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STABILITY OF AN N-COMPONENT TIMOSHENKO BEAM
WITH LOCALIZED KELVIN-VOIGT AND FRICTIONAL

DISSIPATION

TITA K. MARYATI, JAIME E. MUÑOZ RIVERA, AMELIE RAMBAUD, OCTAVIO VERA

Communicated by Marco Squassina

Abstract. We consider the transmission problem of a Timoshenko’s beam

composed by N components, each of them being either purely elastic, or a
Kelvin-Voigt viscoelastic material, or an elastic material inserted with a fric-

tional damping mechanism. Our main result is that the rate of decay depends

on the position of each component. More precisely, we prove that the Timo-
shenko’s model is exponentially stable if and only if all the elastic components

are connected with one component with frictional damping. Otherwise, there
is no exponential stability, but a polynomial decay of the energy as 1/t2. We

introduce a new criterion to show the lack of exponential stability, Theorem

1.2. We also consider the semilinear problem.

1. Introduction

Here we study a transmission problem of a Timoshenko beam [14] of length
` composed by N components, each of them can be of three different types of
materials: elastic, viscoelastic, or a material with a frictional damping mechanism
as illustrated in Figure 1 below, for N = 5.

0 `1 `2 `3 `4 `

Ie Iv If Ie If

Figure 1. An example of five-components beam, where Ie is elas-
tic, If is frictional, and Iv is viscoelastic component
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Let us decompose the interval I = [0, `] into N subintervals, [0, `] = ∪ni=1Ii, such
that Ii =]`i−1, `i[ for i = 1, 2, . . . , N with `0 = 0 and `N = `.

Over each interval Ii, one type of material is configured. We denote by Iv, Ie
or If the subintervala where the viscoelastic component, elastic component, or the
component with frictional mechanism is configured, respectively. In Figure 1 the
intervals I1 and I4 are of type Ie, elastic components, I2 is of viscoelastic type Iv,
and so on. Let us denote the set

Ĩ = ∪ni=1Ii =]0, `[\{`0, `1, . . . , `N}.

The set Ĩ is open and disconnected. The classical linear Timoshenko system given
by

%1ϕtt − Sx = G1, in Ĩ × R+, (1.1)

%2ψtt −Mx + S = G2, in Ĩ × R+, (1.2)

Here we use the Dirichlet boundary conditions

ϕ(0, t) = ϕ(`, t) = ψ(0, t) = ψ(`, t) = 0. (1.3)

and the initial conditions

ϕ(x, 0) = ϕ0(x), ψ(x, 0) = ψ0(x), ϕt(x, 0) = ϕ1(x), ψt(x, 0) = ψ1(x). (1.4)

Here S and M stand for the shear force and the bending moment respectively,
%1 = %A and %2 = %IM , where % is the density of the material, A the cross-
sectional area and IM the second moment of the cross-section area. By ϕ we
denote the transversal displacement and by ψ the shear angle displacement. The
constitutive equations are given by

S(ϕx, ψ) = κ(x) (ϕx + ψ) + κ0(x) (ϕxt + ψt), M(ψ) = b(x)ψx + b0(x)ψxt, (1.5)

where κ = k′GA and b = E IM are positive functions over Ĩ. By E, G and k′ we
are denoting the Young’s modulus, the modulus of rigidity and the transverse shear
factor, respectively. We denote by b0 and κ0, positive functions which characterize
the viscosity over Iv, vanishing over Ie ∪ If . The localized frictional damping
mechanism is described by the source terms

G1(x, t) = −γ1(x)ϕt, G2(x, t) = −γ2(x)ψt, (1.6)

where γ1, γ2 are positive only on the intervals If , vanishing over Iv and Ie.
Therefore the elastic coefficients are discontinuous at the points where different

materials are fitted. This characterizes the transmission problem. Hence the func-
tions κ, κ0, b, b0, γ1, γ2 : [0, `]→ R are such that its restrictions to Ii, i = 1, . . . , N ,
are C1 functions, with bounded discontinuities at the nodes `i, i = 1, . . . , N − 1;
but even so, the stress as well as the bending moment must satisfy the laws of
action and reaction at each point, therefore we have that any strong solutions of
the problem must verify

ϕ,ψ, S,M ∈ H1(0, `). (1.7)

In particular (1.7) implies the transmission conditions at the interface points `i:

ϕ(`−i ) = ϕ(`+i ), S(`−i ) = S(`+i ), ψ(`−i ) = ψ(`+i ), M(`−i ) = M(`+i ), (1.8)

for i = 1, . . . N − 1. A typical example of a function y = κ0(x) is given in Figure 1:
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0 `1 `2 `3 `4 `

Iv
y = κ0(x)

0 `1 `2 `3 `4 `

Ie Iv If Ie If

A similar graph would hold for function b0. The frictional mechanism is char-
acterized by the functions y = γi(x), i = 1, 2, for the same example is given as
follows

0 `1 `2 `3 `4 `

If If
y = γi(x)

The energy of the system (1.1)–(1.4), is denoted by

E(t) =
1
2

∫ `

0

%1 |ϕt|2 + %2 |ψt|2 + κ |ϕx + ψ|2 + b |ψx|2 dx. (1.9)

It is easy to see that

d

dt
E(t) = −

∫ l

0

κ0(x)|ϕxt + ψt|2 dx+ b0(x)|ψxt|2 + γ1(x)|ϕt|2 + γ2(x)|ψt|2 dx.

