresponding new “strange term” we introduce a one-parametric family
of auxiliary external problems associated to canonic cellular problem, which play
the role of a “nonlinear capacity” of Gy and the nonlinear microscopic boundary
reaction o(s) (which is assumed to be merely a Holder continuous function). We
construct the limit homogenized problem and prove that it is well-posed global
problem, showing also the rigorous convergence of solutions, as € — 0, in suitable
functional spaces.

2. STATEMENT OF MAIN RESULTS

Let  be a bounded domain in R™ n > 3 with a piecewise smooth boundary 0.
The case n = 2 requires some technical modifications which will not be presented
here. Let Gy be a domain in Y = (—%7 %)”, and G be a compact set diffeomorphic
to a ball. Let Cy,e > 0 and set

n

a. = Cpe® for a = .
n—2

(2.1)



EJDE-2017/178 CHANGE OF HOMOGENIZED ABSORPTION TERM 3

For 6 > 0 and B a set let 6B = {z| d0~'xr € B}. Assume that ¢ is small enough so
that a.Gog C €Y. We define Q. = {z € Q| p(x,9Q) > 2¢ }. For j € Z™ we define

Pl =¢j, YI=Pl+eY, GIi=P +a.Gy.
We define the set of admissible indexes:
T.={jez":Gna. #0}.

Notice that || = de~™ where d > 0 is a constant. Our problem will be set in the
following domain:

G.=|J ¢, a.=0\G.
JjeT.
Finally, let
0. =5 U090, S.=0G..
We consider the following boundary value problem in the domain €2,
—Au. = f, x €,
Opus +e Yo(us) =0, =z €8, (2.2)
us =0, =z € 9N,

where v = a = 5, f € L*(Q), v is the unit outward normal vector to the
boundary S., d,u is the normal derivative of u. Furthermore, we suppose that
the function ¢ : R — R, describing the microscopic nonlinear Neumann boundary
condition, is nondecreasing, o(0) = 0, and there exist constants k1, k2 such that

lo(s) —o(t)| < ki|ls —t|* + ka|s —t| Vs,t €R, forsome0<a<1.  (2.3)

Remark 2.1. Condition (2.3)) means that ¢ is locally Hélder continuous, but it
is only sublinear towards infinity. This condition is weaker than u € C®*(R) or o
Lipschitz, that correspond, respectively, to ks = 0 and k; = 0.

Remark 2.2. Condition on ¢ is a purely technical requirement. This kind
of regularity can probably be improved. In particular, as shown in [4, [7] the kind
of homogenization techniques and result that will be presented later can be expect
for any maximal monotone graph o.

For any prescribed set Gy, as before, and for any given u € R, we define
w(y; Go,u), for y € R™\ Gy, as the solution of the following one-parametric family
of auxiliary external problems associated to the prescribed asymmetric geometry
Go and the nonlinear microscopic boundary reaction o(s):

—A,w=0 ifyeR"\ Gy,
0y, W — Coo(u—w) =0, if y e dGy, (2.4)
w—0 as |yl — .
We will prove in Section 4 that the above auxiliary external problems are well
defined and, in particular, there exists a unique solution w(y; Go,u) € H LR\
Gyo), for any u € R. Concerning the corresponding “new strange term”, for any

prescribed asymmetric set Gy, as before, and for any given u € R we introduce the
following definition.
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Definition 2.3. Given Go we define Hg, : R —R by means of the identity

Heg,(u) = e Oy, W(y; Go,u) dS,

(2.5)
= C’o/ o(u — w(y; Go,u))dSy,, for any u € R.
9Go

Remark 2.4. Let Gy = B1(0) := {# € R™ : || < 1} be the unit ball in R™. We
can find the solution of problem ([2.4)) in the form @w(y; Go,u) = sz\%’ where, in
this case, H(u) is proportional to Hp, (o)(u). We can compute that

Heg,(u) = o 0,W(u,y)dSy

= / (n—2)Hg,(u)dS,
G0
= (n = 2)H(u)w(n),
where w(n) is the area of the unit sphere. Hence, due to (2.5, H(u) is the unique
solution of the following functional equation
(n = 2)H(u) = Coo(u — H(uw)). (2.6)
In this case, it is easy to prove that H is nonexpansive (Lipschitz continuous with

constant 1). This equation has been considered in many papers (see [7] and the
references therein).

We shall prove several results on the regularity and monotonicity of the homog-
enized reaction Hg,(u) in the next section. Concerning the convergence as ¢ — 0
the following statement collects some of the more relevant aspects of this process:

Theorem 2.5. Letn > 3, a. = Coe™7, v = -5, 0 a nondecreasing function such

that o(0) = 0 and that satisfies (2.3)). Let u. be the weak solution of (2.2)). Then
there exists an extension to HE (), still denoted by u., such that ue — ug in HY(Q)
as € — 0, where ug € H}(Q) is the unique weak solution of

7AU0 + CSL_QHGO(Uo) = f Q,

2.7
Uy = 0 oQ. ( )

Remark 2.6. Since |Hg,(u)| < C(1 + |u|) it is clear that Hg,(ug) € L?(Q).

3. ON THE &-GLOBAL PROBLEM

Some comments on the well-posednes and some a priori estimates concerning
the e-global problem (2.2]), when the nondecreasing function o € C(R), o(0) = 0
satisfies ([2.3)), are collected in this section. We start by introducing some notations:

Definition 3.1. Let U be an open set and I' C Q2. We define the functional space
HY(U)
HY(U,T)={fecCc>U): flr =0} .

