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BOUNDARY REGULARITY FOR QUASI-LINEAR ELLIPTIC
EQUATIONS WITH LOWER ORDER TERM

GIUSEPPE RIEY

Communicated by Marco Squassina

ABSTRACT. We give results of summability up to the boundary for the solu-
tions to quasi-linear elliptic equations involving the p-Laplace operator and a
term depending on the gradient of the solution.

1. INTRODUCTION

In this article we extend the results in [16] to quasilinear elliptic equations involv-
ing lower order terms (see for instance [9, 10, 4] and the references quoted there
for remarks on applications of these kind of equations). Given Q C R™ bounded
and with smooth boundary, for fixed p > 1 we consider the equation:

—Apu+ H(z,Vu) = f(z,u) inQ

u=0 ondN, (1.1)

where f = f(z,s) : Q x R — R is Lipshitz continuous on each compact subset of
QO xRand H = H(z,¢) : QxR — R is a Carathéodory function which is also
locally Lipshitz continuous with respect to  and C! with respect to £ and satisfies
the following property: For each M > 0, there exists k = k(M) > 0 such that

|He(z,6)| < kl¢|™> VE: [¢| <M for ae. z€Q. (1.2)
Let u € Wol’p(Q) be a weak solution to (1.1)), that means u satisfies:

/ |VulP~2(Vu, V<p>dx—|—/ H(z,Vu)pdr = / fz,u)pdx, for all p € C°(Q).
Q Q Q

(1.3)
By [4, 8, 20] we know that u € C1:*(Q) for some o < 1. We focus our attention on
the summability of the second derivatives of w. If the term H(x, Vu) there is not
in (L.I]), results on the regularity of the second derivatives (in the interior of ) can
be found in [II, 17, [I§]. Moreover, if the Hopf’s boundary Lemma can be applied,
the results hold up to the boundary (in fact the solutions have no critical points
there and therefore the equation is no more degenerate). Therefore we consider
cases where Hopf’s Lemma cannot be applied. Our main result is the following.

Theorem 1.1. Let u € CY%(Q) be a weak solution to (1.1). We have
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(i) if p <2, then u € W*2(Q)
(11) pr > 2, then |V’u,|p*1 c Wl’Q(Q),

The main tool in our proofs is a weighted estimate for the second derivatives of
the solution, achieved by means of the linearized operator of a transformed equation
(using the techniques developed in [11, [3] [Tl [17, [18]).

Regularity results in cases, where Hopf’s Lemma does not apply, can be found
also in [I1], where the summability of the second derivatives is studied for p close to
two. An example of application of the above techniques to cases where the Hopf’s
Lemma fails, can be found also in [0 [I4]. Note that the study of the regularity
of solutions to p-Laplace equations, which is interesting in itself, is also very much
related to the study of the qualitative properties of the solutions (see for instance
1, 2 [5, 6, 13, [19]).

2. NOTATION AND PRELIMINARY RESULTS

Given a matrix A, AT is the transposed of A and we set |A| = (szzl laij|?) 12,
Forr >0and 7 € R" weset B, (T) ={z € R": |z —Z| <r}. ForT € 0Q and r > 0
small enough, we set Bt := B,.(Z)NQ. We consider a diffeomorphism @ : R” — R"
(also called flattening operator) such that ®~1(B,.(Z) N Q) C {y, = 0}. We set:
Bt = & }(B*) and we denote by B~ the reflection of BT with respect to the
hyperplane {y, = 0}. We set B =BT UB~U®~1(9Q N B.(T)).

We set ¥ = &~ and we use the change of variable: z = ®(y), y = ¥(z), so that
we have

w(y) = u(®(y)) in BT
Denoting by J®(y) the Jacobian matrix of ®, equation becomes

/ V(@) (Vou(®(y)), Vap(@(y)))] det JD(y)|dy
/B H(®(y), Vou(@()))(y)| det JB(y)|dy (2.1)

T

gy (y)| det J@(y)|dy

e

B
where det J®(y) denotes the determinant of J®(y) and we have set

9y, w) = f(2(y),w), ¥(y)=p(P(y)).

