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NONLINEAR SINGULAR HYPERBOLIC INITIAL BOUNDARY
VALUE PROBLEMS
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Communicated by Mokhtar Kirane

ABSTRACT. In this article, we aim to prove the well posedness of a one point
initial boundary value problem for a nonlinear hyperbolic singular integro-
differential partial differential equation. Our proofs are mainly based on a
fixed point theorem and some a priori bounds. The solvability of the problem
is proved when the given data are related to a weighted Sobolev space. An
additional result may allow us to study the regularity of the solution.

1. INTRODUCTION

A big number of physical phenomena can be modeled and formulated by some
nice partial differential equations. It happens sometimes that such phenomena
cannot be modeled by classical partial differential equations while describing the
system as a function at a given time; it fails to take into account the effect of past
history, such as in thermo-elasticity and heat diffusion. In such situations, a memory
term on the form of an integral should be included the equation. This integral term
can be considered as a damping term in the equation. A range of elliptic integro-
differential equations were studied in the works of numerous researchers, including
for example Bokalo and Dmytriv [7], Barles and Imbert [4], Caffarelli and Silvestre
[8], Chipot and Guesmia [I0], Balachandran and Park [3], Bakalo and Dmytriv [7].
Integro-differential equations of hyperbolic and parabolic type are studied by many
authors see for example Adolfsson [I], Baker [2], Sloan and Thomee [18], Berrimi
and Messaoudi [5], Cannarsa and Sforza [9] and Weiking [19]. In the present work,
we consider a hyperbolic integro-differential equation with an unknown function
that enters both into the differential part and into the integral part of the equation.
It can occur in visco-elasticity see Renardi and Hrusa [I5, [I6] and other areas as
fluid dynamics, biological models, and chemical kinetics. Well-posedness of problem
f is studied, in fact, we prove the existence and uniqueness of solutions
for a posed nonlinear hyperbolic integro-differential equation with a Neumann and
Dirichlet conditions. The used tool is a variant of fixed point theorems.
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In the rectangle Q7 = (0,1)x(0,T"), where 0 < T' < oo, we consider the nonlinear
singular second order hyperbolic integro-differential equation

v 10, dv d ¥
Lv = w*;%(x%)—%max(/o 51}(5,75)515,0) (1.1)
= f(z,1),
With , we associate the following initial conditions
v(z,0) = Z1(x), v(x,0) = Za(z), x€(0,1), (1.2)

and the boundary conditions
ve(1,6) =0, wv(1,¢t)=0, te(0,T), (1.3)

where Z;(x), Z2(x) and f(z,t) are given functions which will be specified later on.

In Section 2, we shall give some function spaces and tools which will be used
repeatedly below. Section 3 is devoted to the proof of uniqueness of solution of the
given problem in the classical Sobolev space W$21 (Qr). In section 4, we established
the existence of solution and the proof was mainly based on the Schauder fixed point
theorem. In the last section a priori bound is obtained and can help to establish
some regularity results for the solution of problem 7

2. PRELIMINARIES

For the investigation of problem (|1.1))—(1.3), we need the following functions
spaces: Let L2(Qr), L2(Qr), L,Q)(QT) be the weighted Hilbert spaces of square
integrable functions on Qr with v = z+22, 0 = 22, and p = 2. The inner products
in L,ZY(QT), L2(Qr), Lf)(QT) are respectively denoted by (-, ‘)Lg(QT), (s)12(Qr)s
(-, ')L/%(QT) such that

1
(10)rz0n = | Alhurds,  Ala) = .00 (2.1)

Let L2(0,T; Wizl (0,1)) be the space of (classes) of function v measurable on [0, T
for the Lebesgue measure and having their values in W,izl (0,1),and such that

T 1/2
2
\\U||L2(0,T;W$;;(o,1)) = </o ||U('7t)HWW1:;(071)dt) <00

The space L%(0,T; I/Vvl”zl(O7 1)) is a Hilbert space having the inner product

T
(u:0) 20,1 w01y = /O (Vi@ (2.2)
where .
(u, v)le:;(OJ) = A (z + 22) (uv + ugvy + ugvy)da. (2.3)
The space Wiy’;(QT), is the set of functions u € L2 (Qr) such that u,,u; € L2(Qr).
In general the elements of W,:" 5" (Qr), with m,n nonnegative integers are functions
having z—derivatives up to m!”* order in L%(QT), and t—derivative up to n** or-
der in L%(QT). We also use weighted spaces in (0,1) such as: L?Y(O, 1), L%2(0,1),
1,1
L/%(()7 1), W,5(0,1) and W;Q(O, 1).
The following inequalities are needed:
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(1) Cauchy e-inequality which holds for all € > 0 and for arbitrary A and B.
AB < §A2 + 2%32, (2.4)
(2) A Poincaré type inequality (see [14]).
140 (€320, < 310032 (0n):

