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GROWING SANDPILE PROBLEM WITH DIRICHLET AND
FOURIER BOUNDARY CONDITIONS
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Communicated by Vicentiu D. Radulescu

ABSTRACT. In this work, we study the Prigozhin model for growing sandpile
with mixed boundary conditions and an arbitrary time dependent angle of
repose. On one part of the boundary the homogeneous Dirichlet boundary
condition is provided, on the other one the Robin condition is used. Using the
implicit Euler discretization in time, we prove the existence and uniqueness
of variational solution of the model and for the numerical analysis we use a
duality approach.

1. INTRODUCTION

In this work, we study the Prighozin type growing sandpile problem, with mixed
boundary conditions. On one part of the boundary the homogeneous Dirichlet
boundary condition is applied. This condition means that, on this boundary, the
sand can fall down. On the other part of the boundary we use the Robin boundary
condition. It is well known that the sand has a limit angle, the so-called angle of
repose. It corresponds to the steepest angle which the surface of a mass of particles
in bulk make with the ground. In the paper [0, [I1 [T4], the authors have worked
with an angle of stability equal to /4. Furthermore, if we assume that the moisture
of the material is changing in time, we can assume that the angle of repose is a
given time dependent function c¢:t € [0,7) — ¢(t) € R% . Hence, the model can be
described by the following PDE.

ug —V(mVu) = f in[0,T] x Q
|Vul <c(t), m>0, m(|Vu|—c(t))=0 in[0,7] x Q
u=0 on[0,7T]xTp
ou

ov

(1.1)

m—-—+Au=g on[0,T]xIy

u(0) = up,

where 2 C R®, is a bounded open domain. The solution u is the height of the
surface and f is the source.
Let us give a brief description of the model (|1.1)) under the following assumptions.
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e The flow of material is confined in a fine layer on the surface of the sand
pile,

e the density of the material is constant,

e the dynamic effects are assumed to be negligible.

The conservation law allows us to write
ou
— +V.g= in Q;
o T V4 ! ;

f being the source and ¢ the orthogonal projection of the material flow. Moreover,
since the flow of the material flows along the largest slope, then

q = —mVu,
with m an unknown scalar function verifying with u, the following properties.

e The angle formed by the sandpile surface and the horizontal is never greater
than the angle of stability; i.e.

[Vu(t, z)| < e(t);

e since there is not a flow of material when the slope is not very inclined, we
have
|Vu(t,z)| < c(t) = m(z,t) =0.
The initial free surface is given by
u(z,0) = uo(x).

Concerning the boundaries conditions, we have split the boundary of the domain
denoted T into two part I'y et I'p such that Ty NTp = 0;

e in I'p, we apply homogeneous Dirichlet boundary condition. In other
words, we assume that at this boundary, the sand falls down, that is

u=0 on[0,T] x'p;

e in I'y, we consider Fourier boundary condition. In other words, we assume
that there exists a wall that prevents the flowing of sand, that is

m@qt)\u:g on [0,7] x T'n,
ov

with A being a positive real number.

The PDEs with a mixed boundary appear in the modeling of many phenomena like
fluid flows in domains with a boundary, which includes several parts, these parts
differ by their physical properties [II B].

Let us recall that in the literature, many models of sandpile, with critical slope
model (cf. [9, 10} [1T][13],14]), two layers models (cf. [7]) were studied. In particular,
in [T1], the authors used nonlinear semi-group theory (see [4]) to prove the existence
and uniqueness of solution to a sandpile problem like . And for numerical
study of the problem they show that the Euler implicit time discretization problem
associated with the model is equivalent to some kind of minimization problem. So,
using the dual problem associated with this minimization problem the authors have
showed how to compute the solution of the model knowing the solution to the dual
problem. Our aim in this work is to generalize the ideas introduced in [I1].

This article is organized as follows. In the next Section, we use the nonlinear
semi-group theory (see [4]) to get the existence and uniqueness of a variational
solution of and the convergence of the approximate Euler discretization in



EJDE-2017/300 GROWING SANDPILE PROBLEM 3

time solutions to problem (1.1]). In Section 3, we show how to compute the solution
of Euler implicit time discretization of (1.1)) using duality argument and in Section
4, some results of numerical simulations of (L.1)) are given.