When κ0 = b0 = γ1 = γ2 = 0 the system is conservative. Regarding the novelty
of our result, previous works on exponential stability consider only the effective-
ness of the dissipative mechanism, whether or not it produces exponential stabil-
ity, thus characterizing the dissipative mechanism as strong or weak respectively.
For example to one-dimensional models was shown that the frictional dissipation
exponentially stabilizes the model regardless of the position or region where the
dissipative mechanism is concentrated, see for example [2, 5, 7, 4, 10, 13] to quote
but a few. On the other hand, the dissipation produced by viscous materials, when
effective over the whole domain, produces not only exponential stability but also
analyticity of the corresponding semigroup. But when it concentrates in only a
part of the domain, it loses effectiveness and produces neither exponential stability
nor analyticity see [6, 8].

In this article we consider the two types of dissipative mechanisms, the frictional
and the visco elastic dissipation both concentrated within the domain. Our main
result is that the resulting dissipation will be strong or weak according to the
position in which they are distributed over the domain. That is, we prove that
if any elastic component (without dissipative mechanism) is next to a component
with frictional dissipation, then the system is exponentially stable. Otherwise,
when there is at least one component isolated between viscous components, then
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the system is no longer exponentially stable, but decays polynomially, that is we
establish,

Theorem 1.1. The transmission problem (1.1)-(1.7) (N ≥ 2) is exponentially
stable if and only if any elastic part of the beam is connected with at least one com-
ponent with frictional damping mechanisms. Otherwise the system is polynomially
stable, with a rate of decay of the order t−2.

This type of result is closely related to the optimal design problem. The main
tool we use to show the exponential stability is the Pruess’ characterization of
exponentially stable semigroups. We prove the lack of exponential stability using
the following new criterion that we show in this article

Theorem 1.2. Let H0 be a closed subspace of a Hilbert space H. Let T0(t) be a
group on H0 such that ‖T0(t)‖ = 1 and T (t) be a contraction semigroup defined on
H. If the difference T (t)−T0(t) is compact from H0 to H, then the semigroup T (t)
is not exponentially stable.

The remaining part of the paper is organized as follows. In Section 2 we show
the well-posedness. In Section 3, we show the exponential stability. In Section 4
the lack of exponential stability and Theorem 1.2. In Section 5, we complete the
proof of Theorem 1.1 by showing the polynomial decay. Finally, we show the same
result to semilinear models.

2. Well-posedness

Let us introduce the phase space

H = H1
0 (0, `)× L2(0, `)×H1

0 (0, `)× L2(0, `).

This is a Hilbert space with the norm

‖U‖2H =
∫ `

0

%1 |Φ|2 + %2 |Ψ|2 + κ |ϕx + ψ|2 + b |ψx|2 dx, (2.1)

for all U = (ϕ, Φ, ψ,Ψ) ∈ H. Let A be the operator given by

AU =


Φ

1
%1

[Sx − γ1(x)Φ]
Ψ

1
%2

[Mx − S − γ2(x)Ψ]

 , (2.2)

where S and M are given in (1.5). The domain of A is given by

D(A) = {U ∈ H : Φ,Ψ ∈ H1
0 (0, `);S,M ∈ H1(0, `)}. (2.3)

A straightforward calculation gives

Re〈AU, U〉H = −
∫ `

0

κ0 |Φx + Ψ|2 + b0 |Ψx|2 + γ1 |Φ|2 + γ2 |Ψ|2 dx. (2.4)

Therefore A is a dissipative operator. Under the above conditions the transmission
problem (1.1)-(1.4) is equivalent to find U ∈ H, solution to

Ut = AU, U(0) = U0. (2.5)

where U0 = (ϕ0, ϕ1, ψ0, ψ1) ∈ H is the initial datum, defined by (1.4). Under the
above notations the well posedness is a matter of routine.
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Theorem 2.1. For any U0 ∈ H there exists a unique mild solution of (2.5).
Moreover if U0 ∈ D(A), then the solution is strong and U ∈ C1([0, ∞[; H) ∩
C([0, ∞[; D(A)).

Proof. It is sufficient to show thatA is the infinitesimal generator of a C0 semigroup.
Note that A is dissipative, closed and densely defined on H. It is straightforward to
prove that 0 ∈ %(A) (the resolvent set of A). Our conclusion follows from Lummer
Phillips’s Theorem. �

We close this section by establishing the characterizations of the exponential and
polynomial stabilization. due to Prüss [12]– Huang [9] and Borichev and Tomilov
[1].

Theorem 2.2. Let S(t) be a contraction C0-semigroup, generated by A over a
Hilbert space H. Then, Prüss [12], Huang [9], establish that there exists C, γ > 0
satisfying

‖S(t)‖ ≤ Ce−γt ⇔ iR ⊂ %(A) and ‖(i λI −A)−1‖L(H) ≤M, ∀λ ∈ R. (2.6)

For polynomial stability, Borichev and Tomilov [1] established the existence of C > 0
such that

‖S(t)A−1‖ ≤ C

t1/α
⇔ iR ⊂ %(A) and ‖(i λI −A)−1‖ ≤M |λ|α, ∀λ ∈ R (2.7)

3. Exponential stability

For simplicity, we assume that if Iv1 and Iv2 are two viscoelastic components,
then

Iv1 ∩ Iv2 = ∅. (3.1)

This hypothesis is only to simplify arguments, the result remains valid even when
(3.1) fails.

The resolvent equation iλU−AU = F, in terms of its coordinates is given by

iλϕ− Φ = F1, (3.2)

iλ%1Φ− Sx + γ1Φ = %1F2, (3.3)

iλψ −Ψ = F3, (3.4)

iλ%2Ψ−Mx + S + γ2Ψ = %2F4, (3.5)

where F = (F1, . . . , F4) ∈ H and ϕ and ψ verify Dirichlet boundary conditions
(1.3).