Thanks to well-known results (see, e.g. the references given in [7]) there exists a
unique weak solution of problem (2.2)): i.e. u. € H'(Q.,0) is the unique function

such that
/ Vungda?+5_7/
Q. s

U(ug)c,odS:/Q fodaz, (3.1)

€
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for every ¢ € H'(Q.,09). As a matter of fact, in order to get a proof of the
convergence of u. as € — 0, under the general assumption , it is useful to recall
that, thanks to the monotonicity of o(u), we can write the weak formulation of
in the following equivalent way (for details see [6]):

/QE Vo -V(ip—u:)de+e 7 /SE a(p)(p — ue)ds > /QE [ — ue)da, (3.2)

for every ¢ € Hg(Q).
Concerning some initial apriori estimates, we recall that we can work with @, €
H}(Q) given as an extension of u. to Q such that

el o) < Klluellmi.y,  [IVUelr2) < Kl Vuellz2(q.), (3.3)

where K does not depend on ¢. The construction of such an extension is given,
e.g., in [I7] (the WP equivalent, for p # 2, can be found in [I8]).

Now, considering in the weak formulation the test function ¢ = u., and
using the monotonicity of o, we obtain

”VUEH%Q(QE) < K. (3.4)

where K does not depend on e. From (3.4)) we derive that there are a subsequence
of u. (still denote by ) and ug € H(Q) such that, as e — 0, we have

U. — ug weakly in HE(9),

U. — ug strongly in L*(Q).

In Section 4 we characterize the limit function ug € H}(Q).

4. ON THE REGULARITY OF THE STRANGE TERM

4.1. Auxiliary function @w. The existence and regularity of solution in domains
O =R"\Gqy (4.1)

which are commonly known as exterior domains, has been extensively studied (see,
e.g., [9) and the references therein).
Based on the rate of convergence to 0 as |y| — +o0o we consider the space

X ={we€ L,.(0): Vw € L*(0), w|sg, € L*(9Gy), |w| < Iylf’f‘Q} (4.2)

It is a standard result, known as Weyl’s lemma, that any harmonic function is
smooth (of class C*) in the interior of the domain. It was first proved for the whole
space by Hermann Weyl [21], and later extended by others to any open set in R™
(see, e.g., [14]).

Remark 4.1. Notice that w(y; Go,u) = —w(y; Go, —u) is a solution of (2.4) that
corresponds to o(s) = —o(—s). Hence, any comparison we prove for u > 0 we
automatically prove for u < 0.
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4.1.1. A priori estimates.

Lemma 4.2 (Weak maximum principle in exterior domains). Assume that w € X
is such that

—Aw <0 D'(0),

Then w < 0 in O.

Proof. Let R > 0. Consider O = ONBg. Since w € X then w < Iy\% Using the

hypothesis w < 0 on dG and this fact, % on 00g. We can apply the standard
weak maximum principle for weak solutions in Qg to show that w < % on Op.
As R — +o00 we prove the result. (I

Analogously, we have the strong maximum principle.
Lemma 4.3. Let o0 nondecreasing, u € R, w € X be a weak solution of (2.4). Then
min{0, u} < @ < max{0,u} (4.3)

Proof. For u = 0, w = 0 follows from a monotonicity argument. Assume u > 0.
Let 1 € W1°(R) non-increasing such that

1 1
Ms):{o iif

and consider the test function ¢ = (w — u)gﬁ(‘“LRGO)). Then

d(iE,aGo) w/(M)
/O|V(w—u)+|2¢(T) dm—i_/o(w_“)JrTRVw-Vddx

:C’o/ olu—w)(w—u)ydS <0
8Go

and
d(ac dG0)>
‘/ —u)y 7 Vw - Vddx) dz
\Vw\ dz

{&<d<R}

2 / /
C(/{§<d<R} %dx)l 2(/0 |Vw|2dx)1 2

IA

as R — oo. Therefore,
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As R — +oo we obtain that
/ V(w —u),|*dz = 0. (4.4)
1)

In particular (w — u)y > 0 is a constant. Since, as |y| — +o0o we show that the
constant must be (—u); = 0 we deduce that w —u < 0.
If u < 0 we apply the previous argument with &(s) = —a(—s). O

Lemma 4.4. Let u € R, w € X such that w < u in 0Gy and —Aw < 0 and

Ko = max |z|"72
2€0Gy

Then

w < Yy € O.

|y|n—2
Proof. Notice that

max w(z)|z|"% < u max |2|""% = Koyu.
2€0G, 2€0Gy

Then
Ko’u
w <

= lyr?
Since w — \yl\(% is subharmonic and tends to 0 as |y| — 400, we can apply the
weak maximum principle to deduce that

Kou
w(y) < -
) ly|"—2

This proves the result. O

Y € GGO

yER"\GO.

By the same argument it is easy to prove that any classical solution @ € C?(O)N
C(0) is, in fact, in X. Furthermore, we have an explicit expression of the K in the
definition of X for the solutions of (2.4]):

Lemma 4.5. Let w € X be a solution of (2.4). Then

P K _
|w(y; Go,u)| < ‘ ﬁJﬂ vy € O. (4.5)
Y
Lemma 4.6. Let Ry = maxag, |y|, W € X be a weak solution of (2.4). Then

max |V(y; Go,u)| < ——r——
\yl:R‘ (y 0 )‘ (R_Ro)n_l

where K does not depend on u or R.

VR > Ry (4.6)

Proof. Let |yo| = R. Let B be a ball centered at yg of radius R_QRD. In B we have

lyl > %. Since g—;": is a harmonic function, and applying Lemma E we have
ow 1 0w 1

0, =181 Sy 0. Y T 1Bl o
’8@( )’ < |0B| K|ul < K|ul

0a; N = B (R=Ro)"2 = (R— Ro)"

This completes the proof. (I

’&)\1/7; dS,
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4.1.2. Uniqueness, comparison and approximation of solutions.

Lemma 4.7. Let u € R, 01,02 be two nondecreasing functions such that o1 < g
in [0,4+00) and let wy,ws € X satisfy (2.4). Then wy < ws.