2. THEORETICAL STUDY OF PROBLEM (/1.1

Let us start by introducing the Euler discretization in time of problem (|1.1)).
Given ¢ > 0, we say that (¢, fi, gi)i=1,... n is an e-discretization for problem
ifO=t)<t; < <th1 <T =t, witht, —t; 1 <e, fi,...,fn € L*(Q),
g1,---,9n € L?(T'y) such that

n t; n 1
3 / £ Fillieey <& S / 190 — gill 2y < <.
i=17ti-1 i=1 Y ti—1

In the rest of the work, it is assumed that
ce Wh*°(0,T) and min,e o,7yc(t) := o > 0. (2.1)

Definition 2.1. For any £ > 0, u. is an e-approximate solution of (|1.1)), if there
exists (¢, fi, 9i)i=1,...n an e— discretization of problem (|1.1]) such that

" — Uo fOI‘tE(O,tl] (22)
° Ujg forte(ti_l,ti],izl,...,n '

and wu; solves the following Euler implicit time discretization of :
u; —eV(m;Vu;) =ef; +ui—1 in Q
|Vu;| <c(t;), mi >0, mi(|Vu;| —c(t;)) =0 in Q
u; =0 onIp (2.3)
ou;
ov

To simplify the analysis, we introduce the following generic problem associated

with (2.3])

m + Au; =¢g; onI'y.

v—V(mVv)=f inQ

[Vo|<d, m>0, m(|Vv|—d)=0 inQ

v=0 onlp
v
ov
with f € L2(Q), § € L2(Tn), d = c(t;) and X a strictly positive real number.

For convenience, we note the L?(Q) scalar product by (-,-) and the euclidean
norm on R® by | - ||. We introduce the convex set K (d) given by

K(d)={ze W' Q)NnHL(Q) : |Vz(z)| < d a.ezcQ}

m— +Av=g only,

with
HLH(Q)={2€ H'(Q);z=00nTp}.
We also introduce the following function defined on H}, by

() = Jo (@ =AZ)2ds i 2 € K(d),
() =
g +o0 otherwise,
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with Z a variational solution of the following Laplace problem.

—AZ=0 in{
8ZZ:0 onI'p (2.5)
— +XZ=9 only.
v

The sub-differential of Fj is defined in L?*(Q) by
0F;(v) ={w € K(d) : Vz € K(d), F5(2) > Fz(v) + (w,z —v)}.
We are now in a position to define our notion of solution to problems (2.4)) and

().

Definition 2.2. For given fe L?(Q), g € L?*(T'y), we say that v is a variational
solution of (2.4)) if v € K(d) and
/(f— v)(z —v)dx +/ (G—AZ2)(z—v)ds <0, forall ze K(d). (2.6)
Q I'n
Definition 2.3. Given f € L%(0,T;L?*(Q0)), g € L? (I'y) and ug € K(c(0)),

loc
a variational solution (resp. e-approximate solution) of ([L.1)) is a function u €

W10, T; L3(Q)) satisfying for any ¢ € (0,T), u(t) € K(c(t)) and
/Q(f (D)= — u(t))dz +/ (g = A\Z)(2 — v)ds <0, for any = € K(c(t)).

I'n
(resp. u. given by (2.2) with u; a variational solution of (2.3))).

Using the same method given in [I1], the following result can be proved.

Lemma 2.4. (i) OF; is a mazimal monotone graph in L*(12).
(ii) v is a solution of (2.4)) if and only if v is a solution of v+ 0F4(v) > f.

Since OFj is a maximal monotone graph in L?(Q2), then, thanks to [4] for any

f € L?(Q) there exists a unique solution v of
v+ 0F;(v) > f, (2.7)
which is equivalent to saying that (2.4) admits a unique variational solution. More-
over, if v; is the solution corresponding to f; for i = 1,2, then
o1 = vall2 < [If1 = fall2- (2.8)

To prove the existence and uniqueness of the solution to problem (1.1)), we need
the following lemma.

Lemma 2.5. Let f € L>(0,T;L*(Q)), g € L (Tn), c: t € [0,T) — c(t) € R%

and ug € K(c(0)). Then, u is a solution of (L.1)) if and only if v(t,.) = uc((tt)) is a
solution of

v + ﬁGg/c(v) Sh

_ u(0) (2.9
/ U(O) - TO) )

with h = T{f) — CCT(;))’U(t), for any t € [0,T) and

Gg/c(z) = {0 fFN

(g;(;\)z)z if z € K(1)

otherwise.
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Proof. If u is a solution of (1.1, then

/Q(f—ut)(z—u)dx—l—/ (9—A2)(z —u)ds < 0. (2.10)

I'n

For any ¢ € [0,7T), we denote
A= /Q(f—ut)(z—u)daz—l—/FN(g—/\Z)(z—u)ds.