1
[AZ (€)1 72(0,1) < §||Az(§u)”%2(QT)>

(2.5)

where
x xT 5
M) = / culé, 0)de, A2(€u) = / / (. £)dnde.

(3) Gronwall’s inequality (see [14], Lemma 4.1]).

3. UNIQUENESS OF SOLUTION

Theorem 3.1. Let Zi(x) € W3 5((0,1)), Zo(x) € L2((0,1) and f(z,t) € L2(Qr).
Then the posed problem (1.1)—(1.3) has at most one solution in Wvlé(QT), if it
exists.

Proof. Let v; and vy be two solutions of problem (1.1))—(1.3) and let n(z,t) =
Vi(z,t) — Va(x,t), where

t
Vj(x,t) :/0 vj(z,7)dr, j=1,2, (3.1)

then the function n(z,t) satisfies

?y 10,0

Ln = ﬁ—;%(fﬁ%) =1(x,t) = 72(z, 1), (3.2)
n:(1,t) =0, n(l,t)=0, te(0,T), (3.3)
n(xz,0) =0, m(x,0)=0, =xe(0,1), (3.4)
where
v;(x,t) = max(A,(§v;),0), j=1,2. (3.5)

Consider the identity

(20,00 10 00 (20,00 10 Ony)
ot’ o2 xdxr 0zx’/L2(Qr) ot’ ot2  zO0x Ox’/L2(Qr)

on 9n 10 0n 3.6
+(8m’8t2 xax(xax))mcm (39)

= (%771 - 72>L%(QT) + 2(%7% - WQ)L?,(QT) + (%771 - Wz)Lg(QT)'

Integrating by parts, and taking into account conditions (3.3 and (3.4), we deduce
the following expressions for the terms on the left-hand side of (3.6))

on 02
(877167’ 8TZ>Lg(QT)

on 10, dn 1
(3t 25050 120y = 211 D20, (33)

1
= §||77t($7T)||%g((0,1))7 (3.7)
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2(%’ gjsg)gg(@ﬂ = llme (e, T 122 0,170 (3.9)

2(% é(’%( gz))w@ ) ||ng;(x,T)||2L2 ((0,1)) "‘2(%7%)@(@@, (3.10)
<ZZ’?)£)L3(Q ) = llmellZz @) / (@, Ty (=, T)dz, (3.11)
(% %% ) L (3.12)

Substituting formulas into (3.6), we obtain

§||77t($,T)||2L§((o71)) + §||77x(15aT)||2Lg((0,1)) + [l (2, T) 172 0,1

+ 12 (2, T2 0,1y + ||77t||2L2(QT
on on on
() )+ ()
(at n 72)Lg(QT T T ) e T e T )

! an On
- [ et Tmte e =25 T o

(3.13)

By using Cauchy e—inequality and the Poincaré type inequality (2.5)), we estimate
the terms on the right-hand side of (3.13) as follows

1
— / 21, (x, T)ni(z, T)dx
0

(3.14)
€1 2 1 2
< *||77t($aT)||Lg((o,1)) + 2?1||77z($,T)||L3((0,1)),
on on 2 L2
~2(5 5 ) sy < M lEzan + 2 IlEzan (3.15)
On €3 1 2
(Fm —vz)m vom = 2 IMlEz@n + nlEen,  @16)
on 1
2(Ghm - w)Lg o < calelizion + - InlEz on): (3.17)
In €5 2 1 2
(%771 - Wz)Lg(QT) < §||77t||Lg(QT) + E”nzHLg(QT)' (3.18)
Let ey = 1,60 =8,e3=1,e4 =1, &5 = 1, and combine (3.14)—(3.18) and (3.13]),
we obtain
||ﬂt(xaT)||%g((o,1)) + ||77m($aT)||%g((o,1)) + (2, T) 172 0,1y
+Ine (2, D1 ((0,0)) + el 7200 (3.19)