Lemma 3.1. The operator A defined by (2.2) and (2.3) satisfies iR ⊂ %(A).

Proof. We will reason by contradiction. Since 0 ∈ %(A), the set

R = {β > 0 : [−iβ,+iβ] ⊂ %(A)} 6= ∅

Let λ := supR. If λ = ∞, then there is nothing to prove. Let us suppose that
λ <∞. Hence, there exists a sequence {βn}n ⊂ R such that βn → λ and ‖(iβnI −
A)−1‖ → ∞, that is there exists a sequence {F̃n}n of elements of H such that

‖F̃n‖H = 1, and ‖(iβnI −A)−1F̃n︸ ︷︷ ︸
:=Wn

‖H −→
n→∞

+∞.
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Letting Xn = Wn/‖Wn‖H and Fn = F̃n/‖Wn‖H, we have

‖Xn‖H = 1, and(iβnI −A)Xn = Fn −→
n→∞

0 in H (3.6)

To arrive a contradiction it is enough to show Xn → 0 as n→∞ strongly in H. In
fact, (2.4) and (3.6) yield

Re〈iβnXn −AXn, Xn〉

=
∫ L

0

κ0|Φnx + Ψn|2 + b0|Ψn
x |2 + γ1 |Φn|2 + γ2 |Ψn|2 dx→ 0.

(3.7)

Since κ0 and b0 are positive over ∪mj=1Ivj
we obtain

(Φnx + Ψn,Ψn
x)→ (0, 0) strongly in [L2(∪mj=1Ivj

)]2. (3.8)

Where ∪mj=1Ivj is the union of all the intervals with viscoelastic component. Using
(3.2)–(3.4) we obtain

(ϕnx + ψn, ψnx ) =
1
iβn

[
(Φnx + Ψn,Ψn

x) + (Fn1,x + Fn3 , F
n
3,x)
]
→ (0, 0)

strongly in [L2(∪mj=1Ivj
)]2. Using (3.6) once more we obtain ‖AXn‖ ≤ C. Recalling

the definition of D(A) given in (2.2)–(2.3), we have∫ `

0

|Φnx |2 + |Ψn
x |2 + |Snx |2 + |Mn

x |2 dx ≤ C (3.9)

which in particular implies the estimate∫ `

0

|Φnx |2 + |Ψn
x |2 dx+

∫
[0,`]\∪m

j=1Ivj

|Snx |2 + |Mn
x |2 dx ≤ C. (3.10)

Since Snx = κ(ϕnx + ψn)x and Mn
x = (bψnx )x on [0, `] \ ∪mj=1Ivj

, there exists a
subsequence of Xn, we still denote in the same way, such that

(Φn,Ψn)→ (Φ,Ψ) strongly in [L2(0, `)]2,

(ϕnx + ψn, ψnx ) → (ϕx + ψ,ψx) strongly in [L2([0, `] \ ∪mj=1Ivj
)]2.

The above convergence and (3.8) imply Xn → X strongly in H. Since γ1 and γ2

are positive over ∪ri=1Ifi , relation (3.7) implies

ϕ = ψ = Φ = Ψ = 0, on (∪ri=1Ifi) ∪ (∪mj=1Ivj )

Since any Ie =]α, β[ is linked with Iv or If , without loss of generality we can assume
that {α} = Iv ∩ Ie. Since ϕ = ψ = 0 in Iv ∪ If , then system (3.2)–(3.5) over Ie can
be written as

−ρ1λ
2ϕ− (κϕx + ψ)x = 0, −ρ2λ

2ψ − (bψx)x + κ(ϕx + ψ) = 0, in [α, β],

ϕ(α) = ϕx(α) = ψ(α) = ψx(α) = 0.

By the uniqueness of ordinary differential equations we obtain X = 0. The proof
is now complete. �

Let us introduce the notation
Iϕ(s) = %1κ|Φ(s)|2 + |S(s)|2, Iψ(s) = b%2|Ψ(s)|2 + |M(s)|2,

I(s) = Iϕ(s) + Iψ(s).
(3.11)
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Lemma 3.2. Let ]α, β[ any subinterval of If , then for λ large enough, we have∫
Iv

%1|Φ|2 + %2|Ψ|2 + κ|ϕx + ψ|2 + b|ψx|2 dx ≤
C

|λ|
(
‖U‖‖F‖+ ‖F‖2H

)
, (3.12)∫ β

α

%1|Φ|2 + %2|Ψ|2 + κ|ϕx + ψ|2 + b|ψx|2 dx

≤ C‖U‖H‖F‖H + c‖F‖2H +
c

|λ|
[I(α) + I(β)]

(3.13)

Proof. Multiplying the resolvent system by U, integrating over all the beam’s length
(0, `), and using the dissipation (2.4) we obtain∫ l

0

κ0 |Φx + Ψ|2 + b0 |Ψx|2 + γ1 |Φ|2 + γ2 |Ψ|2 dx = Re(F,U)H (3.14)

The above relation implies∫
Iv

|Φx + Ψ|2 + |Ψx|2 dx+
∫
If

|Φ|2 + |Ψ|2 dx ≤ C‖F‖H‖U‖H. (3.15)

From equation (3.5) we obtain

|λ|‖Ψ‖H−1(Iv) ≤ C‖M‖L2(Iv) + C‖S‖L2(Iv) + C‖F‖H
Therefore using (3.15), for λ large enough, we obtain

|λ|2‖Ψ‖2H−1(Iv) ≤ C‖U‖‖F‖+ C‖F‖2H (3.16)

Then using interpolation and (3.15) and (3.16) we have

‖Ψ‖2L2(Iv) ≤ C‖Ψ‖H−1(Iv)‖Ψ‖H1(Iv)

≤ C

|λ|
(
‖U‖‖F‖+ ‖F‖2H

)1/2 (‖Ψ‖L2(Iv) + ‖Ψx‖L2(Iv)

)
≤ C

|λ|
(
‖U‖‖F‖+ ‖F‖2H

)
+

1
2
‖Ψ‖2L2(Iv).

