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ABSTRACT. In this article we study the p-biharmonic equation
A2u+ V(@)ulP~%u = f(z,u), @€RY,

where AZu = A(|Au|P~2Au) is the p-biharmonic operator. When V(z) and
f(x, ) satisfy some conditions, we prove that the above equations have Nehari-
type ground state solutions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS
In this article, we study the p-biharmonic equation
A§u+V(x)|u|p72u=f(x,u), z e RV, (1.1)

where p > 2, Af,u = A(|Au|P~2Au) is an operator of fourth order, the so-called p-
biharmonic operator. Equation , especially with p = 2, has attracted growing
interests and figures in a variety of applications. Many authors studied the existence
of at least one solution and infinitely many solutions, ground state solution, sign-
changing solutions and least energy nodal solution for biharmonic equations; we
refer readers to [4, [5l [13] [14] [16] 18] 20} 21].

When p > 2, Equation becomes an interesting topic and it arises from
mathematical modeling of non Newtonian fluids and elastic mechanics, in particu-
lar, the electro-rheological fluids. This important class of fluids is characterized by
the change of viscosity which is not easy and depends on the electric field. These
fluids, which are known under the name ER fluids, have many applications in elas-
tic mechanics, fluid dynamics etc.. For more information, the reader can refer to
Ruzicka [8].

Recently many authors have studied the ground state solutions of various types
equations including biharmonic equations, see [5], @) 10, 1T, 12], 17, 19]. The so-
called ground state solutions are the solutions that have the least energy. But for
p-biharmonic equations, there are just few papers that have studied the existence
of nontrivial solutions, see [I},[3, [7] and sign-changing solutions, see [6]. And there is
no paper studying the ground state solutions of p-biharmonic equations until now.
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In a recent paper Chen and Tang [2] studied the existence of ground state so-
lutions for p-superlinear p-Laplacian equations by using the following assumptions
on V(z) and f(z,u):

(A1) V(z) € C(RV,R) is 1-periodic in each of z1,zs, ..., 7y and

0< inf V(z)< sup V(z) < +oo;
z€RN

z€RN
(A2) f e CO(RYN x R,R) is 1-periodic in each of 1, x,...,zy and
t
li |f(x*, ) =0, uniformly in z € RY,
[t]—o0 |t pr—1

where p* = pN/(N —p) if N > p and p* € (p,+0) if N < p;

(A3) limp_g ‘ﬁ(lf_tl)l < 7, ? uniformly in = € RY, where v, = SUP ek, |fulj=1 |2l
for p < s < p* and tf(x,t) — pF(x,t) = o(|t|P) as |t| — 0, uniformly in
z € RV;

(A4) limp oo |F‘(t”|”;t)| = oo for almost every 2 € R, and there exists 79 > 0
such that F(z,t) > 0 for || > ro;

(A5) there exists a 6y € (0, 1) such that

1-0°

t
tf(z,t) > | f(x,8)ds, Y(z,t) € RN xR,0 € [0,0)].
ot

The solutions obtained in [2] are in the set M = {u € E\{0} : ®'(u) = 0} which
may contain only one element. It is a very small subset of the Nehari manifold

N = {u € E\{0} : (®'(u),u) = 0},

which contains infinitely many elements of £. The main difference between our
arguments and those in [2] is that their solutions are in M, while ours are in A. In
fact, for any u € F\{0}, there exists t = t(u) > 0 such that t(u)u € N, see Lemma
If ug is a solution at which ® (® is the corresponding functional) has least
“energy” in set N/, we shall call it a Nehari-type ground state solution.

Motivated by the above facts, we shall use new techniques to establish the exis-
tence of Nehari-type ground state solutions of . To state our results, we make
the following assumptions:

(A6) there exists p < g < p* such that

1-—1t1 “
uf(x,u) > / f(z,8)ds, VY(x,u) € RN xR, t>0;
q tu
(A6’) there exist p < ¢ < p* and K > 1 such that
1 -t

uf(z,u) > F(z,u) — KF(z,tu), V(z,u) € RY xRt > 0;
(A7) pF(x,t) <tf(x,t) for all (z,t) € RN x R.
Our main results read as follows.

Theorem 1.1. Assume that (A1)-(A4), (A6), (A7) are satisfied. Then (1.1)) has
a Nehari-type ground state solution.

Obviously, we see that (A6") implies (A6), then we have the following corollary.