< 641133y + Il 300m + 132y + Ime)20m) )
Application of Gronwall’s lemma [I4, Lemma 4.1] to (3.19)), yields
||77t||2Lg(QT) =0=n=v1 —ve =0 forall (z,t) € Qr,

hence, we conclude the uniqueness of the solution. O
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4. EXISTENCE OF THE SOLUTION

Theorem 4.1. Let Z1(z) € W,%VQ((O,l)), Zs(x) € L%((O,l) and f(z,t) € L?Y(QT)
be given and satisfy

||Z1H§V7112((0,1)) + ||Z2H%g((o,1)) + Hf||2Lg(QT) <G5, (4.1)
for Cy > 0 small enough, and that
07,(1 0Z5(1
Do, am=0 20 nu-=o (4:2)

Then problem (1.1))—(1.3)) has a unique solution v € Wi;(QT)

Proof. Consider the class of functions
K(A) = {U € L%(QT) : ||/U||L2(O,T;W21’L}(O,1)) < A4, ||vt||L2,(QT) < A}, (4.3)

satisfying conditions (|1.2)) and (1.3]), where A is a positive constant which will be
specified later on. For any u € K(A), problem

0? 0, 0
o8 s ) =T ) 0
v(z,0) = Z1(x), wv(x,0) = Zo(x), z€(0,1) (4.5)
va(Lt) =0, w(l,t)=0, te(0,T),
where
Tu= %max(Ag,c (€u),0), (4.7)

has a unique solution in Wi; (Qr).

Define a mapping M such that v = Mu. If we show that the mapping M
admits a fixed point v in the closed bounded convex subset K(A), then v will be
our solution. Let us first show that the mapping M maps the set K(A) to K(A).
Let v =W + S, such that W solves

PW 19, oW

W(z,0) =0, Wy(z,0)=0, =ze€(0,1), (4.9)
Wo(1,t) =0, W(1,t)=0, te(0,T), (4.10)
and S solves
9% 10, 08

Zy(z), z€(0,1) (4.12)

S(xz,0) = Z1(x), Si(z,0)
1 0, te(0,7) (4.13)

S.(1,t) =0, S(1,t) =
We now consider the following inner products in L*(Q,), y € (0,7)

(LW, MyW) 12(q,) = (Tu, MiW) 12(q,), (4.14)

(LS, M2S)r2(q,) = (f, M2S)12(Q,): (4.15)

where

MW = 22°W, 4+ 2® W, + 22W,, MyS = 22285, + 225, + 22.5,.
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By integrating by parts in (4.14) and evoking conditions (4.9) and (4.10), we have
||Wt($ay)\|%g((o,1)) + HWm(fCay)”%g((O,l)) + HWt(vaZ/)H%g((o,l))

+ HWT(%U)H%,%((OJ)) + ”WtH%%(Qy)

1 (4.16)
. / B W, (@, ) Wi, y)da — 2Wa, W) 120, + 20Wi, Tu) 12 @,
0

+ (W, Tu)rz @) +2(Wi, Tu)13(Q,)-

Thanks to Cauchy e-inequality, (4.16)) reduces to

W2, 91172 (0.1)) + IWa (@ )12 (0.0 + 5 ||Wt( ay)”Lz((O 1)

1
+ ille(iﬂ,y)H%g((o,m)
) (4.17)
< Willkz(o,) + IWellZz(a,) + IWellEz o,y + 5 1Weliz o,
+ HIU||%3(Qy) + 5”1“”%%(%)'

Consider the following two elementary inequalities

W (2, )72 0.1)) < Wiz, + IWelZ2(0,): (4.18)
W (@, )220, < IWZ2(,) + IWellZ2q,)- (4.19)

Inequalities (4.17] - ), yield
||W($,y)||1:g((o,1)) + ||Wt($7y)||%2 0,1) T ||Wx($7y)Hi2((o 1))
<3(IW1320,) + IWilliz (o, + IWalE2(0,) + ITul2(q,) )-

Application of Gronwall’s lemma to (4.20)) gives

(4.20)

||W(13>Z/)||%g((o,1)) + ||Wt($7y)||2Lg,((o,1)) + ||Wx(93vy)||2Lg((o,1)) (4.21)
< 363T||Iu||2L3(Q ) '
Integrating of both sides of over (0,7 gives
W (z, t)HL2(O T; W, (0,1)) < 3TegTHIu”QL%(QT)' (4.22)
We now consider and use conditions and (4.13), to obtain
HSt(x,y)H%g((oJ)) + |‘S$(x7y)||%g((0,l)) + ||St($»y)||Lg((o,1))