Hence we have
Vyw(y) = J(y)" Vau(®(y)), Vyi(y) = JO(y)" Vap(P(y))
and gives

[ 18 V)P (1) 6] V), Vi)
x | det JD(y)|dy + /B Ly, )i (y)] det J8(y)ldy (2.2)

= [ v w)e(w)ldet T(@(w)ldy.
where we have set
Ly, Vw) = H (®(y), [J(®(y))"]"' Vw).
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Remark 2.1. From the properties of ® it follows that L enjoys the same regularity
properties of H and in particular it satisfies (1.2]).

Setting

Aly) =@, Ky) =AW Aly), ply) =|det J(2(y)]  (23)
it follows that w(y) weakly satisfies

—div (p(y)|A(y) Vw(y)[P > K (y)Vw(y)) + Ly, Vw(y))ply) = 9y, w(y))ply) (2.4)

in BY.
We define the odd extension of w(y) and the even extension of p(y) and A(y)
(and hence of K) as follows:

_ w(y), if y, >0,
afy) = W 4 20, (2.5)
_w(yla"'7yn717_yn)7 if Yn < 07
_ ), if y, >0,
ply) = °W) 14 20, (2.6)
p(ylv"'vynflv_yn)) 1f Yn <0a
_ A(y), if y, >0,
Ay) =AW 1 (27)
A(yh"-ayn—la*yn)a if Yn < 0.

For the function g(y,t) we consider the mixed extension (odd with respect to ¢
and even with respect to yy,):

9(y, 1), if yo 20, >0,

_ _gy,—t, lfynZO,t<0,

g(y,t) = v 1) . (2.8)
g(yla"'ayn—la_yn7t)7 lfyn<0at207
*g(ylw"?yn—la*ynv*t)v lfyn<0at<0

For L(y,&) we consider the extension (even with respect to y,):
T L y’£ ’ lf Y 2 07
Ly) = 7 e (29)
L(y1,-~-ayn717—yn,§), if y, <O.

In this way, w(y) satisfies the equation

— div(p(y) | A(y) Vo (y) " K (y) Vi (y)) + Ly, Vo(y))ply) = 3y, ©)p(y) (2.10)
in B.
We remark that Standard C1® regularity results (in B) (see for instance [4, [8,20])

can be applied to (2.10).

We assume that 02 is smooth enough and, without loss of generality, we can
assume that ¥(Z) = 0. Therefore we can construct ® in such a way that:

d(y) =y + F(y) (2.11)

with F" such that F'(0) = z and sup),|,, |JF(y)| < 72 for suitable 7 and 72 small

enough. An explicit representation of ® can be found for instance in [7]. By (2.11)
we have:

JO(y) = I+ JF(y), (2.12)

where [ is the identity matrix and JF' is the Jacobian matrix of F.
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By classical results of linear algebra and the regularity properties of ® it follows
that, there exist 6 = §(71) and ¢; > 0,c9 > 0,¢3 > 0, ¢4 > 0 such that:

alv] < |A(y)v| < eolv] Yo € R™,Vy € B;5(0), (2.13)
cslv] < |K(y)v| < ealv] Yo € R™,Vy € B5(0). (2.14)

3. MAIN RESULTS

We first compute a linearized version of :2.10. To simplify notation, we will
omit the bar over the functions defined in (2.5), (2.6),(2.7), (2.8), (2.9). For a
function v = v(y) in the sequel v; is the derivative with respect to y; and for the
functions g = g(y, t) and L(y, £) we denote by g; and L; the derivative with respect
to y; and by ¢'(y,t) and L¢ the derivative of g with respect to ¢ and the gradient
of L with respect to &.

We briefly recall definition and basic properties about some weighted Sobolev
spaces useful to write a linearized equation associated to equation (for more
details see for instance [12] [15] 21]).

Let U C R™ be a bounded smooth domain. For pp € L*(U) the weighted Sobolev
space H,(U) (with respect to the weight ) is defined as the completion of C>(U)
with respect to the norm

foll = ([ w) 6 ([ 1902m) ™ (31)

where Vv is the distributional derivative. The space H&H(U) is defined as the
closure of C°(U) in H,(U).