Proof. We subtract the two weak formulations, and consider ¢ = (w; — wq) 1 as a
test function. We obtain that

/ |V(w17w2)+|2dw:/ (O’l(LL*wl)702(’&711)2))(’1017?1)2)4_ ds
R™\Go 0Go

Thus, in the set {we < w;} we have that u — ws > w — wy and, hence,
UQ(U — U)Q) 2 (TQ(’LL - wl) 2 O’l(u - wl),

SO
Ul(u—wl) —UQ(U—UJQ) S 0.

Thus, since (w; — wsz)+ > 0 a.e. in Gy, we have that
/ |V (w; —ws)y|*de <0. (4.7)
R"\Go

Hence (w1 —wsz)4 = ¢ constant. Since (w3 —wz)4+ — 0 as |y| — +o0, we have that
¢ =0 and thus w; < ws. O

Corollary 4.8. There exists, at most, one solution w € X of (2.4).

Lemma 4.9. Let 01,09 € C(R) be two nondecreasing function. Let w;(+; Go,u) € X
be a solution of

—A,w; =0 ifyeR"\ Gy,
0y, W; — Cooi(u — w;) = 0, if y € 9GY, (4.8)
w; — 0 as |yl — .
Then
IV (@1 — @2)[1Z2(0y < Clulllor = o2l <1y, (4.9)
where
I ={u—w(y;Go,u) : y € R"\ G} C R, (4.10)
and C' is independent of u.

Proof. By taking as test function ¢ = w; — Wy in the weak formulation of these
equations we have that

||V(1/L}1 - @2)”%2(0) < / |V(1/131 - ’&)2)|2 dx
O
+/ (O’Q(U*’Lﬁg)*O’Q(U*@l))(’lﬁl 7’[[72)(15‘
0Go
- / (o1(t = 1) — o2 (u — @1)) (@1 — @) dS
0Go

< Hal—azuw/ (@1 — @2 dS
0Go
< Clullor - o3)|oc-

This completes the proof. (I
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4.1.3. Emistence and regularity.

Lemma 4.10. Let u € R and o uniformly Lipschitz. Then, there exists w € X a
weak solution of (2.4]). Furthermore, W satisfies (4.5).

Proof. Let us assume that u > 0. Let A > 0, and consider p > 0 such that
F:zw— Coo(u—2z)+ pz

is nondecreasing. Let wy = 0. We define the sequence wy, € H'(QO) as the solutions
of

—Awp 1 + A = w0,
OyWiy1 + pwpy1 = F(wy) 0Go,
wr+1 — 0 |y| — +oo.

This sequence is well defined, since A > 0 applying the Lax-Milgram theorem.
Indeed, if wy, € H'(O) then F(wy) € H'/?(dGy) so that w1, € H'(O).

Let us show that 0 < wy < wi41 < w a.e. in O and IGq for every n > 1. We
start by showing that 0 < w;. This is immediate because F(0) = Cyo(u) > 0.
Let us now show that, if w1 < wj then wy < wgy1. Considering the weak
formulations:

/ Vwgs1Vode + /\/ W10 dx + /L/ wiv dS
(@] (@] 0Go
= )\/ wk+1vdm+/ F(wg)vde
o 9Go
we have that

/ V(wy — wi41)Voda + /\/ (w — wr41)p da + u/ (wp — wi11)vdS
o o 8Go

= )\/O(wk_l —wg)vdr + /8GO(F(wk_l) — F(wyg))vdS

Consider v = (wy, — wgy1)+ > 0. We have that wy—1 < wy therefore wy_1 —
wi, F(wg—1) — F(wg) < 0. Hence

J 19w = wia)eP o n [ - )i do b [ - wa) s
O O dGo

(4.11)

= A/O(wk — Wit1)vdr + /aGO(F(wk_l) — F(wg))vdS <0

so that (wp — wrt1)+ = 0. Hence wy < wgyq ae. in O and in 0Gy. With an
argument similar to the one in Lemma |4.3] one proves that wig4+1 < w a.e. in O and
9Gy.

The sequence wy, is pointwise increasing a.e. in . Therefore, there exists a
function w such that

wi(y) / wy) ae O. (4.12)
Taking traces, the same happens in 0Gy. Hence
wi(y) /w(y) ae. 9Gy. (4.13)

Thus F(wg) / F(w) a.e. in L?(0Gy). Since F(w) < F(u) and dG( has bounded
measure, we have that

F(wy) — F(w) in L*(8Gy). (4.14)
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We have that

_Awarl = A(wk — wk+1) § 0 O.
Hence, wy, are all subharmonic. Then, since wy, — 0 as |y| — 0 and wy € X and
wy < u on OGy, by Lemma we have that

K,
0<wy < 2=
ly|™

in particular w,, € X. Passing to the limit we deduce that

Kou

0<w<
ly|m 2

ye O

Hence w — 0 as |y| — +oo. Applying an equivalent argument to the one in Lemma
we have that Vwy, is a Cauchy sequence in L?(O)". In particular, there exists
¢ € L?(O)™ such that

Vwg — & in L*(0)™.

Consider @' C O open and bounded. Then we have that

/ |Vwk|2dy§/ |Vw,|* dy
o’ (@)

[ty <japlo
O/

Hence, there is convergent subsequence in H'(O'). Any convergent subsequence
must have the same limit, so wy — w H*(O'). In particular
£E=Vw ae O.

Since this works for every O’ bounded we have that Vw € L?(O)", hence w € X,
and

is bounded, and

Vw, — Vw in L*(O)".
Using this fact and (4.14]), we can pass to the limit in the weak formulation to
deduce that
-Aw=0 O,
0
% = Coo(u —w) 9Gy.
In particular, a solution of (2.4). The same reasoning applies to case u < 0. O

Corollary 4.11. Let o € C(R) be nondecreasing be such that
o (u)] < O(1 + [ul). (4.15)
Then, there exists a unique solution of (2.4)).