For λ large enough. Therefore

‖Ψ‖2L2(Iv) ≤
C

|λ|
(
‖U‖‖F‖+ ‖F‖2H

)
. (3.17)

Using (3.3), interpolation, and the above reasoning we obtain

‖Φ‖2L2(Iv) ≤
C

|λ|
(
‖U‖‖F‖+ ‖F‖2H

)
. (3.18)

Using (3.2) and (3.15) we obtain∫
Iv

κ|ϕx + ψ|2 + b|ψx|2 dx ≤
C

|λ|2
(
‖U‖H‖F‖H + ‖F‖2H

)
. (3.19)

For λ large enough. From (3.17), (3.18), (3.19), the first part of the Lemma follows.
Now, let us consider the interval If =]α, β[. multiplying (3.3) by ϕ, (3.5) by ψ,

integrating over ]α, β[ and taking the real part we obtain∫
If

κ|ϕx+ψ|2 +b|ψx|2 dx =
(
S(s)ϕ(s) +M(s)ψ(s)

) ∣∣β
α

+
∫
If

%1 |Φ|2 +%2 |Ψ|2 dx+R,
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with |R| ≤ C‖U‖H‖F‖H. Using (3.2) and (3.4) we obtain∣∣∣ (S(s)ϕ(s) +M(s)ψ(s)
) ∣∣β
α

∣∣∣ ≤ c

|λ|
I(α) +

c

|λ|
I(β) + c‖F‖2H.

Therefore, thanks to (3.15) our conclusion follows. �

In what follows we will show the observability inequality. To do that, let us
introduce the following notation.

L(α, β) =
∫ β

α

(b%2q)x|Ψ|2 + qx|M |2 + (κ%1q)x|Φ|2 + qx|S|2 dx

−
∫ β

α

q%1κΦΨ− qSM dx,+
∫ β

α

q
(
γ1ΦS + γ2ΨM

)
dx

where

q(x) =
enx − enα

n
, or q(x) =

e−nβ − e−nx

n
, (3.20)

Note that q′(x) is large in comparison to q for n large, hence there exists positive
constants C0 and C1 such that

C0

∫ β

α

I(s) dx ≤ L(α, β) ≤ C1

∫ β

α

I(s) dx (3.21)

Lemma 3.3. Let U be solution to the resolvent system (3.2)-(3.5). Let ]α, β[ any
subinterval of Ie, If or Iv, then we have∣∣∣q(s)I(s)

∣∣β
α
− L(α, β)

∣∣∣ ≤ C‖U‖‖F‖+ C‖F‖2, ]α, β[⊂ If or ]α, β[⊂ Ie

and ∣∣∣q(s)I(s)
∣∣β
α
− L(α, β)

∣∣∣ ≤ C|λ|1/2‖U‖‖F‖+ C‖F‖2, ]α, β[⊂ Iv.

Proof. Multiply (3.3) by qS and integrating over [α, β] we obtain

iλ

∫ β

α

%1qΦS dx−
∫ β

α

qSxS − qγ1ΦS dx =
∫ β

α

%1qF2S dx

Recalling the definition of S we obtain

iλ

∫ β

α

%1qΦκ[ϕx + ψ] dx−
∫ β

α

qSxS − qγ1ΦS dx

=
∫ β

α

%1qF2S dx− iλ
∫ β

α

%1qΦκ0[Φx + Ψ] dx

Using (3.2) and recalling that S = κ(ϕx + ψ) + κ0(Φx + Ψ) we obtain

− 1
2

∫ β

α

κ%1q
d

dx
|Φ|2 + q

d

dx
|S|2 dx−

∫ β

α

%1qκΦΨ dx+
∫ β

α

qγ1ΦS dx = G (3.22)

where

G =
∫ β

α

%1qκΦ(F1,x + F3) dx− iλ
∫ β

α

%1qΦκ0[Φx + Ψ] dx+
∫ β

α

%1qF2S dx
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Integrating by parts (3.22) we obtain

− q(s)Iϕ(s)
∣∣β
α

+
∫ β

α

(κ%1q)x|Φ|2 + qx|S|2 dx

−
∫ β

α

%1qκΦΨ dx+
∫ β

α

qγ1ΦS dx = 2G
(3.23)

Multiplying (3.5) by qM , integrating over [α, β], and using the same above ar-
guments we obtain

− q(s)Iψ(s)
∣∣β
α

+
∫ β

α

(b%2q)x|Ψ|2 + qx|M |2 dx

+
∫ β

α

qSM dx+
∫ β

α

qγ2ΨM dx = 2F
(3.24)

where

F = −iλ
∫ β

α

%2qΨb0Ψx dx+
∫ β

α

%2qF4M dx.