We take t € [0,T), v(t,:) = uc((t)) to obtain

A= / (vee(t (t))}(z —o(t)e(t))dz + / (g —AZ)(z —v(t)c(t))ds

I'n

/ [ = vie(t) — v(t)e (O](z — v(t)e(t))dx + / (9= AZ)(z — v(t)e(t))ds
Q T

N

P SV R
— [0y = v - s~ vl

29 =AZZ
+ [ e g (G s

Since A < 0 for any ¢ € [0,T), we have
f v(t)e (t) ., =z / g—AZ  z
— — vy — —(t))dxr + — —v(t))ds <0,
Jlatg = Dl e+ [ S )
for any ¢ € [0,T). Since z € K(c(t)), then w = K(1) for any t € [0,T) and,
it follows that

@E

/Q(h —v)(w —v(t))dz + /r g C_(:)\Z (w—v(t))ds < 0;

which is equivalent to saying that v is a solution of (2.9)).
Now, we suppose that v is a solution of (2.9)), then

g— XNz
/Q(h — o) (w —ov(t))dz + /FN 0 (w—wv(t))ds <0, foranyze K(1).

Using v(-,t) = “c((t? and denoting
B= / (h — v)(w — v(t))dz + / 9=y o())ds,
Q ry c(t)
we get

= — V. w —v wi g_Z’U)—'U S
B—/Qm Dw — v(t)d +/FN (w — v(t))d

c(t)
L[ CW we) —ud D), )
J e ~ et = G - o
g-AZ - u(t), '
Pl e T

_ [ Lo w—@ x g_/\Zw—@ s
- G e e [ e
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Since B < 0 and (c(t))?B < 0, we get
/Q(f—ut)(c(t)w —u(t))d:lc—i—/F (g—=AZ)(c(t)w—u(t))ds <0, forany we K(1).
Since w € K(1), then c(t)w € l?(c(t)); therefore

/Q(f —ug)(z — u(t))dz —l—/r (9 —AZ)(z —u(t))ds <0, forany z e K(c(t)).
So, u is a solution of ’ O

Theorem 2.6. Let f € L>°(0,T; L*(Q)) and g € L? (T'y), then (1.1) has a unique

loc
variational solution v € WH1(0,T; L?(Q)); and for any subsequence € — 0, if u. is

a e-approximate solution of (1.1)), then
ue — u € C([0,T); L*(Q)).
Moreover, if for i = 1,2, u; is a solution corresponding to f;, then
d )
df (u1 - ’IL2>+ S /(f1 — f2)+ m D/(O,T).
tJa Q
In particular, if f >0 and g > 0, then u > 0 a.e. in Q.
Proof. Using [4, Proposition 3.13], we deduce that for any vy € K(1), (2.9) has a
unique solution v € WH1(0,T; L*(Q)), then from Lemma we deduce that (1.1)
has a unique variational solution. To prove the convergence of the e-approximate
solution, let us consider, for i =1,...,n,
u; + (Q)ngc(ti)(ui) Sefi+ui_1, (2.12)
where
— g—AZ)zds if z € K(c(t;
Fyeuo(2) = { Jey(9=22) et
400 otherwise.

Fori=0,1,...,n, setting

We have
i ti— i — A2
/( £/, + ol 1)zi_1 —zi)(w — z;)dx —l—/ gi(w — z;)dx <0,
o cti)  c(ts) ry c(ti)
for w € K(1), which is equivalent to saying
é‘fi + C(ti_l)
clti) — clty)
Now, we introduce the Euler implicit discretization in time associated with ([2.9)),
Vi + 8Gﬁ (vi) 2 eh; +v;—1, (2.14)

25 +8GT% () > Ziq- (2.13)

for i =0,1,...,n with
G_s (2):= — Joy Sifeds if z € K(1)
o +oo otherwise.
Let v., defining by

vy fort e (O,tl]
Ve =
: V; fOI‘tE(ti_l,ti], z:l,,n
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Thanks to the nonlinear semigroup theory (see for instance [4, Theorem 4.6]), it
follows that

ve — v € C([0,T); L*()) ase — 0,
where v is a solution of (2.9)). Problem ([2.14) is equivalent to saying

6fi C(ti) - C(ti_l) C(ti_l)
i - ti—1) — Vi—
(vi) 2 o) ) (v(ti1) —vi1) + o)
fori=1,...,n. We take z; as a test function in (2.15]) to obtain

Efi _ C(tl) —C(tifl) o(t: . C(tifl)v_ — ) (2 — v )de
,/Q<C(tz) C(tl) ( (tzfl) 7,71)+ C(tz) 1—1 7,)( 7 z)d

gi — AZ;
Jr. v, <0.
+ /FN e (2 —v;)dx <0

Vi—1, (215)