Proof. Let us assume first that u > 0. Let o, € C'([0,|u]]) be a pointwise in-
creasing sequence that approximates o uniformly in [0, |u|]. Since o, is Lipschitz,
then w,, exists by the previous part. Because of Lemma the sequence w,, of
solutions of is pointwise increasing. Since we know that, we have that @,, < u
then, for a.e. y € O, W, (y) is a bounded and increasing sequence

Wi (y) /" w(y)-
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for some w(y). In particular

K
0<w(y) < | ‘ouz
y|"T

yeOO.

Applying as in the proof of Lemma[£.10] we deduce that w € X and it is a solution of
(2.4). The proof for u < 0 follows in the same way, by taking a pointwise decreasing
sequence o,,. [l

With the same techniques we can prove the following (applying that u —w >0
for u >0 and u—w < 0 for u <0):

Lemma 4.12. Let w € R, O’ C O bounded, o,0,, be nondecreasing continu-
ous functions such that 0(0) = 0,(0) = 0 and |oy| < |o| and o — o in
C([-2]ul|,2|u|]). Then:

W (+; Go,u) — W(+; Go,u)  strongly in H(O'). (4.16)

Furthermore,

(1) If u > 0 then Wy, /W a.e. y € O and y € IGy.
(2) If u <0 then Wy, \, W a.e. y € O and y € IGy.

4.1.4. Lipschitz continuity with respect to u.

Lemma 4.13. For every y € R™\ Gy, W(y; Go,u) is a nondecreasing Lipschitz-
continuous function with respect to u. In fact,

|W(u1; Go,y) — W(y; Go,uz)| < |ug —ug| Vug,uz € R, Yy € R™\ Gy. (4.17)
Furthermore, for every y € 0Gq, 0,W(y; Go,u) is also nondecreasing in u.

Proof. Let us consider first that o € C1(R). We have that @(-; Go,u) € C(O)NC%(O)
for every u € R and the equation is satisfied pointwise (see [14]).
Let us first consider u; > us. We want to prove the following

0 < @(ur; Go,y) — W(y; Go, uz) < ur — us (4.18)
9y w(u1; Go,y) = 9,w(y; Go, uz). (4.19)

That
W(u1; Go,y) > W(y; Go, uz2). (4.20)

follows from the comparison principle. Indeed, let us plug @w(uq1; Go,y) in the equa-
tion for w(y; Go,u2):
—AwW(u1;Go,y) =0 R™\ Gy,
0y, W(u1;Go,y) — Coo(uz — w(ui; Go,y))
= Co (0(u1 — W(u1; Go,y)) — o(uz — W(y; Go,uz))) 20 9Go,
w(u1; Go,y) — 0 |y| — +o0.

(4.21)

Therefore, w(u1; Go,y) is a supersolution of the problem for w(y; Go, us2). Applying
the comparison principle we deduce (4.20)).
We define

g(u1,uz,y) = W(u1; Go,y) — W(y; Go, uz) > 0. (4.22)
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The function g is the solution of the following elliptic problem:
Ayg=0 ifyecR"\ Gy,
dy,9 — Co (a(ul — @(u1; Go, y)) — o(uz — (y; Go,ug))) —0 ifyecdGy, (4.23)
g—0 as |yl — co.
Let us consider the boundary condition for y € 9Gy:
9y,9(y) = Co(o(ur — W(u1; Go,y)) — o(uz — W(y; Go, u2)))
multiplying by w3 — ug — g(u1, u2,y), and applying the monotonicity of o, we have
(Oug(y))(ur —uz = g(y)) 20 Vy € 9Go. (4.24)

Let g(yo) = maxpg, g for some yo € 0Gy. By the strong maximum principle
9(yo) = maxgn\ ¢, 9. Hence g(y) < g(yo) for y € R™ \ Gy and we have

9v,9(yo) > 0.
Assume, first, that o is strictly increasing. We study two cases. If 9,, g(yo) > 0
then, by ,
up —uz2 > g(yo) = g(y) Yy € R™\ Go.
If 9,9(yo) = 0 then, by (4.23)),

o(ur — W(yo; Go, u1))
u1 — W(yo; Go, u1)
ur —uz = g(yo) = g(y) Vy € R™\ Go.
Either way, we deduce that (4.18) holds. Hence,
o(u1 — w(ur; Go,y)) = o(uz — w(y; Go, u2)) Yy € 0Gy

o) holds. This concludes the proof when o is strictly increasing.

Let o be a nondecreasing function and U = max{|u1|, |uz|}. We consider an ap-
proximation sequence o, of o in [—2U, 2U] by strictly increasing smooth functions
such that |o,,| < |o|. Consider w,, as defined in Lemma We have that

u; — w(y; Go,u;) € [-2U,2U] Vi=1,2,Vy € R™\ Gy.
By the previous part w,, satisfies (4.18) and (4.19)). Applying Lemma we have

a.e.-pointwise convergence W, (u;,y) — w(u;,y) for ¢ = 1,2, up to a subsequence,
as m — +oo. Therefore (4.18) and hold almost everywhere in y. Since w
is continuous, and hold everywhere. This concludes the proof in the
case up > us.

If u; < uy we can exchange the roles of u; and us in to deduce (4.17).
This concludes the proof. ([

o(u2 — wW(yo; Go, u2))

ug — W(Yo; Go, uz)

4.1.5. Auziliary function @J. We conclude this section by introducing the following
function:

Definition 4.14. Let u € R, j € T, and € > 0. We define

. — pJ
@ (z; Go, u) = w(‘"” : ;Go,u). (4.25)

g
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It is clear that this function is the solution of the problem
—-Aw! =0 R"\ G
Onw! — e To(u—w!)=0 0GI
@ — 0 |z| — +oo.
We have the following estimates:

Lemma 4.15. Lete,r > 0 and x € 9TS.. Then

K|u| K|u|a?’2 Klu| 4
< <
o PJ n—2 — rn—2€n—2 — rn—Q
aEE

| (a3 Go, u)| <

where K does not depend on r,|u| ore.