+ ||St(9ﬁvy)||:£§((o,1)) + HStH%f)(Qy)

1

= —/ Z‘QSI(Z‘,y)St($,y)dJJ+2(St,5 )L2(Q )+2(St7f)L2 (Qy)
0

YA

(4.23)
+ 28z, frzq,) +2(5 iz, + ||

1
(9Z1
+ II(Zz)2||2L3(((),1)) +/0 v o ox Zade.

||L2((o 1))
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By using the Cauchy e-inequality, we can transform (4.23) into
2 2
||St($ay)||Lg((o,1)) + HSz(%y)”Lg((o,l))

< 4(1Si32 0, + 15+ 320, (4.24)

+ 4<||(Zl)i||2L3((o,1)) + ||Z2||%_2y((o,1)) + ||fH%3(Qy)>~

Consider the elementary inequality
||5(17,y)||%g((0,1)) < ||S||2Lg(Qy) + ||StH%g(Qy) + ||Zl||%g((o,1))- (4.25)
Combination of and leads to
1862, 0) 22 01
< 4(||S||?4/21:71(Qy) + ||Z1H%/V21ﬁ((0,1)) + ||Z2H%g((o,1)) + ||f||2L3(Qy))-

Applying of Gronwall’s lemma to inequality (4.26) and then integrating over (0,7)
gives

(4.26)

|1S(z,y) ||iz(o,T;W21”$ (0,1))

(4.27)
< 4T64T(||Zl||€vgw((o,1)) + 11221172 (0.1)) + ||fH%3(Qy))~
It is obvious that
||IUH%3(QT) <t (4.28)
where C7 > 0.
Inequalities (4.22)), (4.27)) and (4.28) yield
ol 0 rwp 2 0.0y S 2IW 20 2wz 20 + 208020 w2 0.y (4.29)

< 6T TC2 4 §TEATCR.
and
el @ry < 20Wel22 @y + 20543 (g < 6TC*CF +8THTC3 (430)

If we take A > 6Te*TC? + 8Te*TC2, we then deduce from the inequalities (4.29)
and (4.30) that

”iz(o,T;ng(O,m) =
Hence v € K(A) and consequently M maps K(A) into itself.

We will now show that the mapping M : K(A) — K(A) is continuous. Let vy,
Vo € K(A) and let V] = M(Ul), and V5 = M(’Ul).

We observe that V = V; — V5 satisfies

o’V 10, 0V d d
W — E%(QJ%) = a maX(A1(£U1)70) - a maX(AI(foQ),O), (432)
V(1,t) =0, Vy(1,t)=0, (4.33)
V(z,0)=0, Vi(z,0)=0 (4.34)
Define the function .
o, ) = / V(x, 7)dr, (4.35)
0
then it follows from (4.32)—(4.35) that p(z,t) satisfies
Pp 10, 0p
52 5%@%) = max(A;(£v1),0) — max(A,(€vs),0), (4.36)
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p(1,1) =0, pa(1,1) =0, (4.37)
p(x,0) =0, pi(z,0)= 38
It is obvious that
||H(957t)\|%3(QT) < v - U2H%3(QT)a (4.39)
where
H(z,t) = max(A;(€v1),0) — max(Az(€vz),0) (4.40)
Then we have
||V||%5(QT) < dfjvr - U2||%3(QT)’ (4.41)

Vi = Vallz2 (r) = IM(v1) = M(v) 2@y < Vdlor = vallz2(@r) (442)

Consequently he mapping M : K(A) — K(A) is continuous. The set K(A) is
compact, because of the following result. O

Theorem 4.2. Let By C B C By with compact embedding (reflexive Banach
spaces) (see [13, [I7]). Assume that a, A € (0,00) and T > 0. Then

W =1{60:0¢c L0,T;B),0; € L*(0,T; By)}

is compactly embedded in L*(0,T; B), that is the bounded sets are relatively compact
in L*(0,T; B).

Observe that L(0,T; L2(0,1)) = L2(Q7), M(K(A)) C K(A) C L2(Qr). Then
by Schauder fixed point theorem the mapping M admits a fixed point v € K(A).