Vi c(i]l)

(2.16)
i)

Now, we take v; as a test function in (2.13]) to get

/Q(f(if) + C(Ct(iti)l)zi_l — 2)(vi — z)da +/F gic_Tj)Zi(vi ~2)dr <0. (2.17)

Combining ([2.16)) and ( , we obtain

c(ti) - C(tifl) c(ti—1)
/Q (_ T(’U(tifl) —vi—1) + ) (vic1 — 2i-1)

+ (2 — vl)) (zi —v;)dz <0,

which implies

/Q < a W(”(ti—l) —vi-1) + C(tiil) (vie1 — Zi—1)> (2 — vi)da

+ / (z — vi)zd:c <0.
Q

So, using the Holder inequality in (2.18)), we deduce that

|2 _UiH%2(Q)

S/(M(U(twl) V1) — ltic )(vi,l—zi,l))(zi—vi)dx
Q

) o(t)
< ||C“")f§“‘”<v<ti_1> )= L s ) g — e

It follows that

ti) —
||Zz '01”[12(9) — Zi—1 ||L2(Q) + }6(7
C(ti)

(2.19)
X ||U( 171) —vi—1z2(0),

for i =1,...,n. Since vy = zg, then iterating (2.19) for i = k, ..., 1, we obtain

5 c(tp—it1) — c(tk—i)
—it1) — c(tk—i
ok = 2kll2@) <D | +c(tk) | v(t—i) — ve—illL2(0)
i=1

k
1
<5 > leltr-isn) = clte—i)| [v(te—s) — vr—ill2()

=1
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k—
Cl
< H || Z to—ir1 — th— z)H’U(tk Z)_Uk zHLz(Q)

Setting ve(t) = v(t )1ft€[tl,tl+1) fori=0,1,...,n—1, we get

C/oo tit1
o — 2l < 11 > /t [76) = v (Ol (et

C/ oo T ~
< I / [56) = Oyt

and

c r
V() — 2 ()| L2(02) < I (yoo / [0<(t) — ve(t)||L2()dt, for any t € [0,T).
0

Since ¢ — 0 and v, — v in C([0,T); L?(2)), we have

hm sup |lve(t) = ze(t)| 2 () = 0. (2.20)
€=0el0,1)

We define ¢, by c.(t) = c(t;) for t € [t;,ti41) and ¢ =0,1,...,n,. We have
l[u(t) = ue(t)llL2(0)

u(t
)| 2
ce(t)
u(t)
< ||C|\oo(||c 0 —v(t)ll L2 + [0(t) = v (Ol L2() + [ve(t) = 2 (B[] 1))
€
Combining (2.20), the fact that v. — v in C([0,T); L?*(Q)) and ¢. — ¢ in C([0,T)),
and as € — 0, we deduce that

lim sup |lu(t) — uc(t)|[z2(q) = 0. (2.21)
e=04el0,1)

So, ue — u in C([0,T); L*()) as e — 0. At last, for the contraction property, if for
i =1,2, u; is the solution corresponding to f;, then we have

d
G | =)t
_g

At S (1)>us 1))

-/ (1(0) = fa(t))da
[u1(t) >u2(t)]
- / div (ma (1) Vs () — div(ms (£) Vs (£)))da
[ (t)>uz(t)]

20

(ur(t) — ua(t))dx

< /Q(f1 — f2)"d
- /Qsigno(ul — ug) div(my (£)Vuy (t)) — div(me(t)Vus(t)))dx
< /Q(fl — f2)"dz

- /1“ signg(ur — ug)(ma (t) Vua (t) — me(t)Vue(t)).vdo



EJDE-2017/300 GROWING SANDPILE PROBLEM 9

< /Q (h — fo) de

3. DUAL FORMULATION AND NUMERICAL APPROXIMATION

Following the ideas developed in [10] [T, [13], we show in this section how to ap-
proximate the solution of problem . In [I3], the authors introduced a numerical
method based on Fenchel duality theory (see, [2]) for numerical approximation of
problem , in the special case where the homogeneous Dirichlet boundary con-
dition is applied. In fact, in the homogeneous Dirichlet boundary condition case,
it is not difficult to see that

where P (q) denotes the projection with respect to the L? norm onto the convex
K(d) and, thanks to [2], the associated dual problem is given by

sup{~G(q) : g € (C()"}, (3.2)
where
G(q) = % /Q (div(q))?dz + /Q fdiv(q)dz +d /Q lq|dz. (3.3)

In [13], the authors have given the connection between (3.1]) and (3.2]) by studying
G in the space Hg;y(Q2), defined by

Hgiv(Q) = {w € (L*())"; div(w) € L*(Q)},

which has allowed them to compute the projection v on K(d) of f by computing
the solution of the dual problem . Since in the present work, we consider a
mixed boundary condition, we cannot see problem as a projection problem on
a convex set. Furthermore, we have the following result.