Lemma 4.16. For e,r >0 be such that a- < 55 Let x € OT.. Then

;i K
IV (2 Go, )| < 214

i rn_l )
where K does not depend on r,e or j.
Proof. By the definition of @/ we have

. —_ pi
Y (; Go,w) = a2 (VD) (T2 G )

Qe

Therefore, for z € 9TY.,

Vil = o |V x— P! < K|u|a5—1 _
€ € n—1
Qe (‘asng | _ RO)
Qe
Klujaz=2 _ Kluja2~2
>~ (TE—CLERO)n71 — (E)nfl

2
<
— Tnfl

This completes the proof.

4.2. Properties of Hg,.

Lemma 4.17. Hg, is a nondecreasing function. Furthermore:

(1) If o satisfies ([2.3)), then so does He,.

(2) If o € CO(R), then so is Hg,.

(3) If o € CY(R), then Hg, is locally Lipschitz continuous.
(4) If 0 € WH°(R), then so is Hg, .

13

(4.26)

(4.27)

(4.28)

Proof. Let us prove the monotonicity of Hg,(u) given by (2.5). Let u; > ug. By

applying (4.19) we deduce that Hg,(u1) > Heg, (u2).
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Assume ([2.3)). Indeed, taking into account (4.17)) we deduce
|Ha, (u) — Ha, (v)]

<y / lo/(u — @(y; Gou)) — o(v — B(y; Go, v))| dS,
0Go
<Cobr [ (ju= ol + 180G - 00 Go,0)) A5, (429)
9Go

+ Coks /BG (lu = vl + @y Go,u) — B(y; Go, v)] ) 4,
< Kjlu— v|°‘0—|— Ks|u —v|
In particular, if u € C%(R), then ky = 0 and Ky = 0.
Assume now that o € C1(R). Let uj,us € R. We have that, for y € 9Gy
|0y, W(u; Go,y) — Oy, W(uz, )|
= Colo(ur — w(ur; Go,y)) — o(uz — W(y; Go, u2))|

< €10 ()| (Jur — | + | (s Go, y) — Dy: Go, u2)] )

< Clo’(&)ur — ua.
for some & between u; — W(y; Go,u1) and ug — w(y; Go, uz). Since |W(u,y)| < |ul,
for every K C R compact there exists a constant Cx such that

|0y, W(y; Go, ur) — 0y, W(y; Go, uz)| < Ck|ur —ua| Vui,ug € K.
Therefore,
‘HGO('LL) — HGO(’U)| < CK\ul — UQ‘ Yuy,us € K.

Let o € W1°°(R). By approximation by nondecreasing functions o,, € W1 NC?,
we obtain that

|00, W(y; Go, ur) — Oy, W(y; Go, uz)| < 2[|0"||our — uzl. (4.30)

Therefore,
|Hg,(u) — Hg, (v)| < 2]|0'||00|0Go||u1 — ua|  Vuq,us € R. (4.31)
This completes the proof. O

Lemma 4.18. Let u € R. Let 0,0, be nondecreasing continuous functions such
that o(0) = 6,,(0) = 0 satisfy (2.3) with the same constants k1, ka and o, |o,,| < |o|
and o, — o in C([—2U,2U]) for some U > 0. Then

Heym — Hg, in C([-U,U)). (4.32)
Proof. Let u € [0,U]. By Lemma we know that
U — Wi (y; Go, u) \, u — W(y; Go, u) for a.e. y € 9Gy.

In particular, due to the dominated convergence theorem, Hg, m(u) — Heg,(u).
An equivalent argument applies to u € [-U, 0]. Hence

Hg,m — Hg, pointwise in [-U,U].

Since all o,, satisfy with the same k1, ko, o, we know that H,, satisfies
with the same K, Ko and a. Hence, Hg, » is an equicontinuous sequence. Ap-
plying the Ascoli-Arzela theorem we know that the sequence is relatively compact
in C([-U,U]) with the supremum norm. It has, at least, a uniformly convergent
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subsequence. Since every convergent subsequence has to converge to Hg,, we know
that the the whole sequence Hg, ,, converges to Hg, uniformly in [-U, U]. (]

Remark 4.19. When 0G| is assumed C? it is possible to develop other type of
techniques (which we shall not present in detail here) showing the existence and
uniqueness of solution w(y; Go,u). Indeed, the existence of W(y; Go,u) can be built
through passing to the limit after a truncation of the domain process (with the
artificial boundary condition w(y;Go,u) = 0 on the new truncated boundary).
The maximum principle for classical solutions (see, e.g. [14], [8, p.206] or [1)
allows to get universal a priori estimates which justify the weak convergence and
thanks to the monotonicity of the nonlinear term in the interior boundary condition
the passing to the limit can well-justified. In addition, it can be proved (see the
indicated references) that the limit is also a classical solution on the whole exterior
domain. Moreover, the same technique (i.e. the maximum principle for classical
solutions) implies the comparison, uniqueness and continuous dependence of the
solution w(y; Go,u).

5. PROOF IN THE SMOOTH CASE o € C!(R)

5.1. Auxiliary function w. To pass to the limit as e — 0 in (3.2]) we need some
auxiliary functions.

Definition 5.1. Let u € R, ¢ > 0 and j € T.. We define the function wi(-; Go, u)
as the solution of the problem

Awl =0 ifz 6T5/4\E§,
Oy, wl — e Vo(u—w!) =0 ifxe€dGl, (5.1)
wg =0 ifze 8T€j/4,
where
T!={zcR": |z — P! <r}, (5.2)
PJ is the center of Y. Finally, we define
wl(z;Go,u) ifx e T&_j/4 \Eg,j e,

. (5.3)
0 if 2 € R\ Ujer. 17 .