5. A PRIORI BOUND FOR THE SOLUTION

We now obtain a priori bound for the solution of problem (1.1)—(1.3). This a
priori bound can be used to establish some regularity results. We may expect the
solution of (L.I)~(L.3) to be in the function space L*(0,T; W, 1 (0,1)) with ¢ < oo.

Theorem 5.1. Let u € L%(0,T; Wi’;(O, 1)), be a solution of problem (1.1)—(L.3),
then following a priori bound holds

2
HU||L2(0,T;W21;71(071))

8T 2 2 2 (5-1)
< 8Te (”Zl”Wzlﬂ((O,l)) +1Za2llz2 0.1y + ||f||Lg(QT))
Proof. Note that
s d 1
/ %/ r*uldr
1
= / / x ututtdxdt—2/ / x2 ut 88 x%)JrIu} dx dt
vow v (5.2)

—2/ 22 (ua(1, (1, £) — 22 (0, £)us (0, ) dt—2/ / g, d dt

—2//xutumdajdt+2//xutl'udxdt—l—2//xutfdxdt
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By using boundary and initial conditions (3.2)) and (3.3), then from (5.2]) one has

L 1
/xutxsdx+/x2
0
0

1 1
:/ 22 Z2(z )dx—i—/ (= —2/ / TULU, dx dt
0
+2/ / xutZuda:dt—FQ/ / 2y f dx dt.

On the other hand,
3 8u 8u
:/ x2uy (2, 8)us (2, 8 dx—i—/ / ruf dz dt
//acumludxdt—i—/ / z?ug f dx dt,

s 1 b b
2[ \/0 [Iututt — %(:ra—z)ut} dzr

1 1
:/ xuf(m,T)dx—i—/ zu?(z, T)dx
0

and

s 1 s 1 1
= 2/ / xwZudx dt + 2/ / xug f do dt + / xZ2(z)dx
o Jo o Jo 0

v
Equalities (5.3)—(5.5) and the elementary equality

1
+ / x(%)de.
0 0

/l(x + 172)u2(:177 s)dx
0

s 1 s 1
S/ / (z + 2?)u? dmdt—i—/ / (z + 2?)u? dx dt
0o Jo 0o Jo

1
2 2
+ / (2 + 2%) 22 (x)dr,

lead to

1 1 s 1
/ 2?u?(x, s)dx +/ v?u?(z, s)dx +/ / zu? de dt
0 0 o Jo

1 1
+/ xuf(x,s)der/ zu?(z, s)dx
0 0

:/1(x2+ x) 73 (x )da:+/1(33 —I—J:) — —2/ / Ty dx dt
+2/ / xutl'udxdt—i—Q/ / xutfdxdt—&—/(x—i-x)Zl( )dx

(5.3)

(5.5)

(5.6)
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s rl s rl 1
+/ / mguqudazdt—l—/ / x2uxfd:cdt—|—/ 2?uy (2, 8)us (2, 8)dx
0o Jo 0o Jo 0

s 1 s 1
+ 2/ / zwZudz dt + 2/ / zuy f dx dt.
o Jo o Jo

Young’s inequality and a Poincaré type of inequality [I7], transforms the above
inequality into

1 1 1
/ (z + 2?)u?(z, s)dx + / (z + 2?)ul(z, s)dx + / (z + 2?)u(x, s)dx
0

0 0
s 1 s 1 s 1
§8</ / (x—|—x2)u2dxdt—|—/ / (x—|—a:2)ufdxdt+/ / (z+x2)u§da:dt)
o Jo o Jo o Jo
1

+8(/0 (x? +:C)Z§(:C)d90+/Ol(m—i—xQ)(le(x) + (%)Q)dx

+/OS/Ol(x+x2)f2dxdt).

Using Gronwall’s lemma [I4] Lemma 4.1] this implies

[u(z, 5)”?/[/21;;(0,1)) = 8T€8T<||Zl||%v2lﬁ((o,1)) + ||Z2||%g((o,1)) + ||f||%g(QT))

Integrating with respect to s over the interval [0, T gives the a priori bound ({5.1)).
O

Conclusion. The well posedness of a one point initial boundary value problem
for a nonlinear hyperbolic singular integro-differential equation is proved. The
Schauder fixed point theorem is the main tool used to establish the existence of
solution. The solvability of the problem is proved when the given data are related
to a weighted Sobolev space. A priori bound for the solution may allow to study
the regularity of the solution is obtained.
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