Lemma 3.1. Let v € K(d). v is a solution of (2.4) if and only if v is also a
solution of the following minimization problem

, 1 =9 / -
min |- z— f]*dx — — AZ)zdsy. 3.4
i (5 [ e = [ G- azpzas) (3.4
Proof. Let v € K(d) be a solution of (2.4). Then, we have

/ (F=0)(z — v)dz + / G- A2)(z—v)ds <0, Vze K(d).  (3.5)

Q Iy
Since B _ B

lv = fllZ2@) = 12 = flli2@) = 2(f = v, 2 = v) = v = 2] 120,

we have

1 ~ 1 ~ ~ 1
f/|v—f|2dx—f/|z—f\2d:v:/(f—v,z—v)dx—f/|v—z|2dx.
2 Jo 2 Ja Q 2 Jo

Thus,

L T LM T e _
2/Q|v fI7dz 2/Q|z fl dx—l—/FN(g AZ)(z —v)ds
—/Q(fv,zv)d:rJr/FN@)\Z)(zv)ds;/ v — z|%dx.

Q
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Therefore, by using (3.5, we deduce that
1 ~ 1 ~ ~
f/ |vff\2dsz/ |sz|2dxf/ (G—A2)(z —v)ds < 0; (3.6)
2 Ja 2 Ja Iy

which is equivalent to saying

1 ~ 1 ~
f/ |v—f|2dx—/ (g —AZ)vds < f/ \z—f|2d33—/ (g — A\Z)zds,
2 Q FN 2 Q 1—‘N

for any z € K(d). So, v € K(d) is a solution of (3.4). Now, we suppose that
v € K(d) is a solution to the minimization problem (3.1). Let zy € K(d). Since
K(d) is convex, then for any ¢t € [0,1), z = (1 — t)v + tzo € K(d). We have

3 [ o= TR = [ G=azyas
< %/QU?—((1—t)zH—tzo)|2da:—/F G = AZ)((1 = t)o + tzo)ds

N

1 ~ ) B B
< §/Q|(f—v)—t(2’o—v)| dx—/FN(g—)\Z)vds—t/ (G —MZ) (20 —v)ds

'n

< %H(f— 0) = t(z0 — )| —/ (g—AZ)vds—t/ (5= \Z) (20 — v)ds.

FN 1—‘N

It follows that

1/ |vff|2dxf/ (g — A2Z)vds
2 Ja In
1 =9 = t? 2
< — | Jv=flde —t(f —v,z0 —v) + = [ |20 —v|*dx
2 Ja 2 Jo

_ /FN@_ AZ)uds — t/ (7 — AZ)(20 — v)ds.

'n

So,

~ t
(f—v,20 —v) +/ (G—AZ)(20 —v)ds < 5/ |20 — v|*d. (3.7
I'n Q
Hence, by letting ¢ — 0 in (3.7)), we obtain
[(F=oen— oo+ [ G=r2)(0 - 0)ds <o,
Q I'n
for any zp € K(d), which implies that

/(f— v)zodx + / (§—A2)zpds < / (f — v)vda + / (G—AZ)vds, (3.8)
Q FN Q FN
for any zo € K(d).

From (3.8)), we deduce that v is a solution of (2.4)). O

Inspired by the works of Igbida et al. (see [I1]), we consider as a dual problem
associated with problem (3.4)), the following optimization problem

sup{—G(w) : w € Haiv 5()}, (3.9)

where

G(w) = % /Q (div(w))?dz + /Q fdiv(w)dz + d /Q |wl|dx (3.10)
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and

Hae 5(Q) = {w € Hain(Q) : /

Q

[— div(w)]&dx = /Qwvgdac - /F (g — AZ)¢ds,
Ve € H})(Q)}.

It is not clear that the dual problem associated with problem ([3.4)) is problem
. In the following, we prove the connection between problems and .
We also present a method for numerical approximation of the solution of problem
by computing sup{—G(w) : w € Hgiy 35(2)}. We first show the following
result.

Lemma 3.2. For any [ € L*(Q), § € L*(T'y), w € Haiy 5(Q) and z € K(d), we
have

where J(2) = 5 [ |z — f|2da — fFN(gf AZ)zds.