We set Z = {x € B : Vw(z) = 0} and we consider ¢ € C°(B\ Z). For any
j=1,...,n, we use 9; as test function in the weak formulation of and, since
w € C?(B\Z), we can integrate by parts obtaining:

/B 0 ()| A(y) V() P2 (K () V), Vib () dy

+0=2) [ p@IAWTeG)P (A4, 0)T A Vily), Vulw)
K(y)Vw(y), Vi (y))dy

p=2) [ o)A@Vl (K ) Tu(). T ()
K(y)Vw(y), Vi (y))dy

p(W)|A(y) Vw(y) P> (K;(y) Vw(y), Vi(y))dy

—_~

X

+

—

X

—~

(3.2)

+

—r—r— o

+ [ p(W)IA®Y)Vw(y)P~*(K (y)Vw;(y), Vi (y))dy

+ | o)Ly, Vo) ()dy + /B o) (Le(y, Vuo(y)), Vs ()6 (v)dy

[9;(y, w(y))p(y) + g’ (y, w(y)w; (y)p(y) + g(y, w(y))p;(y)] vdy .

By a density argument (3.2) holds for any ¢ € H(B) N L>(B) with compact
support in B\ Z. The main tool to achieve our estimates is the following result.
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Proposition 3.1 (Hessian estimate). For p € (1,00) fized we consider a weak
solution w € Wli)’coo(b’) of (2.10). For yo € B, let r > 0 be such that Ba,(yo) C B.
1t holds

/ |Vw[P~2|D*w|?dy < C, (3.3)
Br(yo)

where C = C<y07 rp,n, ||w||W1v°°ag7 L)
Proof. Let G, : R — R be defined as

s if |s| > 2a,
Ga(s) =q2[s —ag] ifa<|s| <2
0 if |s] < a,

and let ¢ be a cut-off function such that
. 2
¢ € CZ(Bar(y0)), ¢ =11in Br(yo) and  |Dyf < —,
with 2r < dist(yo, 02). We set

U(y) = Ge(w;(y))* (y)- (3.5)
In the sequel we omit the dependence on y. We put 1 as test function in (3.2)), and
we obtain

/ pj|AVw|p722g0G5(wj)<KVw, V) dy
B

(3.4)

+ [ ol AVUP R Gy (K Y, T dy

+(0=2) [ plAVP 1266 (0,)(AT AV, V) - (K V. Vi) dy
+(0=2) [ plAVP GG ) (AT AV, V) - (K ¥, V) dy
+(0=2) [ AV 1266 (0, (K. V) - (KT, Vi) dy
+(0=2) [ plAVP GG ) (K Vo, Ty dy
+/Bp\AVw\p_QQLpGE(ijKij,V<p> dy

n /B PIAVWIP G2 GL (w)) (K Vw, V) dy

+ /B PIAV WP 220G (w;) (K Vw;, Vo) dy

n /B PIAV W2 G2GL (w;) (K Vu;, V) dy

+ /B pILi(y, DVW) + (Le(y, V), Vuoy)] G (w;)*dy

= /B [9;0 + g'wip + gp;] 9> Ge(w;) dy .

In the sequel ¢ and C' will be positive constants (possibly depending on 7, yo,
l|w|[w1.e (B, (z))) Whose value can varies from line to line.
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We set:
I = / 03| AV wP220G. (w; ) (K Vw, V) dy
B
+(p—2) / pl AV [P~ 120G (w;)(A] AVw, Vw) - (KVw, Vo) dy  (3.7)
B
+ [ AVl 226G wy) (K, T, V) dy:
B
L=(p-2) / Pl AVW[P20G () (K Vw, Va;) (K Vaw, Vo) dy
5 (3.8)
+/pIAVwI”’22<pGa(wg')<Kij7V@) dy;
B
b= [ 5y lAVwP 26 ;) (K Vi, V) dy
B

+(p—2) /Bp|AVw|p74<,02G’E(wj)(AfAVw7 Vuw)(KVw,Vw;)dy  (3.9)

+/ plAV WP 0? G (w)) (K Vw, Vw;) dy;
B

i = (0=2) [ plAVal GG ) (K Vo, V) dy: (3.10)
I = /B Pl AV P22 G (w)) (K oy, Vwy) dy (3.11)
o = [ L0 DY0)Guwy) Py (3.12)

I = /B p(Le(y, V), Vuoy)Ge (w))p*dy (3.13)

Iy :/B[gjp+g’wjp+gpj]Ge(wj)WQdy. (3.14)