Corollary 1.2. Assume that (A1)—(A4), (A6’), (A7) are satisfied. Then (L.1) has
a Nehari-type ground state solution.
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The remainder of this article is organized as follows. In Section 2, some prelim-
inary results are presented. In Section 3, we give the proof of our main results.

2. PRELIMINARIES

Throughout this article, in L*(RY) the norm is |julls = ([p~ |[u[*dz)!/*, and
positive constants are denoted C;. As usual, we let

E = {uec W>P(RN)nW,PRY)| / (|Aul? + V(z)|u|P)dr < 0o}.
RN
Then, by condition (A1), E is a Sobolev space, with norm

Jull = ( [ (80P + Vi@ lup)ie)

1/p

And define

1
@@%:f/ (AP + V(@) uP)dz — | F(z,u)de, (2.1)
P JrN RN
obviously, the solutions of (1.1)) are the critical points of the functional ®, and it is
easy to see that ® € C'(E,R) and

(@ (u),v) = / (|Au[P~2 Aulv + V(2)|uP~2uv) de — / flz,u)vde, (2.2)
RN RN
and define the Nehari manifold
N ={u e E\{0} : (®'(u),u) = 0}. (2.3)

To prove Theorem [I.I] we use the well known arguments involving the Nehari
manifold. So we give the following lemmas.

Lemma 2.1 ([2, Lemma 2.1]). Let X be a Banach space. Let My be a closed
subspace of the metric space M and Ty C C'(My, X). Define

F={yeC(M,X):v|m, €To}
If ¢ € CY(X,R) satisfies

00 > b:= inf sup p(y(t)) > a:= sup sup ¢((t)), (2.4)
Y€l teM Y0€L t€ Mo

then there exists a sequence {u,} C X satisfying

p(un) = b, " (un) (1 + fJunl]) — 0. (2.5)
Lemma 2.2. Assume that (A1)—(A3) are satisfied. Then for any u € E\{0}, there
exists t(u) > 0 such that t(u)u € N.

Proof. Let uw € E\{0} be fixed and define the function g(¢) := ®(tu) on [0, 00).
Obviously, we have

1
Jt)=0ctue N & |ullf = — f(z, tu)udzx.
tP—1 Jpn

Using (A2) and (A3), fix p < ¢ < p*, there exist ¢g > 0, ¢ > 0 and C. > 0 such that

[f(,t)] < 5——[tP~" + et 1+ Ceft]r™, V(a,t) e RN xR, (2.6)
Tp + €0
Pl t) < — e+ S+ S ) e RY < R. (2.7)
TN p(vh + o) p* q ’
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Combining this and it is easy to verify that g(0) = 0, g(¢) > 0 for ¢ > 0 small and
g(t) <0 for t > 0 large. Therefore, max,c9,o0) g(t) is achieved at a t = t(u) so that

g’ (t(u)) = 0 and t(u)u € N. O
Lemma 2.3. Assume that (A1)—(A3), (A6) are satisfied. Then for u € N, it holds
O (u) > P(tu), t €10, 00). (2.8)
Proof. For v € N, one has
= [ e wud. (29)
RN
Thus, by (2.1), (2.9) and (A6), there exists p < ¢ < p* such that
1—1¢P
Bu) = @(tu) =+ ull + [ [Playt) — Fo,u)lds
RN
1—1¢P 1—t
> 2 B 28 [ fwuuds
p q RN
1—1¢P t1—1
= —|[ul” + [[ul[P
p
11—t t9-1

= (T + T)||u||p~

It is easy to verify that

11—t t9-1
» + >0, Vt>0,2<p<qg<p”.
Then (2.8)) holds. O
Define
= inf @, ;= inf ax ®(tu), = inf s d(v(1)),
c=ipfe, = il e elu), e e o)

where I' = {y € C([0,1], E) : v(0) = 0, ®(y(1)) < 0}.

Lemma 2.4. Assume that (A1)—(A3), (A7) are satisfied. Then ¢ = ca =c¢ >0
and there exists a sequence {u,} C E satisfying

O(un) — ¢, |9 (un)ll(L+ [Junl) — 0. (2.10)

Proof. (1) Both Lemmas and imply that ¢; = c3. Next, we prove that
¢ = ¢1 = ¢p. By the definition of ¢g, we can choose a sequence {u,} € E\{0} such
that

1
< d — . 2.11
cp < max (tun)<02+n, Vn eN (2.11)
For v € E\{0} and t large enough, we have ®(tu) < 0, and then there exist
t, = t(u,) > 0 and s, > t, such that
D(tpu,) = max O(tuy), P(spun) <0, VneN. (2.12)

Let v,(t) = tspun, t € [0,1], then v, € T. And it follows from (2.11) and (2.12)
that

1
sup P(v,(t)) = max P(tu,) < co+—, VnéeN,
t€[0,1] (i () 120 (tun) n
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which implies that ¢ < cp. On the other hand, the manifold N separates E into two
components: ET ={u e E: (®'(u),u) >0} U{0} and E~ ={u € E: (P (u),u) <
0}.