Proof. Let w € Hgiy 5(2) and z € K(d) be fixed. Since
1 -
5 (div(w) = (2 — N?=>o0, (3.11)

we deduce that

1 ~ 1
—7/(div(w))2dx—/div(w)fdac—i—/ div(w)zdx < f/(z—f)de,
2 Ja Q Q 2 Ja
which implies
1 ~ 1 -
—7/(div(w))2dx—/div(w)fd:lc < f/(z—f)Qdm—/div(w)zd:U.
2 Ja Q 2 Ja Q
Using the fact that w € Hg;y 5(£2), we get
1 ~ 1 ~
—f/(div(w))Qdm—/ div(w) fdx < f/(z—f)de—&—/ w-Vzdw—/ (9—A\Z)zds.
2 Ja Q 2 Ja Q I'n
Therefore,
—G(w) < 1/(,z—f)2dgc—/ (g—AZ)zds+/ w-Vzdw—d/ lw|dz. (3.12)
2 Ja 'y Q Q
Since z € K(d), we have
/ w- Vzdr — d/ |wldx < 0. (3.13)
Q Q
Thus,
—G(w) < 1/(,z — f)%da —/ (G — \Z)zds
2 Q I'n
O
Our main result of this section reads as follows.
Theorem 3.3. Let f € L*(Q), § € L%(T'y) and v the variational solution of (3.4).
Then, there exists a sequence (we)e>0 in Haiy,5(€2) such that, as ¢ — 0,

d/ﬂ\w&daz%/ﬂv(ff v)dx+/FN(§)\Z)vds, (3.14)

div(w.) —» v — f e L*(Q) (3.15)
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and lim G inf G
lim Glwe) = _ inf  G()
i, J(2) (3.16)

:_[%/ﬂﬁ_m?dx_/r (- AZ)vds|.

To prove the above result, we consider the following elliptic problem.
v — Vwe = f in Q
we = ¢ (V) in Q (3.17)
ve =0 onlp
we-n=¢g—AZ only,

where for any € > 0, ¢. : R® — R? is given by
1
¢=(r)

T e
and satisfies the following properties.
(i) for any 71, ro € R®, (¢c(r1) — de(r2)).(r1 — r2) > 0;
(i) there exists £9 > 0 and A > d such that ¢.(r).r > |r
e < e€p;

(ili) for any € > 0 and r € R®, d|d(r)] < ¢e(r) - 7.
Then, from the same method as in the proof of [I1, Lemma 3.6], we can easily prove
the following result.

(Ir] — d)+|—r| for all r € R®
T

|2 for any |r| > A and

Lemma 3.4. There exists a unique weak solution ve to problem (3.17) with 0 < & <
g0 in the sense that v. € HL(Q), we = ¢.(Vv.) € (L%(Q))® and for all z € HL(1),

/Qvazdx—i—/g(be(Vva)Vzdx:/szdx—l—/rN(ﬁ—)\Z)zds. (3.18)

Moreover, (ve)o<e<e, 8 bounded in H:(Q) and for any Borel set B C €2, we have

e—0

lim inf/ Vo |dz < d|B|. (3.19)
B

Proof of the Theorem[3.3 Thanks to Lemma one has that the sequence (v¢):>0
is bounded in H} (). Therefore, we can extract a subsequence (still denoted by
(ve)e>0) such that

ve — U in Hh(Q)-weak and in L?(9).
Hence, by problem (3.17)), we deduce that
div(we) =7 — f in L*(Q).
We define the set As by As = [|[Vv] > d + §], with 6 > 0. Using the fact that
Vo, — Vo in (LY(Q))*-weak as € — 0, it follows that

(d+9)|As| < / |Voldz < lim inf /
As =04

From Lemma [3.2] one has B = As and then
(d+8)|As| < | As]. (3.21)

|V |de. (3.20)
8
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Therefore |As| = 0 since § > 0. So, |Vo| < d a.e. in Q and v € K(d). Now we must
show that the solution ¥ is also a solution to problem (3.4)). For any z € K(d), one
has

/Q(f—i)')(z—i)dx—k/ (= \Z) (= — D)ds

I'n

e—0

= lim /Q —Voe(Vue)(z —v)dx + /FN (g—AZ)(» —v)ds

=lim [ ¢.(Vve)V(z —0)dz — (§—AZ)(z —v)ds
=0 Ja /FN (3.22)