Summing (3.23)–(3.24) and recalling the definition of L we obtain

− q(s)I
∣∣β
α

+ L(α, β) = 2G + 2F (3.25)

Using (3.15) and (3.17) we obtain

|2G|+ |2F| ≤ C‖U‖‖F‖+ C‖F‖2, ∀ ]α, β[⊂ Ie ∪ If

Similarly, using (3.18) we obtain

|2G|+ |2F| ≤ C|λ|1/2‖U‖‖F‖+ C‖F‖2, ∀ ]α, β[⊂ Iv

Therefore our conclusion follows. �

Corollary 3.4. Assume (3.1) holds. Then for any i = 1, . . . , N − 1, there exists
C > 0, such that

I(`i) ≤ C
(
‖U‖2H + ‖U‖H‖F‖H

)
.

Proof. From (3.1) we can assume that any `i belongs to the border of some elastic
or frictional component, since

S(`−i ) = S(`+i ), M(`−i ) = M(`+i ).

Therefore we can apply Lemma 3.3 and inequalities (3.21) we obtain

I(`i) ≤ C‖U‖2H + C‖U‖H‖F‖H

The conclusion follows. �

Now, we are in a position to prove the main result of this section.
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0 `1 `2 `3 `4 `

Ie If Iv Ie If

Figure 2. A five-components beam, exponentially stable.

Proof of the necessary condition of Theorem 1.1. From Lemma 3.2 we obtain
for any interval Iv and If that∫

Iv∪If

%1|Φ|2 + %2|Ψ|2 + κ|ϕx + ψ|2 + b|ψx|2 dx

≤ C‖U‖H‖F‖H + c‖F‖2H +
c

|λ|

N−1∑
i=1

I(`i).

Using Corollary 3.4 we obtain∫
Iv∪If

%1|Φ|2 + %2|Ψ|2 + κ|ϕx + ψ|2 + b|ψx|2 dx

≤ C‖U‖H‖F‖H + c‖F‖2H + ε‖U‖2H
(3.26)

For |λ| large enough. It remains to estimate the energy over intervals of type Ie.
Let us denote Ie =]α, β[. From hypothesis, this interval is linked with an interval
of type If , for example at the point {β}. Using Lemma 3.3, over Ie =]α, β[, we
obtain ∫

Ie

I(s) ds ≤ cI(β) + c‖U‖H‖F‖H. (3.27)

Since β ∈ If , we apply the transmission conditions and the observability estimate,
Lemma 3.3, for the frictional part

I(β) ≤ c
∫
If

I(s) ds+ c‖U‖H‖F‖H.

Hence, from (3.26) and (3.27), we obtain∫
Ie

I(s) ds ≤ C‖U‖H‖F‖H +
C

|λ|2
(
‖U‖2H + ‖F‖2H

)
. (3.28)

Therefore, adding all the energy over all interval Ie, If and Iv we obtain

‖U‖2 ≤ C‖U‖H‖F‖H + ε‖U‖2H + C‖F‖2H,

Which implies ‖U‖ ≤ C‖F‖H, the result follows thanks to part (2.6) of Theorem
2.2.

4. Lack of exponential stability

In this section we prove that system (1.1)–(1.4) does not decays exponentially
to zero when hypotheses of Theorem 1.1 fails. The proof is based on Theorem 1.2.
Before going into the details, we recall some results on the Calkin Algebra (see [3,
pp. 248-250], ).
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4.1. Calkin algebra. Let K(H) be the set of all the compact operators over H.
It is a closed subspace and also a maximal ideal of L(H). The quotient space
C(H) := L(H)/K(H), called the Calkin algebra, is a complete space with the norm

‖S‖ess := ‖S̃‖C(H) := inf{‖S −K‖L(H); K ∈ K(H)}.
So any operator of S ∈ L(H) can be projected onto C(H) in the following way
M : L(H)→ C(H)

M(S) = S̃ = S +K(H).

Under the above notation we define the essential spectrum of S, σess(S) as σ(S̃)
the spectrum S̃ ∈ C(H) and the essential spectral radius of an operator S ∈ L(H)
as the spectral radios of S̃, that is ress(S) := r(S̃). Note that from the definition
of the essential norm, it holds:

‖S‖ess = ‖S +K‖ess, ∀K ∈ K(H).

This implies the following result, due to Weyl.

Theorem 4.1 (Weyl). The essential spectral radius is conserved under a relatively
compact perturbation. That is to say, for any S ∈ L(X) and any K ∈ K(X), we
have

ress(S) = ress(S +K).

For an extension of this result, see [11, Theorem 5.35].
Let S(t) be a semigroup. The type ω0 (or growth bound) and the essential type

ωess of the semigroup are defined as

ω0(S) := lim
t→∞

ln ‖S(t)‖
t

, ωess(S) = lim
t→∞

1
t

ln ‖S(t)‖ess, (4.1)

Using the Gelfand Formula for the spectral radius of an operator,

r(S) = lim
n→∞

‖Sn‖1/n .

Therefore, the spectral and the essential spectral radius of a semigroup S(t) are
given by

r(S(t)) = eω0t, ress(S(t)) = r(S̃(t)) = eωesst

Proposition 4.2. Let (T (t))t≥0 a C0−semigroup on the Banach X with generator
A. Then

ω0 = max{ωess, s(A)},
where s(A) is the spectral bound of A.

For a proof of this result see [3, Corollary 2.11]. We are now ready to prove our
criterium for the lack of exponential stability of a C0-semigroup.