Combining (A7) with (2.1) and (2.2)), we obtain

1 /
D(u) > ;(QJ (w),u), Yué€E.

It follows that ®(u) > 0 for all u € E*. Since (A2) and (A3), it follows that
implies that ET contains a small ball around the origin. Thus every v € I' has to
cross N, because v(0) € E* and v(1) € E~. So ¢; < ¢. The proof of part (1) is
complete.

(2) To prove the second part of Lemma[2.4] we apply Lemma[2.1| with M = [0, 1],
My ={0,1}, and T’y = {o : {0,1} — E : v(0) = 0,P(y0(1)) < 0}. By (A2) and
(A3), it is easy to verify that there exists 7 > 0 such that min, <, ®(u) = 0,
inf) )= ®(u) > 0. Hence we obtain

c¢> inf ®(u)>0= sup sup P(yo(t)).
flwll=r Yo€To teMo
As a consequence, all assumptions of Lemma [2.1] are satisfied. Therefore, there
exists a sequence {u,} C E satisfying (2.10). O

Lemma 2.5. Assume (A1)—(A4), (AG) are satisfied. Then any sequence {u,} C E
satisfying

D(uy) — ¢, (P (up),un) — 0 (2.13)
is bounded in E.

Proof. To prove the boundedness of {u,}, we argue by contradiction, suppose that
|lun|| — oo. Let v, = wy,/||unl|, then |jv,|| = 1. Passing to a subsequence, we may
assume that v, — v in E, v, — v in L (RY), p < s < p* and v, — v almost
everywhere on RV. If

n— oo yeRN

0 := limsup sup / |vp|Pdz = 0,
Bi1(y)

then by Lions’ concentration compactness principle [I5, Lemma 1.21], v, — 0 in
L*(RN) for p < s < p*. Fix R > [p(c + 1)(7;‘)’ + 60)/60]1/p, € = p*/[4(Ryp )1’*] > 0,
it follows from (2.7)) that

B)”  lB)” | BCe
P + €0) p* q n—oo (2.14)
1
p(p +e) 4
Since |luy | — oo, R/||uy|| € [0,1) for large n € N. Hence using (2.13), and

Lemma [2.3]

limsup/ F(z, Rv,)dzx <
RN

n—oo

c+o(l) = ®(uy,) > ®(Ruy,)

P

:R——/ F(z, Rvy)dx
P n
€0Rp 1

P e |
e R

3
> Z+C+O(1)a
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which is a contradiction. Thus, § > 0.
Going if necessary to a subsequence, we assume the existence of k, € Z" such
that f31+m(’fn) |on|Pdz > /2. Let wy(x) = v, (2 + ky). Then

0
/ |wn|Pdx > . (2.15)
By, (0) 2

Now we define @, (z) = u,(x + ky,), then ||a, || = ||un|| and @, /||u,|| = w,. Passing

to a subsequence, we have w,, — w in F, w, — w in LfOC(RN), p < s < p*and

w, — w almost everywhere on RY. Thus (2.15) implies that w # 0.
By (A2) and (A3), there exists Cy > 0 such that

1 .
|f($,t)| < ,}/7p|t|1771 + Cl|t‘p 717 V(.T,t) € RN X Ra

P

which implies
1 C1,. N
|F'(2,t)| < —5 [t + —[t|P, V(x,t) e R xR. (2.16)

Pp p

For 0 < a < b, let Q,(a,b) = {z € RN : a < |[t,(z)] < b}. Set A= {z € RV :

w(zx) # 0}, then meas(A) > 0. For almost every x € A, we have lim, o |t,(x)]| =

oo. Hence A C Q,,(ry, 00) for large n € N, it follows from (2.1)), (2.13)), (2.16]), (A4)

and Fatou’s lemma that

c+o(1) i D(uy,)

0= lim ——= =
n=oo [lup|lP n=oo flun P
F(x, n
R A T
n—oo'p RN [Unl?
1 F ~n F 7~n
~ lm [ - / E@ i) pgy / E@tn) b gy
n—oo p Q,(0,r0) |u’ﬂ|p Qy, (rg,00) |un|p