Jr/F (g—AZ)(z —v)ds
= 212% i (Vv )V(z — 0)dx
=lim [ (¢e(Vve) — ¢(V2))V(z —0)dx <0,

e—0 Jo

which proves that v is a also an variational solution of (2.4]). Then, it follows that
v = v and v also satisfies (3.4). Now, we must show that w. satisfies (3.14). From
the property (iii) of ¢, it follows that

limsupd | |we|dx =lim Sup/ d|pe(Vve)|dx
Q

e—0 (9] e—0

< limsup/ ¢ (V) Vo, dx
Q

e—0

e—0

SthUP( . d)e(vve)ﬁvsdl‘_/QV(ZSE(V'UE)'UEdz) (323)

< lim sup (/Q(f—vg)vgdx—k/r (ﬁ—)\Z)vEds>

e—0
< / (f = 0)vda + / (7 — \Z)uds.
Q I'n
and since v is a variational solution to problem (2.4), (3.23)) becomes

dlimsup/ |ws|d:v§/(ff v)vd:ch/ (g — A\Z)vds. (3.24)
Q Q

e—0 I'n

Using the fact that v is a variational solution to problem ({2.4)), it follows that

/Q (F — v)ode + /F (G- AzZpvds < /Q (F — B)odz + /F (G- Az)ds

= lim [ (f — ve)vdz —|—/ (g — \Z)vds
e—0 Q I'n

e—0

= lim/ —ng.i)'dx—i—/ (G— XZ)vds (3.25)
Q I'n

=lim [ w,. - Vudr
e—0 Q

<dlim [ |we|dz.
e—=0 Jq
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From ([3.23)) and (3.25)), it follows that

d lim Q|w5|dx: /Q(f—v)vdx—i—/rzv@—)\Z)vds. (3.26)

e—0

To complete the proof, it remains to prove (3.16)). For that, we use (3.14]), (3.16)
and (3.26]) to get

lim (—G(w)) = lim (— %/Q[div(we)]Qdm - /Qdiv(we)fdm - d/Q |w5|dx)

e—0 e—0

:—%/Q(ﬁ—f)de—/Q(ﬁ—f)fdaz—/Q(f—ﬁ)idx
_ /F G- Azs

_ _;/Q(a—f)%w/g(ﬁ—f)de—/FN(E—AZ)ﬁds

-1 /Q (@ J)da — / (5 — \Z)ids.

I'n
Therefore,
lim(—G(we)) = J(@) = J(v). (3.27)

e—0

Lemma [3.2] allows us to write

sup  (=G(w)) < J(v) = lim(—G(w,)). (3.28)
wEH iy 5() e—0
Since
J() = lim(—G(w,)) < sup  (—G(w)), (3.29)
=0 w€Hgiv,5()
one concludes that
lim(—G(w:)) = sup (—G(w)) =J(v) (3.30)
e—0 wEHdi\,yg(Q)
O

Remark 3.5. As consequences of Theorem we have the following characteri-
zation of the solution v to problem (2.4]):

v—div(w) = f in (Hh(Q))*
dlw|(Q) = /Qv(f— v)dx +/F (G — \Z)vds,

where w € (Myp(€2))® is the weak limit of (we)eso, in (Mp(€2))°.

(3.31)

For numerical tests, we need to construct a subset of Hg;, 5(2). For that, we
introduce the following result.

Lemma 3.6. sup{—G(y) : v € Haiv5} = sup{G(y) : ¢ € H}, where G(¢) =
G(o+ VZ) with Z the variational solution to the Laplace problem (2.5)) and

H = {weHdiv(Q):f/Qdiv(cp)ﬁz/QwVﬁ, ve € Hh() ).
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This lemma can be proved, by the same method given in [I1].
Consequently, the dual problem (3.9)) is equivalent to
inf{G(¢p+VZ):¢pecH} (3.32)
To approximate the numerical minimization problem (3.32]), we use the finite ele-
ment method and we make the following assumptions.

e () is an open and bounded subset of R2.
e T}, is a regular partition (quadrangulation) of Q by N disjoint open simplex
7 of diameter no greater than a given real h, with Q = U, ¢, 7.
Let V3, be a finite dimensional subspace of RTy (T}, ) NH with dimensional equal to
N = N(h), with RTy(T},) the space of lowest-order Raviart-Thomas finite elements
(see [6]) defined by

RTy(Th) = {qh € (L)% : ¢" = ar + byz, a € R2E b ER, Vr € T,

and (¢" — ¢").vo. =0 0n 8, N 37/},

where vp_ represents the outward unit normal to J;, the boundary of 7.
By 7, we denote the interpolation operator onto V;, given in [6] Theorem 6.1].
Then, thanks to [6], for all w € Hgiy(92), we have

rp(w) — w in (L2(Q))? and div(r,(w)) — div(w) in L*(Q), as h — 0.  (3.33)
We have the following convergence properties as h tends to 0.