4.2. Proof of Theorem 1.2. Since T0(t), is a group satisfying ‖T0(t)‖ = 1, we
have that for all λ ∈ σ(T0(t)), |λ| = 1. This implies that ress(T0(t)) = 1. Let P be
the orthogonal projection operator of H onto H0. Then T0(t)P ∈ L(H). Moreover,
we have that

ress(T0(t)P ) ≥ 1.
Otherwise, if ress(T0(t)P ) < 1, from the Gelfand formula we obtain

1 > lim
n→∞

(
inf

K∈K(H)
‖[T0(t)P −K]n‖H

)1/n
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≥ lim
n→∞

(
inf

K∈K(H)
‖T0(t)nP −K‖H

)1/n

≥ lim
n→∞

(
inf

K∈K(H)
‖P
(
T0(t)nP −K

)
‖H
)1/n

≥ lim
n→∞

(
inf

K∈K(H0)
‖T0(t)n −K‖H0

)1/n

.

The last inequality holds because of the norm 1 of the projection operator. But this
would imply ress(T0(t)) < 1, which is a contradiction with the zero type of T0(t) by
Proposition 4.2. On the other hand, since T (t)− T0(t) is a compact operator from
H0 to H the operator [T (t)−T0(t)]P is also compact operator over H. Hence, from
Theorem 4.1:

ress(T (t)P ) = ress(T0(t)P ) ≥ 1.

Using Gelfand’s Formula once more, we have, for all t > 0:

1 ≤ ress(T (t)P ) = lim
n→∞

(
inf

K∈K(H)
‖[T (t)−K]n‖H

)1/n

≤ ‖T (t)‖,

Therefore T (t) is not exponentially stable and the proof of Theorem 1.2 is complete.

4.3. Lack of exponential stability. Here we assume that the elastic part is not
linked with a frictional component as in Figure 3, we claim the following result.

Proposition 4.3. If there exists an elastic component not connected to a frictional
component, then the transmission problem (1.1)–(1.4) with N ≥ 2 is not exponen-
tially stable.

0 `1 `2 `3 `4 `︸ ︷︷ ︸
Iv If Iv Ie Iv

Figure 3. A five-components beam, non exponentially stable.

Proof. Let us denote by Ie =]α, β[ the elastic interval that does not have any
frictional neighbor. In Figure 3, the dissipative mechanisms are effective in all
the components except in I4 =]`3, `4[=]α, β[, this interval being isolated form the
frictional ones. Let us define the space H0, as follows.

H0 = H̃1
0 (Ie)× L̃2(Ie)× H̃1

0 (Ie)× L̃2(Ie),

where

L̃2(Ie) = {g ∈ L2(0, `) : g(x) = 0, ∀x ∈]0, `[\Ie},

H̃1
0 (Ie) = {g ∈ H1

0 (0, `) : g, g′ ∈ L2(Ie)}.
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Note that H0 is a closed subspace of H, Denoting Û = (ϕ̂, ϕ̂t, ψ̂, ψ̂t),

%1ϕ̂tt − [κ(ϕ̂x + ψ̂)]x = 0, in ]α, β[×R+,

%2ψ̂tt − [bψ̂x]x + κ(ϕ̂x + ψ̂) = 0, in ]α, β[×R+,

ϕ̂(α, t) = ϕ̂(β, t) = 0, ψ̂(α, t) = ψ̂(β, t) = 0,

ϕ̂(x, 0) = ϕ0, ϕ̂t(x, 0) = ϕ1, ψ̂(x, 0) = ψ0, ψ̂t(x, 0) = ψ1.

(4.2)

The elastic part being isolated from the rest of the components, this system is
conservative, so it defines a group of isometries, with type 0. Now we extend the
solution to ]0, `[ as

ϕ̃(x, t) =

{
ϕ̂(x, t), x ∈ Ie =]α, β[,
0, x ∈]0, `[\Ie,

ψ̃(x, t) =

{
ψ̂(x, t), x ∈ Ie =]α, β[,
0, x ∈]0, `[\Ie.

Under these conditions, for any U0 = (ϕ0, ϕ1, ψ0, ψ1) ∈ H0 we define the semigroup
T0(t) as

T0(t) U0 = (ϕ̃, ϕ̃t, ψ̃, ψ̃t).

Thus we have ω0(T0(t)) = 0 on H0. To apply Theorem 1.2, it remains to show that
T (t) − T0(t) is compact. Let Un

0 = (ϕn0 , ϕ
n
1 , ψ

n
0 , ψ

n
1 ) ∈ H0 be a bounded sequence

of H0. Denoting by

Un = (ϕn, ϕnt , ψ
n, ψnt ) = T (t)Un

0 ,

the solution to the original transmission problem with initial condition Un
0 , and

Ũn = (ϕ̃n, ϕ̃nt , ψ̃
n, ψ̃nt ) = T0(t) Un

0 ,

the solution to the modified problem. Let

Zn(t) := Un − Ũn = (ϕn, ϕnt , ψ
n, ψnt )− (ϕ̃n, ϕ̃nt , ψ̃

n, ψ̃nt ) = (Wn,Wn
t , V

n, V nt ).

Recalling that Ĩ = ∪Nk=1 Ik, the sequence Zn satisfies

%1Wtt − [κ(Wx + V )]x − [κ0(Wxt + Vt)]x + γ1Wt = 0 in Ĩ × R+, (4.3)

%2 Vtt − [bV ]x − [b0Vxt]x + κ(Wx + V ) + γ2Vt = 0 in Ĩ × R+. (4.4)

Let us introduce the energy of this problem,

EZn(t) :=
1
2

∫ l

0

%1|Wn
t |2 + %2|V nt |2 + κ|Wn,i

x + V n|2 + b|V nx |2 dx.