We(z; Go,u) = {

Applying the comparison principle we obtain the following result.

Lemma 5.2. Let u > 0. Then 0 < wi(;Go,u) < @wi(;;Go,u). If u < 0 then
Wl (-3 Go,u) < wi(;Go,u) <0.

Remark 5.3. Note that, if u = 0, then wl(-; Gp,0) = 0.

Let us prove some properties of W, (z; Gp, u). First, we introduce the following
lemma.

Lemma 5.4 (Uniform trace constant). There exists a constant Cp > 0 such that,
foralle >0

s—V/ v|f|2dS§CT/‘ IVf|? da erHl(T§/4\Eg,8T§) (5.4)
oG1 T, ,\Gt
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Proof. First, we extend f to Hg(Y?) where Y7 = ¢j + Y. In [I7] we find that

= [ ese( [ e [ i) (55)

Since f =0 on Y7, taking f(y) = f(PJ + ey), we have
[1iray<c [ vitay (5.6)
Y Y

Since V. f =€V, f we have
JRGEEY (5.7)
Y? YZ

Hence, the result is proved. O
We have some precise estimates on the norm of Wy:
Lemma 5.5. For all u € R, we have
IVWell2(o,) < K(Jul + [uf?), (5-8)
IWellZ2 ) < K (Jul + [ul?)e?. (5.9)

Proof. Let u € R be fixed. If we take w! as a test function in weak formulation of

problem (j5.1]) we obtain

/Tf ol |Vw!|?dz — 7 /an o(u—wl)w! dS = 0.
c/a\Ce Z

We rewrite this as follows:
/ |Vw! |2 de +77 / o(u—wl)(u—wl)dS =¢e"" / o(u—wl)udS.
7!,,\GL 9GL oG
Since ¢ is nondecreasing we have that
VUl oy <l [ o —udlds
Because of and that |s|* <1+ |s| for every s € R, we have

E—W/ o (u — wl)[dS < klg—V/ lu— wi|o ds + k2e_7/ lu— wl|dS
aGL G oG

< k15_7|8Gg\ + (k1 + kg)E_’y/ Ju— wg| ds.
G

Applying Lemmaand that, for every a, b, C' € R it holds that ab < %2a2+ Qéz b2,
we obtain

(k1 + kg)s_”*/ u—wl|dS < e77ClOGL + 5_7/ u—wi?dS
0! 2C |ul aG1

o 1 :

< Clule™10G + 55 Tl = vl oo
< C|U|€n + — | ‘ HV( 'lUJ)”Lg TJ \Gi)

= C|U|€n + — | ‘ HV j||L2(TJ \G;)
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Therefore,

_ S R
IVwlll7, < K(lul + [ul)e™ + 5Vl o)

T!,,\G1)
Thus, we have

112 2\.n

IV iy < Kl + ful?)e™

Adding over j € Y., and taking into account that #Y. < de™", we deduce that
(5.8) holds. Using Friedrich’s inequality we obtain

j |12 2
ngHLQ(TgM\Gé) <e K”Vw

so (5.9) holds. This completes the proof. O

Nz i
ellz2(ri \Giy’

5.2. Auxiliary function v/ = w? — @wJ. Let us define:
vl = wl — @l (5.10)

This functions is the solution of the problem
Avi=0 ifze Tg/4\@,
o) — e (o(u—w!) —o(u—wl)) =0, ifxecdGl, (5.11)
vl = —w?(z;Go,u), ifxc 8Tg/4.

Lemma 5.6. The following estimates hold

Z HV(wg(:c;Go,u) - {U\g(x5G07u))Hiz(Tg \G?) < K(|u| + |u|2)527 (5'12)
JET: 4

Z [|wl(z; Go,u) — @g(l‘;Go,u)|\i2(Tg/4\Gg) < K(|u| + |u)?)e*. (5.13)
JEY
Proof. From Lemma it is clear that
[vd (5 Go, w)| < | (25 Go,u)| Vo € T2, \ GL. (5.14)
Integrating by parts vJ(Awv?) and using we deduce that

/ |Vv§|2dx—a_7/ (o(u - wl) — o(u— @)l dS
Tg/4\cg' aG1

= —/ ; (O, (25 Go,u) dS
or?,,
By the monotonicity of ¢ and applying Green’s first identity, we have

||Vv§||iz<Tg/4\Gg> < - /d (0,0 W (x5 Go,u) dS

J
TE/4

:’/}j

5/4\Ta]/8

Applying Lemmas [£.15] and [£.16] we have
[0 (5 Go, u)| < |@L(w; Go,u)| < K |ule®.
|V (z; Go,u)| < Klule

VuIViw! dz +/ (90wl dS.
ot
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for all z € T7 S8 where K does not depend on ¢. Since v! is harmonic, denoting
T? ={z € R": |z — #| <r} we have

Ol ol _K ,

|8vg ‘ / av K / iy dS‘ < Klule.
Li /16| Ay Li OTZ 16

for all z € Tg/4 \Ta, since T*

26 /4\ 5/16 Hence, we have
.

[ @u)aias| < Kl + [uen
o1
8

From this we deduce that

\RAV T dx‘ < K(|u| + |ul?)e" "2,
/4\ £/8

||VUEHL (TJ \Gg) < K(|U| + |u|2)€n+2.

From Friedrich’s inequality,

10212 05 gty < Bl + al)em+

Then, adding over j € T, we obtain

J||2 ) ] 2\ .2
D90 0 vy < Kl + Jul)e

J€Te

72 2\ 4
S 12, sy < Kl + )
JjeT.