Theorem 3.7. Let f € L*(Q), § € L*(T'x), v a solution to the minimization
problem (3.4) and wy, a solution of the optimization problem

sup{—G(qn) : qn € Vi}. (3.34)
Then, as h — 0,
div(wp) — v — f in L*(Q) (3.35)
and
— G(wp) — min J(z) = 1/ v — f|]2dx — / (G — AZ)vds. (3.36)
2€K 2 Ja Iy

The proof of this result is similar to the proof of [I1, Theorem 3.8]; therefore,
we omit it.

4. NUMERICAL SIMULATIONS

We start by approximating the term fT |gn + VZ|dz on each element 7 of the
partitioning T5,. We take

/ lgn + V2 |de ~ |7llan + VZ(P,),

where |7| represents the area of simplex 7 and (P;) is one of the vertices of 7. Using
this approximation, at each time n x dt, n € N and dt the time step, the solution
of (3.34)) is a minimizer of the non-differentiable functional G : R® — R,

1
G(wy) = §(Awh,wh) + (dtfi} 4+ un—1,div(wp)) + c(ndt) Z |7| |wp, + VZ|(Pr).
TETH

The minimization of the functional G is done according to the Gauss-Seidel type
algorithm which is described in the following way.
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e We start the algorithm by the initial vector gy € R?, for any k£ > 0 until
convergence;

e we choose a canonical direction e; € R® and we find pj;, minimizing the
functional ¢, : R — R,

Grlaw + pej),
o we take gp+1 = qx + wpjre;, with w over relaxation parameter,
e algorithm is performed until [|gry1 — grllz2@) < €, € is the convergence
criterion. Afterwards, take wy, = gi.

Knowing a minimizer wy,, the solution u,, of the Euler implicit time discretization
of is computed by using extremality relation in a weak sense with
piecewise finite elements Py. Here, we study the growing sandpile problem with
time evolution that is ¢(t) which is connected with time. So, we take

2
c(ty) = T
For numerical tests, we consider Q = [-1,1] x [-1,1], w = 0.5, N = 60, dt = 1073
and & = 1073 the convergence criterion. We consider firstly I'y = {y € [-1,1], = =
—1} that is we suppose that there exists a wall at the boundary = —1.

Sandpile, t=1570 Sandpile, t=1570

f=0,g=1A=10"90 f=0,g=1,A=10%

FIGURE 1.

In Figure left)7 g has the same role as the source. In Figure right), we take
A = 10° and we see that for this value the boundary value g — AZ is near zero,
that is the reason why the height of the sandpile is very small.

We remark that the two graphs in Figure [2] have the same configuration. This
is so because when g = 0, the solution Z of problem is zero regardless of the
choice of A.

It can be seen that two graphs in Figure and the one in Figure right) have the
same configuration because for A is very large; the boundary value is similar to the
case when g = 0. For the rest, we consider I'y = {y € [-1,1], x = —1, and x = 1},
that is we suppose that there exist two opposites sides on £ = —1 and x = 1.

From Figure left) one sees that g has the same role as the source. One also
sees that for A = 107°, the height of sandpile is very small because for this value,
the solution Z of goes to zero.

The two graphs in Figure [5| have the same profile because when g = 0, the
solution Z to problem is near to zero. Hence, the formation of sandpile
depends only on the source f.
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Sandpile, t=1570 Sandpile, t=1 570

f=5g=0,\=10"T. f=5g=0\=10%

FIGURE 2.

Sandpile, t=1.570 Sandpile, t=1.570

f=39g=212=10"79 f=3,9g=2, A=10%
FIGURE 3.

Sandpile, t=1.003 Sandpile, t=1.150

"

f=0,g=40, A=10"20 f=0,g=40, A\=107
FIGURE 4.
The two graphs in Figure [5] and the one in Figure @(right) are similar because

for f#0,g=0and f # 0, g # 0 and A\ = 10° (X very large), boundary value
g — AZ is near to zero.
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Sandpile, t=1.000 Sandpile, t=1.000

f=5,9g=0,A=10"9%hfill f=5,¢9=0, A =10
FIGURE 5.

Sandpile, t=0953 Sandpile, t=1.000

f=5,9g=3 A A=10"% f=5,g=3 \A=100

FIGURE 6.

Remark 4.1. (1) In the simulations, when the source f is equal to zero and A is
very large, it sees that the evolution of the sandpile is very low; i.e., the height of
sandpile is near to zero.

(2) When the source f # 0, g # 0 and A is very large (A — o0) we get same

sandpile configuration as when g = 0, regardless of the choice of A.

(1
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