]. 1 C *__ F ~'n,
< limsup[- + (— —:rg p)/ |wn [Pdx — / 7(30,11 )|wn|pd:r]
n—oo P PYp p RN Qp (19,00) |un|p

! 1 ¢ - F »Nn

R A U A
p p’)/p n—oo Q,L(T07OO) |un|p
L, 1 Gy o F(x, i)

= 7+ 7—’_7’,’17 p /yp—hmlnf ~7’X ro.0o) (Z)||Wn de
p g et g~ mind =P S X, o (@)

S G I e pVP_/ lim inf —=—[Xq,, (r,00) (2)]|wn [P dz
p (p%’; pe ° 1% o moe [unlP (X, (ro.00) (@) |wn]

= —w’

which is a contradiction. Thus {u,} is bounded in E. 0

For the proof of Theorem [I.I] we need one more lemma.

Lemma 2.6. Under assumptions (A1)—(A4), (A6), (A7), equation (1.1) has a
nontrivial solution, that is, N # (.

The proof of the above lemma is similar to that of [2] Lemma 2.8] so it is omitted.
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3. PROOF OF MAIN RESULTS

Proof of Theorem[1.1 Lemma [2.6]shows that A is not empty. By Lemma [2.3] and
¢1 = infy @, one has ®(u) > ®(0) = 0 for all u € N. Let {u,} C N such that
®(u,) — ¢, then (®'(up),u,) = 0. In view of the proof of Lemma {un} is
bounded in F, and

funll = [ o) do

Let inf,en ||un|] = do. If §o = 0, going if necessary to a subsequence, we may
assume that ||u,| — 0. Fix ¢ € (p,p*), by (A2) and (A3), there exist g > 0 and
C5 > 0 such that

1 N
F@,t)] < P |+ Calt!, W(a,t) € RY xR,

Tp + €0
Thus

)

||un||p = /]RN f(xaun)un dm

<l + 5+ ol
< 8l + o sl + Gl
P+ e P q
which implies
e S el + Conuall = o(1)
This contradiction shows that inf,en ||un|| = do > 0. Choose a constant C3 > 0

such that ||ug, |- < Cs. If
0 := limsup sup / |un|Pdz = 0,
n—o0 yeRN JBi(y)

then by Lions’ concentration compactness principle [I5, Lemma 1.21], u, — 0 in
L*(RN) for p < s < p*. Fix g € (p,p*), by (A2) and (A3), for e = eodf /[2(7E +
eo)C'g*] > 0, there exists C. > 0 such that

[f(z, 1) <

o (tP~ 4 €t|P T 4 Ct|rY, Y(x,t) e RY xR,
p T €0

Thus,

Yo .
lunll? = /]RN J (@, up )Jup do < A7 _i €0 l|wnl[? + €||Un||§* + CGHUTLHgv
p

which yields
Wb o
Ypte€ — Ypt+eo
< ellun|e + Cellun|2 < eC5 + 0(1)
60(55
= +o(l).
2(vp + €0) @)
This contradiction shows that § > 0.

[[n[”
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Going if necessary to a subsequence, we may assume the existence of k, € ZN
such that |’ |y |Pdz > §/2. Let us define v, (x) = u,(x + ky,) so that
B1+\/ﬁ(kn)

/ |vp|Pdx > é (3.1)
By, yx(0) 2

Since V(z) and f(z,u) are periodic, we have ||v,|| = |lu,| and by ([2.1)), and
, we have
b(v,) — ¢, D' (v,)=0. (3.2)
Passing to a subsequence, we have v,, = vg in E, v,, — vg in LISOC(RN), p<s<p*
and v,, — vg almost everywhere on R™. Thus implies that vy # 0. For every
w e CR(RY),
(@ (00),w) = lim (#'(0,),) = 0.

Hence ®'(vg) = 0. This shows that vg € M and so ®(vg) > ¢. On the other hand,

by (2.1), (2.2)), (3.2)) and Fatou’s lemma,

= Jim [B(un) = ~(#'(0n), )]
= lim [lf(ac, U )0y — F(z,v,)]dx

n—oo Jpn P

. 1
> /R lim [= f(x,vp)v, — F(z,v,)]dz

N N—00 D
= / [lf(x,vo)vo — F(z,v0)|dz
RN P

1
= ®(vo) — ];<¢’(vo),vo> = ®(vo).
This shows that ®(vg) < ¢ and so ®(vg) = ¢ = infpr . The proof is complete. [
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