Since we are in a Hilbert space, it suffices to show that there exists a subsequence
of {Zn} that converges in norm (or in energy). Multiplying equation (4.3) by Wn

t ,
(4.4) by V nt , and integrating on Ĩ we have

d

dt
EZn(t) +

∫ l

0

κ0|Wn
xt + V nt |2 + b0|V nxt|2 + γ1|Wn

t |2 + γ2|V nt |2 dx

= κ(Wn
x + V n)Wn

t

∣∣β
α

+ κ0(Wn
xt + V nt )Wn

t

∣∣β
α

+ bV nx V
n
t

∣∣β
α

+ b0V
n
xtV

n
t

∣∣β
α

= κϕ̃nxϕ
n
t

∣∣β
α

+ bψ̃nxψ
n
t

∣∣β
α
.
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Note that ϕ̃nx(α, t) and ϕ̃nx(β, t) are bounded in L2(0, T ). Since EZn(0) = 0, it
follows that

EZn(t) +
∫ T

0

∫ l

0

κ0|Wn
xt + V nt |2 + b0|V nxt|2 + γ1|Wn

t |2 + γ2|V nt |2 dx

= κ

∫ T

0

ϕ̂nxϕ
n
t

∣∣β
α
dt+ b

∫ T

0

ψ̂nxψ
n
t

∣∣β
α
dt.

(4.5)

In the viscoelastic intervals Iv, the sequences ϕnt , ψnt , are bounded in the space
L2(0, T ; H1(Iv)) (from the energy dissipation estimate). Moreover, ϕntt, ψ

n
tt are

bounded in L2(0, T ; H−1(Iv)). Hence, from compactness criterion of Aubin-Lions,
we have, up to a subsequence,

(ϕnt , ψ
n
t )→ (ϕt, ψt) strongly in L2(0, T ;H1−ε(Iv)×H1−ε(Iv)),

for all 0 < ε < 1. It yields

(ϕnt (s, ·), ψnt (s, ·))→ (ϕt(s, ·), ψt(s, ·)) strongly in L2(0, T )× L2(0, T ),

for s = α and s = β. Therefore we obtain, up to a subsequence, the strong
convergence EZn(t)→ EZ(t), where Z = U−Ũ is the difference of the weak limits.
Therefore, since in a Hilbert space, the weak convergence and the convergence in
norm imply the strong convergence, we conclude that T (t)−T0(t) is compact from
H0 to H. From Theorem 1.2, the semigroup T (t) is not exponentially stable and
the proof of Proposition 4.3 is complete. �

5. Polynomial decay

To complete the proof of Theorem 1.1, it remains to show the polynomial decay,
under a non exponential configuration (as in Figure 3 for example).

Proposition 5.1. If there exists an elastic component not connected to a frictional
component, then the semigroup T (t) defined by problem (1.1)–(1.4) with N ≥ 2
decays polynomially as

‖T (t)U0‖H ≤
c

t2
‖U0‖H.

Proof. As in the proof of the exponential stability we have
N∑
i=1

∫
Ivi
∪Ifi

I(s) ds ≤ c‖U‖H‖F‖H + C‖F‖2H, (5.1)

for |λ| large enough. It remains to estimate the energy over the interval Iewe denote
as Ie = (α, β). By the hypotheses, α ∈ Iv or β ∈ Iv. Using Lemma 3.3 over Ie we
obtain ∫

Ie

I(s) ds ≤ CI(β) + C‖U‖H‖F‖H. (5.2)

Using Lemma 3.3 over Iv, we have

I(β) ≤ C|λ|1/2‖U‖H‖F‖H + C|λ|1/2‖F‖2H. (5.3)

From inequality (3.12) of Lemma 3.2 and Lemma 3.3 we have∫
Ie

I(s) ds ≤ C|λ|1/2‖U‖H‖F‖H + C|λ|1/2‖F‖2H. (5.4)

From where it follows, with the Young inequality, that ‖U‖2H ≤ c|λ|‖F‖2H. Our
conclusion follows thanks part 2.7 of Theorem 2.2. �
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6. Semi linear problem

Here we prove the exponential and polynomial stability for a long class of lo-
cally Lipschitz F functions over a Hilbert space H. We consider are the following
hypotheses: For any ball BR = {W ∈ H : ‖W‖H ≤ R}, there exists a function F̃R
globally of Lipschitz such that

F(0) = 0, F(U) = F̃R(U), ∀U ∈ BR; (6.1)

additionally, that there exists a positive constant κ0 such that∫ t

0

F̃R(U(s))U(s) ds ≤ κ0‖U(0)‖2H, ∀U ∈ C([0, T ];H) . (6.2)

Under these condition, we present the following result.

Theorem 6.1. Let {S(t)}t≥0 be a contraction, exponentially or polynomially stable
semigroup with infinitesimal generator A over the phase space H. Let F locally
Lipschitz on H satisfying conditions (6.1) and (6.2). If there exists a global solution
to

Ut − AU = F(U), U(0) = U0 ∈ H, (6.3)
then the solution decays exponentially or polynomially respectively.