This estimates completes the proof.

5.3. Convergence of integrals over Ujcy_ 0T 5/4

Lemma 5.7. Let Hg,(u) be defined by formula (2.5), ¢ € C§(QY) and he,h €
HY(Q) be such that h. — h in H}(Q) as ¢ — 0. Then, we have that

i 3 / y (0,02 Go. (P2 () 45 = G52 | H (0(0) ha) o

5.15
where v is an unit outward normal vector to Tj/ . ( )
Proof. Let us consider the auxiliary problem

NGl =pl weYINT.,, je.,
—0,07 = 0,w! (x; Gy, p(P?)) = € ITY,
—ayeg( =0 x(e a);)g , E (5.16)
<92>yg\fi/4 =0,
where v is a unit inwards normal vector of the boundary of Y7 \ 77 a0 We choose

against the convention, the inward normal vector so that it coincides with the unit
outward normal vector of TEJ /4 \ G in their shared boundary. We changed the sign
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accordingly. The constant ;7 is given by the compatibility condition of the problem
(5.16)):

e Y\ T, | = /,a@wmmww»w
(‘E)TSJ/4

=— | 0wl(x;Go,¢(F?))dS
oG1

= a2 / 0y, W(P(PL),y) dS,,
909Gy

Therefore,
i = OB P _ =G Mg oP)
: ‘Y\T{)/4|5n YA\T /4|

From the integral identity for the problem (5.16]) we obtain
—/ V6 2 dz :Mg/ ag’dx—/ (a @ (x: Go, $( P ))) 67 ds. (5.17)
YI\T? YA\T? , or?,,

Applying Lemma and using the estimates from [17], we deduce

[ (0wt opin)er]as
o1’

c/4

)

<xlotrd)e [ jo.las

o

< KIo(P)Ie T P10 om0

n+1

<K|¢( ‘57{6 2H9 ||L2(Y]\TJ )+\[HV0 ”L YJ\TJ )}
< K|(P))|e™

E”L2<YE\T£/4>‘

In particular, since |¢(P?)| < ||¢||oo We can make a uniform bound, independent of
j and €. Thus, we have

Ive|? T < Kemt2, (5.18)
Adding over j € T. we have
> V62 de < Ke2. (5.19)
JEY. Y2\ 6/4

Hence, by the definition of 67, we obtain

\Z/ (0,2 Go, 6(P2)) Y e 5 Z/  whda
GTJ

YINT,

:‘ Z /Y N V§IVhe dx‘ < Kellhe| |, (0.00)-
JET.

Therefore,

; J
;%Z/GT aw (2; Go, $(P: )))h ds_gli%Z/w  pihe da,

JjeEYT, JEY, \Tsj/4
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From the definition of 1/ we deduce

Cn 2
S [ nihedet iz 3 He (o) heda
jex. YT, /4l jex, JYI\T!),

e - (Hou P2 ~ Hey (04

/4| JEY.

Using (4.17) we obtain
\Z/ - (He (OUF) — Hou 0 e
jer. 7Y\

< K el a0 mass / By, @(y: Go, (P?)) — By, @(y: Go, $(x)) dS,
= Klheleyoma| [ o ¢<Pg‘>—w<y;ao,¢<m»)

— o (0(P!) = (s Go, 9(P))) ) 45,

< K max (|@(y: Go, 6(P2)) = #(y Go, 0())|

+|@(y: Go o(P2)) = @(y: Go 02|
< K max (Jo(PY) = 6(@)] + |6(P2) — 6(x)|")
< K(a:+aZ)—0 ase—0.
Hence

) Cn 2
lim / wlhe de = hmi /
2 e =TI 2 o,

| He, (¢(x))he dz.
JEY. /4 JEY.

From [I6], Corollary 1.7] we derive

Cn72 /
hmi He,(6(x))he do = Cy~ / He,(¢(x))hdx.
e—0 |Y\ /4| jGZT Y \T] ( ( )>

This completes the proof. (Il

Lemma 5.8. Let Hg,(u) be defined by formula (2.5), ¢ € C(QY) and he,h €
H}(Q) be such that he — h in H}(Q) as e — 0. Then, we have

—an/aT (8wl (x; Go, p(P7))) hedS = Cf~ 2/ He, (¢(x))hdz.  (5.20)

e—0
Proof. Using Lemma and applying Green’s identity we obtain

Z/@T aw (z; Go, 9(P?)) — By w! (z; Go, d(P )))h as

JEY:

:—Z/  8,vlh.dS
j 6Té7/4

JEY:

=— / _vaVhdeJr thdS
JEYT: 2/a\Ge g
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= - Z / Vv!Vh, dz

JEY, 5/4\GJ

+eT / —wl) — a(¢(P!) — @)) he dS.

JjeEY,

From Cauchy’s inequality and the properties of vJ we have

| Z/ Vel Vhedo| <7 3 90l )+l Thel o,
JEY 4\GJ JEY

< Ke.

Using the estimates from Lemma we deduce

Y[ (oor)) —wd) - o(o(P)) - @) heds)

jer. /oG
<5_”Z/ 0| o= (=2 ¢l1 201011y [02] [ ] AS
JEY,
< Ke™? Z/ [0l ||he| dS

JET.
< Kee /2 1Pel 252y
< Kel|Vhe| 20

where K depends on ||¢||o. Therefore,

‘Z/{)T (0@ (2: Go, $(PY)) — Dywl(w; Go, §(P?)) hdS‘<K5. (5.21)

JjeEY

From this inequality and Lemma [5.7] we deduce that

7?2%2/0? (vl (w3 Go, 6(P)) ) b= S

JjEY =/4
:_E@%Z/&T] 8, (23 Go, ¢(P )))hdS
JEY. c/4
=0y / Hg, (¢(x)) hda.
This completes the proof. O

5.4. Proof of Theorem for o € C1(R). Let ¢ € C5°(Q2). We define

_ {wsu;c:o,wg» YI\GLje. (5.22)

We(x; ) = _
(:9) 0 Q\Ujer. Y2, j € Te.
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We have that WE(-;¢) € Hi(Q) and /Wg(-;qb) — 0 in HY(Q) as ¢ — 0. Using
v =¢ — W(x;9) as a test function in inequality (3.2)) we obtain

V(p — We(a;0))V (6 — We(236)) — ue) dz

Q.