If p > 2, then I, is positive and hence
I+ I > 15 . (3.15)
If p < 2, then by the definition of K we have
|AVw|P~H{ K Vw, Vw;)? = |[AVw[P~*(AVw, AVw;)? < |AVw|P~2|AVw;|?,

(3.16)
which implies
(p — 2)|AVw|[P~*(KVw, Vw;)? > (p — 2)|AVw|P~?| AVw;|? (3.17)
and hence
By (3.15) and (3.18]) we have that, for every p > 1, it holds
I4+I5 Zmln{l,p—l}f5 (319)
By (3.6) and ([3.19) we infer
7
min{1,p— 1}Is < Iy + I5 < Z ||+ Is. (3.20)

i=1
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By the properties of ® there exist ¢, M > 0 such that
c<p) <M, o)l <M VyeB Vji=1,...n. (3.21)

By (2.13)), (2.14)), (3.20) and (3.21)), estimating the terms in the righthand side
of (3.20]), we obtain

PR RAT A
B
<c [ 1Getuw)I Tl [Velody

+e [ 16wy [Vulr 2V, Veledy
B (3.22)

+e [ 162w Vel T,y
B

e /B |Le (4, V) | Vawy || G () |y

+c/6[(|Lj\ + 1g;| + 19 llw; ) p + 190511 G (w)) [ dy .
We set

g = /B G )| [V~ Vol oy
Ty = /B G (0| Vo2 |V, | Vgl ody

Js:/BIG'E(wj)HVU)\p’lIVU)jI@Qdy:/B |G (wy) [Vl [Vw;| o dy

ﬁ{wj >e}

Ji= /B |Le (4, Vo) ||V || G (a0 0y

Js = /B[(lel + lgsl + 19'llwiDp + lgp; 1|Ge (w;) | dy .
From definition of G, it follows that
|G (w;)] < 2wyl (3.23)
Gl (wy)| < C. (3.21)

Recalling that g and L are locally Lipshitz continuous, by properties of p and the
regularity of w we have:

Js < C. (3.25)
We recall that for a,b € R and 6 > 0 there holds the Young inequality
1
b<0a®+ —b°. 3.26
ab < fa” + 10 ( )

Using ((3.26)), we obtain
Js < C/B [VwlP =2V [0 X fu; >ep < 6/3 [Vl Vw; 0 X fu; >e1dy +C . (3.27)

Recalling that |[V| < %, we also have
J < C, (3.28)
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Jy < 9/ |Vwl[P~2|Vw; [*¢*dy + C. (3.29)
B

Recalling Remark and using ([3.26]), we obtain

Iz e [ [VulF VusGelwledy <60 [ [Vl VPG w))sdy + C.
B B

(3.30)
After setting ¥ = ¢, we choose 6 such that 9 < 1. By the above estimates we
obtain

/ Vw2 Ty 2 (Gl uwy) — 9) Py < c. (3:31)
BN{w;>e}

From the definition of G, it follows that for all s > 0 G.(s) converges to 1 as &
goes to 0. Therefore by Fatou’s Lemma we have

/ |Vw[P~2|Vw;[*p?dy < c (3.32)
B\{w,=0}

and hence

/ | Tul T Py <, (3.33)

where ¢ depends on yo,7,n,p, g, ®, ||w|[w1.(B,, (7). From the properties of ¢ we
infer

/ |Vw[P~2|D?w|?dy < c.
BT(yO)\Z

We now prove Theorem Since

/ |Vwl|P~2|D*w|?dy < C,
BT(yU)

by the properties of ¢ the same estimate holds for u in ®(B). Hence, recalling that
Q) is compact, we get that there exists C' > 0 such that

/ |Vu|P~2| D?ul?dx < C. (3.34)
Q
If p < 2, it immediately follows that
/ |D?ul?dx < / |Vu|P~2|D?ul?dx

Q Q

and hence by (3.34) the thesis (i) of Theorem follows.
If p > 2, since for suitable ¢ > 0 it holds

IV (IVul"=") | < c[Vul"~2[D?ul,

recalling that Vu is bounded, there exists C' > 0:
IV (IVulP~h) 2 < | VuPP=2|D%uf? < C|VulP~2| D?ul?

and hence statment (ii) of Theorem follows by (3.34)), provided that, arguing as
in [I6], it can be shown that, for every ¢ € {1,...,n}, the i-th generalized derivative
of [Vu|P~1 coincides with the classical one.
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