Proof. By hypotheses, there exist positive constants c0 and γ such that ‖S(t)‖ ≤
c0e
−γt, and F̃R is globally Lipschitz with Lipschitz constant K0 satisfying (6.1) and

(6.2). Let us consider the space

Eµ =
{
V ∈ L∞(0,∞;H) : t 7→ e−µt‖V (s)‖ ∈ L∞(R)

}
Using standard fixed point arguments we can show that there exists only one global
solution to

URt − AUR = F̃R(UR), UR(0) = U0 ∈ H, (6.4)
Multiplying the above equation by UR we obtain that

1
2
d

dt
‖UR(t)‖2H − (AUR, UR)H = (F̃R(UR), UR)H

Since the semigroup is contractive, its infinitesimal generator is dissipative, there-
fore

‖UR(t)‖2H ≤ ‖U0‖2H + 2
∫ t

0

(F̃R(UR), UR)H dt

Using (6.2) we obtain
‖UR(t)‖2H ≤ (1 + k0)‖U0‖2H

Nota that for R > (1 + k0)‖U0‖2H, we have that

F̃R(V ) = F(V ), ∀‖V ‖H ≤ R
In particular we have

F̃R(UR(t)) = F(UR(t)).
This means that UR is also solution of system (6.3) and because of the uniqueness
we conclude that UR = U . Therefore to show the exponential stability to system
(6.3), it is sufficient to show the exponential decay to system (6.4). To do that, we
use fixed points arguments.

T (V ) = S(t)U0 +
∫ t

0

S(t− s)F̃R(V (s)) ds,
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Note that T is invariant over Eγ−δ for δ small, (γ − δ > 0). In fact, for any
V ∈ Eγ−δ we have

‖T (V )‖H ≤ ‖U0‖He−γt +
∫ t

0

‖F̃R(V (s))‖He−γ(t−s) ds

≤ ‖U0‖He−γt +K0

∫ t

0

‖V (s)‖He−γ(t−s) ds

≤ ‖U0‖He−γt +K0e
−γt

∫ t

0

eδs ds sup
s∈[0,t]

{e(γ−δ)s‖V (s)‖H}

≤ ‖U0‖He−γt +
K0C

δ
e−(γ−δ)t.

Therefore, T (V ) ∈ Eγ−δ. Using standard arguments we can show that T n satisfies

‖T n(W1)− T n(W2)‖ ≤ (k1t)n

n!
‖W1 −W2‖H

Therefore we have a unique fixed point satisfying

T n(U) = U = S(t)U0 +
∫ t

0

S(t− s)F̃R(U(s)) ds,

That is U is a solution of (6.4), and since T is invariant over Eγ−δ, then the solution
decays exponentially. To show the polynomial stability we consider the space

Ep = {V ∈ L∞(0,∞;H) : t 7→ (1 + t)p‖V (s)‖ ∈ L∞(R)}

To show the invariance we use

sup
t>0

(1 + t)p
∫ t

0

(1 + t− s)−p(1 + s)−p ds < C

and use the same above reasoning. �

We finish this section with an application to the semilinear the Timoshenko
model

ρ1ϕtt − Sx + γ1ϕt + µ1ϕ|ϕ|α1 = 0 in Ĩ × (0,∞),

ρ2ψtt −Mx + S + γ2ψt + µ2ψ|ψ|α2 = 0 in Ĩ × (0,∞),
(6.5)

satisfying conditions (1.3) and (1.4). Here µ1 and µ2 are positive constants.

Theorem 6.2. With the same hypotheses as in Theorem 1.1 there exists only one
global solution to system (6.5) that decays exponentially to zero when any elastic
componentes is linked to a frictional component. Otherwise the solution decays
polynomially with rate t−2.

Proof. For U = (ϕ,ϕt, ψ, ψt)t, the nonlinear function F can be written as

F(U) = −(0, µ1ϕ|ϕ|α1 , 0, µ2ψ|ψ|α2)t

Therefore for Vi = (ϕi, ϕi,t, ψi, ψi,t)t with i = 1, 2, we obtain

[F(V1)−F(V2)] = (0, ϕ1|ϕ1|α1 − ϕ2|ϕ2|α1 , 0, ψ1|ψ1|α2 − ψ2|ψ2|α2)

Using the mean value theorem to g(s) = |s|αs we obtain the inequality∣∣s|s|α − τ |τ |α∣∣ ≤ (|s|α + |τ |α)|s− τ |
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Taking the norm in H and since ϕi and ψi belong to H1(0, `) ⊂ L∞(0, `) then we
have

‖F(V1)−F(V2)‖2H ≤ ρ1|cR|2α1

∫ `

0

|ϕ1 − ϕ2|2 dx+ ρ1|cR|2α2

∫ `

0

|ψ1 − ψ2|2 dx

where we used
‖φ1‖L∞ ≤ c‖ψ1‖H1 , and V1, V2 ∈ BR

Therefore,
‖F(V1)−F(V2)‖2H ≤ K‖V1 − V2‖2H

Where K = max{ρ1|cR|2α1 , ρ2|cR|2α2}. Therefore F is locally Lipschitz. Since

(F(U), U)H = − d

dt

∫ `

0

µ1

1 + α1
|ϕ|2+α1 +

µ2

1 + α2
|ψ|2+α2 dx

Therefore,∫ t

0

(F(U), U)H dt ≤
∫ `

0

µ1

1 + α1
|ϕ(0)|2+α1 +

µ2

1 + α2
|ψ(0)|2+α2 dx

This implies that there exists a positive constant

κ0 = max{ µ1

1 + α1
|cR|2α1 ,

µ2

1 + α2
|cR|2α2}

such that ∫ t

0

(F(U), U)H dt ≤ κ0‖U0‖2H
Note that for this function, there exists the cut-off function

f1,R2(x) =

{
µ1x|x|α1 x ≤ R2,

µ1x|R2|α1 |x| ≥ R2,
f2,R2(x) =

{
µ2x|x|α2 x ≤ R2,

µ2x|R2|α2 |x| ≥ R2.

It is not difficult to check that

F̃R2 = (0, f1,R2 , 0, f2,R2)t

satisfies conditions (6.1)–(6.2) and is globally Lipschtiz. Then the result follows. �
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