-I-e_ﬁ’Z/ oo — w]xGmfb( )))(¢ wj(x Go, ¢(P: ))—ua)dS (5.23)

JEY.
> / F(6 — Wz 6) — ue) da.
Q.

Taking into account that wi(z; Go,u) is a solution of the problem (5.1]), we can
rewrite this in the form

/Q VoV(6 — We(2:6) — ue) da

- Z  Owl (2 Go, ¢(P2)) (6 — ue) dS

JEY
—e 7;/ w(x; Go, p(P?))) (¢ — wl (x; Go, p(P?)) — ue) dS

J (5.24)
+gfvj; /m o (6 — w (w; Go, §(P))) (& — w (w; G, p(PF)) — uz) dS  (5.25)

> / F(6 — Wl 6) — ue) da

We choose the boundary condition for w? so that (5.24) cancels (5.25) out in the
limit. We observe that

(#(6(P2) = wl(w: Go, 6(P))) = (6 — wl(a: Go, 6(P2))) )

x (6 = wl(@; Go, o(P2)) — u.) ds|
<~Z/ 107l =) [V e 1l — (a5 Gy G(PT)) — e] S

JETe
< Ka. — 0,

where U = 2||¢||o and K depends of ||¢||oo. Taking this into account we have

/ VoV (¢ — We(z;6) — ue) da
_ Z 0, wl(z; Go, p(P?))(¢ — uc) dS (5.26)
JEY,
/ Flop— We(z;8) — ue) dz — pe.

From Lemma [5.5] we have

hm/ VoV (¢ 5(:6;(;5) —u)dx = /QVc/)V(qb— up) da, (5.27)

e—0
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hH(l) flo— ( ) — ue dx—/f — up) (5.28)

Q.
Applying Lemma [5.8| for h. = ¢ — u. we have
— lim Z / Oyl (z; G0,¢(PJ)))(¢ uc)dS = /HGO )(¢—uo)da

e—»O
Thercforc Uug satlsﬁcs the inequality
[ 96906 - w)de+ G [ Hay (6@~ u)ds = [ f(0 - uo)do
Q Q Q

for any ¢ € H}(2). Therefore, u € Hj(Q) satisfies the identity
/ VugVodr + 06172/ Heg,(ug)pda = / fodx,
Q Q Q

where ¢ € H}(Q). Thus, u is a weak solution of (2.7). This completes the proof of
the Theorem [2.5| when o is C!(R). O

6. PROOF IN THE HOLDER-CONTINUOUS CASE

Let 0 € C(2) be satisfying (2.3). Applying [6, Lemma 2] we deduce there a
sequence of nondecreasing functions o5 € C1(R) such that o5(0) = 0, |o5] < |o]
and o5 — o in C(R). Therefore o5 satisfies . Applying the result in the previous
section, we have that

P.ues — us in H'(Q). (6.1)
where us is the solution of with H; instead of Hg,.

By the approximation lemmas in [6] we have

IV (ue = ues)ll2@.) < Cllos — oo (6.2)
Therefore,
IV(u = us)llr2(0) < Cllos — ollso (6.3)
Since, by Lemma [4.18, H;s ¢, converges uniformly over compacts to HG, applylng
standard methods (see Lemma [7.1) we deduce that us — Up, where ug is the
solution of (2.7). Notice that, due to Lemma we have that, if ug € L?(2)
then Hg,(ug) € L*(Q).

By uniqueness of the limit ug = & and it is the solution of . This completes

the proof of Theorem in the general case. O

7. APPENDIX: A CONVERGENCE LEMMA

Lemma 7.1. Let H,,,, H : R — R be nondecreasing functions that satisfy (2.3) with
the same constants k1, ks, and such that H,, — H uniformly over compacts. Let
Um, u be the corresponding solutions of (2.7) with H,, and H respectively. Then

Uy — u in H (Q). (7.1)
Proof. We have
/|vum\2dxgc/ |f|? dz (7.2)
Q Q

Therefore, up to a subsequence, there is a weak limit in H}(Q), let this be u. A
further subsequence guaranties that

Up — U in L*(Q),
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Uy — U a.e. .

Let x € Q such that uy,(z) — u(z) in R. In particular the sequence is bounded so
Hp (um (u(x))) — H(u(z)) because of the uniform convergence over compact sets.
Hence

H,,(up) — H(u) a.e. in Q. (7.3)
On the other hand, we have

[ Hi ()| < Frltim|® + Kolum| < ky + (k1 + k2)|um],
/|H(um)|2dxgc(|m+/ e ?
Q Q

< C<|Q| +/Q IfI2 dx)

Hence, up to a subsequence, there exists H e L2 () such that
Hp () — H in L*(Q).

By Egorov’s theorem, we have that, for every 6 > 0 there exists A5 measurable
such that |As| < 6 and Hy,(um) — H (@) uniformly Q\ As. Since Hy, (um,) — H in
L?(Q\ As) we have that H(u) = H a.e. in Q\ As. Hence H(u) = H in a.e. {, so

Hp,(uy,) — H(W) in L*(Q).

By passing to the limit in the weak formulation we deduce that u = w. O
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